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Abstract. We establish several new measures of simultaneous algebraic approximations for families of complex

numbers(6s, ..., 6n) related to the classical exponential and elliptic functions. These measures are completely
explicit in terms of the degree and height of the algebraic approximations. In some instances, they imply that the
fieldQ(61, . .., 6n) has transcendance degre2overQ. This approach which is ultimately based on the technique

of interpolation determinants provides an alternative to Gel'fond’s transcendence criterion. We also formulate
a conjecture about simultaneous algebraic approximation which would yield higher transcendance degrees from
these measures.
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Introduction

For a complex numbe#, Dirichlet's box principle provides a polynomial with rational
integer coefficients whose value at the pa@ing “small”. If the numbe® is algebraic, this
polynomial may be a multiple of the minimal polynomialébverZ. On the other hand, if

6 is transcendental, one gets an algebraic approximatiérbyotaking a root of this poly-
nomial. More generally, whefy, ..., 6, are complex numbers in a field of transcendence
degree 1 ove®, it is possible to construct sequenc(grf“\”, oo i) (N > 1) of simul-
taneous algebraic approximationsétg. . ., 6,. Therefore if we can prove fdf, ..., 6,

a sharp measure of simultaneous approximation, namely if we can bound from below the
quantity max<i<n |6 — 31| in terms of the heights gf and the degree of the number field
QW1 - .-, ¥n), One deduces that at least two of the numbBgease algebraically independent.

*Work of this author partially supported by NSERC and CICMA.
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This argument enables one to deduce algebraic independence results from diophantine
estimates without using Gel'fond’s transcendence criterion. We develop this point of view
by considering a few examples. For instance we deduce Gel'fond’s result, which states that
the two numbers 2 and 2% are algebraically independent, from the following diophantine
estimate:if y; and y, are algebraic numbers with bounded absolute logarithmic height
and if D denotes the degree of the number figleh, y») overQ, then

22—y 4+ 12¥% — 5] > exp(—C D*(log D)"¥/2},

where the constant C depends only on the heights of the numbensl y»,. The main point

in this lower bound is that the function inside the exponent is boundedd$). In the first
section, we produce a criterion which yields the algebraic independence of two numbers,
provided that they satisfy a suitable measure of simultaneous approximation. In Section 2 we
consider values of the usual exponential function: for numbers of the gfidipeve obtain

a measure of simultaneous approximation, assuming that the complex nurdeeveell as

y; satisfy a “technical” condition (namely a measure of linear independence). This technical
hypothesis cannot be omitted, as we show with an example involving Liouville numbers.
Also in Section 2 we give a diophantine estimate related to the Lindemann-Weierstrald
theorem:for Q-linearly independent algebraic numbess, . .., 8n, there exists a positive
constant C= C(f4, ..., Bn) such thatif y4, ..., y, are algebraic numbers satisfying

[QH1,....7m):Q <D and 1Q?§3(h()/j)§h,
then

€7 — il + -+ 1€ —
> exp{—C D"**™h(logh + D log D)(logh + log D)™*}.

The best known measures of simultaneous approximation for pairs of numbets, [é%e,

or (e, ), are not yet sufficient to deduce algebraic independence. The same is true for
Q-linearly independent logarithms of algebraic numbersang. ., loga,. However we

get a sufficiently sharp estimate which implies a result of algebraic independence if we
assume that there exists a nonzero homogeneous quadratic poly@owtiath vanishes at

the point(logas, . .., logay): under this assumption, we prove that for algebraic numbers
y1, - . ., ¥n With logarithmic height< log D in a field of degree<D overQ, we have

n

—CD?
> llogej —yj| = e ¥,
=1

whereC depends only on log, . .., loga, andQ.

The next Section (3) deals with elliptic functions. We replace the usual exponential
function exfgz) = €* by a Weierstral? elliptic functiop. Finally in Section 4 we propose
a measure of simultaneous approximation for the two numbensdI"(1/4) by algebraic
numbers of bounded absolute logarithmic height:

|7 — y1l + IT(1/4) — y2| > exp{—C D¥?log D}.

The second part of this paper (Sections 5 to 11) includes the proofs.
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Here we consider only complex numbers, but the same method yields diophantine ap-
proximation estimates as well as results of algebraic independenpedfdic fields also.

1. Simultaneous approximation of complex numbers
a) Algebraic approximation to a complex number

Letd be a complex number. Using Dirichlet’s box principle, we deduce that for any integer
D > 1 and any real numbet > 1, there exists a nonzero polynomiak Z[X], of degree
<D and usual height (maximum absolute value of its coefficientd) such that

| f @) < V21 + 6] + -+ |0|P)yH~P-D/2,

We shall keep in mind only the weaker assertitor.any6 € C, there exist three positive
constants @, Hp and g such that for any D > Dg and any H > Hp, there exists a
polynomial fe Z[X], f # 0, of degree<D and usual heighkH satisfying

|£(0)] < e"PlooH

(admissible values am®y = 2, Hp = 18 max1, |¢|}?° andc; = 1/5).

On the other hand, if the numbgiis algebraic, one deduces from Liouville’s inequality
that for any nonzero polynomial € Z[ X] of degree<D and usual heighkH, either
f(©) =0, orelse

| f(9)| > e—Cz(D+Iog H)’

with ¢; = d + log H (6), whered denotes the degree 6fandH (0) its usual height (which
is the usual height of its minimal polynomial ov&j. Therefore, provided andH are
sufficiently large, the polynomial which arises from the pigeonhole principle vanisides at
(assuming is algebraic).

Liouville’s inequality can be phrased in terms of diophantine approximation by algebraic
numbers:if 8 is an algebraic numberthere exists a constangc> 0 such that for any
algebraic numbey of degree<D and usual heigh&H with y # 6, the inequality

|9 _ J/| > e—C3(D+|OgH)

holds
Sometimes it is more convenient to use the absolute logarithmic heighirstead of
the usual heighH (y): if the minimal polynomial ofy overZ is

d
ao0X? + X+ fag X +ag =a | [(X =)
j=1

withd = [Q(y) : Q] anday > 0, Mahler's measur®f y is

d
M(y) = a0 [ [ max(l, |y},
j=1
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and theabsolute logarithmic heighif y is
1
h(y) = g log M(y).

In order to get an upper bound fot)h), we need an upper bound for(M), and alower
bound ford. This is the reason why we use different letters to denote the exact degfee
y and an upper bound for the same degree. Using the estimates

27%H () =M@y) <H@)Vd + 1,

we deduce (cf. [32], Lemma 3.11)

1

1 1
q logH(y) —log2 < h(y) < q logH () + >4 log(d + 1).

Liouville’s inequality (see for instance [9], Lemma 9.2, and [32], Lemma 3.14) gives
16 — | > exp{—3(h(y) + h(0) + log 2)}

with § = [Q(y, 0) : Q]. We setd = [Q(y) : Q] anddy = [Q(0) : Q]. Hence we have
8 < dod and

0 — y| = exp{—cad(h(y) + D)},

with ¢4, = dg maxX{1, h(9) + log 2}. Therefore we can choosg = (3/2)c4. Finally, if we
definecs = 2c4, we conclude:

Liouville’s inequality. If 6 is an algebraic numberthere exists a positive constanf ¢
such that for any rational integer D> 1 and any real number i» 1, if y is an algebraic
number distinct fromé, of degree<D and absolute logarithmic heigli(y) < h, then

160 — y| > exp{—csDh}.

We now consider the approximation ofteanscendentalcomplex number by algebraic
numbers.

Definition Let6 be a complex number. A functiop : N x R, — Ry U {oco} is an
approximation measure fof if there exist a positive integddg and a real numbdry > 1
such that, for any rational integd» > Dg, any real numbeh > hg and any algebraic
numbery satisfying

[Q(y):Q] <D and hy)<h,

the following inequality holds:

0 —v| = exp{—¢(D, h)}.
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This definition is slightly different from the corresponding one in [29], but is more
convenientfor our present purpose. We allow the vadufer ¢ so that algebraic numbers are
not excluded. The conditioB > Dg is unimportant (algebraic numbers of small degree are
not excluded). However, by assuming hg, we do not take into account some refinements
which may occur when one considers the approximation of complex numbers by algebraic
numbers of small absolute height (for instance by algebraic numbers of bounded Mahler’s
measure).

Examples Here are a few approximation measures which are known for various transcen-
dental numbers.

e The following approximation measure foris due to N.I. Fe'dman (Theorem 5.7 of [9],
Chap. 7, p. 120). An explicit value for the constéhis produced in [29], Theorem 3.1
and [18], Theorem 2.

There exists an absolute constant C such that the function
CD?(h +log D) log D

is an approximation measure for the number

e Leta be a nonzero algebraic number anddog nonzero determination of its logarithm.
Again N.I. Fel'dman (Theorem 8.7 of [9], Chap. 7, p. 135) proved an approximation
measure for log. An explicit value forC = C(log«) is given in [29], Theorem 3.6 and
[18], Theorem 5b.

There exists a constant € C(log«) such that the function
CD3(h + log D)(log D)*

is an approximation measure fog«.

e Let 8 be a nonzero algebraic number. The best known approximation measefagor
due to G. Diaz [8], Cor. 2 (a refinement of the explicit const@nt C(g) is given in
[18], Theorem 5a):

There exists a constant € C(8) such that the function
CD?h(logh + Dlog D)(logh +log D) !
is an approximation measure for the numbér e

Other approximation measures are given in [29] and in [6] (see especially [6], Theorem 2.4,
p. 41, Theorems 2.5, 2.7 and 2.8, p. 45 and Theorem 2.10, p. 47, for the nuenbeérs
anda?).

A natural question is to asWhat is the best possible approximation measure for a
transcendental numb@iOne expects that a function whose growth rate is sloweritan
cannot be an approximation measure (compare with conjecture 1.7 below). In terms of the
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usual height, this limit corresponds to the functibog H. The first precise statement in
this direction is due to Wirsing ([34], inequality (4")):

Letd be a transcendental complex number. For any rational integet D there exist
infinitely many algebraic numbejs satisfying

[Qy): Q<D and |6 —y|<M(y) 4

Here is a variant of Wirsing'’s result which is proved in [21],eb0Eme 3.2.

Theorem 1.1. Let# be a transcendental number apdan approximation measure fér
Then for sufficiently large h

1
limsup—¢(D, h) > 10~ 'h.
D_mop szﬂ

Here is the main idea of the proof for Theorem 1.1 as well as for Wirsing’s theorem. We
start from a polynomial produced by Dirichlet’s pigeonhole principle and we select a root
at minimal distance frori. The arguments are similar to those which occur in the proof of
Gelfond’s criterion([11], Chap. lll, Section 4 Lemma VI, p. 148. In fact, this criterion
of Gel'fond has been formulated by Brownawell in terms of algebraic approximation to a
complex numbe([5], Theorem 2.

b) Simultaneous approximation of several complex numbers

In the previous subsection we considered the approximation to a single complex tumber
Now we consider simultaneous approximation to numbers. ., 6,. We first extend the
definition of approximation measure to the case of several numbers.

Definition Let6, ..., 6, be complex numbers. A function: N x R, — R, U {co}
is ameasure of simultaneous approximationder. .., 6, if there exists a positive integer
Do together with a real numbég > 1 such that, for any integéd > Dg, any real number
h > hy and anyn-tuple (y1, . . ., yn) of algebraic numbers satisfying

[Q1, ..., %) Q<D and 1glgg<h(af.) <h,

we have

max |6 — yi| = exp{—¢(D, h)}.

1<i<n

There exists a finite measure of simultaneous approximation for the numbers, 6,
provided they are not all algebraic.

An alternative definition consists of replacing max, h(y;) <h by an upper bound
for the height of the projective poirl : y1 : --- : y,) (see for instance [32], Chap. 3,
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Section 2). However, for our present purpose, this does not make a difference, since
maxh(y) <h(@ iy y) < hlyy) + -+ ).

It makes a difference only when sharp estimates for the constants are considered, like in the
work of Schmidt.

Examples Measures of simultaneous approximation are given in [9], [16], [22] and [23].
We shall see several other examples. To begin with, here is a result due to N.I. Fel'dman
([9], Theorem 7.7, p. 128).

Letay, ..., oy be nonzero algebraic numbers. For< i < n, letloge; be a deter-
mination of the logarithm of;. Assume the numbel®gy«;, . .., loga, are Q-linearly
independent. Then there exists a positive constant C such that

CD?¥"(h +logD)(logD)~*
is a measure of simultaneous approximation for the numlogre;, . . ., logon.

Forn = 1 we recover Fel'dman’s above mentioned approximation measure for the number
loge.

We shall deduce from Theorem 1.1 the following corollary.

Corollary 1.2. Let#, ..., 6, be complex numbers ard: N x R, — R, a measure of
simultaneous approximation fég, . . . , 6,. Assume
1 1
liminf — limsup—¢(D, h) = 0.
mint - D%Op Dzw( )

Then the field)(64, . . ., 6,) has transcendence degre® overQ.

In the next Section (Section 2 below) we shall show by an example that this sufficient
condition is not necessary: there exist fields of transcendence degree 2 which are gener-
ated by complex numbe#s, . . ., 6, which are simultaneously very well-approximated by
algebraic numbers.

c) Specialization lemma

We deduce Corollary 1.2 from Theorem 1.1. It is plainly sufficient to prove the following
result.

Proposition 1.3. Let n and m be positive integers with< n < m and letf,, ..., 6
be complex numbers. Assume that;, ..., 6, are algebraic over the fiel@(;, ..., 6,).
Under these assumptionthere exist three positive constantse R, ¢; € Nand ¢ € R,
which depend only o8, .. ., 6, such that if ¢(D, h) is a simultaneous approximation
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measure for these m numbgtben ¢ + ¢(c1D, c;h) is a simultaneous approximation
measure foby, ..., 6,.

Roughly speaking, Proposition 1.3 means that, up to constants, a simultaneous approxi-
mation measure depends only on a transcendence basis of th@(éeld. . , 6,).
The proof of Proposition 1.3 will rest on several preliminary lemmas.

Lemmal.4. Let

f(M =aT T+ - Fag=ag(T—¢1)--- (T — &)

be a polynomial with complex coefficients and degree & Assume f is separablee.,
has no multiple rogt There exist two positive constants-cc( f) andn = n(f) such that
if &, ..., aq are complex numbers satisfying

max|a — &l < n,
Osiidla al <n

then the polynomial
f(T)=aT%+-- +a
can be written
f(T) =8(T —¢0) - (T = &)
with

max |¢i — Zi| < ¢ max|a — &].
1§j§d|fj gl < 05i§d|a' & |

Proof: (Compare with [10], Chap. I, Lemma 8.7 and Corollary 8.8). We shall obtain
explicit values fom andc. Set

1 .
r=§rigé|jn|§i—§j|, ro=max|¢il, ..., 1¢l}, R=maxlr +ro}
and define
_ aglr® B
"= @rpre °=N

For|z| < R, we have
1f(@ - (@] < maxja —&[(1+ R+ +R’) < JaoIr”.

For|z— ¢ | =r, we have

d
1f@|=laol [ [ 12— ¢jI = laolr®.
j=1

]_
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According to Rouch’s theorem, since the estimdte(z) — f(2)| < | f(2)| holds forz
on the circumference of the digk — ;| < r, the two functionsf and f have the same
number of zeroes in this open disk. Hentéas a single zerg in the same disk. For
i # j, according to the definition af, we also hav¢§i — | =r. Therefore

d
@)1= laol [ 12 — ail = laolr *HE; = ¢j1.
i=1
On the other hand
1fEpI=11) — f(Z)l < maxa —&|d + DR
This completes the proof of Lemma 1.4. ]

Lemma 1.5. LetPe Z[Yy,..., Yn] be a polynomial in m variables of degreg i Y;,
(1< j <m). Letys, ..., ym be algebraic numbers. Then

m

h(P(1, ... ym)) <logL(P)+ ) Djh(yj).

j=1

Proof: See for instance [32], Lemma 3.6. O
Lemma 1.6. Let F € Z[Xq,..., Xn, T] be a polynomial in nt+ 1 variables of degree
D;in Xj;, 1 < j < n), and letay,...,an, B be algebraic numbers which satisfy

F(ag,...,an, B) = 0. Assume that Fuy,...,an, T) € Q(ag,...,an)[T] is not the
zero polynomial. Then

n

h(B) < 2logL(F) +2) " Djh(a)).
j=1

Proof: (We are thankful to Guy Diaz who kindly provided us with the following proof).
Lett be the degree of in the variableT. Write « for (ay, ..., an), X for (Xy, ..., Xp),
and write

FOX,T) = THQu(X) + TV 1Qu-1(X) + - -+ + Qo(X).

SinceF(a, T) € Q(«)[T] is not the zero polynomial and sinég«, 8) vanishes, at least
one of the number®;(«), ..., Q1(«a) does not vanish. Denote lmy the largest indey,
(1 < j <m)suchthatQ;(a) # 0. FromF (¢, 8) = 0 we deduce

—B"Qm(@) = ™ Qm-1(a) + -+ + BQ1(a) + Qo(a).
Define

QX T) =T™ ' Qm_1(X) + -+ + T QuX) + Qu(X),
so that

—B™Qm(2) = Q(a, ).
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An upper bound for (B™) is

h(8™) = h(8™ Qm(a) Qm(2) ™) < h(8™Qm(a)) +h(Qm(a)) = h(Q(a. B)) +h(Qm(a)).
Using Lemma 1.5, we bound ®(«, 8)) and KQm(«)) from above:
h(Qm(e)) < 10gL(Qm) + Y _ (degy, Qm)h(e;))
j=1

and

h(Q(a, B)) < logL(Q) + ) (deg,, Q)h(xj) + (degr Qh(B).
j=1

iz
The degrees dgg Qmand deg(j Q are bounded by dg(g F = D;. Alsowe have deg Q<
m — 1. Coming back to ¢(8™), we deduce
mh(B) = h(8™) < logL(Qm) + log L(Q) + 22”; Djh(aj) + (m—Dh(B).
=
Hence
h(B) < log L(Qm) +log L(Q) + 22”; Djh(ej).
=

Since (Qm) +L(Q) < L(F), weseethatlog{Qnm) + log L(Q) isbounded by 2 log LF),
which yields the desired estimate. O

Remark The proof of Lemma 5 in [2] (which deals with the case= 1) yields, under
the assumptions of Lemma 1.6, the following upper bound for Mahler's measgre of

M(B) < L(F)! T [Mep®,
j=1

whered = [Q(as,...,an) : Q]. The advantage of Lemma 1.6 is to produce an upper
bound for {8) which does not depend ah

Proof of Proposition 1.3: By induction it is sufficient to deal with the casa = n + 1.

Write 0 for (64, ...,6n). LetF € Z[ X4, ..., X,, T] be a nonzero polynomial of degree
in T such thatf (T) = F(8, T) € C[T] is separablgof degreed, and ha%),,1 as a root.
Denote byy andc the constants related tbby Lemma 14. Write

d
F(Xp .o X0 T =) ay(Xe, ... X)) TO
j=0
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There exists a positive constamt such that for any ¢’ = (05, ..., 6}) € C" satisfying
max<i<n |6 — 6| < 1, we have

max |a; () —a;(0')| < c3 max |6, — 6/|.
O<j=d 1<i<n

Sinceag(8) # 0, there exists a constary > 0 such thafy(0’) # 0for max <j<n |6 —6/| <
C4.

Letys, ..., v, be algebraic number® a positive integer and > 1 a real number such
that

E&’éh(”') <h, [Q(1....,v):Ql <D and lgpgfg(lei — il < min{l, n/cs, C4}.

Sinceag(y1, ..., ¥n) # 0, we haveF (y1, ..., ¥n, T) # 0. Using Lemma X we see that
the polynomialF (y4, ..., yn, T) has a root/, 1 which satisfies

|Ons1 — Ynt1l < Cs max |6 — yil
1<i<n
with cs = max{1, ccs}. Since

[QOa, s Vs ¥g1) - Qya, .o, )] < d,

we have Q(y1, ..., ¥n, ¥nr1) : Q] < dD. Using Lemma 16 we bound ky,,1) by c;h
with
n
c, = 2log L(F) + ZZde% F.
j=1

By assumption, for sufficiently largp andh, we have

max |6 — yi| > exp{—¢(dD, ch)}.

1<i<n+1
Hence
max | — 1| = ¢G5 exp(—¢(dD, Ch)),
<i<n
which gives the desired estimate with= d andcy = logcs. O

d) Large transcendence degrees

In the present paper we consider only “small transcendence degrees”. However we are
tempted to propose the following conjecture.

Conjecture 1.7. Leta> 1, b > 1 be real numbers ané, . .., 6, be complex numbers.
Denote by t the transcendence degree @yaf the fieldQ(6, .. ., 6,). Lety be a simul-
taneous approximation measure for these n numbers.(DgY,~; be a non-decreasing
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sequence of positive integers a(d),-1 be a non-decreasing sequence of positive real
numbers with D + h, — co. Assume

D,y1<ab, and h,; <bh, @=1.
Then

(p(DUﬂ hl}) > 0

. 1

i SUP S,
According to Proposition .B, it would be sufficient to establish this result under the

assumption thaty, . . ., 6, are algebraically independetthat isn = t).

2. Usual exponential function in a single variable
a) The numbers4

In 1949 Gel'fond (see [11], Chap. I, Section 4) established the algebraic independence of
the two numbers? anda?” whena is a nonzero algebraic number (with a determination
loga # 0 of its logarithm, giving rise te’ = exp(8loga)), andp is a cubic irrational
algebraic number. Here, we deduce this algebraic independence result from a simultaneous
approximation estimate for the two numbessanda?’. Like Gel'fond, we consider the

more general situation whefeis algebraic of degree > 2.

Theorem 2.1. Leta be a nonzero complex number ghdn algebraic number of degree
d > 2. Choose a honzero determinatilmg a for the logarithm of a. There exists a positive
constant C such that

C D(d+1)/(d—1)hd/(d—1)(|og D + |Og h)—l/(d—l)
. . . . ﬁd—l
is a simultaneous approximation measure fog#, ..., a# .

Notice that for eaclh > hg, there exists a positive constad¢h) such that this approxi-
mation measure is bounded B\h) D@+9/@-D(jog D)~¥@=D |f d > 3, this function is
o(D?). From Corollary 1.2 we deduce:

Corollary 2.2. Let a be a nonzero complex numplerga a nonzero determination of its
logarithm andg an algebraic number of degreex 3. Then at least two of the d numbers
a, af,a¥, ... a" " are algebraically independent. In particulaif a is algebraic ands

is cubic irrational then the two numbers®aand &° are algebraically independent.

Ford = 2 anda = « algebraic, Theorem 2.1 gives the following approximation measure
for of wheng is a quadratic irrational number:

CD3*h?(log D + logh)~2.
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b) An effective version of the six exponentials theorem

The six exponentials theorendue to Lang and Ramachandra (see for instance [1], Theo-
rem 12.3, or [28], Cor. 2.2.3) states that

if X1, ..., Xqg areQ-linearly independent andyy. . ., y, are alsoQ-linearly independent
with d¢ > d + ¢, then at least one of thefchumbersexp(x yj), (1 <i <d,1<j <¥)
is transcendental.

We give a simultaneous approximation measure for thidsaumbers, assuming an extra
“technical hypothesis”. Next we show that such a hypothesis cannot be omitted.

Definition Letn be a positive integer a positive real number and, . . ., X, complex
numbers. We say tha, ..., X, satisfy a measure of linear independence with exponent
v if there exists a positive integély satisfying the following property: for ang-tuple

(t1, ..., th) € Z" and any real numbeF > Ty with

0 <max{|ty],..., |t} < T,
we have

[tiXy 4 - - - + taXn| > exp(—=T").

According to this definition, if the numbess, ..., x, satisfy a measure of linear inde-
pendence, then they are linearly independent Quer

Theorem 2.3. Letd and¢ be positive integers satisfyingd- d + £. Set

de
K= ——".
de—d-—¢
Let X, ..., Xqg be complex nhumbers which satisfy a measure of linear independence with
exponentl/(3d), and also let y, ..., y, be complex humbers which satisfy a measure of

linear independence with exponelt(3¢). Then there exists a positive constant C such
that

C(Dh)“(log D + logh)t*
is a simultaneous approximation measure for thimdmbers &Y, (1 <i <d,1 < j < ¥).

Remark Earlier estimates of this type were known ([16, 22, 23]), but with a weaker
dependence ob. Because of that, they are not sufficient to prove results of algebraic
independence.

Assumingd¢ > 2(d + ¢), for fixedh the simultaneous approximation measure is bounded
by o(D?). Therefore, in this case, at least two of thenumbers ex(x; yi), (A <i <d,
1 < j < ¢) are algebraically independent. We remark that this algebraic independence



392 ROY AND WALDSCHMIDT

result is known, given only thag;, . .., X4 on one sideys, ..., Y, on the other, are linearly
independent ove@. Here we need to add technical hypotheses (measures of linear inde-
pendence). Infact, these conditions are similar to those which occur in the known results for
large transcendence degrees [6, 31] (see also the comment after the proof of Theorem 2.4).
However, for small transcendence degrees, these extra conditions (which Gel'fond needed
in his original work—cf. [11], Chap. lll, Section 4, Theorems |, Il and Il1), have been shown
to be unnecessary by Tijdeman [24] (see also [28], Chap. 7). The underlying method of the
present work also enables us to avoid these assumptions for small transcendence degrees
[21]. Butin order to do so, we need to bypass Theorem 2.3.

The proof of Theorem 2.3 relies on the following statement which does not require a
diophantine hypothesis.

Denote by Iniz) the imaginary part of a complex numker

Theorem 2.4. Letd, ¢ andx be as in Theorerd.3. There exists a positive constant C
which satisfies the following property. Lgf, (1 <i <d, 1 < j < ¢) be complex numbers
whose exponentialg; = ¢t are algebraic. Assume that the d numbeis, . .., Ag1
are linearly independent ovep), and also that the& numbersiys, ..., A1, are linearly
independent ovef). Let D be the degree of the number field generated @by the o
numbersyj, 1 <i <d,1<j<4¢,andleth> 3, E > e F > 1Dbe real numbers
satisfying

max h(y;) <h, max |Axjj| < Dh/E and F=14 max [Im()|.
2 e e

Then we have

max |AijAi1 — Aishaj| = exp{—C(Dh)* (log E)} < F*/m},
=<I=<
1=<j=t

where m= maxd, ¢} — 1.

The conclusion is a lower bound for at least one of the 2 minors of the matrix
(Aij)1<i<d,1<j<¢. Extensions of this result to minors of larger size can also be produced—
the corresponding algebraic independence statements are given in [21].

Remark One can prove variants of Theorems 2.3 and 2.4 which contain Gel’fond’s alge-
braic independence results concerning the numkeesi, (resp.x;, y;, €¥)—see [11],

Chap. lll, Section 4, Theorems I, Il and Ill. More generally, one can prove simultaneous
approximation measures which contain the results of algebraic independence obtained by
Chudnovski using Baker's method in Chapter 3 of [6]. By the way, it is necessary to add
the assumptiom, > 0 in Theorem 3.1, p. 136 of [6]: it was not known at that time that

the two numbers ande™ are algebraically independent; and it is still unknown that, for

B a quaderatic irrational number anch nonzero logarithm of an algebraic number, the two
numbersk ande®” are algebraically independent.
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c) Liouville numbers

We show that the conclusion of Theorem 2.3 may fail if we omit the hypotheses concerning
measures of linear independence.

Let ¢ be a strictly increasing functioh — N and let(un)n>0 be a bounded sequence of
rational integersju,| < c; for alln > 0. Assumeu, # 0 for an infinite set oh (hence
c; > 1). Consider the number

u
§= Z 2¢Pn)'

n>0

For N > 0, define
N
N = 26(N) PN = Zun2¢(N)_¢(”)-
n=0

Then(pn, On) € Z2, gy > 0 and

Z Up2~?™

n>N

2c
<c Z 2—d(N+D)—n+N+1 1

¢ P
N = 20(N+D)°

n>N+1

From the upper bound
le* — e°| < |a — b|max(e?, e’} for real numbers andb,

we deduce

C2
é __ oPn/On
122 =2 <

with a constantc, = 21*%¢, independent ofN. Fora/b € Q, we have (©22/°) =
(a/b) log 2, hence the absolute logarithmic height of the algebraic nuntb&ér2s bounded
independently oN by

h(2Pv/av) < 2¢; log 2,

while its degree i<qn.
Letd be a positive integer. Defirbsequenceéu®)n-o, (1 <i < d) by

u(d)_{l ifn=i (modd),

in — 10 otherwise, A=i=d

and set
(d)
- Upn 1 .
Sia =) 2m = > Saam:  A=i=d.

n>1 q>0
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Define, forN > 1,

N
) _ (@) 5p(N)—¢(n)
Pin = Z Uin 2 .

n=1
We get
(d)
Pin 2
D59 " g | = 2
Moreover, assume(n + 1) — ¢ (n) — oo asn — oco. Then, for any tupléty, .. ., ty) of

rational integers, not all of which are zero, the numbéy + - - - +t4&qq has a lacunary
2-adic expansion. Hence it is irrational, and therefore does not vanish (in fact if the func-
tion ¢ grows sufficiently fast, this number is transcendental). It follows that the numbers
&4, ..., E4q are linearly independent ove.

Definexy, ..., Xd by xi = &4, (1 <i < d) and definey, ..., y, by y; = &j¢log 2 for
1 < j < ¢. The transcendence degreever Q of the field generated by tr¥ numbers
€Y satisfies > 1 providedd? > d + ¢ and satisfies > 2 providedd¢ > 2(d + ¢) (cf.
[4] and [28], Chap. 7). Define furthery = pi(ﬂ), bin = pfﬁ andy; = 2anbin/a | We get

aiN
max —
an

Xi —
1<i<d

bin 2log 2
= 26(N+1)’ 1@2% Yi— q_NIOQ 2‘ = 26 (N+1)

and

8log 2
XiYi __ <
nax e =il = arn-
1<j=<¢t

The absolute logarithmic height of the numbeisis bounded independently &f:
h(yj) <log2

The field generated ovép by thed¢ numbersy;; has degree<g?¥ = 49 overQ. If
(D, h) is a simultaneous approximation measure forddemumberse*Vi, then for any
h > max(hg, log 2} and anyD > max{ Do, 44N} we have

¢(D,h) > ¢(N +1)log2— 2.
We can choose fap a function such that

d(N+1)

lim supW =

N— oo

In this case limsug_, ., D~2¢(D, h) = oo, hence the hypothesis of Corollary 1.2 is not
satisfied. Therefore we cannot deduce from Corollary 1.2 the algebraic independence of at
least two of these numbers.
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The argument used for lifting the obstructing subgroup in [21] shows that the underlying
method to the present work yields not only simultaneous approximation measures, but also
results of algebraic independence without technical hypothesis.

Remark Consider the number
1
0= Z 26 () °
n>0

where¢ : N — N is a strictly increasing function, such that
¢(N+1) = n’(n)
for all n > 0. Define two sequencé®,),-1 and(h,),>1 by
D,=v and h,=v"%p0) =>1).

ThenD, + h, — oo for v — co. However,for any positive real number C and for any
sufficiently largev, there is no algebraic number of degree<D,, and height<h, which
satisfies

0 — y| < exp{~CD?h, }.

We prove this claim by contradiction. Assume such axists for some value of with
v > max{16, 2C~2}. We compare to the rational number

v 1
- Z 20 °

n=1

Sinceh(a) = ¢(v)log2 > h,, we havey # «. From Liouville’s inequality we deduce
logly —a| = —D,(log2+ ¢(v)log2+h,) = —vé(v).
This is not possible, according to the following computation:

logly —al| <log2+logmax|® — y|, |0 —al}
< log 2+ max—Cv®¥2¢(v), —¢ (v + 1) log 2+ log 2}
< —vop(v).

This example shows that the conditibp,; < bh, in Conjecture 1.7 cannot be omitted.

d) Schanuel's conjecture

Let X4, ..., X, be Q-linearly independent complex numbers. Schanuel's conjecture (see
[13], Chap. 3, Historical Note) states that the transcendence degre€)oviethe field
Q(Xg, ..., Xn, €1, ..., €M) is >n. Here we produce a simultaneous approximation mea-

sure for the & numbersxy, ..., Xn, €4, ..., €. If we selectx; = &, (1 <i < n), with
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the previously defined numbegs,, we see that the hypothesis of linear independence for
the numbers; is not sufficient to get any estimate at all. This is why we assume a measure
of linear independence.

Theorem 2.5. Let x, ..., X, be complex numbers which satisfy a measure of linear
independence with exponéhit + 1. There exists a positive constant=£C(n) such that
the function

CD?**¥"h(h +log D)(logh + log D) !
is a simultaneous approximation measure forZnenumbers x, ..., Xn, €, ..., €5,

We shall also prove a variant of this statement, where no technical hypothesis is needed:
we produce a lower bound for

Z |81 — logai]

when loguy, ..., loga, are logarithms of algebraic numbers, whig, ..., 8, are
Q-linearly independent algebraic numbers (see Theorem 8.1 below).

e) Lindemann-Weierstrald theorem

Chudnovsky [7] has shown how to prove the Lindemann-WeierstralR theorem on the alge-
braic independence of the numbefs, . . ., e by means of Gel'fond’s method. Here is a
simultaneous approximation measure for these numbers.

Theorem 2.6. Letpgs, ..., Br beQ-linearly independent algebraic numbers. There exists
a positive constant G= C(g, ..., Bn) such that the function

CD¥¥Mh(logh + Dlog D)(logh + log D)~*
is a simultaneous approximation measure for the numb&rs e , e,

The estimate is not sharp enough to apply Corollary 1.2 to the nuribergf, (1 < i<
n). However the function

¢(D, hy = CD¥*¥Mh(logh + Dlog D)(logh + log D) !

satisfies, fon > 2,

lim sup
D—

Therefore Conjecture 1.7 would enable us to deduce the Lindemann-Weierstrass theorem
from Theorem 2.6.
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f) Other examples

Theorem 2.5 contains many results of simultaneous approximation. In certain cases the
estimate can be refined. Here is a first example.

Theorem 2.7. Letg be an irrational quadratic number and létbe a nonzero logarithm
of an algebraic number. There exists a positive constart C(8, 1) such that

C D?h(h + log D)¥?(logh + log D) ~/?
is a simultaneous approximation measure for the two numbersd &*.

If we choose. = 2ir andg = i, we deduce the existence of a positive absolute constant
C such that

C D?h(h + log D)¥2(logh + log D) ~/?

is a simultaneous approximation measuresfoande”. This is so far the best known
estimate, but it is not sharp enough to yield the algebraic independence of the two numbers
7 ande™. We come back to this question in Section 4.

As far as the two numbersandrs are concerned, we do not know anything better than
the above mentioned individual approximation measuresdod forz, due to Fel'dman—
also, we do not know anything better than Theorem 2.7 concerning a simultaneous approx-
imation measure for the three numbers ande™.

The measure of simultaneous approximation for the numberg;lag. , loga, due to
Fel'dman (cf. Section 1) is not sufficient to settle the open problem of the existence of
two algebraically independent logarithms of algebraic numbers. However we can improve
Fel'dman’s measure for large by adding a hypothesis.

Theorem 2.8. Let n> 2 be an integer and.,, ..., A, be Q-linearly independent loga-
rithms of algebraic numbers. Assume that there exists a nonzero homogeneous polynomial
Q € Q[Xy, ..., X,] of degree2, such that QAy, ..., Ay) = 0. Then there is a positive
constant C such that the function

CD?(h + log D)%(log D)2
is a simultaneous approximation measure for the numbers. ., An.

Therefore, under the assumptions of this Theorem 2.8, at least two of the numbers
A, ..., Ap are algebraically independent (cf. [20], Theorem 2, and [21]).

3. Elliptic functions

Elliptic analogues of all results in the preceding section can be proved. The estimates are
sharper in the CM case. Here is the analogue of Theorem 2.1 for elliptic functions.
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Theorem 3.1. Letgp be a Weierstral3 elliptic function with algebraic invariants and

03, let u be a complex number and Igtbe an algebraic number. Assume that none of
the numbers UBu, ..., B9 tu is a pole ofp. There exists a positive constant C with the
following property

a) if g is of degree &> 3 over@Q, the function

C D(d+l)/(d72)hd/(d72)(|og D+ |Og h)72/(d72)

is a simultaneous approximation measure for the d numpéu), (0 <i <d —1).

b) If the elliptic curveE associated witlp has complex multiplicatiarand if 8 is of degree
d > 2 over the field of endomorphismsigf the function

C DE+D/@-Dpd/@-D) (1o D 4 logh)~H@-D

is a simultaneous approximation measure for the d numpe(), o (Bu), ...,
© (B27M).

The assumption thaibne of the numbers u, . .., 9 1u is a pole ofp is not a serious
restriction: if for instancei is pole ofp, we deduce a simultaneous approximation measure
for the remainingd — 1 numbersp (Bu), ..., » (8%1u) by applying the theorem with
replaced by/n, wheren is a sufficiently large integer.

In the CM case, the estimate is the same as in the exponential case. In fact we shall
give a single proof for the two statements (Theorems 2.1 and 3.1). From Theorem 3.1 we
deduce the algebraic independence of at least two of the nuglygts), (0 <i < d —1),
providedg is of degree>5 overQ in the general case, and providéds of degree>3 over
the field of endomorphisms in the CM case. In particular, in the CM case, we deduce the
algebraic independence of the two numbergu) andgp (8%u) wheng (u) is an algebraic
number ang a cubic irrational number. These algebraic independence results are due to
Masser and Wstholz [14].

In the same way we can produce other diophantine approximation estimates which yield
algebraic independence results. Elliptic analogues of Theorems 2.3 and 2.4 can be proved,
as well as simultaneous approximation measures related to results by Chudnovsky [6, 7]
and Tubbs [25, 26].

4, Gamma function

Our last theorem deals with periods of elliptic integrals of first or second kind.

Theorem 4.1. Letgp be a Weierstral3 elliptic function with algebraic invariantsand g.
Denote by(w1, wp) a fundamental pair of periods g, and byn;, . the corresponding
quasi-periods of the Weierstral? zeta function associatedgwith

{'=—-p, (@Z+w)=¢2+n, (i=12.
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There exists a positive constant C such that
CD¥?(h + log D)¥?2
is a simultaneous approximation measure for the four numbers., 1, 72.

We deduce a well known result due to Chudnovsky [6] (Chap. 1, Section 2, Theorem 1):
the fieldQ(w1, w2, n1, n2) has transcendence degre€ over Q. In the CM case, the
transcendence degree is 2.

Theorem 4.1 shows that there exists an absolute positive coistsatisfying the fol-
lowing property:let y; andy, be algebraic numbers. Define

h =max3, h(y1),h(y2)} and D =[Q(y1,y2) : Q.
Then
IT(1/4) — y1l + | — y2| = exp{—CD¥?(h + log D)*?}.

It follows that the two numberd(1/4) and = are algebraically independentf. [6],
Chap. 7, Section 1, Cor. 1.7).

Remarks

1. One can prove a more general statement than Theorem 4.1 which deals with the universal
extension of an abelian variety of dimensigrby G3. The corresponding result of
algebraic independence is stated by Chudnovsky in [6], Introduction, Theorem 9, p. 9.

2. Very recently, dramatic progress has been achieved on this topic. The story started with
the solution by Bae-Sirieix et al. [2] of a conjecture of Mahler (in the complex case)
and Manin (in thep-adic case) on the transcendence of the values of the modular function
J(q) for algebraicg with 0 < |gq| < 1. This work gave the impetus to Nesterenko’s
proof of the algebraic independence of the three numibeeg andI'(1/4) (see [17]).

At the same time, Nesterenko produces diophantine approximation results, including a
measure of algebraic independence. A slightly different approach is used by Philippon
[19] who also produces diophantine estimates, including a simultaneous approximation
measure for these three numbefsr anye > 0 there exists a positive constan{&

such that the function

C(e)(Dh)(4/3)+€
is a simultaneous approximation measure for the three nuntheg® andI"(1/4).

Conjecture 1.7 suggests that such a measure for three numbers with an expéfiecan

take place only when these numbers are algebraically independent. On the other hand this
estimate does not include the simultaneous approximation measurafate™ which we

have deduced from Theorem 2.7, nor the simultaneous approximation measurarfdr

I'(1/4) which follows from Theorem 4.1.
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5. A special case of the explicit algebraic subgroup theorem

The main tool in the proof of each of the above results is Theorem 2.1 of [33]. This theorem
provides an explicit version of the algebraic subgroup theorem, in the context of an arbitrary
commutative algebraic group. For the convenience of the reader, we prove here a special
case of this theorem that is sufficient for the proof of all our results, with the exception of
Theorem 4.1. The proof of the latter, given in Section 11, relies directly on Theorem 2.1 of
[33]. We try to conform, as much as possible, with the notations of [33].

Let dy, d; andd, be integers>0 whose sund is positive, letk ¢ C be a number field,
let D be its degree ove), and letE C P, be an elliptic curve defined by a Weierstrall
equation

E: XoX3 — 4X3 + g XaX1 +gsX3 =0 (5.1)

with go, g3 € K. PutGy = Ggo andn = d; + d;. We embed5 in Py, andGp, in Py in
such a way that their exponential maps be given respectively by

exp, (21, ... 20) = (L:za:---:12q) and exp (2) =(1:€).

We also denote by the Weierstralfp-function attached té, so that the exponential map
of E, from C to E(C), is given, away from the poles gf, by

exp:(2 = 1:p@:p'(2).
The product
G = Gy x G% x E*®
therefore embeds infBy, x (P1)% x (P,)%. Its exponential map
exps : Te(C) = CY — G(CT)

is given by the product of the exponential maps of its factors. For simplicity however,
we often identifyGo(C) with the additive grougC% and G, (C) with the multiplicative
groupC=.

Given an algebraic subskt of G, we denote byH(V; Tg, Ty, ..., Ty) the product by
(dimV)! of the homogeneous part of degree dinof its Hilbert-Samuel polynomial (with
respect to the above embedding®f. Given a finitely generated subgrotipof G(K),

a finite set of generatorg, ..., y, of I, and positive integer§,, ..., S, we denote by
Ies,...,S) the set of all elements df of the forms;y; + - -+ + Sy, with integral
coefficientss; satisfying 0<'s; < S forj =1,...,¢. When§ =--- =§ = S we
simply denote this set by (S). Similarly, if Y is a subgroup of® generated by a given
finite set of pointsyy, ..., n,, we defineY (S, ..., &) as the set of all linear combinations
of these points with integral coefficients in the same range. Finally, we dengi tne
supremum norm of a poimtof CY:

[(z1, ..., Zg)| = max|z].
1<i<d

This definition applies in particular to elementsZst.
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Forw = (a1, ...,aq) € K9, we denote byn(1 : w) the absolute logarithmic height of
the projective pointl oy @ --- @ ag).

Theorem 5.1. There exist positive constantg € C;(d) > e and G = C,(d, ¢, E) with
the following property. Leto and¢; be integers> 0, let wy, ..., w; andnj, ..., n, be
elements of?, let wy, ..., wy, be elements of K and lety, ..., n,, be elements of¢
whose images, . . ., y,, underexp; all belong to GK). Denote by r the dimension of
the subspace @t generated by, ..., wy, andnyj, ..., n;,. Denote by W the subspace
of K9 generated byws, ..., wy,, and denote by the subgroup of @) generated by
Y1, .-+ Ve,- Assume thagy, ..., 7, do not all belong taC% x {0}". Suppose that we are
givenrealnumbers A..., A, > €, B;, B, > 2dand E> e, integers §, S, . . ., S, >1
and Tp, T1, ..., T, > 1, and real numbers UV > 0. Suppose B> C, if d; > 0. Write

N = (Breotjs---» Bdostorjs Utjs - - - Unj)
forj =1,...,¢;, and suppose
2 [
log (; Sj) + ;h(lgi,éoﬂ) <logB:, (1<i <dp),
h(1:wj) <logB;, (1=] <o),
N E &
maX{X::th(e“”), B;SHUM} <logA, (1<i<dy,

=1

E? ,
Czlg}g§{sf(h(p(uij))+l), o S |2} <logA, (di<i=n).

Suppose also
lw) —wjl<e® (@=<j<ty) and [nj—nl<e? A==y,
and that the parameters satisfy

DlogB; > logE, DlogB, >logE, B, >dS+To+Ti+---+ Ty, (6.2
n

DTologB; <U, DSlogB; <U, ) DTilogA <U, CU=<V (5.3)
i=1

and the main condition

1 U To+ do V r

Then there exists a connected algebraic subgroupdtG, distinct from G incompletely
defined in G by polynomials of multidegree

f(To, Ty, ..., le, 2Td1+1, Ceey 2Tn),
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such that if we put
by = dj<m((W + Te+(K))/ T (K)),

we obtain

. rS,....S,)+G*K . 64!
sf)OCarc( ( G*(é) ( ))-H(G To, Tay oo, To) < o TET - Ty

Proof: LetM =S ---S,, and letS be the set of all points= (sy, ..., S,) € Z“ with
0<s; <§,(1=<] <. Choose an enumeratiaq ..., sy of S in such a way that, if
S = (S, - - - Seik), then, fork = 1, ..., £1, we have

21 151
77|’<=Zsjk77’,— and 77k=ZSjk771~
= =

Use the same formulas, to defipjgandny fork = £, +1, ..., M, and puty = exps (k)
fork=1,..., M. Thenthe seE = {1, ..., ym}isSimplyI'(S, ..., S,). We now show
that these data and the present choice of parameters satisfy all constraints in Theorem 2.1
of [33].

We first verify the height constraints in Section 2e) of [33]. Fet1,...,do, the
point of Py, (K) whose coordinates are 1 and the linear combina@f]ﬂ’gl Sj Bi.eo+j With
coefficients(sy, ..., s;,) € S has height

01 12
§|09<Z Si) + Zh(ﬂi,zoﬂ) < logB;.
i—1 i—1

Foranyi =1,...,d; and any(sy, ..., Sy) € S, we have

01 {1
h<eXp(Z Sj Uij )) <Y Sh(e") <log A,
j=1 j

j=1

E
D

l
DSl
=1

and 2D < 2 < log A;. Similarly, Section 4c) of [33] shows that there is a positive constant
C3 =C3(E) suchthatforany =d; + 1,...,nand any(s, ..., Sy,) € S, we have

E &
SB;SHUMS'OgAi,

151
h(ex%(Zsj Uij)) < (2C4 1'3}3)(5 {sJ?(h(expE(ui,-)) + 1}
j=1 =1=h
= £1C% max {Sf(h(p (uy) + 1)}
< log A,
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1
—H*|E
(=

and

5
S
=1

de 1)?
+2) < Cg% max max{1, E>S’|u;; [°} < log A,

1<j<ty
£y
H™|d ZSJ Uij
=1

providedC, > max{¢2C3, (d¢; + 1)>Cs}.

The conditions in Section 2f) of [33] are fulfilled because of (5.2), (5.3) and the hypothesis
B, > C,if d, > 0. Moreover, the assumption that notalkgf . . ., i}, belong taC% x {0}
implies that the integer; defined in Section 2c) is positive. Therefore, since the Hilbert-
Samuel function of5 verifies

O~

) <Cs<logA,

n

To+ do To+d
(Odo O)l_[(Ti +1)<H(@G; To,...,mss“Z( & °)1_[(Ti +1),

i=1

i=1

the main constraint in Section 2Q) is satisfied if

1 U To + do 1 To+r1\/[dS+r12 V"
8~3d2eXp<E)>< do )E(TI+1)24< r )( ) )<|OQE)‘

This last condition follows from (5.4) because we hayve-ro +r3 =r,

ry ry
To+r1) _ @To)" < 2 (. ’
r - ~\DlogB;/ ~ \logE

dS +r2 " (d+ DU\ vV \"
(*27) <@ rvsr = (Grn) = (o)

and

providedC; > d + 1. Finally, for any(sy, ..., sy,) € S, we have

ll el Zl

Yosin =Y sin| < (ZS)G‘Z\’ <Be? <eV,
j=1 i=1 i=1

sinceB; < €Y. Thus, allthe hypotheses of Theorem 2.1 of [33] are satisfied. The conclusion
follows. |

6. Proofs of Theorems 2.1 and 3.1

We prove simultaneously both theorems. Debe a positive integer, let, h be positive
real numbers witth > ¢y > 3, and letyy, . .., yq—1 be algebraic numbers with

maxh(yo), ..., h(ya—1)} <h and [0, ...,yi-1) : Q] < D.



404 ROY AND WALDSCHMIDT

In the case of Theorem 2.1, we assume

i
max |af —y| <e?
O<i<d-1

where

V-1 = d-1pd+lhd(jog D + logh) 2. (6.1)

In the case of Theorem 3.1, we denotebthe elliptic curve associated to the functipn
For part a), we assume

iy —4v
onax lp(Bu) —pl<e (6.2)

where
V92 = c4-2p%+hd(log D + logh) 2.

For part b), we assume that (6.2) holds witlgiven by (6.1). We will derive a contradiction
assuming thaty is sufficiently large (depending only ghand loga for Theorem 2.1, on
B, uandE for Theorem 3.1). Sinc¥ is an increasing function db, we may assume
D =[Qo, ..., v4-1) - Ql.

In the situation of Theorem 2.1, we pt= Z, k = Q, @ = 2r/-17Z, o = 1 and
v = 1, and we apply Theorem 5.1 with the group

G =Gqax Gy, where Gy =GY.

Thus, we havely = 1,d; = d, d, = 0 and, in the notations of Theorem 5dlis replaced
byd + 1. We putu = loga, and, for 0< i < d — 1, we denote by; the determination of
the logarithm ofy; which is closest t@'u. Then, we have

Jmax plu—ul<e®  (O=i=d-1. (6.3)
<I<d—

In the situation of Theorem 3.1, we denote®@yhe group of periods dE. For part a), we
putA =7,k =Q, ¢ = 2andv = 1. For partb), we choose a non trivial endomorphism of
[E corresponding to some imaginary quadratic numbend we putA = Z[z], k = Q(7),

o = v = 2. For both, we apply Theorem 5.1 with the group

G=G,x Gy, where G,=EY

Thus, we havaly = 1,d; = 0, d, = d and again, in the notations of Theorem Hlis
replaced byd + 1. Fori = 0,...,d — 1, we denote by; the complex number which is
closest tg8' u and satisfieg (u;) = ;. Then (6.3) holds in this case as well.

In all cases, we have = [k : Q], o = rank; Q andd > o/v. Moreover,j is algebraic
overk of degreed. So, we can write

BY=bo+byf+- +bg_1892, (6.4)
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with by, by, ..., bg_1 € k. We define recursively complex humbers . . ., Uyg_» by the
conditions

Ui+d = bouj + bali1 + -+ 4+ By_1Uiyq—1, O<i=d-2.
We putég = 0, ¢; = vd, and

=@ plu, L BT, A< <d),

nj =B h Ui, Uj, . Ujrao2), (1<j=<d.
If v =2, we also define
Ngy; =70) and narj=tn;,  (1=<j=d).
Thanks to (6.3) and (6.4), these points satisfy
I, —njl<e?,  d=j<.

Moreover, sincey;, ..., n,, generate a subspace®t*! of dimension 1, we have = 1.
Let T be the subgroup o&(C) generated by the points gxf;), (1 < j < £1), and let
K be the smallest extension fuch thaiG is defined oveK andI” ¢ G(K). Then, the
degree oK overQ satisfies

D <[K : Q] £cD.
The parameteY defined above is given in all cases by
vi-er = cg*~¢/"pé*ind(log D + logh) 2"

DefineU = calv and the remaining parameters by

= v - .= — T — 5n)1/d
TO_[ch(logD+|ogh)]’ Ti=-=Tg=T=[(gD)"],

U 1/o

A= = Ay =explcoh}, By =S% B, =expU/(cD)}, E = (Dhve.
Then,S, S, To andT are positive integers ar8isatisfies
(DY < s < (Dh)*.
Moreover, one verifies that all the conditions of Theorem 5.1 are fulfilled, and that we have

S > 6%(d + 1)ITpTY. (6.5)
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This last condition ensures that the conclusion of Theorem 5.1 is non trivial as we will now
see.

Theorem 5.1 shows that there exists an algebraic subgédug- Gj x G; of G =
Ga x Gy, which is defined oveK, which is also incompletely defined by equations of
multidegrees< (To, oT, ..., 0T), with G* # G, such that

Cam(r(S) + G*(K)

<6%d+)ITH x T,
G (K) >‘ @+ D" x

wheredg is the codimension o6 in Ga, While d; is the codimension o6, in G,. Note

that, because of (6.5), the right hand side of this inequality 8. Moreover, since
1, 8, ..., p% L are linearly independent ovkr the projection of"(S) on the factorG, of
G has cardinalityS. We deduceG} = G, andd} = 0. LetT’, be the projection of°
on the factorG,. Forj = 1,..., {1, we denote byy; the element ofC? formed by the
lastd coordinates ofjj. Then, the points e (yj), (1 < j < ¢£1), constitute a system of
generators of’,, and we have

(S +G*(K)\ [0 (S) + G,(K) ) 1
= e e A

where¢ denotes the set of poings= (s, ..., S,) € Z" with |s| < Sand
4
expGg<Zsjn,—) € G:(K) (6.6)
j=1

J

(compare with Lemma 10.3 in [32]). This implies
st cardé) ™! < (d + 1)l6%Te

and so, by (6.5), we get Ca@) > Ty. SinceTy > 4 > (2S — 1)¢, this means thaf
contains at leagt + 1 elements which are linearly independent a@efWe will show that
this is impossible.

Since the subgrou* is distinct fromG and incompletely defined i@ by polynomials
of multidegrees<(Ty, oT, ..., oT), there exists a poirit= (ty, ..., ty) in A with

lt] < coT" < coT?

such thatGj is contained in the connected algebraic subgrougfof codimension 1
whose Lie algebra is the kernel of the linear map:

g: c — C
(zn,....29) > Hbz+---+1tgzg

(see [32], Chap. 8 for multiplicative groups, [15], Theorem lll, p. 425 for elliptic curves).
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For any point(s,, ..., S,) € Z" satisfying (6.6), we have

£y
Q(ZSJ' Yj) €Q
=1
Define a mapping : Z% — C by

wnrlg)

and fix p + 1 linearly independent points éf. Since the images unddr of these points

are elements of2 of norm <c3ST?, the pigeonhole principle shows that the kernelfof
contains a linear combination of these points with integral coefficients which are bounded
above in absolute value by

Co(C3ST?)? < g T4,
and not all zero. Les = (s, ..., S,) € Z“ be such a point. The relatiof(s) = 0 gives
d d .
S ifv=1
JZ:IZ;& iUj+i—2=0 where aJ_{SJ‘—i-Sd.H"L’ if v=2.

Since the numberg' u — u; | are bounded from above ley?" fori =0,...,2d — 2, we

deduce
d ) d ]
(Fo) (L) -
j=1 i=1

This is impossible because, singés of degreed > 2 overk, the above product does not
vanish, and Liouville's inequality shows that it is bounded belowdg®T®)1-4". 0

<eV.

d d
> api?

j=1i=1

Remark A variant of this proof can be given with the groGp= G,, usingdy =0, £o = 1,
El = d\),

wr= (L8, ...,8% Y

and by deleting the first coordinate of the poinis. .., n, andni, ..., n,.

7. Proof of Theorems 2.3 and 2.4

Proof of Theorem 2.4: Fix a constanty > 1, and define

V = c;* 1 (Dh)*(log E)* * F*/™
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We will assume
—3V
max [AjjA11 — Aitdgj| < €777,
1<i<d
1<j=<t

and show that, ity is sufficiently large in terms ofl and ¢, this hypothesis leads to a
contradiction. This will prove the theorem with = 3c;* ™. Each computation below
assumes thay, is sufficiently large as a function afande.

By replacing the matrixA;;) by its transpose if necessary, we may assumedthai.
Sinced? > d + ¢, this impliesd > 2 and¢ > 3, and we haven = ¢ — 1. By permuting
between themselves the columns of this matrix, we may also assumathéatl. Then,
Liouville’s inequality applied tdy;1 — 1] gives

1
hulz 5 min{|y11 — 1/, 1} > exp{—D(log 2) — Dh} > exp{—2Dh}.

SinceDh/E > |44/, this implies logE < 3Dh. So, we geV > c;* Dh, and thus

-1 —-1,-3V —2V
max |(A11k1j))\i1 — Ajj | <laal e e
1<i<d
1<j=<t

Denote byK the field generated ovéd by thed? numbersy;j. PutU = calv, and define
T andSto be the largest integers satisfying respectively

Td < Cg—ng and S < cg_lo;’E Fe/eD),

We apply Theorem 5.1 to the algebraic graBp= G¢, with the parameterdy = ¢y = 0,
dp=d, ¢, =2¢,

logA; = ---=logAq = coSh B, =B, =¢e/P,
To=%=1 Th==Tg=T, §=---=5=S
and the points
Ny =Agrhyy(Gar ... A and nj = (Agj. ... hg), A< <0,
We haveG(K) = (K*)9, andI" is the subgroup o6 (K) generated by the points
Yi = eXps(mj) = (V1js---» Vdj)s l=<j=0.

Sinceny, . .., n, span a one-dimensional subspac€®fone verifies that all the conditions
of Theorem 5.1 are satisfied with= 1. Thus, there exists a connected algebraic subgroup
G* of G, different fromG, which is defined by equations of partial degrees, such that

Car{r(s) + G*(K)

* . 1T7d
) )H(G LT, Ty <diTe
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Letd* > 0 be the codimension @* in G, and letd be the subgroup &t¢ consisting of
all points(ty, . . ., tq) € Z for which the monomia¥;" - -- Y5 € Z[Y;™, ..., Y{']induces
the trivial character o&*. Then,® has rankd*, and we obtain

H(GST,...,T) > ¢yt detd) T4
where det ¢) denotes the determinant &f (see Section 3(b) of [3]). Put
4
E= {(sl, . 8) €L ) sy € GH(K) and|s;| < Sfor j = 1,...,€}.
i=1
Then, we also have

Carc(r(S) + G*(K)

&K ) Cardé) > &

(see forexample the remark after Lemma 10.3in[32]). Combining the lastthree inequalities,
we obtain

S det(®) < dlc,TY Cardé).

First, assumé* < d, and letp be a nonzero element d@f of smallest supremum norm.
By Minkowski's first convex body theorem, and Vaaler's cube slicing inequality [27], we
get

lp| < det( @)Y < det®),

since® has rankd*. Writeg = (11, ..., tg) and consider the functioh : Z* — C given by
f(sg,....s) = Z tiSjAij .
1<i<d
1<j<t

By construction, it maps elements®fo elements of 2 ./ — 17 of absolute valueccy S Flg|.
On the other hand, sinde> d and¢ > 3, we haveS'~! > ¢T9~1F, and so,

St det(d)
Card€) > W

—o1 > C0SFlol.

Thus, f is not injective or€ and so, there exists a nonzero elem@qt. . ., S;) of Z¢ with
Isj| <2S, (0 <] <¥),suchthatf(s,...,s) = 0. We deduce

14

d
Zti)\ilzsjklj
i=1

=1

4

d
D otisj(hiskg) — Anki)| <€V, (7.1)
i=1 j=1

Sinceiyy, . .., Aq1 are linearly independent ov€r and sinceéis, ..., Az, are also linearly
independent ove®, none of the numbergjid:lti/\il anlej:1 SjA1j vanishes. Moreover,
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we have

=max|t| <T,
Il = max| <

becausés* is defined by polynomials of partial degree3 . Thus, Liouville’s inequality
yields lower bounds:

d
Zti)\il
i—1

d
1- l_[ Vitil
i=1

>1min 1
_2 'y

} > exp{—CoT Dh}
and similarly

> exp{—cpSDh}.

L
D Sikj

j=1

SinceV > coT SDh this is a contradiction.

Finally, assumel* = d. In this case, the subgroup* is reduced to the neutral element
of G, and we haved = Z9. SinceS' > c3T9, we get Car€) > 1. Lets= (s;, ..., ) be
a nonzero element &. For eachty, ..., tg) € Z9withO <t < T, (1 <i < d), the sum

d
Z 1 Sj Aij (7.2)

is an element of 2/—17 of absolute value<c,T SDIYE. Sincec,T SDYE < T¢,
Dirichlet’s box principle yields a poirtt = (t1,...,t5) € Z9with |tj| < T, (1 <i < d),
for which the sum (7.2) vanishes. For these choicesapidt, inequality (7.1) again holds,
and we get a contradiction as above. ]

A direct proof of Theorem 2.3 can be given along the same lines. It shows that the
technical hypothesis can be replaced by the following weakertheeaumbers x . . ., X4
satisfy a measure of linear independence with exponerind the numbersyy..., VY,
satisfy a measure of linear independence of expofient

Here, we prefer to derive Theorem 2.3 from Theorem 2.4, in order to show the link
between the two results. To this end, we will need the following lemma:

Lemma7.1. Letz,...,z, be complex numbers satisfying a measure of linear indepen-
dence with exponent > 0, and leté > 3nv be a real number. There exists a positive
constant c satisfying the following property. Let, ..., A, be logarithms of algebraic
numbers let D be a positive integerand let h> ¢ be a real number. Defing; = e,

(1 <j <n), and assume

[Q(y1, ..., ) 1 Q] = D, maxh(y), rjl}<h, (A<j<n),
and

max|zj —ij| < exp{—(Dh)?}.
<j<n

Then the numberk, .. ., A, are Q-linearly independent.
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Proof: By assumption there exists a real numfgrsuch that, forT > Ty and for
(t1, ..., ty) € Z" satisfying

O<max|tyf,.... It} =T,
the inequality
[t1z1 + - - 4+ thzn| > exp{—T"}
holds. Sincer < 6/(3n), we may assume
TY +log(nT) < T#/GY
for T > Ty. Supposé > c where
am =@Mt and c=max{c, (Y@, 1,7V}

If the numbers.q, ..., A, were linearly dependent ové, we could use Lemma 7.2 of [32]
and write

i1+ -+ thin =0,
with an-tuple(ty, ..., t,) € Z" such that
0 < max{|ti], ..., [ta]} < co(n)(D3)"L.
PutT = (Dh)3. Then, we gel > Ty, maxX{|ty|,..., |t,]} < T, and

[t121 4+ -+ thzn] < nTlm_ax IXj — Aj| < nTexp|{ — T} < exp(—T"},
<j=<n
which contradicts the hypothesis on the measure of linear independernge of, z,. O

Proof of Theorem 2.3: Let D be a positive integer, lat, andh be real numbers with
h > c2 > 3, and lety1, .. ., v, be algebraic numbers which generate d@ea fieldK of
degree<D, and satisfyh(y;;) <hfori =1,...,dandj =1,...,£. Suppose

lnj — € <e® where V =cs*(Dh)“(logD + logh)*™.

We will derive a contradiction, assuming that is sufficiently large as a function of
X1, ..., Xg andys, ..., V.

For this purpose, we may assume, without loss of generality KHaais degree exactly
D overQ. Foreach = 1,...,dandj = 1,...,¢, choose a determination; of the
logarithm ofy; so that

_ov
[Aij =X yjl <e .

We get
max |AjjA11 — AjrAgj| < eV,
1<i<d
1<j=<t
Moreover, sincexiys, ..., XgY1 Satisfy a measure of linear independence with exponent

<k /(3d), Lemma 7.1 shows thaty, . .., Aq1 are linearly independent ové&r. Similarly,
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sincexyys, ..., X1y, satisfy a measure of linear independence with exponent(3¢),
Lemma 7.1 shows that;y, ..., A1, are linearly independent ové€). The contradiction
follows by applying Theorem 2.4 witlE = Dh/c,. Note thatE > (Dh)¥? since
h > cs. m|

8. Proof of Theorems 2.5 and 2.6

In this section we give a lower bound fr |8; — logj| and we deduce Theorems 2.5
and 2.6.

Theorem 8.1. Let n be a positive integer. There exist two positive constanéd ¢
with the following property. Lety, ..., oy andgy, ..., By be algebraic numberdet D be
the degree of the number field they generated let A B, B’, E be real numbers which
are >e and satisfy

1<j=n

max h(aj) <logA and lm,ax h(B;j) < logB.
<j=n

For1 < j < n, assume that the numbes does not vanishand choose a determination
Aj of its logarithm. Assume

D
max [Aj| < EIogA,

1<j<n

logE < DlogA, logE <DlogB, logE < DlogB’, (8.1)
D(log A)(log B) > (log B')(log E), (8.2)
B > D(logB')(logE)™ and B > D(logA)(log B). (8.3)

Furthermore assume

SifL+ -+ S # 0

forany(sy, ..., s) € Z" with

Dlog B\ "
0< m_ax|s,-|§cl< 9 > .
1<j=n log E

Then we have

n
D 18 — 4jl = exp{—c;D***/"(log A)(log B)(log B))"/"(log E)~*~*/"}.
j=1

Proof: Letcy > 1 be areal number. Set

V = cg™"D%/"(log A)(log B)(log B')*/"(log E)~*~%/",
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5/n

Assumec; > ¢’ and
n
DB =l <e?.
j=1
We will show that, ifcy is sufficiently large as a function of then the last inequality leads

to a contradiction. This will prove the theorem with= 2c3**/".

To this end, we apply Theorem 5.1 with the grdap= Ga x Gn, so thatdy = d; = 1
andd = 2. For the number fiel&K , we takeQ(a4, . .., an, B1, - .., Bn)- Its degree ove®
is D. We choose the points

wi=wi= 11D, nj=0B,B), n=@Bjr), Q=j=n,

so thatlyg = 1 and¢; = nandr = 1. Note than has a different meaning here than in the
statement of Theorem 5.1. LEtbe the subgroup d&(K) = K x K* generated by

Yi =exps(j) = (Bj, oj), (L=< j=<n).

We use the parameters

U U
Bi=B% B,=(B)*, U=¢"V, T0=|: } s)=[—],

D log B: D log B,
D log B, DlogB,\ "
T g 2 = ... = = = 3 A ZACOS.
' [CO log E } 3 H=3 [(CO log E ) and A

By (8.1), the integerdy, T; and S are positive. The inequality (8.2) combined with (8.1)

gives as well
S > [ Hm DlogB\"" -1
-1 log E -
1/2

Assumingco sufficiently large, the left inequality in (8.3) givé&s< (c3B)Y" < B,’*, thus
n 1
log(n® + > " h(g)) < 510gB; +logn+nlog B < log By.
=1

Using the right inequality in (8.3), we also fitdl < B,. So, we get
29+ To+ T <U < By.

The remaining conditions of Theorem 5.1 are plainly satisfied.
Therefore, there is a connected algebraic subgfatipf G, distinct fromG, such that

S Car{%) H(G™; To, T1) < 2TpTs.
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Here, the exponertf, of S is 1 because the only possibilities 8F are{0} x {1}, {0} x G,
or G, x {1}, and, in all casesy; does not belong to the tangent spac&ofat the identity.
Since

U
2ToTy < 203E <39,

this inequality implies

Car{F(S) + G*(K)

G*(K) )H(G*, To, Tj_) < Sn (84)

Explicitly, we have

TS ={(spr+ - +Spnaf -ad);0<s <S (1<j=<n}
Sincec; > cg/”, the hypothesis tells us that, for any nonzero elerseat(s, ..., s,) of
Z" with |s| < 2S, we have

S1B1+ -+ B #ZO.
Thus, the set
{811+ +SPn;0<s <S5 1<j=<nj

has cardinalityS". Since this set is the projection &%(S) on the factorG, of G, the
condition (8.4) is not satisfied &* is equal to{0} x {1} or {0} x Gp,. It remains the case
whereG* = G4 x {1}. In this case, the condition (8.4) becomes

. Sk
Carday' - af;0<s; < S, 1§]§n}<?0.

Let £ be the set of all pointgs;, ..., s) € Z" with supremum norm<S such that
ail ---ap = 1. Since
Carday ---a;0<s;<S 1<j<n}> g ,
ne = - T cardé)

we get Card€) > Tp. On the other hand, for each, ..., s,) € £, we have
SiA1+ -+ Shn = 21V -1,
for an integersy with

5ol = 25 ma | < nSDlogA _ coSDlog A

-1
<cy To.
27 1=j=n 27E  ~  logE 0

By Dirichlet box principle, this means that there are at least two different elemefitgidi
the same value . Taking their difference, we get a nonzero elermsest(sy, ..., S) of
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Z" with |s| < 2Ssuch that

SiA1+ -+ Sin =0.
This implies
SLBL+ -+ + Snbnl < 2nSe? <eV.

Sinces 81 + - - - + SiBn IS @ nonzero algebraic number with absolute logarithmic height
<log(2nS + nlog B < log(2B,), Liouville’'s inequality gives

Is1B1 + - - - + Sl > (2By) 7 P.

This is impossible sinc¥ > ¢,D log B;. This contradiction ends the proof. O

Remark Here, we applied Theorem 2.1 of [21] with the algebraic gréiypx Gn,

the direction(1, 1) and then points (81, A1), ..., (Bn, An). A similar argument can be
given with the algebraic grouf@, x G}, the direction(l, 4, ..., Bn) and a single point

(4, A1, ..., An). The choice of parameters is similar but the conditions which arise concern-
ing B andB’ are not exactly the same. The transition from one proof to the other is merely
the transposition of the interpolation matrix. Compare with the remark (a) in Section 7
of [33].

Proof of Theorem 2.5: Let D > 1 be an integer, and lét > e be a real number. Put
¢(D, h) = 16c,D%*¥"h(h + log D)(logh + log D)%,

wherec; is as in Theorem 8.1. Assume that ..., an, B1, ..., B, are algebraic numbers
in a number field of degreg D, which satisfy

max h(aj) <h and maxh(8;) <h.
1<j=n 1<j=<n

We will show that, ithis sufficiently large, with a lower bound depending only@n. . . , X,

then we have

lIrpjagrgmax{lxj — Bjl, 1€ —aj|} = exp{—¢(D, h)}. (8.5)

We argue by contradiction, assuming that (8.5) does not hold. SiGbeh) is an
increasing function oD, we may assume thdd is the degree of the extension @f
generated by, ..., onandpy, ..., Bn. Forj =1,..., n, denote by.; the determination
of the logarithm ofx; which is closest t;. If h is sufficiently large, we obtain

1Bj — &l < exp{—(1/2)¢(D, h)}.
=1

]
Define

A=¢", B=D€e", B =(Dh)> and E = (Dh)Y2
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Then, if h is sufficiently large, all the hypotheses of Theorem 8.1 are satisfied, except
maybe the condition about linear combinationgaf. . ., 8,. Moreover, the conclusion of
the theorem fails. Therefore, there are integgrs. ., s, with

n

E sifj =0 and O< max sj| < c,(4D)Y".
4 <j<n

=1

This implies

n
> sixj| < 4ng; DY"exp{—¢(D. h)} (8.6)

=1

which contradicts the hypothesis that . . ., x, satisfy a measure of linear independence
with exponent & + 1. ]

Remark Note that, for fixed, we get only finitely many possibilities fésg,, . . ., s,). For

each ofthem, (8.6) cannot holdifs sufficiently large. This does notrequire tiat. .., X,

satisfy a measure of linear independence but simply that they be linearly independent over
Q. Thus, (8.5) holds with this weaker condition tor> ho(D, X1, ..., Xn).

Proof of Theorem 2.6: Let D € N andh € R satisfyD > 1 andh > e. Assume that
there exist algebraic numbaets, . . ., a, such that

[Q(alv "'3an7 ﬂla ~~,,Bn) : Q] S D9 1rDIa<)'(1h(a])§h

and

max |/ — aj| < exp{—8c,D** ™ h(logh + D log D)(logh + log D) !}

1<j<n

with ¢, as in Theorem 8.1. It remains to show that this is impossibleif larger than
some constartty depending only o8, ..., 8,. The argument is similar to the proof of
Theorem 2.5. We may again assume thds the degree of the number field generated by
ai,...,apandpy, ..., Bn. Set

A=¢", B=DhYP, B =(Dh? E=(Dhv2

Sinceps, ..., Bn are linearly independent ov€r, Theorem 8.1 yields the desired contra-
diction. O

Remark Itis possibletorefine Theorem 8.1in such away astoinclude Fel'dman’s simulta-
neous approximation measure for logarithms of algebraic numbers. A slight modification of
the proof in [33] is needed (cf. [33], Section 7, subsection e), where the hasis 1, 2"

of the space of polynomials of degreen is replaced byz(z—1)---(z— j + 1)/j!,

(0 < j <n). See[9], Lemma 19.7, p. 127.
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9. Proof of Theorem 2.7

Letcg be a real number 1, and lety; andys, be algebraic numbers. Put= e*, and define

K=Q(,B, 71,72, D=[K:Q] and h=max3, h(y1),h(y2)}.
Suppose
A=l + 16—yl <€
where

V = c§D?h(h + log D)**(logh + log D)~%/2.

We will derive a contradiction assuming, at each step, thas sufficiently large as a
function of 8 anda alone.

Letm X2 — bX — a be the irreducible polynomial ¢f overZ, and denote by log, the
determination of the logarithm of, which satisfies

182 —logy,| < coe™®.
We apply Theorem 5.1 to the gro@= G, x G2, with the points
w; = (1,1, B), w1 = (1,1, 8),

n = (&, A, BA), n = (y1, A, logy»),
Ny = (MBA, MBA, MB21), 1, = (MBy1, Mlogy,, ar + blogyy).

So, we havelg = ¢ =1,d; = 1 =2,d = 3 andr = 1. The groupG(K) is K x (K*)?,
and its subgroup’ is generated by

exps(n) = (1, @, y2) and  exg(n2) = (MByr, ¥)", o®y)).
Put
S=[c3vD], U=c'V,

and define the remaining parameters by

A=A =€ B, = (De"*, B, =(Dh)®*, E =Dh,

U U
To= [—] Ti=T=T= [7/27]
coD(h +log D) ¢/ “D3/2h

S)z[ J ] and §=%=S

coD(logh + log D)

Then, all conditions of Theorem 5.1 are satisfied. In particular, the main condition (5.4)
holds and we have

S > 6TT? and S> 6T
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Moreover,I'(S) is the set of points

((s1+ MeB)y1, a%yy"®, a®%ys™2)  (0<s,5< 9.

By Theorem 5.1, there is a connected algebraic subgBiupf G, of dimension<2, such
that

r'(S) + G*(K)

&Card( G K)

) H(G*; To, T, To) < 6ToT2.

The exponent o5 in the left hand side is 1 because, singés irrational, there is no
algebraic subgroup dB, apart fromG itself, whose tangent space at the origin contains
wy = (1,1, B). Write G* = Gjj x G} whereG} is an algebraic subgroup &f, andGj is

an algebraic subgroup 6. The factorG} is either{0} or G,. If we hadG} = {0}, then,
sinceB ¢ Q andy; # 0, we would get

Car((F(S) + G*(K)

2 2
T ) > S > 6TTY/S,

which is not possible. Hence, we ha@é = G, x G} andGj is an algebraic subgroup of
G2, of dimension<1. Denote byl";(S) the projection of"(S) on the factorG2 of G. This
set consists of the points

(@2, 3 (@®rP)¥),  (O0<s,s<9.

Then, we find

I'1(S) + Gi(K) 2

This last inequality shows that the images (ef y») and (ya", «®yP) in the quotient
(KX)Z/GT(K) are torsion points (of ordexS). Thus, there exist integetg, ky, not
both zero, such that

ozklyzk2 =1 and y;kl(ocayzb)kz =1
We deduce
(yz)mkf-&-bklkz—akg — 1
The polynomialm X? — bXY — aY? being irreducible ovef), this exponent is nonzero,
and so,y, is a root of unity. It follows thatr is also a root of unity. Sincg, belongs toK
and sinceK has degre® overQ, the order ofy, must be<2D?. Write (logy2)/A = p/q

with relatively prime integerg andq with g > 0. Sincex is fixed, we get] < ¢oD?, and,
becauses is quadratic irrational, Liouville’s inequality yields

1
|BA —logys| = — =

in contradiction with the choice of log. |
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10. Proof of Theorem 2.8
Denote by the Q-vector space of logarithms of algebraic numbers:
L =exp H(Q).

The main result of this section is the following:

Theorem 10.1. Let dy and¢; be positive integers and let M (A;;) be ad x £, matrix
with coefficients inC. Setk = (1/d;) 4+ (1/¢1). Denote by X thé&)-vector subspace of
C% which is spanned by the columns of M. Let r be the rank of M. Assumedhainy
surjective linear map g C% — C% which is defined ove®, the dimensiort; of the
Q-vector space gX) satisfies

£7/€1 > di/dy.
Then there exists a positive constant C such that the function
C DrK+l(h + Iog D)I’K+l(|0g D)—FK—l

is a measure of simultaneous approximation for thé;chumbersa;;, (1 < i < dj,
1<j=<ty.

Note that under the hypotheses of this theorem, we have 1 by virtue of Corollary 7.2
of [30].

Proof: Let D be a positive integer, l&, andh be positive real numbers with> ¢y > 3,
andlety;;, (1 <i <dj, 1 <j <{1), be algebraic numbers. Assume that the number field
K generated ove@ by the 21,¢, numbers

aij =€y, I<i<d, 1=<j<¢ty
has degree<D. Suppose also

max h(yj) <h and max|Aij — yij| < exp(—2V)
1<i<d 1<i<d;
1<j=t 1<j=t

where

v _ G D(h + log D) ”(“‘
0 log(eD)

Note that, sincex > 1, we haveV > cg”” D(h + log D). We will derive a contradiction
assuming, at each step, tlegtis a sufficiently large constant, independenhpD and the
algebraic numberg;. This will prove the theorem.
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Without loss of generality, we may assurbe= [K : Q]. By permuting the rows and
columns ofM, we may also assume that the principal minor of ordef M is nonzero:

dei()‘ii)lgi,jgr # 0.

We claim that the matrif’ = (yj) also has rank, and that its principal minor of orderis
nonzero. To justify this, let be a subsetdfl, ..., d;} and let] be a subset dft, ..., ¢4},
both with the same cardinality. We find

|dethi))ic) ey — dMM))ic) jegl = CoBXP(—2V) < exp(—V).

Since there are only finitely many possibilities foand J, we deduce défj)ici jes # 0
if det(Xij)ier,jes # 0. Conversely, if d&bj)ici,jea # O, then Liouville’s inequality gives

|del(VIJ )iEI,jGJl = qu—CoDh)

SinceV > coDh, this implies defAij)iei,jes # 0. So, a minor oM vanishes if and only
if the corresponding minor d1’ vanishes.

We apply Theorem 5.1 to the gro@= G} x G%. So, we havel, = r andd = r +d;.
We also choosé, = ¢; and define four families of; points by

w} = 773 = (klj, -~-7)\rj ; Alj, "")"dlj) e Te(C) = (Cd,
wj = (1, Wi 5 Vijs -0 Varj) € Te(K) = K9, 1=j=t.
nj = (Vlj,.--,yrj ; Klj,...,kdlj) € Ts(C) = CY,
By construction, the subspace®f generated by, .. ., wy, andny, ..., n;, has dimen-
sionr. So, there is no conflict of notations concerning this parameteConsider the
matrices
, (M M (MW
L _<M M) and L_(M, M)'
The reader may also think efy, ..., w; (respws, ..., we,) as the firs¢; column vectors
of L' (resp.L), and ofny, ..., m;, (resp.ni, ..., ne,) as their last; column vectors. We

haveG(K) = K" x (K*)%, and the subgroup of G(K) is generated by thé&, points

vi = exps(mj) = (Vij, -, Wi 5 @aj, ..., Q) A=<j<t).

Finally, W is the subspace @ spanned by, ..., w,,. Define

U
Bi=B,=B=(DeH*, E=eD, U=¢'V, T0=S°=[D|og8]'

The last two parameters satisfy = § > cg'“. Let T andSbe the integers given by

DlogB;\"® DlogB,\'/*
T=|(c} =|(c :
[(CO log E ) ] S [(CO log E ) }
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Since loge < D, these integers as well are positive. For the remaining parameters, we
choose

logA; =---=10gA4 =S, T1=--- =Ty, =T, §=---=§,=S

Then, all the hypotheses of Theorem 5.1 are satisfied. Therefore, there exists a connected
algebraic subgrou@* of G, defined oveK, incompletely defined iG by polynomials of
degree<T in each of the last; variables, and distinct fror®, such that

* * |
S° Carc(%)?—{@*; To.T.....T) < %T(;le, (10.1)

where

£ = dim((W + Te-(K))/ T (K)).

Write G* = G x G} whereGj andG; are algebraic subgroups@f, andG% respectively.
Put

dg=r —dimG§ and di =d; —dimGj,

and denote by* the largest integer for which there existelementsy;, ..., y;% among
Y1, ..., Y, SUCh that

)\*

Y sy ¢ GH(K)

j=1
forany(sy, ..., s) € Z* with 0 < max<j<- Isj| < S. Then,(I'(S) + G*(K))/G*(K)
has cardinality=-S*, and (10.1) implies

SIS <dI TBTY,
SinceS = Tp > S, this gives

St =% < di T,
Finally, sinceS™ > (1/2)c5Td1, we deduce that either we have

LE+ar—dg  df
—_ < =, 10.2
7 (102)
orff+r* —dj =df =0.
Let ® be the set of pointg = (ty, ..., ty,) € Z% such that the monomial;" - --th,jl
induces the trivial character @i. SinceG? isincompletely defined ifs% by polynomials
of degree<T in each variable, Lemma 4.8 of [21] shows tdaadmits a basig, .. ., gq;
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with gx| < coT fork = 1,...,df. Write ox = (te1, ..., %) fork = 1,...,d;, and
denote byg; : C* — C% the linear map given by

dy dy
gl(ul, R Udl) = (Ztliui, ce th;iui>
i=1 i=1

for any point(us, ..., ug,) € C%. By construction, this map is surjective, defined o@er
and its kernel iSfg; (C). Moreover, a poin§ = (uy, ..., Uq,) € C% satisfies

exp (§) = (e, ..., e") e Gj(K)

if and only if gi(§) € (2n/—17)%.

Denote by&s, . . ., &, the columns of the matrii, and letX be theQ-vector subspace
of C% that they generate. Denote By the dimension ofy;(X) overQ. Then, if (10.2)
holds, the hypothesis of the theorem gives

0> 05— O + A%, (10.3)

We will show that, nor can this inequality hold, nor can we hégye- A* — dj = dj = 0.
The proof will then be complete.

To show this, choose a linear mgg: C" — C% defined oveK whose kernel i96;(C),
and defingy: C" x C% — C% x C% to be the product mag = (go, g1). SinceTg-(C) is
the kernel ofg, we have

£5 = dimg(W).
DefineQ* = {0}% x (2r+/—17Z)% c C% x C%. By construction, we also have, for any
(St,...,Sy,) € 74,
61 Kl
ZS] Vj € G*(K) & Zsjg(nj) e Q*.

i=1 i=1

Thus, 1* is also the largest integer for which there existelementsyj, ..., nf among
N, - .-, Ne, Such that

)\(*
> sjgn)) ¢ @
=1
forany(sy, ..., s) € Z* with 0 < max<j<- Isj| < S.
Denote by

70:CY > ' (resp.ry:CY — C%)

the projection on the firstcoordinates, (resp. on the laktcoordinates). Similarly, denote
by

g C% x C% — C% (resp.ry:C% x C% — C%)
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the projection on the firgt; coordinates, (resp. on the laktcoordinates). By construction,
we haverg(W) = C". Sincegp o 7o = 7§ o g, this impliesr§(g(W)) = C%, and thus

£y = dg + dim(g(W) N ker(zg)). (10.4)

If we had£§ + A* — di = df = 0, this would implyA* = 0 andQ* = {0}, and so, the
kernelTe-(C) of g would contairvyy, . . ., ne,. Sinced; = 0, this kernel would also contain
{0} x C%. So, it would be all ofC%, in contradiction with the hypothes&* # G. It remains
to show that (10.3) cannot hold.

For simplicity, assume that; (§1), ..., g1(&;) are linearly independent ové). Since
& = mnj) for j =1,..., £y, this implies thag(ny), ..., g(ne;) also are linearly inde-
pendent ovef). By virtue of (10.4), we havéj — dj + »* > A*. So, (10.3) does not
hold if A* > £3. Assumer* < £7, and definem = £; — A*. Then, there exigin linearly
independent elementsyy, . . ., Syz), -+ -5 (S, - - - » Smeg) Of 74 with supremum norm:S
such that

4
D sqgp e, A=<k=m). (10.5)
j=1

Let A be the(d} + d;) x m matrix whose column vectors are given by (10.5). Since these
vectors are linearly independent o¥@and belong t&2*, the firstr rows of A are zero, and

the rank ofA is equal tom. Moreover, letA’ be a non-singular square matrix consisting of
rows of Aofindices, sayjs, . .., jm. Then, since the coefficients 8f belongto 2r /—17,

its determinant is an integral multiple ¢27+/—1)™. Now, consider the matriB of the
same size a#\, whose column vectors are

4
> sqgwy). A<k<m). (10.6)
=1

Then,B also has rankn. To prove this, denote bB’ the square matrix formed by the rows
of B of indicesjy, ..., jm. The coefficients o\ being bounded above, in absolute value,
by c3T S and the distance betwednandB being<c3T Sexp(—2V), we get

|detA’ — detB’| < A™(T 9™ exp(—2V) < 1.

Since|detA’| > (27)™, this implies deB’ # 0. Thus,B has rankn. Moreover, since);
andw; have the same firstcoordinates for any, the firstdj rows of AandB are the same,
thatis, equal to zero. Therefore, the vectors in (10.6)reegements ofV which are linearly
independent ovet and belong to ket ;. By virtue of (10.4), this givegj > dj + mand
thus¢g — dg +A* > A* +m = ¢3. This shows that (10.3) does not hold. m

Remark The proof simplifies notably when all the logarithiag are real. In this case,
the condition exg(n) € G* is equivalent tag(n) = 0, and thus, we have* > ¢;. This
inequality combined witlf§ > d; show that (10.3) is impossible. Moreover, this does not
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requireS > S. This allows one to use a smaller value ¥6r The reader may check that,
in this case, one can use

V — C3+4FK D D(h + |Og D) e
0 log(eD) '

Thus, there exists a constdbit> 0 such that
CD"“*1(h +log D) “(log D)~"*

is a measure of approximation of tef; numbersy;; .

Corollary 10.2. Let W c C?" be the set of zeroes of the polynomialyX+ - - - + X, Y.
Letw = (X1,..., Xn, Y1, - . ., Yn) be @ pointin£2"NW which does not belong to any vector
subspace of?" defined ovef) and contained in W. Then there exists a positive constant C
such that

CD?h + log D)?(log D)2
is a measure of simultaneous approximation for2henumbers x, ..., Xn, Y1, ..., ¥n-

PutN = 2". The proof of Corollary 10.2 rests on the next lemma which involves the
map

6n 1 C — Matyxn (C)

defined in [21] (see the remark at the end of Section 7). This map has the form

_ 0 Yn(v)
0= (g 0)’

where g, and vy, are C-linear maps fromC?" to Maty 1,0 1(C). The latter maps are
defined by induction on. Forn = 1, they are given by

p1(X1, Y1) = (X1), Y1(X1, Y1) = (Yo).
Forn > 1landv = (X, ..., Xnt1, Y1, - - - » Ynr1) € CP 2, we put

Xn1lon-1 Yn(v) )

Posa(v) = ( —on(v)  Ynyalo

n In—l —_— n
V() = (y +1l2 Yn(v) ) ,

on(v)  Xngarlona

wherev = (Xg,...,%n, Y1, ..., ¥n), and where, for a positive integer, |, denotes the
m x midentity matrix. The main properties of the m@pare that, for any € C?" written
as above, we have

On(v)? = (X1Y1 + - - - + XnYn)?In

and that the matri®, (v) has rank<N/2 whenv € W.
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We will need the following lemma:

Lemma 10.3. Let W be as in Corollanyl0.2, and letw = (Xg, ..., Xn, Y1, ..., Yn) be a
point of this hypersurface. Set N 2" and denote by X th@-vector subspace &N which

is spanned ove®) by the column vectors of the matdx(w). Assume that there exists a
vector subspace U @V, defined ovefQ, such that

dimg(X/(X NU)) < dime(CN/U).
Thenw belongs to a vector subspace®f", defined ovefQ and contained in W.
Proof: Define
A =dimg(X/(XNU)) and §=dimc(CV/U).

There exist two matriceB andQ in GLy (Q) such thatPd,(w) Q can be written in block

form

A 0

B C)/)
where the matrixA has sizeS x A. Let E be the vector subspace 6f" over C which
consists of the points € C?" such thatPd,(v) Q can be written in block form

A(v) 0
B(v) C() /)’
where the matrixA(v) has sizeS x A. Then,E is defined ovefQ and containsv. Since

A(v) has rank<A, the matrixo,(v), forv € E, has rank<A +d — § < d. Hence, we get
dett,(v) = 0, sov € W. This shows thaE is contained inn. a

Proof of Corollary 10.2: We apply Theorem 10.1 with; = ¢; = N = 2"andM =
On(w). Since the coefficients &, (w) are

0, £X1, ..., 2Xn-1, Xn, Y1, - - -, £Yn-1, Yn» (10.7)

they all belong toZ. As in Lemma 10.3, definX to be theQ-vector space generated by
the columns of,(w). According to this lemma, if) : C* — CY% is a surjective linear
map defined ove®, and if we setd = kerg, then we have

¢5 = dimgg(X) = dimg(X/(X NU)) > dime(C"/U) = di.

This uses the hypothesis thatdoes not belong to any vector subspac€bfiefined over

Q and contained iW. Sinced; = ¢1, the above inequality shows that the last hypothesis
of Theorem 10.1 is satisfied. Moreover, since W, the matrixd,(w) has rank < N/2.

We deduce that the family (10.7) admits a measure of simultaneous approximation of the
form

C Drk+l(h + |Og D)rKJrl(Iog D)frl{fl
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with
k=2/dp=2""1 and r <d;/2=2"1=1/k.
This yields the desired result. m]

Proof of Theorem 2.8: Write the polynomialQ in the form

QX1 ooy X) = Y & Xi X

1<i,j<n

with rational numbersys, . . ., ann. Define aC-linear mapy : C" — C?" by

n n
921, ... 20) = (21,...,zn,Zaljzj,...,Zanﬂ,-),
=1 =1

and consider the point = ¢(A1,...,An). Since(ry, ..., An) is a zero ofQ in L, the
point w belongs toW N £2", whereW is the hypersurface defined in Corollary 10.2. Let
E denote the smallest vector subspaceCBf which is defined ovef), and containgv.
Sinceiq, ..., Ay areQ-linearly independent, and sin¢e is defined ovefQ, E contains

@ (C"). Moreover,p(C") is not contained i'W because the polynomi&) does not vanish
identically onC". Hence,E is not contained inW, and the conclusion follows from
Corollary 10.2 and Proposition 1.3. ]

Remark Onededuces Corollary 10.2 from Theorem 2.8 by considering abasis , Am

of theQ-vector space spanned by ther@umbers«s, ..., Xn, Y1, ..., Ya: from the hypoth-
esisw € W of Corollary 10.2 we deduce that, . .., A satisfy a nontrivial homogeneous
guadratic dependence relation. So, the two results are, in fact, equivalent.

11. Proof of Theorem 4.1

Under the assumptions of Theorem 4.1, @et o (w1/2) andB = p'(w1/2). Let Kq
denote the number fiel@d(g,, g3, «, B), and letcy, Dg andhg be positive integers. Choose
algebraic numbersg,, y», 1, v5, and set

K = KO(Vl, Y2, )/ZI/_’ VZ/)’
h = maxtho, h(y1), h(y2), h(y1), h(y3)} and D = maxDy, [K : Q]}.

We will show that the hypothesis
w1 — y1l + lw2 — yal + n1 — y1l + In2 — v5| < exp{—2c3*D¥?(h + log D)*¥?}

leads to a contradiction i, Do andhg are sufficiently large, independently of the choice
Y1, V2, V1, ¥, @nd from this the conclusion will follow.

LetE be the elliptic curve oveK which is associated with, and leto be the Weierstrall
sigma function associated wigh Itis known that an extensidg; of E by the additive group
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G, admits an embedding iBs. Explicit formulas for the exponential map &f;(C) are
given by Hindry in [12]. These formulas identify the tangent speggC) with C2. Here,
we consider the nonisotrivial extensi@ whose exponential map exp: C? - G1(C)
is given by the entire functiong, . .., ¢s, with

oo(z1, 22) = 0 (22)%, 1/90(21, 22) = P (22), v2/90(z1, 22) = 9 (),
1
©3/9o(21, 22) = 21 + £ (22), @4/ Po(Z1, 22) =  (22)(Z1 + £ (22)) + 550/(22),
95/00(21, 22) = 9 (22) (21 + £(22)) + 29°(22).

We shall achieve the required contradiction by applying Theorem 2.1 of [33] to the product
G = G; x G;. In the notations of this theorem, we thus halge= 1,d; = 0, d> = 2,

d = 3,n=1ands; = 2. The groupG is defined oveKy and therefore is defined ové.
Moreover, if we identifyTg (C) with C x Tg,(C) = C3, thenTg(K) becomes identified
with K 3. We choose

=1 and wj;=w;=(10,1).

Then,W = Kw; is a subspace ofg(K) and we haveV’ = Cw;. We will also take
V' =W, thusr =r3 =1andr; =r, = 0. Define parameter&, B, ...,V by

log A = c3(h + log D),
logB = co(h + log D),
To= S = [cg'D¥?(h + log D)*?]
T, = [c§DY?(h + log D)*/?]
S = [c¢3DY?(h + log D)*/?]
U = c*D¥?(h + log D)2,
A=A, By = B, = B, E=e and V =coU.

It is easy to check that they satisfy all the hypotheses in Section 2f) of [33]. Essentially,
one verifies

DTplogB=DSlogB <U, DTilogA<U, and B> Ty+ T; + 3.

The main condition in Section 2g) of [33] which imposes bounds on the @& T, T1)
of the Hilbert function ofG follows from the inequalities

1
Ecg‘u < ToTZ < cju.
We putM = S and we choose foy,, ..., ny, € V' the following multiples ofw]

(st + 1/2)w1 + w2, 0, (51 + 1/2)w1 + Sw2), O0<s,% < 9.
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Accordingly, we take

Y ={exXps(m1), - .-, exps(nm)} C G(K)

whereny, ..., nv denote the points

(514 1/ + 212, (S1+1/2)(y1 — 1) + S2(v5 — 12), (814 1/2) w1 + Sw)),

with0 < 5,5 < §. If we compute the image of such a point under the exponential map
of G, we find that its projection on the fact@, is

(514 1/2)y1 + 202,
and that its projection of®; is
Lia:B(s1+1/2y; +2p;:a((S+ 1/2) ) + S2,)
+B/2: B((sL+ 1/2y] + Soy3) + 227).

The height of this last point ift5(K) is bounded above by

Co(log S + h) < log A.

Moreover, the height of the poirifl : w;) in P3(K) as well as the height of the point in
Py (K) with projective coordinates 1 ang; + 1/2)y1 + S22, (0 < 51, S < §), are both
bounded above by loB. Finally, for any reaR > 0 and anyz € C3 with |z| < R, we have

—H™(R) < logmaX|go(2)], ..., l¢s(2}<HT(R)

with H=(R) = cp andH*(R) = ¢/ °R2. Since all the pointg; have normin;| < cg/*S
and since

H*(c°S) = oS < Dlog A,

we find that all the conditions in Section 2e) of [33] are fulfilled.

Finally, our hypothesis give|s7/j —njl <eVforj=1,...,M, and we clearly have
|lwy — wi| < €Y. Therefore we can use Theorem 2.1 of [33]. It provides a connected
algebraic subgrou®* of G, distinct fromG, such that, if we define

W* = (W + Te«(K))/ Te-(K), X* = (X + G*(K))/G*(K),
5 =dimg W* and M* = CardX*,
then, since deG; = 6 (see [12]), we have
SEM*H(G*; To. T) < 72ToTE. (11.1)

SinceG* is a proper subgroup db, it must be contained either ifd} x G; or in the
subgroupL of G whose tangent space insidg(C) = C2is C? x {0}. This groupL is
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isomorphic toGZ and yields a quotier /L isomorphic taE. Sincew; does not belong to
{0} x C? nor toC? x {0}, we must havé} = 1 in all cases. IG* is contained irL and has
dimension 2, we find

M*=1 and H(G*; Tp, T1) > 2ToTs.

If G* is contained irL and has dimension 1, its tangent space cannot contair{jotp, 0)
and(yz, y5, 0) because the determinapty, — y»y; is close towin, — won1 Which itself
is equal to+-2i w by virtue of Legendre’s relation. Since everyis congruent modulo the
group of periods of5 to a point of the form

n+s1(v1. 1. 0) + S2(y2. v5. 0)
for some fixed; € C3, we deduce that, in that case, we have
M*>§ and H(G*; To, T1) = min{Ty, Ty} = Ty.

Finally, if G* is contained in{0} x Gy, then all elements oE are incongruent modulo
G*(K) and so we have

M* =S and H(G*;To, Tp) > L

SinceTy > § > Ty, we thus have, in all three casd8;H(G*; To, T1) > §T; and (11.1)
yields

ST < 72ToTY.
SinceS = TpandS;, > (cy/2) Ty, this is the desired contradiction. O
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