
AUF (Agence Universitaire pour la Francophonie) Septembre/octobre 2005
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1.
a) There is no example of three sets E, F , G with two maps

f : E → F, g : F → G

such that f is not injective, g is not surjective and g◦f : E → G is bijective. Indeed,
if g ◦ f is surjective, then g is surjective; is g ◦ f is injective, then f is injective.
b) There are examples of three sets E, F , G and two maps

f : E → F, g : F → G

such that f is not surjective, g is not injective and g ◦ f : E → G is bijective.
It suffices to take for E and G two sets with a single element and for F a set with
at least two elements. There are many other examples.

2. The number 0.123123123123123 . . . is rational, equal to 123/999 = 41/333.
The number 0.1999999999999 . . . is also rational, equal to 0.2 = 1/5.
The decimal expansion of the number 0.101001000100001000001000000100000001 . . .
is not ultimately periodic, hence this number is irrational.

3. The number 86 400 000 = 2103355 has 11 · 4 · 6 = 264 divisors.

4. Among the integers n in the range 1 ≤ n ≤ 10 000, the number of those which
are prime to 10 000 is, according to the definition of Euler totient function,

ϕ(104) = ϕ(24)ϕ(54) = (24 − 23)(54 − 53) = 8 · 500 = 4 000.

The number of those which are prime to 21 is

10 000− [10 000/7]− [10 000/3] + [10 000/21] = 10 000− 1 428− 3 333 + 476 = 5 715.

5.
a) The gcd d1 of the two numbers 2360 and 2240 is d1 = 2240, since this number
divides 2360.
The gcd d2 of the two numbers 2360−1 and 2240−1 is d2 = 2120−1. Indeed, the gcd
of 2a − 1 and 2b − 1 is 2d − 1 where d is the gcd of a and b. Here a = 360, b = 240,
d = 120.
c) The gcd d3 of the two numbers 2360 − 1 and 2240 is d3 = 1 since the first is odd
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and the second is a power of 2, hence they are relatively prime.
d) The number 2n has n+1 binary digits while 2n− 1 has n binary digits; therefore
d1 has 241 binary digits and d2 has 120 binary digits. Of course d3 = 1 has a single
one.
Since 210 = 1024 is close to 103, the number 2240 = (210)24 is approximatively (103)24,
hence has about 73 decimal digits. The exact number of decimal digits of d1 is the
integer n such that 10n−1 ≤ 2240 < 10n; since

240 · log 2

log 10
= 72, 24 . . .

the exact number of decimal digits of d1 is in fact 73.
Similarly, d2 is close to (103)12, hence has about 37 decimal digits; in fact

120 · log 2

log 10
= 36, 12 . . .

and the exact number of decimal digits of d2 is indeed 37.
For n ≥ 1 the last decimal digit of 2n is 2, 4, 8 or 6 according to n ≡ 1, 2, 3 or 0
(mod 4) respectively. Since 240 and 120 are multiple of 4, the last decimal digit of
d1 is 6, for d2 it is 5. For d1 it is 1.

6. For each of the four prime numbers 37, 41, 43, 47,
• 1 and 4 are quadratic residues since they are squares in Z,
• −1 is a quadratic residue when p is congruent to 1 modulo 4, which is the case of
37 and 41, it is nonresidue for the two others.
• 2 is a quadratic residue when p is congruent to 1 or 3 modulo 8, hence for 41 and
47, it is nonresidue for the two others.
• From the multiplicativity of Legendre symbol, we deduce that −2 is a quadratic
residue when p is congruent to 1 or 3 modulo 8, hence for 41 and 43, it is nonresidue
for the two others:

41 ≡ 1 43 ≡ 3 37 ≡ 5 47 ≡ 7 (mod 8)(
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According to the law of quadratic reciprocity,
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if p ≡ 1 (mod 4),
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7. Consider a finite field with q = 64 elements.
a) Since 64 is a power of 2, the characteristic of this field is 2.
b) The multiplicative group of the field is cyclic of order q − 1 = 63. The integers
n for which there exists a subgroup of order n are the divisors of q − 1. Hence the
integers n ≥ 1 for which there exists at least a primitive n-th root of unity in this
field are the divisors of q − 1 = 63, namely 1, 3, 7, 9, 21 and 63. When n divides
q − 1, there are exactly ϕ(n) elements of order n in the cyclic group of order q − 1,
hence there is one element of order 1, there are 2 of order 3, 6 of order 9, 6 of order
7, 12 of order 21 and 36 of order 63. The total 1 + 2 + 6 + 6 + 12 + 36 is 63, as it
should.

8. The generators of the cyclic group (Z/7Z)× (that is the elements of order 6) are
the classes of 3 and 5 modulo 7.
The prime numbers p such that the cyclotomic polynomial Φ7(X) is irreducible over
the finite field Fp with p elements are the prime numbers p whose class modulo 7
generate (Z/7Z)×, hence they are the prime numbers which are congruent to 3 or 5
modulo 7.
The question was not asked, but we may add that the classes of 2 and 4 modulo 7
have order 3, the class of 6 (which is also the class of −1) has order 2 and the class
of 1 has order 1 (as always).
For a prime number p congruent to 2 or 4 modulo 7, the polynomial Φ7 splits into a
product of two irreducible polynomials over Fp of degree 3, while for p congruent to
6 modulo 7, the polynomial Φ7 splits into a product of three irreducible polynomials
over Fp of degree 2. For p congruent to 1 modulo 7, the polynomial Φ7 splits
completely over Fp, which means that F×p contains the 6 primitive 7th roots of
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unity (for p − 1 multiple of 7, any cyclic group of order p − 1 contains a unique
subgroup of order 7, this subgroup is cyclic with 6 generators). Finally for p = 7
the polynomial Φ7 splits completely over F7 as Φ7 = (X − 1)6.

9. Let f ∈ Fp[X] be an irreducible polynomial of degree d, K a finite field of
characteristic p and α ∈ K a root of f . The roots of f in K are

α, αp, αp2

, . . . , αpd−1

.

Hence the polynomial f splits completely in K.

10. The cyclic code over F2 of length 7 with generating polynomial

1 + X + X2 + X3 + X4 + X5 + X6

has dimension 1, it contains exactly two elements, namely

(0, 0, 0, 0, 0, 0, 0) and (1, 1, 1, 1, 1, 1, 1).

11. Let n ≥ 2 be an integer, Fn the nth Fermat number 22n
+ 1, p a prime divisor

of Fn.
a) The order of 2 divides 2n+1 because 2n+1 ≡ 1 (mod p), but it does not divide 2n

because 2n ≡ −1 (mod p). Hence it is 2n+1.
b) The order of 2 modulo p divides p− 1, hence p is congruent to 1 modulo 2n+1.
c) The number 2 is a quadratic residue modulo p because p is congruent to 1 modulo
8 (recall the assumption n ≥ 2).

d) Since 2 is a quadratic residue modulo p and since the Legendre symbol

(
2

p

)
is

congruent to 2(p−1)/2 modulo p, it follows that the number 2(p−1)/2 is congruent to
1 modulo p. This means that the order of 2 modulo p divides (p− 1)/2. Since this
order is 2n+1, it follows that 2n+1 divides (p−1)/2, which means that p is congruent
to 1 modulo 2n+2.
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