HITTING PROBABILITY OF A DISTANT POINT FOR
THE VOTER MODEL STARTED WITH A SINGLE ONE

Mathieu MERLE

ABSTRACT. The goal of this work is to find the asymptotics of the hitting probability of
a distant point for the voter model on the integer lattice started from a single 1 at the
origin. In dimensions d = 2 or 3, we obtain the precise asymptotic behaviour of this
probability. We use the scaling limit of the voter model started from a single 1 at the
origin in terms of super-Brownian motion under its excursion measure. This invariance
principle was stated by Bramson, Cox and Le Gall, as a consequence of a theorem of Cox,
Durrett and Perkins. Less precise estimates are derived in dimension d > 4.

1. INTRODUCTION, NOTATION AND STATEMENT OF RESULT

The voter model is one of the most classical interacting particle systems. This
model is of great interest because it exhibits a range of interesting phenomena and
also because it is dual to a system of coalescing random walks. The voter model
was first introduced in [5], [10], and some of its basic properties were investigated
by Liggett [16], Sawyer [20], Arratia [1], Bramson and Griffeath [3].

More recently, Cox, Durrett and Perkins [4] showed an important invariance
principle, establishing that, after a suitable renormalization, voter models in di-
mension d > 2 converge to super-Brownian motion. Super-Brownian motion is
a continuous measure-valued process which arises as the weak limit of branching
particle systems (see Watanabe [22]). It was discussed by Dawson [6], and studied
extensively in the nineties (see in particular [7], [18], [13]). In the recent years,
it was shown that super-Brownian motion also appears in scaling limits of a wide
range of lattice systems such as lattice trees, contact processes or oriented percola-
tion. The main idea of this work is to exploit known properties of super-Brownian
motion to get asymptotic results for the voter model.

Let us now describe the voter model and state our main result. Let d > 2. At
each site of the integer lattice Z¢ there is a voter holding an opinion. We will study
here a two-type model, where there are only two possible opinions, say 0 or 1. At
rate 1 exponential times, the voter at z € Z¢ chooses a neighbor y according to a
given jump kernel p and adopts the opinion of y. The voting times and neighbor
selections are supposed independent. The jump kernel p : Z¢ x Z¢ — [0, 1] will
be supposed symmetric, translation invariant, irreducible, centered, isotropic, and
having exponential moments :

* p(z,y) :p(07y_x)7 p(xvy) =p(y, ), p(070) =0,

* > yezayp(0,y) =0,

® > ,ezaP(0,9)y"y’ = 0?5 for some 0 < 0 < o0,

e there exists a constant C' > 0 such that > 7. p(0,y) exp(Cly|) < occ.

If t > 0, we denote by & the set of sites where voters hold opinion 1 at time ¢; (&)¢>0

is the two-type voter model. If A C Z?, we write P, for the probability measure

under which £ = A. Throughout this paper, we will consider the particular case

when & = {0}. In this case, (£Y):>0 will denote the two-type voter model started

from a single opinion 1 at the origin, and for simplicity, we will write P for Pyoy.
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It is often convenient to work with the associated measure-valued processes

Xi = Z 5y, XD = Z Oy.

yEE: yegd

For a > 0 we define the conditional probability
Py() = P(& #0).

We are interested in estimating the probability that a voter located at a dis-
tance of order ¢ from the origin ever holds opinion 1. If 2 € R¢, we denote by [z].
the point in ¢=1Z¢ closest to x. If there is more than one such point, we choose the
point closest to the origin. Our goal is to find the asymptotic order as ¢ — oo of

PEt>0:cz]. € &)).

We introduce the notation T, = inf{t > 0 : c[z]c € &} so that the previous
quantity can also be written P(T,), < 00). Set B2 = 27, and for d > 3, let 34
be the probability that a rate 1 continuous time random walk with jump kernel p
started from the origin never returns to it.

Theorem 1. Let z € R?\ 0 be fived. Let us define

02 -
21n(c) Zfd =2,
¢alc) =< 2 if d =3,
=2 ifd>5.

Then, if d =2 ord =3,

. 202 d _
1t 6P (T, < 00) = 2 (2= 5 ) el >

If d > 5, there exist positive constants aq,bq depending on x such that

aq < liminf ¢q(c) P(Tyyy), < 00) < limsup ¢q(c)P(T,y), < 00) < by.

In dimension 4 we obtain less precise results. We will prove the existence
of a positive constant ay, and we conjecture the existence of a positive by such
that a statement similar to the one in d > 5 holds for d = 4 with the function
#4(c) := c*In(c). The upper bound in dimension 4 seems more difficult than the
corresponding results in other dimensions. Adapting the proof of the upper bound
for 2 < d < 3 to the case d = 4 only gives limsup,,_,, ¢*P(T,, < 00) = 0.

Theorem 1 immediately extends to the multitype voter model &,, which is
described as follows. We assume that the initial opinions are all distinct. The
dynamics of the multitype voter model are the same as those of the two-type voter
model. In this multitype setting, Theorem 1 gives the asymptotics of the probability
that the voter at = ever adopts the initial opinion of y, as |z — y| tends to infinity.

In dimensions 2 and 3, we will let T' > 0 and argue under the measure PX%,..
Motivated by the results of [4], Bramson, Cox and Le Gall [2] proved that for T > 0,
the voter model £° under P’ converges as ¢ — oo modulo a suitable rescaling to
a nondegenerate limit that can be expressed in terms of the excursion measure Ny
of super-Brownian motion (see Theorem 2 below). This invariance principle of [2]
will be our main tool in the proof of Theorem 1 for small dimensions. We will
also need properties of super-Brownian motion under its excursion measure Ng.
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The Brownian snake approach of Le Gall [13] gives a good understanding of the
measure Ny, and will be used to prove an intermediate result.

As mentioned earlier, the voter model and coalescing random walks are dual
processes. In a coalescing random walk system, particles are assumed to execute
rate 1 random walks with jump kernel p. Particles move independently until they
meet, then coalesce and move together afterwards. The duality property also serves
as a major tool for our results.

In Section 2.1, we introduce super-Brownian motion and its excursion measure
Np. Scaling limits of the voter model (invariance principles) are discussed in Section
2.2. The duality property is explained in Section 2.3, and preliminary results on
rate 1 random walks and system of coalescing random walks are discussed in Section
2.4 and 2.5.

We establish the asymptotic upper bounds on P(T,[;] < o) in Section 3. This
requires interesting intermediate results. Lemma 4 expresses that the probability
for the voter model under P} to escape B(0, A) before time 2a decays exponentially
with A. Lemma 3 informally expresses that for any fixed € > 0, then, U;>en&) does
not contain any “isolated” point, with arbitrarily high probability under P, when
« is taken large enough.

We prove the asymptotic lower bounds in Section 4. Sections 4.1 is devoted
to the case d > 4, and Sections 4.2 and 4.3 to the case d = 2 or 3. Finally, we prove
the results of Sections 2.4 and 2.5 in Section 5.

2. FURTHER NOTATION AND PRELIMINARY RESULTS

Let f and g be two functions from R into (0,00). We will write f(x) = o(g(z))
as © — oo, respectively f(z) ~ g(z) as  — oo whenever lim, . f(z)(g(z))~* is
equal to 0, respectively 1.

For # € R 7 > 0 we denote by B(x,r) the open ball in R? centered at x with
radius r, and B(z,7)¢ its complement.

For real numbers z < y, the set {n € Z : x < n < y} of integers between x
and y will be denoted by [|a:, yﬂ; also, the integer part of x : max{n € Z : n < z}
will be denoted by |z], while |z] +1 = min{n € Z : n > z} will be denoted by [z].

2.1. Super-Brownian motion. Let Mp(R?) be the space of all finite measures
on R? equipped with the topology of weak convergence. For p € Mp(R%), f
a function on R?, the notation u(f) will stand for [;, f(z)p(dz) whenever this
integral is well-defined. We let C(R,, Mr(R?)) be the space of continuous paths
from Ry into Mp(R%), and we let D(R ., Mr(R)) be the Skorohod space of cadlag
functions from R? into Mp(R?). We denote by (Y;,¢ > 0) the canonical process on
either C(Ry, Mp(R?)) or D(Ry, Mp(R?)).

The law of super-Brownian motion with branching rate v and diffusion co-
efficient o2, starting from p € Mp(R?), is the probability measure Ql"’z on
C(Ry, Mp(R?)) that solves the following well-posed martingale problem (see [18],
Theorem I1.5.1) :

(MP) For any ¢ € C2°(R?),

Vo) = ule)+ M(e) + 5 [ Vilo*Aods,



where M,;(¢) is a QZ*"Z continuous square integrable martingale such that
My(¢) = 0 and the quadratic variation of M (¢) is

< M(9) >1= /0 Y.(76%)ds.

One can show (see for example Section II.7 of [18]) that there exists a family

2
{R}7 (y,.),y € R%Lt > 0} of finite measures on Mp(R?), called the canoni-
cal measures of super-Brownian motion, which assign zero mass to the 0 mea-
sure and are such that the following holds. The law of Y; under QZ*"Z is the
same as the law of »,_; Y}, where Y ier dy: is a Poisson measure with intensity

fMF(]Rd) R,?"’2 (y, )p(dy). Tt follows that for any Borel subset ) of My (R%) with
0¢Y,

2 2
(1) lim e 'Q" (Vi € V) = R (y,9).
It is also well-known (see [18], Theorem I11.7.2) that for any y € R%,
o 2
(2) R} (y, Mp(R?)) = e

From [18], Theorem I1.7.3 (see also formula (3.10) in [2]), for each y € R? there
is a o-finite measure Ny on C(R;, Mr(R%)) called the excursion measure of super-
Brownian motion with branching rate v and diffusion coefficient o2 such that the
following holds. For any « > 0 fixed, then for any bounded continuous function F’
on C(Ry, Mp(R%)), such that F(w) = 0 for any w with w(t) = 0 for all t > a,

(3) lim QL7 (F((Yi t 2 0))) = Ny (F).

The convergence (1) is a particular case of (3). Thus, for any Borel subset ) of
Mp(R?) with 0 ¢ ), we have

2
Ny (Yi € ¥) = R (y, ).
Also, for any 7' > 0,y € R%, we get from (2)

(1) N, (Yr #0) = —

VT
and we can define the probability measure N;(JT) =N, (.|Yr #0).

A better understanding of the measures N, is given by the Brownian snake
approach of Le Gall (see [13], and Section 4.4 below). The Brownian snake approach
corresponds to v = 4, but scaling properties of super-Brownian motion can then be
used to deal with a general value of ~.

Finally, we will use the following result about hitting probabilities of a single
point. Let R; denote the topological support of the measure Y3, and R = J,-, R
It follows from [13], Section 6.1 that

do® d\ "
5 No(r€R)=—(2— = -2,
) (o e®) == (2-5) 1o
In particular, in the case d > 4, No(z € R) = 0, which explains why our results
are less precise. Also, as (5) suggests, the case of dimension 4 is critical, and thus
harder.
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Since No(Yr = 0]z € R) — 0 as T goes to 0, we deduce from (4) and (5) that
(T) 2 d\" 2
(6) Ny '(x € R) o 20 T<2—§> |z|~=.

2.2. Extinction probability, invariance principle. Set p; := P(£) # ). The
asymptotic rate at which p; converges to 0 was found in [3]. As t — oo,

) log(t)/(Bat) if d =2
" 1/(Bat) if d > 3,

where 34,d > 2 was defined before Theorem 1. Hence, for any d > 2 there exist a
positive ko depending only on d such that for any 1/4 < ¢’ <t,
Py 3
(8) PR
If |C| denote the cardinality of a finite set C', Bramson and Griffeath ([3]) es-
tablished that the law of p;|¢?| under P converges as t — oo to an exponential
distribution with parameter 1.

Bramson and Griffeath [3] also conjectured that £ would obey a certain as-
ymptotic shape theorem. Such a result was derived in 2001 by Bramson, Cox and Le
Gall [2] using the invariance principle relating the voter model and super-Brownian
motion, which was proved by Cox, Durrett and Perkins in [4]. We rescale the voter
model as follows. For N > 0, the lattice is now Sy := Z%/v/N. Individuals change
opinion at rate IV instead of 1, and the jump kernel becomes py : Sy X Sy — R4
such that py(z,y) = p(VNz,vVNy). We denote by (6/%)y>¢ the corresponding
process (Siv 0 represents the set of sites having opinion 1 at time ¢). If we let

(7)

N
my ‘= ——
M log(N)

we can define an associated measure-valued processes :

1
XiN7O = m—N Z 51}

N,
yegt 0

if d =2, mpy =N ifd > 3,

Similarly, when at time 0, opinion 1 is started from a given set £y, we may
define for N > 0 a rescaled voter model &}V and the corresponding measure valued
process X/. Theorem 1.2 of [4] states that whenever X converges to a non-
degenerate measure Xy € Mp(R?), then (X}¥);>0 converges to a super-Brownian
motion on R? with branching rate 234 and diffusion coefficient o2, started from Xj.

Theorem 2 below states the convergence in law of the process (XtN %);50 under
the conditional distribution P(.|X)" # 0) towards super-Brownian motion under
Nga). This result, which is taken from [2] (Theorem 4) will be a key ingredient of
the proof of Theorem 1 in dimensions 2 and 3.

Theorem 2. Assumed > 2, and let Ng be the excursion measure of super-Brownian
motion on R with branching rate 234 and diffusion coefficient 0. Let o > 0, and
let F be a bounded continuous function on D(Ry, Mp(R?)). Then

(9) Jim B [F ((X)i20) [X20 # 0] = N{V[F)

Let us now turn to the well-known relation between the voter model and
coalescing random walks.



2.3. Dual process to the voter model. Let us introduce further notation in
order to describe the dual process to the voter model. The times at which the
voter at x adopts the opinion of the voter at y are the jump times of a standard
Poisson process with rate p(z,y). We denote by A(z,y) this set of times. Then,
{A(z,y), 2,y € Z¢} forms a family of independent Poisson point processes on [0, c0).

We now describe the useful graphical representation of the voter model. Hor-
izontal axis represents Z¢, vertical axis represents time. For z,y € Z¢ we draw a
horizontal arrow from y to = at each time s € A(z,y).

For s < t we say there is a path up from (y, s) to (x,t) or equivalently a path
down from (z,t) to (y,s) and we will write

(y,s) /" (x,1) & (2,1) \ (y,5)
if there exist times s = sg < §1 < ... < 8y, < Sp+1 = t and sites y = xg, 1, ..., Ty, =
such that

e for 1 < ¢ < n there is an arrow pointing from z;_; towards z; at time s;,

e for 0 < ¢ < n, there is no arrow pointing towards z; in the time interval

(8i,8i+1)-
Clearly for every z € Z% and every choice of 0 < s < ¢, there is a unique y € Z¢
such that (y,s) / (x,t). In such a case, the opinion of (z,t) is ”descended” from
that at (y,s). We will say that = at time ¢ is a "descendant” of y at time s, or
equivalently that y at time s is an "ancestor” of z at time ¢.

We are now in a position to describe the dual process to the voter model. For
t>0and z € Z% we define (Z%')g<s<; by setting Z5" = x and for 0 < s < t,
Z%t =y if and only if (z,t) \, (y,t — s). Clearly, (Z%")o<s<¢ is a rate 1 random
walk with jump kernel p starting from z. Moreover, for = € Z%, y € Z?, the two
walks (Z%)o<s<t, (ZY")o<s<t start respectively from z and y, move independently
until they meet, and move together afterwards. That is, (Zsm’t)ogsgtyxezd forms a
coalescing random walk system with jump kernel p. Furthermore

(10) & ={yezt:. 2" =0}.

For ¢t > 0, we denote by égvt the set of descendants at time ¢+ s of y at time ¢, that
is

ti={zeZ: (y,t) / (z,t+ ) ={ze2s: 722" =y}

Notice that (£%)s>0 has the same law as (€0 + y)y>0. For u < t we will denote by
Qf the set of points having opinion 1 at time u and having descendants at time ¢,
that is

O ={y el § A0y =& n{Z2,, 2 e 2%,

The coalescing random walk perspective, combined with the Bramson and
Griffeath results and Theorem 2, gives us a heuristic explanation of our main result
Theorem 1. If ¢z, has opinion 1 at time ¢, then Z™! = 0 so that from well-
known properties of random walks, ¢ should be of order c2. The probability for
the voter model to survive a time of order ¢? is of order p.2, and conditionally on
that event, the rescaled voter model converges to super-Brownian motion under its
excursion measure. Informally, formula (5) is then exactly what we need to conclude
in the case 2 < d < 3. Also, not rigourously, one should expect that for d > 4,
the probability of hitting c[z]. should be of order p. x No(Y hits B(z,1/c)) ~
Aa(z) x ¢a(c)™!, where Aq(z) is a constant depending only on d and |z| (see [9]).



In the following paragraph, we present a few well-known properties of random
walks, then some estimates for coalescing random walks. These will prove useful
when using the duality property in the course of the proof of Theorem 1.

2.4. Random walks with jump kernel p. We denote by (Z,t > 0) a continuous-
time random walk on Z% with jump kernel p and exponential holding times with
parameter 1. For x € Z%, Z starts from x under the probability measure P,. For
x,y € Z%t > 0 we let

@, y) = a(y —z) = Pu(Z = y)

be the transition kernel of our random walk. For =,y € R? and t > 0 let

7 — |2
pe(,y) = pe(x —y) := (27r02t)_d/2 exp (_Q)

be the transition density of d-dimensional Brownian motion. We denote by P; the
associated semigroup. For d > 3 and z € R?\ 0, we also denote by G() the Green
function associated with p :

G(z) = /OOO ps(x)ds = cqlz|?>~4.

The asymptotic behaviour of ¢;(y) as t — oo is given by standard local limit
theorems (see [21], and [11] for an equivalent statement for discrete random walks).

Theorem 3. If q and p are defined as above,

t42q,(y) — pr(yt/*)| = 0.

lim sup
t—00 yczd

We will also need an upper bound on the transition kernel ¢ that is valid for
any t > 1/2:

Lemma 1. There exist two positive constants k1, ks such that for every t > 1/2,

A
K1 K2y
4y) < 7375 P (_ Vi ) '

For the reader’s convenience, we provide a short proof of Lemma 1 in Section 5.
For t > 0 and y € R? let us define

i) = stz en (- 221)

We also set for ¢t > 0 and y € R?

- - = K K
R1:=2K1; R2 = Ka/4; fely) = td%exp (— 2|y|> ;

. . A i i
R1:=4K1; ko := Ka/8; fi(y) == td%exp (— 2|y|> ,

so that fy(z) < fi(x) < fi(x). We need to control integrals of these functions. Note
~ 2,2
that, for « # 0, the supremum of the function ¢t — f;(x) is reached at to = Wd—f?

Let us introduce for r > 0

Ya(r) =21In(r Ve),
Ya(r) =ri=%if d > 3.
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We then observe that for T' > 0, there exists a constant Ly depending only on d
and T such that for any z € R\ 0,

T T T
(11) / ful@)dt < / fol@)dt < / Fulw)dt < Loy (|2 ).

Furthermore, whenever |z| > % we have
(12) [ Bty < =tz e P2
t\ T > K1 Xp(— .
0 vT

Finally, when d = 2, the integral fOT fi(x)dt diverges when T — oo, but, when
d > 3, there exist a constant L; depending only on d such that

(13) /OOO fe(@)dt < Lipg (|| ™) = La|a*~7.

We also need an exponential bound on the probability for a random walk with
jump kernel p to escape B(0, Av/t) before time t. As a consequence of Lemma 1
and Doob’s maximal inequality applied to a suitable exponential martingale of the
random walk, there exist positive constants k3,4 such that for any ¢ > 1/2, for
any A > 0,

(14) Po( sup |Zs| > AVt) < k3 exp(—r4A).
s€0,t]

We may and will assume that the constant k2 in Lemma 1 is such that k4 > 4ko.
We then deduce easy consequences of Theorem 3 and Lemma 1. From Theo-
rem 3, we obtain, for x # 0 and s > 0,

15) (el =~ P a(clel) — 51 () = puto)

On the other hand, using (14), we get

—2

cd/ ge2s(clz]c)ds < Kkact? exp (—kqcz].) — 0,
0

whereas, from Lemma 1, for any s > ¢~2 we have
(16) c?qeas(clale) < fi(lzle)-
We can use (15) and dominated convergence to deduce that for © # 0 and T' > 0

we have

T T
(17) cd/o qe2s(clz]e)ds — ps(z)ds.

Cc— 00 0

By a similar argument, we obtain, for any 7' > 0, y € Z¢,

T T
/ qe2s(y)ds < ¢ kg exp(—kaly|) + c‘d/ . fs(y/c)ds.
0 c™

Using (11), (12), it is then easy to establish that there exist constants Lo, L,
depending only on T and d, such that for any ¢ > 1, we have

r Lac™%py(c) if y=0,
(18) / Gz (y)ds < { Lac™ g (cly|™") if y € 24\ 0,
0 Loc=%exp (—L’Q‘—Z‘) if y € 24 |y| > c.



We now discuss some preliminary results on coalescing random walks.

2.5. Preliminary results on coalescing random walks. Consider two inde-
pendent copies Z', Z?% of the random walk Z with transition kernel ¢, starting
respectively at points y1,ys € Z? under the probability measure Py, ,,. The time
at which Z1 and Z? first meet is the stopping time T} = inf{t > 0: Z} = Z?}. We
will need the following result. The first bound below holds in the case d > 3, for
which we recall that 14(r) = r?~2. The second bound holds in the case d = 2, for
which we recall ¥5(r) = 21In(r V e).

Lemma 2. Let d > 2 and T > 0. There exists a positive constant Ly depending
only on T and d such that for any x € R4\ 0, for any ¢ > 1V |z|~2 and for any
y € 27\ 0,

{#dZ& ally))  Jy dtPoy [Th < 2, 2L, = clale] < La da(lz] ™),
Y

. T _
ifd=2, 22U [Latpy, [T < 2, Z%, = clz]] < Lavs(|a| ).

We postpone the proof of this result to Section 5.

3. UPPER BOUND
In the case d > 5, the upper bound of Theorem 1 follows from the next propo-
sition.
Proposition 1. Let d > 5,2 € R?. For ¢ large enough
P(T [z, < o0) < 2ec?~ G ().

In the case d < 3, we will argue under P}, and use Theorem 2 to establish the
following sharp asymptotic upper bound. This bound also holds when d > 4 but is
not sharp in that case.

Proposition 2. Letd>2, T > 0,z € R?\ {0},

(19) limsup Py (Topay, < 00) < NS (2 € R).

In the cases d = 2 or d = 3, we will see in Section 3.3 that Proposition 2 implies
the asymptotic upper bound in Theorem 1. Notice that the right-hand side of (19)
is 0 if d > 4. We begin with the proof of Proposition 1, which only requires very
simple arguments.

3.1. The case d > 5. Fix z € R?\ {0}. Proving Proposition 1 reduces to estab-
lishing the following two results :

(20) E |:/0 d31{c[:c]cef‘s’}] ~ 02_d/0 d8p5($)7

Cc— 00

(21) P (TC[Z]C < OO) <eFE [/0 dS]-{c[w]cE&Q}] .
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Let us fix T > 0, and observe that

2T T
/0 dslicpl.ecty| = B /0 ds1yefe]cee?, )
T T
= 02/ asP (2 = 0) =c2/ dsqez.(cla]
25 qc2s\C|T C)
0 0

T
(22) ~ c2d/0 ps(x)ds,

E

c— 00

where the asymptotics at the last line come from (17). Furthermore, using (16), we

have similarly
E |:/ 1{C[I]c€§9}d8] = 62/ qe2s(clz]c)ds
2T ) T

= [ palods,

and since d > 3, [° fs([z]c)ds goes to 0 as ¢ — oo. Thus from (22), we obtain
(20). Let us now prove (21).

When T[], < 0o, denote by N the numbers of arrows pointing towards c[z].
in the time interval (T,[;., ¢z, + 1]. Under P (.}TC[Z]C < oo), N is a Poisson
variable with parameter 1. It follows that

P(Tc[w]c <o) = €P(Tc[z]c < oo, N =0).

IN

Furthermore, on the event {N = 0} we have c[z]. € £ for every
5 € [Tyz]., Tejz). + 1]. Hence,

E [/ dSl{C[I]CGgg}] > P(Tc[x]c < o0o,N =0).
0 g
This completes the proof of (21), and of Proposition 1. O

3.2. Proof of Proposition 2. Let d > 2 and fix T > 0, 2 € R4\ 0, and 1 €
(0, |z|/2). Recall the notation my from Section 2.2. We have for any § > 0, > 0:

PC*QT(Tc[m]C < OO) S P:ZT {/0 dS]'{X?(E(CI,’UC))zémcz} 2 502

(23) + :2T |:/O dSI{Xg(E(Cw,T]C))Z5mC2} < 6027TC[1]C < 0| .

Intuitively, when c tends to infinity, the second term of the sum above should remain
small when ¢ and § are small enough, while the first term, using the invariance
principle, should be bounded by a corresponding rescaled quantity under NgT). Let
us be more precise. Using rescaling, the first term of the sum in the right-hand side
of (23) is equal to

T UO 511320 Bla 2o} = E] '

It is easy to see that for any A > 0, the set

A
{w S D(R+,MF(Rd)) : /0 dSl{wS(§(I,n))Z5} > 5}
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is closed for the Skorohod J; topology. Then, Theorem 2 implies that

A A
/0 51620 Bamy)2s) = € /0 sy, (Bw.m)ze) = €

< N{" [¥ hits B(z,n)] .

lim sup Pl <N

Cc— 00

Furthermore, we have, for A > T,

g - * c2 0 Pe2A
_ > < , _
CW{A %%ﬁ%@@mpﬂ—%—JbﬂXA #0) poar”

which goes to 0 as A — oco. Hence, we obtain for every 6 > 0,¢ > 0,

(24) limsup Py [/0 dSl{XSCZ‘O(E(w,n))Zé} > 5} < N((JT) [Y hits B(z,n)] .

CcC— 00

To control the second term of the sum in the right-hand side of (23), we will
use the following argument. When ¢ is large and point ¢[z]. is hit by opinion 1, then
with arbitrarily high probability, a sufficient number (of order m.2) of its neighbors
(at distance less than nc) should also be hit by opinion 1 during a certain time
interval (with length of order ¢?).

We will prove a somewhat more general result, which will be valid uniformly
over all points in £, with the restriction that ¢ should be at least of order ¢

Lemma 3. Let T > 0,p > 0, n > 0 be fixred. We can find ey > 0 so that for any
e € (0,¢e0], there exists § > 0 such that for ¢ sufficiently large,

s€[t—3ec?,t—2ec?

(25) o <E|t >dec? r € & inf | 1€9 N B(x,ne)| < 6mcz> < p.
We will also need a useful exponential bound on the probability for the voter
model to escape a ball of radius Ay/a before time 2« :

Lemma 4. There exists constants K1 > 0, Ky > 0 such that for any o > 1, for
any A > 0,

(26) P <sup sup |z| > A\/a> < Kjexp(—KzA).

t<2a peg?

Let us postpone the proofs of Lemma 3 and Lemma 4, and finish the proof of
Proposition 2. Recall z,T,n € (0, |z|/2) have been fixed. Notice that, when c is

large enough, B(c[z].,nc/2) C B(cx,nc). Thus,
P:zT |:/ dS]'{XO(E(cw nec))>6m o} < €C2,4EC2 < Tc[m]c < OO:|
0 s ’ = c

< c*2T |:/O dS]‘{Xg(E(c[x]C,nc/?))Zémcg} < 50274562 < TC[w]c < OO:| :

Hence, using Lemma 3, for any p > 0, we can choose €p > 0 such that for any
e € (0,e0], there exists 6 > 0 such that for ¢ large enough,

(27) Py [/o dSl{Xg(E(c[z]c,nc/m)zamcz} <ec® dec® < Ty, < oo} <p.
Furthermore, provided 2e < T, we have

Pc*2T [TC[I]C < 4{:‘62} < 22?; 2*562 [Tc[m]c < 4602] .
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If ¢ is sufficiently large, we can thus use (8) and the fact that c|[z].| > c|z|/V/2,

||

then Lemma 4 with o = 2ec? and A = NG to get

T clx|
Pl [Tore. <4ec®| < ko—P; . sup su > —
oo [Tefal. ] 052 Pee: <t<4gzy€§ ly \/5>

T K2|$|
Ki— _ .
rofig 2 exp < NG

Combining (23), (24), (27) and the last inequality now yields

IN

— T K
liirisolip Php(Tyy), < 00) < N((JT) [Y hits B(z,n)] +p+ noK12—€ exp (— 2?}?) )

for any p > 0 and € € (0,e9(n, p)]. By letting € and then p go to 0, we get
(28) limsup Py (T, < 00) < N((JT) [Y hits B(z,n)] .
Our reasonning is valid for any n € (0, |z|/2). Thus, letting 1 go to 0 in (28) finishes
the proof of Proposition 2. O

It remains to prove Lemma 4 and Lemma 3. We start with the proof of Lemma
4, since it will appear to be a key tool in the proof of Lemma 3.

3.2.1. Proof of Lemma 4. Let us first outline the proof and summarize the inter-
mediate results. We need to discretize the time scale. Introduce the integer

N:=min{n€N:a2™" <1} = HE((;V))J ,

and the time intervals
B, =[n—-12"""1a,n27V"a], ne [1,2¥"].
Let us introduce the set of points having, for some odd n € [|17 2N+2ﬂ, opinion 1 at

a time belonging to B,,, and descendants at time (n +1)27V"1a :

gN+1
= L n+1 o~ N-1,4
sva= U U apee e
n=1 uchB
noddu "

Informally, our interest in this set Eny41 comes from the fact that if x € |J, ., &, a
“close” ancestor of = belongs to =Zx 41, and hence, Zx 41 should not be too far from
U, <04 €. More precisely, for t < 1, set us = 0, and for ¢ € [1,2a], let us choose

2N+1

@ Q@
nn:éd
We have t —uy < 2™V < 1, and, if 2 € £ for some t € [0,2a], the ancestor of =
at time u; indeed belongs to Zx 1.
We will show that, under P,«, =nx4; intersects B (O7 é a) with a probability
which decays exponentially with A.

Lemma 5. There ezist positive constants K3, K4 such that for any A > 0, for any
a>1,

(29) P (ENH ¢ B(0, g¢a>> < Ksexp(—K4A).
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Then, we will argue that the probability under P} for J,.,, & to escape the
ball B(0, Ay/a) and simultaneously to have Ex11 C B(0, % «) also decays expo-
nentially with A. This is seen below as a consequence of the following result.

Lemma 6. There exist positive constants Ky, K¢ such that for any A > 0,
A
P (Ht €10,1] 3z € 24\ B(0,A) 3y € B(0, 5) () N\ (0,y)> < Ksexp(—KgA).

Let us postpone the proofs of Lemmas 5 and 6 and show how Lemma 4 is deduced
from these two results. Introduce the event

A= {Elt <23z e :|z|> A\/a} ﬂ {EN+1 C B(0, g\/a)}

2N+2
1 An, where

Clearly, A=

n=

A
Ap = {Elt €B,Jxeg : |z|> A\/a} ﬂ {EN+1 C B(0, 5\/5)}
As we noticed earlier, when x € £, the ancestor of z at time u; belongs to En1.
Hence, using the Markov property at time wu;, we get, for every n € [|1, 2N+2H,

P(An)gp(ase[a ;iN} JweZ4\ B(0, AVa) ayeB(o,gﬁ) : (s,x)\(O,y)),

where we used that t — u; < a2~ V. Using the fact that a2~V < 1, it then follows
from Lemma 6 that

P(A) < 2N P2 K5 exp(— K Aya).
Since 2V*2 < 8a from the definition of N, it follows from the above that
P (A) < 8Ksa?exp(—KgAy/a). Hence, there exists positive constants K}, K}
such that P*(A) < K{exp(—K4,A). This fact and Lemma 5 imply Lemma 4. O

It now remains to prove Lemmas 5 and 6. We first establish Lemma 6.
Proof of Lemma 6 : Fix z € Z?\ B(0,A). There is a Poisson number n, with
parameter 1 of arrows pointing towards x during the time interval [0,1]. Denote
by 1 > Ty > T5 > ... > T, > 0 the times at which these arrows occur and by
21,22, ..., Zn, the respective origins of these arrows. We also set T; = 0 when ¢ > n.
For t € [0,1] and y € B(0,A4/2), a path up (0,y) " (x,t) has to “follow” one of the
n, arrows pointing towards z in the time interval [0, 1], say the ith one at time T},
in this case we then have (z;,T;) “\, (v, 0).

For t € [0,1], let us define G; the o-field which is generated by the random
sets (A(x,y) N [1 —t,1]) for all z,y € Z%.

The times 1 — Tj,i € N are stopping times for the filtration (Gy)iejo,1), and
conditionally on {n, = k}, the points z;,1 < ¢ < k are located independently
according to p(zx,.). In particular, using the exponential moments assumption on
p, there exist positive &3, R4 such that for any 1 <i <k,

o  p(aen(o)

For i € Hl, k:|], let us define (Z?*Ti)ogngi as follows
for 0 < s <T;, zoTi = z=T

Ny = k) < Rz exp(—FRq|z)).

[ ]
o T
° Zg’ = z;.
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For ¢t > 0, conditionally on {T; = t}, (Z%7%)g<s<; is a rate 1 random walk with
jump kernel p started from z;, and is thus distributed as (Z5)o<s<¢ under P,,.

Furthermore, using (14), we have for any z € Z?\ B ( 3‘:’3‘)

o r(wenizen (o)) <mon(nl)

Combining (30) and (31), we see that there exist positive constants K, K¢ such
that for any = € Z?\ B(0, A), for any k € N

P <3¢ €[1k]: 27" eB (o, g)

We thus get

Ny = k) < Kikexp (—K{|z|).

2

< Y ZP<n$:k, Jie |1,k] - Z;;TieB(o,g))

2 €24\ B(0,A) k=0

< S IS Ko (-Kl).

2eZ\B(0,4) © b= 0

P (Ht €10,1] 3z € 24\ B(0,A) Iy € B (07 é) D) N\ (07y)>

Lemma 6 follows. O

To prove Lemma 5, we need the following key result.

Lemma 7. Lett > 0,s>7r>0and A> A" > 0.

A
P U Qs c B(0,A"), U Qs ¢ B0, A)| < ps—rkzexp —H4A A .

NG
we[0,t] wE[t,t+r)

Proof of Lemma 7: The event {QEJrS C B(0,A"),Upeppern Q0" € B(O, A)} con-
sidered in Lemma 7 is contained in the event that there exists a point z € &,
having descendants at time ¢t + s, such that the ancestor of z at time ¢ belongs
to B(0,A’), and moreover, z has an ancestor in B(0, A)° at a time belonging to
[t,t + r]. More precisely, using duality over the time interval [0,¢ + 7], and then
decomposing over all possible values of the point z,

Pl cB0,4), | Q¢ B4
ue[t t+r)

<P <3z €&, 1 EXNT A0, sup |ZPMT| > A ZPHT < AL ZET = 0)

s—r
u€(0,r]

(32) <> P ( TN 0, sup | 221 > A | Z2TT < ALz = o)
sezd u€[0,r]
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Using the Markov property at time (¢ 4+ r), we obtain that the quantity in the
right-hand side of (32) is equal to

Ds— ’I‘ZP (Sup |Z|>A|Z|<A/ Zt+r—0>

2€74 u€lo

= Pe_r Z Py <|ZT| <A, sup |Zu|> A Ziyr = z)

2c7d we[t,t+r]
(33) <psPo | |2, <A, sup |Z,>A],
w€t,t+r]

where, at the second line above, we used a time-reversal argument together with
the symmetry assumption we made on the jump kernel p. From (32), (33) and the
Markov property for the random walk at time ¢, we now obtain

Plait*cB(0,4), |J 94 ¢B0A4)

wE[t,t+r)
< psfr]P)O( sup |Zu| >A- A/)a
u€e[0,r]
and we conclude using (14). O

Proof of Lemma 5: Let us first note that we only need to establish the existence
of positive K%, K} such that (29) holds for any A > 1 and a > 1. Indeed, Lemma
5 will follow from taking K3 = K4V exp(K}), K4 := K}. For p € [0, N + 1], let us
introduce the sets

2P+1

Ep = U U anJrl)Q*Pa'

—1)2-» —-p
nnodd u€[(n—1)2=Pa,n2-Pa]

For convenience, we also set Z_7 := (). In the case p = N + 1, this is of course
consistent with our definition of Zx41. For p > 0, let A, := ﬁ SP 274 and set
A_1 =0. so that for any k € N, Ay < %. For p € HO,N—i— 1ﬂ, let

& = {Ep-1 C B(0, 4, 1Va),E, € B(0, 4,V/)} .

Note that &, is a subset of

Ty = {an € [1,2741],nodd QTN € B(0, Ay 1 va),

(n—1)2-Pa

U o gsoaya

u€[(n—1)2=Pa,n2-Pq]

N+1 N+1
(34) Pa (HNJrl ,:Q_ B 0 — ) Z P* Z P*
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From Lemma 7, we obtain
gp+1
P(F) < Z D2-pq €XP (—542]0/2(/11) - Apfl)) :
n'odd

Hence, using our definition of the numbers A,,p > —1, then (8), we get

A A
P (Fp) < po'pa-va €xp (—542p/4ﬂ) < K02 exp <—f€42p/4ﬂ> .

From (34) and the last inequality, elementary arguments then give Lemma 5. a

This completes the proof of Lemma 4. To finish the one of Proposition 2, it
remains to establish Lemma 3.

3.2.2. Proof of Lemma 3. Fix T > 0,p > 0,17 > 0. Recall K1, Ky are the constants
appearing in the statement of Lemma 4. We can choose g € (0, 1) so that for any
€c (Oa €0]7

n
K K- ) <P
1eXp( 24\@) = 372

Let us now fix € € (0,g¢]. We can then choose ¢ > 0 small enough so that

te(e,3e] -

2.2
N [ inf Y;(1) < 5] <PE

The reasons for our choices of ¢y and § will become clear in the following.

We first need to reduce the problem to a finite time interval. Notice that
P;;T({cg% £ () < p;lTpcg% which, using (7), is bounded by p/2 for ¢ large
enough. Thus, to establish Lemma 3 we only need to prove that provided c is

sufficiently large,
(35)

4T —
e (Elt € [4ec?, 702] Jreg: 1€Y' N B(x,ne)| < Jmc2) < g,

n
s€[t—3ec?,t—2ec?]

Set M := H—Z—‘. Let us discretize the time scale via introducing the levels
Ly = kec®, k € |0, M — 4].

We are going to establish, using Lemma 4, that with arbitrarily high proba-
bility, when c is large enough, each point holding opinion 1 at such a level £ and
having descendants at time Ly +4ec? is close (at a distance less than nc/2) to all its
descendants during the time interval [Ly, Li + 5ec?]. Then, using Theorem 2, we
will prove that such a point has more than dm.2 descendants in the time interval
[Lr +ec?, Ly + 3ec?].

Let us be more precise. We shall prove that if ¢ is large enough,

2 S J—
(36) Phr <3ke Jo.M —4] Fyealthe. | évke sZB(ymc/z)) <
s€[0,5ec?]

=D

37) Pho(3ke[0,M —4] 3ye ot inf 18R < ome | < 2.
c2T kec ] s 4

s€[ec?,3ec?
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Let us postpone the proof of these two results and show how (35) follows from (36)
and (37). Consider t € [4ec?, Mec?] and z € & Introduce

ki :=sup{n € N:nec? <t —4ec?}; 2z, := zot

t—keec??

2
so that z, € Q) _» C Q,(ftajf)sc (indeed z, is the ancestor of z € £ at time ksec?).

Thus,

e using (36), with probability at least 1—p/4, for any x € £, t € [4dec?, Mec?],
all descendants of z, until time (k; + 5)ec? belong to B(x,nc).

e using (37), with probability at least 1—p/4, for any = € £, t € [4dec?, Mec?],
there are more than dm? descendants of z, at every time
s € [(kt + V)ec?, (ki + 3)ec?].

Since [t — 3ec?,t — 2ec?] C [(ky + 1)ec?, (ky + 3)ec?], we now deduce from the above
that with probability at least 1—p/2, for any = € £, z, has at least dm? descendants
in B(z,nc) at every time s € [t — 3ec?,t — 2ec?]. Assertion (35) follows.

Let us now prove (36). Let us consider k € [|O, M — 4|], and ¢ large enough
so that 4ec? > 1. Using the Markov property at time kec? and the fact that
(é;’”“g)szo has the same law as (y + £0)>0 we get :

Playealih=. ) &+ ¢By.ne/2)
s€[0,5ec?]

< Z P(y € ggacz)P 52602 7& @7 U 52 ¢ E(Ou 770/2)

yeZ4 s€[0,5ec?]

nc
= > Gkee> (Y)Pace> Ppo < sup_sup |z| > 7) :

2 0
yezd s<5ec? xze€&?

(38) < pace2 K1 exp (_K24L\/E) ,

where at the last line we used Lemma 4 with o = 4ec® > 1 and A = n(4/2)7 1,
and the fact that > ;4 qrec2(y) = 1 from the symmetry assumption on p. Since
M — 3 < 4T(ep)~ !, we deduce from the above that

2 ~ R
Php (e [o, M —4] el | &+ ¢ Bly,ne/2)

s€[0,5ec?]
_1 4T n
1
(39) < Poap Epp4€C2K1 €xp <_K2 4\/g> .

Provided c is sufficiently large, we then deduce (36) from (39), (7), and our choice
of gg.
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Let us now prove (37). Fix k € [|O, M — 4|]. Using the same arguments as in
the proof of (36), we obtain

P <E|y c D= g |ésy’kscz| < 5mc2>

2
kee s€lec?,3ec?]

< Y P (il €] < ome & #0)

ec?,3ec?]
y€ezd

(40) = Pace2 Py 2 < inf |§S| < 5mc2) .

s€ec?,3ec?]

Furthermore, by rescaling, when c is large enough so that (m.2) " 'm..2 < 1 (recall
e < 1 from our choice of €g), we get

* i 0 — * : 2,0 Mec2
P4802 (se[sglgscﬂ |€s| < 5msc2> = P4€c2 (sel[lsl,fSE] Xs (1) <9 My >
(41) < Pl ( inf X&0(1) < 5) :
s€le,3¢]

Since the set {w € D(R4, Mp(R?)) : infyefe 3. ws(1) < 6} is closed for the Skorohod
J1 topology, Theorem 2 implies

) 2
lim sup P;; ( inf X¢0(1) < 6) < Ngls) [ inf V(1) < 6] <2

2
0
2
c—00 ¢ s€[e,3¢] te(e,3¢e] 872’

by our choice of §. Assertions (40), (41), and the above now imply

2 A~
limsup Pk, (Hy € QI(C’;ZL)EC . inf |§§”k€c2| - 5m62)

00 s€[ec?,3ec?]

2.2 2
. 1 TP . EpP
< llglsgp PearPice? g = o7

where we used (7) at the last line. Hence, using the fact that M —3 < 4T (pe) ™1, we
get (37), provided c is sufficiently large. This ends the proof of Lemma 3. a

We have thus finished the proof of the asymptotic upper bound on P (T, <
00) (Proposition 2). However, to complete the proof of the asymptotic upper bound
for d = 2 or 3 in Theorem 1, we need to establish a corresponding result under the
measure P. Let us briefly explain how Lemma 4 allows us to do so.

3.3. Back to non-conditioned results. First, we shall prove a result correspond-
ing to Lemma 4 without conditioning upon survival.

Claim 1. - There exists a positive Ky such that for any o > 1, for any A > 1,

P (sup sup |z| > A\/a> < Kopa exp(—K2A).

1<2a zeg?
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Proof of Claim 1: For any i € [|O, N — 1” we have

P < sup sup |z| > A\/a>

t<2l~ita zeg?

=pa-iaPai, ( sup sup |z| > A\/a> +P ( sup sup |z| > AV, 531@—(2))

t<2l~ioq z€g? t<2~ia zcgd
< py-in K1 exp (—K2A2i/2) +P | sup sup|z|> AV, &, =0],
t<2—iq meﬁg
where we used Lemma 4 at the last line. It easily follows that

P (sup sup |z| > A\/a>

t<2a peg?

t<21-Noa zcg?

N—1
(42) < Z Po—iq K1 €xp (—K2A2i/2) + P < sup sup |x| > A\/a> .
i=0
Furthermore, by an easy application of Lemma 6,
P| sup suplz| > AVa | < 2Ksexp (—KgAva/2).
t<21-Nq zeg?

Thus, from (42) and (8), we obtain

N-1
P (sup sup |z| > A\/a> <koKi Z 2ipa exp (—K2A2i/2)+2K5 exp(—KgAva/2),

t<2a 165? i=0
and Claim 1 follows. O

Let us now finish the proof of the upper bound in Theorem 1 in dimensions 2
and 3. As before, z € R?\ 0 is fixed. Simply observe that, for every T' > 0,

(43) P(T.p, < 00) = P(ep =0, Top), < 00) + pear Plhp(Tepy), < 00).
On the one hand

$a(c)P(Eay =0, Tepy), < 00) < galc)P ( sup sup |y| > C|[$]e|>
t<c2T yeg?
|[]e|

da(c)Kopear exp (_K2ﬁ> )

where we used Claim 1 at the last line. We can now use (7) to obtain

IN

K
s ale) (e = 0. T, < 00) < 5 exp (K7L

which goes to 0 as T' — 0.
On the other hand, using Proposition 2 and (7), we get, for every T > 0,

1
lim sup ¢q(c)peer Pap(Tep), < 00) < WN((JT) (r € R),
c—00 d

and by (6), the right-hand side converges, as T — 0, to

202 d
= (2—=) x>
Bd < 2)"
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From (43) and the preceeding observations we get
202 d
(44) lim sup ¢q(c) P (T, < 00) < Bi (2 - 5) 2|72,
c—00 d
which completes the proof of the upper bound in Theorem 1, in the case d = 2 or

3. We already noticed that the case d > 5 follows from Proposition 1. Finally, note
that in the case d = 4, Proposition 2 and a similar proof imply

lim sup cQP(TC[w]C < o0) =0,

CcC— 00

as we already mentioned in the introduction.

4. LOWER BOUND.

In this section we finish the proof of Theorem 1 by establishing the required
asymptotic lower bounds on P(T,[,, < 00). We also prove a similar result in
dimension 4.

Proposition 3. Fiz z € R?, z # 0.
ROUGH LOWER BOUND : Let d > 4. There exists a positive constant aq de-
pending on |x| and d such that

lim inf ¢gq(c)P(3t > 0 : c[z]. € £) > aq,

where we recall that for d > 5, ¢a(c) = 2, and ¢4(c) = 2 In(c).
SHARP LOWER BOUND : Let d = 2 or 3. Recall ¢2(c) = c*(In(c))™! and
#3(c) = c*. Then

lim inf ¢4(c)P(3t > 0 : cz], € £2) > E (2 - é) || 2.
c—00 ﬁd 2

4.1. Proof of the rough lower bound, d > 4. For T" > 0 let us introduce the
random variable

T
UT = /O 1{6[1]665225}6185

so that ¢2Ur is the occupation time of opinion 1 for the voter at c[z]. in the time
interval [0, ¢T].

We clearly have for any T > 0, P(3t > 0 : c[z]. € &) > P(Ur > 0). Using the
Cauchy-Schwarz inequality, we thus obtain

(E[Ur))?
45 P(Et>0:clz]. € &) > ———5-.
( ) ( = [ ] gt) E[(UT)2]
Hence, proving the lower bound reduces to establishing the following two estimates

T
(46) AEUr] — dsps(x),
CcC— 00 0

(47) limsup ¢**¢q(c) ' E[(Ur)?] < L,

where L is a constant depending only on |z|,d and T.
The first moment of Uy is

T ) T
E[Ur] = / asP (23027 = 0) = / dsqez(cla].),
0 0
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so that (46) is a consequence of (17). Let us now estimate the second moment of
Ur. We have

_E (Ur)? / dt/ drP [cla]e € €y, cla]e € €2, ] -

Let us fix r and ¢ with 0 < ¢t < r < T. Using duality over the time interval [0, ¢?7]
and setting s := 7 —t, we see that P [c[z]. € £%,, c[z]. € €%, ] is the probability for
two coalescing random walks starting at point c[z]. respectively at times 0 and ¢?s,
to be both located at point 0 at time c?r. Using the symmetry properties of p and
the Markov property for the first walk at time c?s, we get

T—t
(48) = / dt/ dqucz Y)Poy [T1 < *t, Zh, = cla].],

yEZ

recalling that the notation Py, was introduced in Section 2.5.

With a slight abuse, in the remaining part of the section we use L to denote
a positive constant that only depends on T, d and |z| and may change from line to
line. We suppose that ¢ > 1V |z|~2 in order to use Lemma 2. Let us set

T T—t
I(y) = /0 dt (/0 ds qczs(y)> Po,y [T1 < *t, 25, = clz].] .

Note that I(y) also depends on d,T and x, although this does not appear in our
notation. From (48), we have E[(Ur)?] = 2 > yeza 1(y). Hence, we need to bound

I(y) over different regions of Z?, in order to control ¢??(¢4(c)) ' E[(Ur)?]. Recall
from Section 2.4 that ¥4(c) = ¢?=2 for d > 4. Using (18) twice in the case y = 0,
and using (18) together with Lemma 2 in the case y # 0, we get

e for y =0,
1(0) < Le™M4(c),
o for y € Z%,y # 0,

I(y) < Le*ale/lyDvallyl)
e fory € 74, |y| > 2,
I(y) < Le™ "2 exp(=Lyy/TyDba(ly) ™
Since ¢q(c) > 1q(c) when d > 4, we then obtain
(49) *(¢a(c)H(0) < L.
Furthermore, if y € Z% \ 0,d > 4, we have 14(c/|y|) = va(c)(wa(ly]))~!. Hence,

AHpa(e)™ D Iy) < L(da(e) ale) Dyl

y€Z,0< |y|<c? y€eZd 0<|y|<c?
C2
(50) < L(ga(e) "alc) Y kR <L,
k=1
Finally,
(51)  AHale) ™" Y- 1) < L' (@a(e)) Y Iyl exp(~Ly/[yl) — 0.
yEZ,|y|>c? ly|>c2?

Since E[(Ur)?] = 23 eza I(y), the desired result (47) follows from (49), (50) and
(51). This finishes the proof of the lower bound for d > 4. O
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A similar proof in the case d = 2 or 3 would give us a rough lower bound, but we
need to get sharper estimates.

4.2. Outline of the proof of the sharp lower bound, d = 2 or 3.
Fix x € R?\ {0}. For any T > 0, ¢ > 0, we have

Ga()P(Tepy), < 00) > ¢ale)peer Prag (Teja), < 00).
We deduce from (7) that for any 7' > 0, lim._.oo ¢a(c)pe2r = (B4T) ! so that
(52) lim inf ¢a(c) P(Tefe, < 00) = (BaT) ™ liminf Py (Tepa), < 00).
Claim 2. - For any p > 0, if T > 0 is sufficiently small,
lim inf Plap(Top), < 00) = (1= pNG (z € R).
The desired lower bound follows from (52), the above claim and (6) by letting T

go to 0. Let us now outline the proof of Claim 2.
For z € R%, ¢/ > ¢ >0, let

Clze,e)={yeRi e<|y—2z| <€}, h(e) := % In(In(e™h)).
We also set for r € (0,1)

if d =2,
716 if d = 3.

For @ > 0,7 > 0 and ¢¢ € (0,1) we consider the events
() — > . xO0 ce >
€9 = {35 > 0.3 € (ga(e0), 20) : X2 (C (elale, T 202) ) > ah()a(e)}

.7:6(:)3) = {Hs >0 Je € (galeo0),€0) : XSO (C (cag, E,cs)) > ah(s)q’)d(c)} .

2
For ¢ large enough, we have é(f) C Eég), hence

5§§>> :
The idea of the proof of Claim 2 is the following. Rescaling and using Theorem 2, we
will show that for ¢ large, the first term of the product in (53), namely P:zT(féf)),

(53) P:2T(Tc[w]c < OO) 2 P:QT (‘7:5(5)) X P:QT (Tc[m]c < 00

is bounded below by a corresponding rescaled quantity under N,(JT . For a small

enough, this quantity will then be bounded from below by a quantity arbitrarily
(1)

close to Ny ’(z € R) (see assertions (55) and (56) below). To finish the proof of
Claim 2 we shall then establish that if we take T', ¢y small enough, the second term
of the product in (53), namely Pk, (Tc[x]c < oo‘é’g(g)), is, for ¢ large, arbitrarily
close to 1 (see Lemma 9 below).

Let us reformulate the preceeding discussion in more precise terms. Using
rescaling we have

* (c) _ px > . 2,0 E
(54) Py (.7:EO ) o (38 >0 e € (ga(eo),e0) : X (C(:E, 2,5)) > ah(s)) .
It is easy to see that the set
{w € D(Ro, Mp(R?) : 35 > 0 Je € (galco), o), ws (C(z, %,a)) > ah(e)}



23
is open for the Skorohod J; topology. Theorem 2 thus implies that
(55) liminf Py (f§g>) > N (3s > 0 3e € (ga(co), €0) : Ya(Cla, g £)) > ah(e)).

Lemma 8. Let d = 2 or 3. We can choose a > 0 so that, for any 6 > 0, there
erists €1 € (O, 1A %) such that for any eg € (0,¢1),

Ny |:38 >0 3 e € (galco0),€0) : Ys (C (w, g,s)) > ah(e)

ZCER] >1-4.

In the following, we fix o as in Lemma 8. The following lemma estimates the
second term of the product in the right-hand side of (53).

Lemma 9. For any fized v > 0, there exists eo € (0,1) such that for any ey €
(0,e2), we have

(a) Timinf P (T, < oo | £5)) =19,

(b)  liminf (liminf Py (Tcmc < ooygé‘;))) >1—n.
Let us now fix § € (0,1), v > 0 and let ¢ and €3 be as in Lemma 8 and 9
respectively. Since

o ({soti o= e fre o) o

we deduce from Lemma 8 that for any ¢ € (0,£1), for T' > 0 sufficiently small,
(56)
N((JT) [38 >0 Je € (galeo),€0) : Vs (C (x, g,s)) > ah(s)} > (1- 26)N8T) (x € R).

From (55) and (56), we have for T sufficiently small

(57) lim inf Pp(F) > (1 - 25N (z € R).

Cc— 00

Now use (53) and Lemma 9 (b) to get for T small,

lim inf Py (Topy), < 00) > (1—26)(1 - 29N (@ € R),
which gives Claim 2, hence Proposition 3.

To complete our proof of the lower bound Proposition 3, we still need to
establish Lemma 8 and Lemma 9. Establishing that part (b) of Lemma 9 follows
from part (a) requires a result which is a consequence of Lemma 8. However, we
first give the proof of Lemma 9 (Section 4.3 below), because it is more closely
related to our results. We then provide a proof of Lemma 8 in Section 4.4. In these
two sections, we will assume for simplicity that ¢ = 1. Adapting the proofs to a
general o is easy.

4.3. Proof of Lemma 9. We assume in this section that Lemma 8 has been
proved, and in particular that (57) holds. Let us first explain how to derive part
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(b) from part (a). We have
Phy <Tcmc < ‘ g§§>>

P ({Tn, <00} NE)) P ({Tug, < 00} NEL) N {Ear = 03)

P(ED N £0)) P (e (e £ 0))
pCQTP;T(gEO )

Take 6 = 1/2 in Lemma 8, and choose €1 so that the conclusion of this lemma holds.

From the fact that 719 C £, and then from (57), we get that for €9 € (0,¢1), for
T > 0 small,

(59) lim inf T~ P% (L) >

LN 1 dy, -2
mind TPl (€49) 2 g 0 € R) 2 5 (22 5 ) bl

~ 204 2
using (6). Since |[z]| > |x|/2 for ¢ large enough, we have
P ({Topy. < 00} N{€%r =0}) < P ( sup sup |y| > 0|x|/2> :
t<c2T yef?
For T small enough so that % > 1, and c large enough so that C%T > 1, we can
use Claim 1 to deduce that

P ({Tuj), < 00} N{€e2r = 0}) < peorKoexp <_K2\|/‘;L) _

Combining (59) and this last inequality, we obtain that for any ¢ € (0, 1)
. . P ({Tc[z]c < OO} N {£C2T = @})
lim sup lim sup ©
T—0 c—00 pc2TP:2T (555 )

=0.

It is now clear from (58) and the above that part (b) of Lemma 9 follows from part
(a). O

Proving part (a) of Lemma 9 requires the following intermediate result. Recall
that for A C Z? the voter model ¢ starts from & = A under Py.

Lemma 10. For any v > 0, there exists M > 0 and U > 0 such that for every
uw> U and every subset A of Z4NC(0,%,2u) with |A| > M¢4(u), one has

Py(Ft>0:0€&)>1—1.
Let us postpone the proof of Lemma 10 and proceed to the proof of Lemma
9 (a).
Let us fix v > 0. Let us choose M > 0 and U > 0 such that the conclusion of
Lemma 10 holds. We can then choose €5 > 0 small enough so that

()2

Let us fix g9 € (0,e32). Let ¢ > 0 be large enough so that
cga(eo) > U, and  2In(cgq(eo)) > In(c).
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We then set
Ta([f) = inf {t >0:X) (C (c[w]c, %, 205)) > ah(e)pq(c) for some € € (gq(eo), 50)}.

Clearly T g(oc )isa stopping time of the filtration generated by the voter model, and
£ = {TL < 0}

From the definition of Ts(f ), on the event 85(5) we can choose a random
e € (ga(e0),€0) such that

ce
X0 (c (c[:c]c, - 206)) > ah(e)palc).
On the event Eég), we can consider the set

c ce
Ag ) = ({;E(S) NnC (c[:c]c, Z,2c€)) — cl],
where, for A C 29, 2 € Z%, A= z = {y € Z% : y + = € A}. The random set AL is
a subset of Z4 N C(0, <, 2ce), and has cardinality |A§c)| = [ah(e)pa(c)].
Let us argue on £ and set u(e, ¢) = ce. Note that u(e,c) > cga(eo) > U.
When d = 3, we have

1
AL > ah(e)e® > aln (1n (;)) e?c® > Méa(u(e, ).
2
When d = 2, noticing that 21In(ce) > 21n(cgq(eo)) > In(c), we also have
2 1 2.2
A9 2 ah(@) 2 atn (1 (2 ) 520 > Moa(ule,o)

e ) ) 2In(ce) =

From Lemma 10, we deduce that, on the event £,

PAEC)(HLLZO:OE&)Zl—’y.

Using the strong Markov property for £° at time T;._-(OC ), then the fact that
A 4 2] §;(C), we obtain
)

P (85(5) N {TC[Z]C < OO}) > F <1{T€(8)<OO}P§;E(S) (Ft>0:cx]. € 5,5))
> F (1{T§§)<OO}PA§C) (ﬂt >0:0€e &))
> (1-7)PEY),
which gives part (a) of Lemma 9. O

Let us now fix v > 0 and establish Lemma 10. First, notice that the function
A — Pg(3t > 0:0 € &) is increasing. It thus suffices to find M > 0 and U > 0
such that for u > U,

(60) inf{PA(Ht >0:0€&): ACZiNC (0, %m) A = [Mq/)d(uﬂ} >1-1.
For M > 0,u > 0 let us introduce

A {A czine (0, %m) LA = (qud(uﬂ}.
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We then use a similar method as for establishing the rough lower bound. Let us
set Vp = fOT l{oee,,,ydt. As in Section 4.1, we use the Cauchy-Schwarz inequality

to get for any u > 0, A € M)
(EA [Vr])®
Bal(Vr)?]
We will verify that for any fixed M > 0, there exists a constant U (M) such that if
u > U, then for any A € QKSLM), we have

(61) Py(Ft>0:0€&) >

M _ T 1 2
(62) EalVr] > 7(¢d(u)) ! /T/2 Gy exp <_§) ds,
(63) Eal(Vr)?] < (Ba[V])? + L'M (va(u) 2,

where L’ is a constant depending only on d and T. Let us postpone the proof of
these two assertions and finish the proof of Lemma 10. We can choose M > 0

sufficiently large so that
2
/ ' ds L e 2
—— _expl =2
/2 (27s)d/2 P s

From (62) and (63), we then deduce that for u > U(M), for any A € AM | we have
Ea[(Vr)’] < (1+7) (BalVz])*.

Lemma 10 now follows from (61).

Proof of (62): Let us now fix M > 0 and establish that (62) is valid for u

sufficiently large, and for any A € AM . Note that for any A € nglM), u"lA is
a subset of u71Z4 N C(0,1/4,2) and has cardinality [Maq(u)]. For any u > 0,

Ae ngM), duality gives
(64)

T
EalVr] :/ Po(Zy2 € A)dt = / Guze(uy)dt > > / quz¢(uy)d

0 yeu—1A yeu—1A

M2

It is easy to deduce from Theorem 3 that uniformly in ¢ € [T/2,T],

lim sup |udqu2t(uy) —pe(y)] = 0.

U000 yey—1274

Thus, if v is sufficiently large, for any y € u~1Z% with |y| < 2,

1 1 )
udqu2t(uy) > Ept(y) 5(27Tt) /2 exp (—¥> .

We deduce from the above and (64) that for u large enough, and for any A € ngM),

we have
T

1 2

—u~ 4 A| (27s) "2 exp (——) dt.
2 T/2 S

(62) now follows from the fact that u=%¢a(u) = (Ya(u)) !

EalVr] >
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Proof of (63): Let us now estimate the second moment of Vp and prove (63).
Using the same arguments as in the proof of the rough estimate, we obtain for any

u >0, AeQLSM),

T
Eal(Vr)?] :2/dt/ ds Z Gu2s(2)Eo./ (222, € A, 725, € A
0

z' €74

It follows that

T—t
(65) A[(Vr)? _2/ dt/ ds Z Quzs(2")(H1u(t, 2') + Ha (8, 2")),

2/ €74
where

Hlu(tz ZPOZ’T1<U’tZu2t: ],
yeA

H21U(taz/) = Z Z ]P)O7Z/ [Tl > uzta Z;?t = y7ZZ2t = y/]
yeAy €A

Since two coalescing walks behave independently before they meet, we can bound
Po,. [Ty > u?t, Z}s, =y, Z2:, = y'] by qu2¢(y)quz:(z' — y') so we obtain

/ dt/T tds > ques(Z)Hau(t, )

z'eZ4
T—t
< / dt/ ds Y qus(Z) Y D quniy)au (' ')
PAA yEAY €A
T—t
= / dt/ ds Z Z Qu2t qu2 t+s)( )
yeAy €A

2
66 - /dtzqu% = (Balvi])?
yeA

With a slight abuse of notation, in the remaining part of the section we use L to
denote a constant depending only on d and 7" and which may change from line to
line.

Using (18), we obtain

/ dt/T tds > ques(Z)Hyu(t, )

z' €z
T
< Lou™ [L2¢d u > dallyl > Yd (%)/ Hiyu(t,2')
y€EA 2 ezd,0<\z'\§u Z1) o
EAWa
(67) + Z exp <—L’2—> / Hlyu(t,z’)].
2/ €722 |>u v 0

Note that we used (18) a second time to bound fOT dtH 4, (¢,0) and get the first term

in the sum above. Then, Lemma 2 is exactly what we need to bound fOT Hy o, (t,2")
when 2’ # 0. However, the cases d = 2 and d = 3 are slightly different.
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When d = 3, for any u > 0, for any A € quSM), and any 2’ # 0, we obtain from
Lemma 2 that

T
(68) /OdtHl,u(t,z') < Lo (es(2|vi) T YD ¢3(| |>

yeu—1A

From the fact that min,c,-14 |y| > 1/4 and |A| = [M¢3(u)] = [Mu?], we obtain
that

% o gr) < amct

yeEu—1A

Hence, from (67) and (68), we deduce that, when d = 3, for u sufficiently large,
and for any A € Ql( )

T—t
/dt/ dSunz "VHi.(t,2")

PUYA
i
< LuMu®|M+ Z |z/|72—|— Z |Z/|7lexp (—L’QM)
2/ €73,0<|2’ |<u 2/ €73,|2"|>u w
< Lu SMu* = LM (y3(u)) ™2,

where we used that 3°_,czs /|5, |2/|~* exp (—L’Q‘ZT/I> < L [ pexp(—Lhp/u)dp

Similarly, when d = 2, for any u > 1, for any A € Qh(lM), and any 2z’ # 0, we
get from Lemma 2 that

T
/ o P2(u/[2"]) D)
/0 dtH1u(t,2") < Lau (2] ueuZIAln "
9 Y2 (u/|2'])
(69) < In(4)Lou*[M ln(uﬂW’

Furthermore, we have ming ¢, -14 |y| > 1/4 and |[A| = [M¢2(u)] = [Mu?/(21n(u))],
so that

> (51') < A[Mu?/2(In(u))].

yeEu—1A
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Hence, from (67) and (69), we deduce that for any u sufficiently large, for any
AeaM

T T—t
/ dt/ ds Z quzs (2 )V H1u(t, ')
0 0

z' €7

u™? u? n(u n v e i ;
< ot ARV (%) * v
A
* (1)
- u? * (In(u/p))? < p /
< Lu 4M21n(u) [ln(U)+/ﬂdep+L () exp(—L2p/u)dp}
< Lu’Q(In(u))’lez(u) = 2L M (¢ho(u)) 2.

To get to the last line above, we have used elementary computations to check that
for u large, one has

* (In(u/p))? 1 w? < p , u?
Lo < gy [,y e/ <

In both d = 2 and d = 3, we have thus obtained that for any u sufficiently large,

for any A € nglM),

T T—t 9
/0 dt / ds 3 que(2 ) Ha(t2') < L'M (a(u) 2,

z'ezd

where L' is a constant depending on d and T'. From (65), (66) and the above, we
deduce (63). As explained earlier, this completes the proof of Lemma 10. O

4.4. Proof of Lemma 8. The proof of Lemma 8 is somewhat lengthy. It is inspired
by the first part of [15], where an upper bound for the Hausdorff measure of the
support of two-dimensional super-Brownian motion is established. In particular, we
use the Brownian snake as a main tool. The Brownian snake gives an alternative
construction of super-Brownian motion under its excursion measure. Moreover,
this object introduces time dynamics in the analysis of super-Brownian motion
which prove to be critical for our arguments to work. We briefly introduce the
Brownian snake and related notation in paragraph 4.4.1, then discuss the link
between Brownian snake and super-Brownian motion.

For convenience, we work in this section with super-Brownian motion with
branching rate 4 and diffusion coefficient 1 under its excursion measure. Simple
scaling arguments then give the general case.

We only give a detailed proof of Lemma 8 in the three-dimensional case (para-
graph 4.4.4), after having summarized the basic idea (paragraph 4.4.2), and pre-
sented three intermediate lemmas (paragraph 4.4.3). Using the results of the first
part of [15], the case d = 2 easily adapts. In fact, we even establish a stronger
result in the plane (see Lemma 14 below), which we discuss in paragraph 4.4.5.
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4.4.1. Brownian snake. For a precise definition of the Brownian snake, we refer to
[13], Chapter IV. Let W be the set of continuous finite paths from R, into RY.
For w € W, we denote by (,, the lifetime of w, and by w the terminal point of the
path w, that is w((, ). The trivial path 7 is the path with initial point y € R? and
lifetime 0. The space W is Polish when equipped with the distance

A(w,0') = [ = Gurl +5Up [ (r A Gu) = /(A G

We then consider 2 = C(R4, W), the space of continuous paths from R into
W with the topology of uniform convergence on compact sets, and F = B(f2) the
Borel o-field on 2. The canonical process on this space is denoted (Wy, s > 0), and
we define for s > 0, {5 := ((Wy), and o(¢) := inf{s > 0: {; = 0}. We also let
(Fi)i>0 be the canonical filtration on €.

For w € W, we let II,, be the law on (£, F) of the Brownian snake starting
from the path w. Under I, (Ws, s > 0) is a W-valued diffusion and ({5, s > 0) is a
one-dimensional reflecting Brownian motion. Informally, when (s “increases”, the
path W grows like a d-dimensional Brownian motion, whereas it is erased when (,
“decreases” (see [13], Chapter IV for more precisions).

For y € RY, the measure N, is the excursion measure of W away from the
trivial path §. We abuse the notation by using the same notation N, for the
excursion measure of the Brownian snake away from 7 and for the excursion measure
of super-Brownian motion (cf Section 2.1). This abuse will be justified below when
we construct the excursion measure of super-Brownian motion from the Brownian
snake under N,. Under N, the law of ¢ is the It6 measure of positive Brownian
excursions and o(() is the length of this excursion.

Denote by II3, the law under II,, of (Wsae. ,s > 0), that is the law of the
Brownian snake stopped when its lifetime process hits 0. The strong Markov prop-
erty of W under N, can be expressed in the following way. Let 6; denotes the usual
shift operator on . If T' is a (F;);>o0-stopping time such that T' > 0 Ny-a.e., then,
for any nonnegative Fp-measurable F', for any nonnegative F-measurable G,

(70) Ny (1{T<oo}F x Go QT) = Ny (1{T<oo}F X HT/VT (G)) .

The link between Brownian snake and super-Brownian motion can be ex-
pressed as follows. Let L’ denote the local time of ¢ at time s and level ¢. Since
the law of (¢s,s > 0) under N, is the Ité6 measure of positive Brownian excur-
sions, (L%, s > 0) is, for any t > 0, well-defined, increasing and continuous, N-a.s.
We denote by dsL! the measure associated with the function u — Lf, and we let
(Y:(W),t > 0) be the measure-valued process defined by the formula

a(¢)
mmm»:A duLiL i e )

Then, the law of (Y;(W),t > 0) under N, is the excursion measure of super-
Brownian motion with branching rate 4 and diffusion coefficient 1*.

“Moreover, if we let u € Mp(R?) and dier
u(dy)Ny (dW), then a super-Brownian motion (Y¢,t > 0) starting from p can be obtained by
setting

dy;,w; be a Poisson measure with intensity

Y= ZYt(Wi)-

i€l
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4.4.2. Outline of the proof of Lemma 8. Using a symmetry argument, we can inter-
change the roles of 0 and x, and we will thus work under the probability measure
Nz ([0 € R) = Nu(.|Tp < 00), where Ty = inf{t > 0 : W, = 0}. It is possible to
precise the law of (|Wx,[)i<¢cp, under N, (.|0 € R) (see Lemma 11 below).

For j € N, let us introduce r; = exp(—j?). To ny; € N we associate €1 1= ron1,
and for €9 > 0, we set ng := min{p € N* : rop < g¢}. Note that we have

r; € (ga(0),€0) Vi € [2m0, 270 —1].

Claim 3. - One can choose o > 0 such that, for any & > 0, there exists n; € N
such that for any ng > n1, one has

N, (Vj € |27, 2" — 1] = Yoy, (C(0,75/2,75)) < ah(r;) | To < 00) < 6.

From our preceeding remarks, Lemma 8 follows from Claim 3 (even if it means
changing « to loosen the inequality).

The idea of the proof of Claim 3 is the following. For given w € W, ng €
N and j € [|2"°, 2motl 1|]7 we will express further the contribution 9, (r;) to
Ye,, (C(0,7;/2,r;)) of particules which split off the path w in the time interval [¢,, —
r3In(1/r;), Cw — 73] (see (76) below). We will observe that for large enough 7, the
contributions 9.(r;),j € [2",2"*!] are independent. Using estimates on these
contributions (see Lemma 13 below), this independence will lead us to a bound on
the probability that for any j € [|2,2" "' —1[], 9., (r;) remains smaller than ah(r;)
(see (82) below).

For a well-choosen ae > 0, we will deduce from this bound and the knowledge
of the law of the path |Wr,| the existence of integers Ny, N, and of a family of sets
of “good paths” (W,,,n > Ny) such that, with a probability arbitrarily close to 1
when N is large enough,

o (|Wx,|)t<¢y, belongs to W, for any n > N.
o for any w € W,, n > N, there exists j € [|2",2"+1 — 1ﬂ such that
T?Zw(Tj> > ah(r;).
The desired claim will follow (see assertions (77), (80) and (81) below).
We now present three intermediate lemmas.

4.4.3. Preliminary results. Let us start by investigating the law of the path |[Wr, |
under N,[.|0 € R].

Lemma 11. Under N;[.|0 € R], [Wr,(t)|ic(o,cr,) has the law of a Bessel process
with index —5/2 started from |x| and stopped when it first hits 0.

Proof of Lemma 11. Introduce a d-dimensional Brownian motion (By);>o and
the function u(y) := Ny (Tp < o0) = (2 — d/2) ly|~2. Let us denote by @ the law of
the solution of the stochastic differential equation

v
dY; = dB, + TU(Yt),Yo —z,

stopped when it hits 0.
We know from [8], Proposition 1.4, that for any nonnegative continuous func-
tion F' on W,

(71) N, [1{T0<OO}F(WT0)} = /woyx(dW)F(W),

where mo, == (2 — 4) 2| 72Q.
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For t € [0,{r,] let us set Ry := |Wr,(¢)]. From (71) we deduce that under
the probability measure N.[.|To < oo], (R¢)o<i<cr, solves the stochastic differential
equation

P
dR, = dp, — -dt,

t
where (8;)¢>0 is a linear Brownian motion. Thus, (|Wr,[(t))o<t<¢s, has under

N (.|[{To < oc}) the law of a Bessel process with index —5/2 started from || and
stopped when it first hits 0. We have completed the proof of Lemma 11. O

For x € R, p € N*, ¢ > 0 and t > 0, we will need a lower bound on
U(t,z,e,p) == Ny [Y; (C(0,¢/2,¢))"] .

Recall P, denotes the semigroup of d-dimensional Brownian motion. We know (see
[15], Proposition 3.2) that we have

1/)(t755757 1) = Ptlc(076/27€) (I)a

and the following recursion relation for p > 2

= S P t s )(s — 7)) (z)ds
(72) ¢<t,z,e,p>—2;(j) / Pres (05,12, 316(5, 2,9 — ) (2)ds.

Fixc; >1and let co =1 — % Note that 1/2 < ¢ < 1. First observe that
there exists a positive cs such that

|z

(73)  ¥(t,z,e,1) = Ple(oe/o,e) () > c3e” exp <—§> S VRS

Lemma 12. For d = 3, there exists a positive constant c4 so that for any p € N*,
t>0, R ande >0,

» '€2p+1 Cl|117|2
(Hp) P(t,x,e,p) > cyp! 5572 exp | —— 1{t265252}.

Corollary 3.3 of [15] is the corresponding result for the two-dimensional case.
Proof of Lemma 12. Note that there exists a constant ¢s > 1 such that for any
p=2,

p—1
> G —0)*? >

Jj=1

1
Cs

p.

Let us set ¢g := 0305_1(7rcl)_3/2. We first verify that for any p € N*|
- ) 1 1\t
(HP) w(t7x757p) > 3/ C5cgp!53ppt/2pcl (CL‘) (g a %) 1{t252}'

We use induction on p to establish (7). If p = 1, using (73) and our definition of
cg, we obtain

2
Y(t,x,e,1) > (7T61)3/2C56653t73/2 exp <—%) 1g>e2y.

Since ¢; > 1, (H;) follows.
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Let p > 2 and assume that the result holds for all p’ < p. Using (72) and the
induction assumption we get for t > &2

Y(t,x,e,p) > 27T3c§cgp!£3p

p—1 ¢ 1 s
X d d —s - s/2ic s — Ve - ]
;/a S,/]R3 Y pe-s(@ —y)p /23 l(y)p /2(p—3) 1(3/) (E \/§>

For any j € [|1,p—1|],s>0andy€R3 we have

crj(p —5)\*"*
Ps/2je, (y)ps/2(p7j)cl (y) = (7) DPs/2pcy (y)

From the last two displays, the choice of c¢5 and the fact that
Dt—s * Ds/2pc; = Pi—s+(s/2pc;) WE Obtain
t p—2
ds 1 1
3/2
(74) o(t @ e,p) = 271—3/205616317!5317175/201/ /52 Mpt—ers/ZDm (z) (g B E) .

Since ¢; > 1 the function s — t — s+ 5s/2pe; is decreasing, so that for any s € [¢2, ],
we have t >t — s + =2~ > -t Thus,

2pc1 — 2pci
(2pC1)3/2ptfs+ e () > Pt (z).
It follows that
—-1/2,_3/2 1.3p tds (1 1\72
1/)(t755757p) Z 2 m C5C;gp.p.€ pﬁ(x) g M g — _S
1

1 1\""
_ 9l/2_3/2 3 i1
= 2127 2 c5chple ppzpnq (x) < \/f) )
which finishes the proof of (H,). We have established (H,,) for any p € N*. Note
in particular that (74) holds for any p € N*.

Let us now complete the proof of Lemma 12. We set ¢4 := (1 — c§/2)c6. The

case p = 1 follows from (73) since ¢3 > c4. X .
C1—

Let us now suppose p > 2 and t > ¢, %2, Since ¢z = 1 — 300 < sy We
get, for any s < cot, t — s+ s/2pcy > t/2¢q, so that
2
_ C1|X
pt—s-l—ﬁ(x) > (2nt) 3% exp (—%) :
Hence, it follows from (74) that for any p > 2,
2\ [etds (1 1 \P?
" >9=1/2. P 5/2,)3p4—3/2 _M os (L L
1/}( azaeap)— C5CgD b exp n " 53/2 c \/g
2 p—1
1 1
>21/2 05 Pp3/2ple?Pt=3/2 ¢ _ally (1 .
= 5 Gp p XP t c \/@
p—1
Since t > 02_252, we have (% — \/%) > s_p+1(1 — 02)1’_1. Moreover, c5 > 1,
hence, (H,) follows for p > 2, which completes the proof of Lemma 12. |

As explained briefly in paragraph 4.4.2, we will need to estimate, for a fixed
w € W, the contribution under IL,, to Yz, (C(0,¢/2,¢)) of particules which split off
the path w shortly before {,,. For a given ¢ > 0, Lemma V.5 of [13] allows one to



34

decompose Y; under II?) as the sum of independent contributions corresponding to
the decomposition of the path ( into its excursions above its minimum-to-date. Let
us state this more precisely.

Fix w € W with ¢, > 0. Under II’; we can construct a Poisson point measure
A on [0, (] x Q with intensity 2dtN,,)(dW) such that

w

(75) Yo, = / Yo, J(W)A(E W),  TT% — as.
[0, w]x 2

Hence, when w € W satisfies ¢, > £21n(1/¢), the contribution to Y¢, (C(0,£/2,¢))
of particules which split off the path w in the time interval [¢,, — &2 In(1/€), (u — &2]
can be written

Cw—e?

(76) Duw(e) = / / Ye,—+(C(0,6/2,€))A(dt, dW).
Cw—e21In(1/e) JQ

For € > 0,w € W, we also introduce Z,, () := £729),(e) and we then estimate the

moments of Z,,(¢) under IT% .

Lemma 13. For w € W and € > 0 such that (, > €ln(1/¢), let us set

e 1n(1/¢) _ 2
I,(e) == 5/ exp (—01M> 8_3/21{528202—2}d8.
1>

2 s
There exist positive constants ¢z, cg,co such that for any w € W, e2 € (0,1/e) such
that ¢ > €21n(1/e2), the following holds.
(a): For any e € (0,e2) and for any p € N
crp’ 2 10, (2w (€)?) = cgpPlu(e).
(b): For any A >0, let p=[2A/cg]. Then, for any e € (0,e2)

T, (Zu (€) > A) > exp(—cod) (2" Lu(e) = 1)F)° .

The lower bounds on II¥ (Z,(£)?),p € N in Lemma 13 (a) are a direct conse-
quence of Lemma 12. Furthermore, the proof of the upper bound in Lemma 13 (a)
easily adapts from the one of Lemma 3.4 in [15]. Then, part (b) of Lemma 13 is
deduced from part (a) in the exact same manner as, in [15], Lemma 3.5 is deduced
from Lemma 3.4. We leave details to the reader. O

4.4.4. Let us now complete the proof of Lemma 8 by establishing Claim 3. We let
a =1/(4cy) and fix § > 0. Note that Tj is a stopping time of the filtration (F;);>o.
Using the strong Markov property (70) at time Ty, we have, for ng > 0,

(77) Ng [Vj € ”2n072n0+1 - 1H : YCTO (C(O7Tj/2vrj)) < Oéh(?"j), Tp < OO}

< Nm[ Wi, (Vj € [2m0, 2™ — 1] 1 Y, (C(0,7;/2,75)) < ah(rj)) ,To < oo].

T:CTO
Notice that (77) is an inequality and not an equality, because we used that
a(¢) . a(¢) .
Vo (COrs/2) = [ AL ety (W) 2 [ LT, (072
0 Ty
on the event {Tj < oo}.

Introduce the sequence u; := r3; In(1/ry,), and choose ny large enough so that

romy < e 4 and N, I:CT() > S, |T0 < oo} <4d/4.
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Let us set

W:={weW : w0)=x,9=0,(y > Sn, }-
Our choice of ny ensures that
(78) N, [Wr, € W|Th < o0] > 1—46/4.

Since cg > 1/2, it also guarantees that for any w € 20, j > 22, 27“?052 < (- We
can then define, for B > 0, j > 22,

Wp,;j=weW : sup |w(C(w)—s)| > Brjcy*

2 -2
SSQT].CZ

For w € 20, n > ng, we then introduce
gntl_q

Fn,B(w) =27" Z 1{w€WB,j}7

j=2n
and for n > no, we finally let
W, :={we : Vp>n F,p(w) <1/2}.
From (78), it follows that

Nz |:WT0 ¢ Wn

1)
TO < OO:| S Z +ZNm |:WT0 € wan,B(WTO) Z 1/2

p=n

Ty < OO] .
Using Lemma 11 and following the arguments of the proof of Lemma 1 in [14], one
can easily establish that there exist constants B > 0,C > 0 such that

N, [WTO € 2, Fp,B(WTo) > 1/2|T0 < OO] <Ce ™.

Hence, there exists ng > no large enough so that for any n > ng,

(79) N, |:WT0 ¢ W, Ty < ()0:| < 5/27
which yields
N, HT,VTO (Vj € [|2", on+1 _ 1|] :Y.(C(0,r;/2,7;)) < ah(rj)) Ty < oo]
r=(r,
(80) < 4/2 + sup {H; [vj e [2m, 2"t — 1] : Y¢, (C(0,75/2,75)) < ah(r))] }
weW,

Let n > n3 and w € W,,. Since rjz > r]2+1 In(1/rjq) for 27 < j < 2nfl — 1
the independence properties of Poisson measures imply that for any n € N, the
variables Z,,(r;),2" < j < 2"t —1 are independent under II%,. Using (75) and the
definition of Z,,(e), we then get

(81) I, [V € 27,27 = 1] : Yer, (C(0,75/2,75)) < ah(ry)]
gnotl_q

< I, | Zw(rj) < ab(r;) Vi € [|2ﬂ72n+1 _ 1”] = H 1T, (Zw(rj) < a9(rj)),

j=2mo
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where we set, for r > 0, 6(r) := r~2h(r). Furthermore, Lemma 13 (b) leads to

2notl_q onotl_q 9
I1 HZ(Zw(rj)<a0(rj)>§ 11 (1_669“(7"0 ((2pj1w(rj)_1)+)>
j=2m0 j=2m0

ontl_g 9

(82) < epd— > i (@) - DY)

j=2n

We then note that, if j > 2™ and w € 20\ #3,;, an easy computation provides
Ly(rj) > czexp (—c1 B?) =: K(B).

Hence, from our choice of «, there exists ny > n3 so that for any w € W,,, n > ny,

one has
ontl_q

2
Z j72CgO¢ ((2pJIw(Tg) _ 1)+) 2 2n+1/2.
j=2n

We finally choose ng > n1 > n4 > ng > no large enough so that exp(—2”+1/2) <
§/2, and combine (77), (80), (81) and (82) with the above inequality to obtain
Claim 3. As explained in paragraph 4.4.2, Lemma 8 follows. O

4.4.5. The case d = 2. We know from [18], Section III.3 that for any ¢t > 0, h is
for d = 3 the correct Hausdorff measure function of R;. On the other hand, when
d = 2, the correct Hausdorff measure function of Ry, is, as it is proven in [15], the
function

ha(e) = €% In(e™ 1) In(In(In(e™1))).
Not surprinsingly, when d = 2, one can in fact establish a stronger result than
Lemma 8.

Lemma 14. We can choose a > 0 so that, for any 6 > 0, there exists €1 €
(O, 1A %) such that for any € € (0,e1),

No [35 >0 3¢ € (galeo), 20) : Vs (c (a: %5)) > ahsa(e)

3:673} >1-6.

Lemma 14 clearly implies the two-dimensional case of Lemma 8. The proof is
similar to that of Lemma 8 in the three-dimensional case. Let us only point out
the main differences, and leave details to the reader.

Obviously, one should work with ho instead of h, go instead of g and the
function 0y such that 6(r) := Inlnln(1/r) instead of §. Moreover, the sequence 7;
is to be replaced with r§2) =272 5o that r;i)+1_1 > go (Téi)) We already noted
that Lemma 12 for the three-dimensional case corresponds to Corollary 3.3 of [15] in
the plane. In particular, note that ¢, co, ¢4 should be replaced with ng) >1/2,¢c0 =
(4052) - 2)/(4052) - 1), 0512) = cg2) (2c§2))_1. We also already remarked that Lemma
13 (a) and (b) are to be respectively related with Lemma 3.4, respectively Lemma
3.5 of [15]. Lemma 13 remains valid in the plane when one replaces Z,,(¢) with

Cw—e®
Z@(e) = (2 In(e™1))! / Yoo 4(C(0,2/2,€))A(dt, dWV),
Cw—e21n(1/e)
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then I, (e) with
I (e,p) :=p (log(e™")) ™"

e 1n(1/¢) Q)2 -1
></ exp <_C§2)7|w((w 2l > (1ogJr (S(C§2))p6_2))p s lds.
€

2 S

Is is then straightforward to check that, once all these changes have been made,
the exact same proof as in paragraph 4.4.4 leads to assertions similar to (77), (78),
(79), (80), (81), (82) and Claim 3.

5. RESULTS ON COALESCING RANDOM WALKS

In this section, we prove’ Lemmas 1 and 2, which we used in the proof of Theorem
1. First, let us introduce further notation. We write IP’gf) for a probability measure
under which (Z;,t > 0) is a continuous time random walk with rate 2 (instead of

rate 1 for P,) and jump kernel p, starting from z. Let us also denote
t
H:(z) := P, (Z hits 0 before t); Gi(x) :=E, [/ 1{ZS_0}ds} ;
0

and Ht(2)(:c), G§2) (x) the corresponding quantities under P2 It is well-known that
when d = 2,

1
(83) GE(0) ~ GEL0) ~ o-Ine).
When d = 3, from the definition of k4, we have
(84) GEN0) — k.

In dimension d = 2, an easy adaptation of [11], Theorem 1.6.1, to the continuous
time setting, ensures the existence of

a(z) = lim [G4(0) = Ge()],  a®(x) == lim [G?(0) — G ().

t—o0

An easy consequence of the proof of Theorem 1.6.2 in [11] is the existence of a
constant k5 depending only on d such that for any ¢t > 1,

(85) Gi(0) = Gi(x) < msa(x),  G1(0) = G () < rsa® ().
Furthermore, from Theorem 1.6.2 of [11], both a(z) and a® (z) are O(In |z|).

fSome of the ideas involved in the results below are borrowed from [12], such as in particular,
the case d > 3 of Lemma 15. The proof of Lemma 1 is also borrowed from this unpublished
manuscript. Moreover, it is interesting to note that it would be possible to get precise asymptotics
on the quantities we are bounding below. In particular, for « > 0 and ¢ € C (]Rd), it is possible

to get the exact asymptotics of quantities such as Eg 4 [Tl < |y|*t, ¢(XT11/\y|], as |y| — oo. Such

asymptotics were computed in [12] in the case d > 3, a = 2, and it is possible to extend the
results to a general o > 0 and to the case d = 2. For d > 4, these exact estimates would allow
one to get a more precise upper bound on E[(Ur)?] than the one obtained in Section 4.1, and
therefore improve the constants ag4,d > 4 appearing in the statement of Proposition 3 (however,
this would not be enough to get precise asymptotics on the hitting probability of a far point for
d > 5). We chose not to present these asymptotics here, as they only had this minor impact on
our main result.
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5.1. Proof of Lemma 1. This proof was taken from [12]. In the following, we
denote by Cj,i > 0 positive constants depending only on d. Let us denote by
(Sn,n € N) a discrete time random walk with jump kernel p, starting from x under
the probability measure Q,. By combining the well-known bound Q,[S,, = y] <
Kn~%? and the martingale inequality of Ledoux and Talagrand ([17], Lemma 1.5),
we get for any n > 1,y € Z4,

2
Qu[Sn = y] < ni% exp (_ Coly — ) '

n

Let (N¢,t > 0) be a standard Poisson process. Then

QlZi=y] = > P[N:=n]Qo[Sn =1
n=0
— Cy Colyl?

(86) < exp(—t)lgy—oy + Zl P[N; = n]m exp (—T )
We also have for any t > 0,

o) 1 B

Z WP[Nt = TL] S Ogt d/2.

n=1
It follows from the above that

[2t]

C1 Colyl? C1C3 Caly|?

(87) ;P[Nt :n]m exp (— . < L P\, .

For values of n greater then 2¢, a simple large deviation estimate gives for every
t>0,m>1,
P[N; > 2™t] < Cyexp(—C52™t).

Hence,

2
Z PN, = nJn~%?exp (——C2|y| )

n>2t n
= m my\— C?|y|2
< ) Caexp(—C52mt)(2m) "2 exp (_zmw
m=1
Cd)2 = o . Calyl?
= Cit7 2> 27mi2exp <—O52 t— 27721'312)

m=1
Setting Cs = v/2C2C5 we now obtain from the above
C 2
S PN, = a2 exp <—ﬂ> < Cot /2 exp(~Cily]).
n
n>2t

Combining (86), (87) and the above now gives

0103 02 Yy 2 C7
at(y) < exp(—t)1yy—oy + a2 P <— 2|t| + a7z exp(—Cslyl),

which clearly implies Lemma 1. a
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5.2. Proof of Lemma 2. In the following, we use K, K’ to denote positive con-
stants depending only on d, T and which may change from line to line. We consider
only the case when ¢ and 2 are such that cx € Z¢. The general case immediately
follows.

We are first going to rule out small values of t. We deal with the integral over
the interval [0,c72]. Note that

]P)OJJ [Tl S 02t7 chzt = C(E] S min {qczt(oa C(E), q@t(:% C‘T)} .

Considering separately the cases |y| < 2c|z| and |y| > 2c|z| and using (14), we
easily obtain

—2

cd¢d(|y|)/ dtPo,y [Ty < Pt, 25, = ca]
0

kac? 2 exp(—kaclz]/2) x a(ly|) exp(—ra(|yl/4))
Kz~ < Kopg(|a] ).

VARVA

Let us now deal with small values of 77. In a similar way as in the previous
computation, one gets

—2

Cd’(/)d(|y|)/ dt]po’y [Tl S 17Zi2t - CI}
0

< rac exp(—kaclz]/2) x Ya(ly|) exp(—ra(|y|/4V2))
< Kl < Kepg(l| ™).

Note that to obtain the last line above, we used the assumption ¢ > |x|~2.
Let us then deal with large values of T}. For ¢ > ¢~2, we have

ca(lyPo,y [Pt =1 < Ty <, Z ), = cal

C

< ecdz/)d(|y|)]P’07y [0215 —1<T <c?t, chzt = Z;lpl = cz]
< ecd¢d(|y|)P07y [Zi% = Zc22t = cm]
< e Wa(ly)) fil@) filz —y/o),

where we used Lemma 1 at the last line above. Hence, from (11), we get that

T
a(lyl) /72 dtPoy [Pt — 1 < Ty < *t, Z, = cx]

2—2d
< Ke Ya(ly)) <|x|2‘2d A (|i> ) < Klz|*™ < Kpg(|z| ™).

c

Note that, at the last line above, we used the assumption ¢ > |z| 2.
We can now suppose 1 < ¢t — 1, that is ¢t > 2¢2, and restrict our attention
to estimating

T
/ dtPoy [1 < TV < Pt — 1,25, = ca].
2

c—2
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Using the Markov property at time 77, then Lemma 1, we obtain

T
/ dt Py [1 < Ty <t —1,2Z%5, = ca
2

c—2

T
= / dt Eo,y |:1{1<T1<c2t1} Z 1{Z;1:z}QC2t7T1 (2 — CCE)]
2

—2
¢ z€Z4

T
—d z
(88) S Ke /2C72 dt Z ]E()7y |:1{1§T1§C2t7172%~lzz}ft—% (E - .’17):| .
z€Z4
In order to bound the above quantity, we need the following intermediate result.
Lemma 15. Let d > 2. There exists a positive constant Ls depending only on d

such that for anyc > 1, z € Z%, t > 2¢72, y € Z4\ 0 and every measurable function
(b : ]RJ,_ X Zd g R+,

Ty
ly|“a(|y|)Eo,y {1{1<T1<c2t1,z;1_z}¢ (Wa Zzlrlﬂ

tc? 1
2 2[y2 - ~ —
SLS/‘ | o du q)('LhZ)fu (i) fu (Z y>7
ly|—2 vl ]

where ®(u, z) = sup( L )+_T<u o(r, z), and fu was defined in Section 2.4.

2]y|?

Proof of lemma 15. In this proof, we use L to denote a constant depending only
on d and which may change from line to line. Obviously,

o(r.2) < 2y’ / B(u, 2)du.

It follows that

T
|y|d¢d(|y|)E0,y |:1{1§T1§c2t—1,Z,}1—z}¢ (Wa Zilrlﬂ

< 2ly|*2¢q(ly|)Eo,y [1{13T1gc2t—1,z;1—z}
tc2 1

iz 2[y]?
X | dufb(u,z)l{ I, cug Dyl

_ 92 U= 2
y|—2 lyl Iy 2|yl

tc2 1
lyl2  2[y|?

(89) = 2l pu(ly)) / Qud (1, z)

lyl~

1 1
xPg [1 <T <uly)> <T) + 3 < At — 5,2;1 = z] :
where we use the Fubini theorem at the last line. Hence, proving Lemma 15 reduces

to establishing the following claim

Claim 4. - If u > |y|~2,

1 1
2|yl 2pa(|y|)Po,y {1 <T <ulyf <Th + 3= ct— =, Zp = Z}

2
< L], (—) . (—‘y) .
ly| ly|
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Let us first rule out the easy cases of Claim 4.
First note that the case d > 3 is simple, because

1
Poy |Ti < [yPu < Ty + 3 Zr, = Z] < eqpy2u(2)qy12u(y — 2),

and we can use Lemma 1 to conclude.
In the case d = 2, using the same argument as in the case d > 3 only gives

1
e e e

<emlvar () 5 (50).

However, in the particular cases when |y| < A for some fixed constant A > 1, or
when |y|=2 < u < |y|~!, we have

Ko|z Kolz —y
v e (g5 ) e (<) < -

This easily leads to the desired claim in these particular cases.

We now suppose d = 2, |y| > A := 68, and u > |y|~! and outline of the proof of
Claim 4. We have

1
Py, {1 <T < |yPu<T)+ 5,2;1 = z}

1
< ePo,y [1 <Ty < |y|2u <T + 3 leylzu = Z|2y|2u = z}

(90) < eP,, [z; # 22 Vs € [Lly*ul, Z)n = 0, 22 o, = y} ,

where we used a time-reversal argument in the last line.
We are going to use (90) and argue under P, .. On the one hand, with
high probability, both Z and Z?2 should remain close to z. More

ly|3/2 (un1)
precisely, if we set

z
B., =B ( 1y (% v 1)) oty = P — (A,

1
ly[3/2(unl)

we will establish that

1n(|y|)|y|4pz,z[zly3/2(uA1) ¢ By or Z\Qypm(um) ¢ By, Z|1y|2u =0, Z\QyPu =Y

o1 <Lf, <_> il <;y> _
[yl [yl
On the other hand, when both Z‘ly‘g,/Q(u/\l),Z|2y|3/2(uAl

from the Markov property for the walks Z', Z2 at time |y|*/?(u A 1) that

) are close to z, we obtain

P, {Zsl # Z2Vs e [1,y]*?(u A1), Z‘ly‘zu =0, Z|2y|2u —y,
1 2
Zyjrz(unty € B Zyjsrz(unn) € Bry

(92) <P,. [Zi #Z2Vs e [1, |y (u A1) LS i (1)@t (uy) (T2 — Y)-
x1,T2)€E -



42

We will then establish, using Lemma 1, that

(93) sup (91 ) (@) s 2 — ) < o (|y|)fu( m”)

(z1,22)€B2Z

Moreover, we will finally prove that the probability for (Z!, Z2) to avoid each other
in the time interval [1, |y|*/2(u A 1)] is of order In(|y| V €)=}

(94) In(|y| V e)P... [Zg +Z2Vs e 1,y (uA 1)]] <L.
Combining (91) (92), (93) and (94), we obtain
In(|y|)|y[*B... [Z; #22Vs € L lyPul, Z), = 0,222, = y}

<ui (i) ()

Claim 4 then follows from (90) and the above. To complete the proof of Claim 4,
hence the one of Lemma 15, it remains to establish (91), (93) and (94).
Proof of (91) : As a consequence of (14),

1n(|y|)szZ[Zly3/2<uA1> & Bzy o Zyps/agun) ¢ Bzﬁy]

< 215 In(Jy]) exp (—m [y <ﬂ v 1))
Vunl \ 3yl
12 (|z| ))
95 < Lex V1 ,
(95) < p( NS R

where at the last line, we used the bound In(|y|) exp (—r4ly|'/®/2) < L. By study-
ing separately the cases |z| > 3|y|, |z| < 3|y|, and using the fact that k4/4 > Ko, we
get

exp( ly|'/® (IZI \/1)) < exp (_@ E )exp (_@Iz—yI)
ovaunt \ 3y - 4lylv/u Alylu)’

Furthermore, since t(u,y) > |y|?u/2, we get from Lemma 1 that

sup{|y|°qi(uy (2, 2'), 2 € 2% 2’ € 2} < Lu™!

Hence, (91) follows from using the Markov property for the walks Z1, Z? at time
ly|>/?(u A 1) and combining the above remarks.

Proof of (93) : Lemma 1 implies that
(96)

SUD  Gr(uy) (€1)de(uy) (22 —9) < Aly[™" sup  fy ( ) fu <x2 y) :
(z1,22)€B: y (z1,22)€B2 |y| |y|

The bound (93) in the case |z| > 3|y| easily follows from (96) and the fact that for

x1, %2 both in B, 4, we have |z1| > 2|2|/3, |2 —y| > |2|/3 > |z — y|/4.

Let us now suppose |z| < 3|y|, and recall that we assumed |y| > 6%, so that
the balls B(0,3]y|"/®) and B(y, 3|y|7/®) are disjoint. Now, if z € B(0,2|y|"/?) we
easily see that for any x> € B(z,|y|”/®), we have |29 —y| > |z — y|/2 > |2|/2. Tt
follows that

exp _Mhé—y|<<wp _kelz—y| exp kol
lylvu )~ Aly[Vu Alylvu)
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Assertion (96) and the above imply (93) in the case z € B(0,2|y|/®). We can
use a similar argument to conclude in the case z € B(y,2|y|”/®). At last, if z
satisfies |z| < 3|y| but is not in any of the two aforementioned balls, then, for any
r1,72 € Bz, |y|"/®) we have |v1| > |2]/2, |v2 — y| > |2 — y|/2, and (93) easily
follows from (96).

Proof of (94) : First note that under P, ., Z' — Z? has law ]P’éz). Recall that
the notation a® (x), Gg), Ht@)(x) have been introduced at the beginning of the
section. From the simple bound H(Q)( ) > G(2)( )_1GE2) (x), then (85), we get

) ) < SO —Cl®) _ msa®(a)
(97) 1-H  (z) < @0 < ]
G[2(0) n(|yl)

From the Markov property for Z! — Z? at time 1, we have
P... |78 # 22 Vs € [L|y[2(u A 1)]

= Eoo | Y Yzioz2—ay (20— 2220 vse[Llyl?/ 2 (unD)]}

xeZd
Z q2() (1 ~ P (Z hits 0 before time |y|>/?(u A 1)))
zeZ?

rsa® ()

2@ (P72 (u A 1))
z#0 y
where we used (97) at the last line. Since u > |y[~!, we have In (Jy[*/?(u A 1)) >

In(|y|)/2. Hence, using Lemma 1 and the fact that a®(z) = O(In(|z])), we get
(94).

As explained earlier on, this completes the proof of Claim 4, hence the one of
Lemma 15. a

Let us now complete the proof of Lemma 2. We will apply Lemma 15 to bound
the right-hand side of (88). Fix t € [2¢72,T]. Let us consider the nonnegative

functions ®.(u,z) = ft_% (2—12). Forue [ﬁ, Qgilzl] we have
z
(I)C(U”Z) = sup (b ( ) < ft,u\y\z (_ B CE) '
u—(2ly|?) "t <r<u 2 N C

Thus, from (88) and Lemma 15, it follows that

T
(98) cd1/1d(|y|)/ dtPo,y [1 < Ty < *t —1,Z%, = ca]
2¢c—2

T y2 2y2 ~ r _
< [La s [T e (02 (1) 2 (5)

T ~ ~ z —
<xe [y /N i (3 =) s (57) - ()

d \y\ 2\y\2 z z A ERW: z—y
‘%M/nﬁz/ —%4c@%*mﬁ%<m)

z€Z4
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For convenience, let us define, for z € Z%, y € Z4\0, x € ¢c~'Z4\0 and ¢ > |2|71 V1,

2

Fi(e,z,y,2) = /20T2dt/|y2|tCT:det (g - m) fu (ﬁ) fu (z|;|y>

T2

E 3 - . . _
Fy(e,z,y,2) = /‘ | dt’/ du’ for (f —:v) fur (i) fo (Z y)
2= gk c [yl [yl
so that (98) can be rewritten
T
(99) Ma(lyl) / diPoy [1 < Ty < Pt — 1,25, = ca]
2¢—2
<Kl S Fule, 2, ) + Klyl ™ S Falesay,2).
z€Z4 z€Z4

Thus, completing the proof of Lemma 2, in the case d = 2, reduces to verify the
bounds

~1
(100) ly| % In <|—C| Y e> Z Fi(c,2,y,2) < Kln(|z|™* Ve),
y z€Z?
~1
(101) ly| =% In (wcl Y e> Z Fy(c,2,y,2) < Kln(|z|™* Ve).
z€Z?

Similarly, in the case d = 3, in order to complete the proof of Lemma 2, we need
to establish that

(102) v Y File,,y,2) < K(je| ' v 1),
z€Z3

(103) ly| =3 Z Fy(c,z,y,2) < K(|lz|7* v 1).
z€Z3

We first deal with the first term of the sum in the right-hand side of (99).
Proof of (100), (102): From (13), we obtain

won [P (2)5 () <x (En)
wie o Nl ) T '

Then, from (11) and (12), we easily get

T Kpa(c) if z = ca,
(105) / dtft(f—m)g Ky (E—m’_1> if 2z # cx,
2¢—2 ¢
Kexp(—K”%—z’) if‘?—x‘zﬁ.
We then split Z¢ into the following subsets
Do = {cx}, D1:= (Z* N B(ecx,clz|/2)) \ Do, D3 = (Z° N B(0, [y| A 2¢°T)) \ Dy,
D3 == (Z* N B(0,|y| vV 2¢*T)) \ (D2 U Dy), Dy :=Z%\ (D1 U Dj).
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We now combine the displays (104), (105), in order to obtain bounds on Fy (¢, x,y, z)
over the regions D;, 0 < i < 4. We also use that, for z € Dy, |z| > Kc|z|, while,

for z ¢ D1, 14 (‘5 — z’fl) < Kipg(|z|~1). We have

c

le] 2-2d )
Yalc) (m Y 1) if z = cux,
B v 2-2d
¢d(’§—$’ 1) (ﬁ\/l) if z € Dy,
(106)  Fi(e,z,y,2) < K x Ya(lz|™h) if z € Do,
" 2-2d )
Yal|z|™h) (m\/1> if z € D3 U Dy,

exp (—K'%) | 2|27 2d)y|2d=2 it z € Dy.
Then, observe that

z
> va([;
c
zeDy
|Da| < K([yl A e?)e,
D3| < K(|y| v ),
(107) ifd=3 > | <E(y A
z€D3UDy
EZEDg |2|72 < K1n (ﬁ \/e) ,
EzeD4 |z| =2 exp (—K’%) < K.

Combining the bounds (106) and (107), and doing some elementary computations
then leads to (100), (102).

Proof of (101), (103): From (11) and (12), we obtain

) < Ke2(cla])?,

if d =2,

. Kiy(c) if z = cux,
(108) / du' fou (g - x) < { Ky (|§ - x\‘l) if 2 # cx,
2¢2 Kexp(—K’}%—x}) if ’%—m’Z\/T

Also, from (13),

N

Tc

(109) /m Mf(qu G:ﬁ)<K(MN1Y4d
o-2 -\l Tl ) Tyl '

Thus, the bounds in (106) remain true when replacing F; with Fy, and (101), (103)
follow. This completes the proof of Lemma 2. O
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