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We illustrate the influence of a certain type of resonances on the speed of Arnold’s diffusion for Hamiltonian systems; this
makes it possible to derive plausible estimates, in view of the upper bound provided by Nekhoroshev's theorem. We also empha-
size the inadequacy of the variational {Poincaré-Melnikov) method. ’

We are interested in the perturbation of an inte-
grable Hamiltonian flow and the ensuing glebal in-
stability known as “Arnold’s diffusion”. We shall
present here an example which appears as a gener-
alization of Arnold’s original example [1] and refer
once and for all to ref. [2] for a more general and
detailed discussion. In short, the phenomenon which
is illustrated below consists in the resonance of high
order harmonics of the perturbation with the natural
frequency of the motion on the hyperbolic tori
{“whiskered tori”’). Let us consider the model case
of the Hamiltonian
H=4p*+4P+e(cosg— 1) [1+uF(9)], (1)

where
(2, )eRXT, (L, 9)=R"XT", T=R/Z.

The number of dimensions is N=n+1, ¢ and y are
perturbation parameters and F is an analytic real
function with an analyticity strip of width o> 0. Here
we take ' ' R

Flp)= Y fecos(kg), . (2)
keZn—{0}

with keZ"; k-¢= >k, is the usual scalar product, and
the Fourier coefficients satisfy the estimate |fi|=
O(e~7"%) where {k|=2|k;|. In view of possible
computer experiments, one can keep in mind the fol-
lowing examples: f, =e ¥l in which case the series
can be summed explicitly, and f.=exp( —allk|?)
where | | denotes the Euclidean norm; one is then

dealing — almost - with a 8 function. We write
H=H +H+ep®(q,0), - (3)
with

Hy =ip*+e(cosg—1), h2=%fz= IR

J

When p=0, Hy=H,+ H, has invariant tori of di-

mension n=N—1 defined by p=¢=0, I=co, peT”

where we write =17 only to underline that this is.2
frequency (w=VH,). With respect to Arnold’s ex-
ample, the generalisation consists in the fact that the
dimension is arbitrary (so that one can consider an
autonomous Hamiltonian), but much more cru-
cially in that the perturbation term can include ar-
bitrarily high harmonics. As in. Arnold’s case, hy-
perbolicity is absent when €=0 and we have
introduced tweo parameters to avoid a very difficult
singular perturbation problem (see briefly below and
in ref. [2]); also, still as in Arnold’s case, the per-
turbation vanishes on the tori, which are thus all
conserved, a highly non-generic feature.

We shall now give in detail the computation of the
Poincaré-Melnikov integrals for H, in which small
denominators arise. When u= 0, the stable (+) and
unstable ( —) manifolds of a torus are defined by
equations of the form

ledi((bp:[)qo):
\=lw?+47 (g, p. Loy, j=1, .0, . (4)

where 4% and the 4 vanish for £=0. The classical
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Poincaré-Melnikov computation consists in evalu-
ating — at least formally — these functions at first or-
der in u. More precisely, let (p(f), ¢(2)) be the so-
lution of the pendulum equation described by H,,
corresponding to the separatrix (say 1ts upper
branch) and such that g{0)}=mn:

. 2 .
g{ty=4 arcig e*, p(t)=q"(1‘)=w\/f, T:\ﬁr.
(5)

One has

aH | o, 1 , OF
=2 agoj

since f;=w; and =0 on the separatrix. The linear
approximation consists in substituting the unper-
turbed trajectory for the perturbed one in the inte-
gration. One computes the differences A=A%Y -4~
and 4,=4;" — 47 in the plane g= 1 which we denote
as =06H, and &, to this approximation. These quan-
tities represent, to first order in y, the distances of
the projections of the stable and unstable manifolds
in the planes (p, g) and (I, g;); they are functions
of the initial angle ¢, on the torus (see below), of its
frequency t and of the parameters which describe
the perturbation. We thus obtain the version of the
Poincaré-Melnikov formula for this example; in
particular

ZTEE )

For a harmonic f; cos(k-@) of the perturbation, the
contribution d§* is given by

(6)

50 = —suhaoky [P0 sinlkep(n1dt,  (8)

where p(f) =g+ wt describes the unperturbed tra-
jectory, One finds

sin{k-pq)
———wk;.
sh(inwk/\/e)

After a surnmation over j, we obtain the contribution
of harmonic & to 8H,, denoted as § ¥ H,:

540 = — 2mufi(wrk) (9)

SUH, = _-2npﬁ((w-k)2ﬁf% A1)
2 .
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One can compute in a similar way d=38H, and find
0H, = —8H,(=—24;). This result is not surprising,
given the decomposition of H, since the latter is in-
variant and ex86@ is negligible at first order in ¢ (this
term is in fact of a still higher order because @
oscillates).

The reasoning then goes very roughly as follows
{see refs. [1], [2] or [3] for instance): in order to
construct a “transition chain™ between hyperbolic
tori, one looks for heterociivic intersections, here in
the plane g=r, between the stable and unstable
manifolds of two tori with frequency vectors "’
and @ ® respectively. One must then solve the system

A:AHI =0 N
102 £ A0 = 44D =1 .
(11}

If the difference between the frequencies is small
with respect to g, the solvability of the system is
equivalent, by the implicit function theorem, to that
of the following linearized system, where & and the
d;are computed at a common value @ lying between
" and w7

0=0, &=lw®—loM?, j=1,.n. - (12)

Unfortunately, the problem is not so simple, and
one will have to assume that, e.g. u=0(exp(—c¢/
\ﬁ)) in order to ensure that the first order (with
respect to 4} computation is really conclusive. All
this applies equally well to Arnold’s example, which,
if one is willing to look closer, is far from being com-
pletely understood (see ref. [2]).

Pursuing Arnold’s reasoning, the maximal step in
a transition chain, i.e. @@~ ], is essentially
determined, according to {12), by the size of the
Poincaré—Melnikov integrals, and, {f one can neglect
the time necessary to achieve one step, with respect
to the number of steps, then the “diffusion speed”,
i.e. the inverse of the time necessary to produce a
drift of the action variables on the order of unity, will
be approximately equal to that same number. In Ar-
nold’s example, one thus estimates the speed as
exp(—c/\/g) {again a rigorous proof of this fact
seems to be very difficult).

The situation for the Hamiltonian H is still more
complicated... The new fact comes from the appear-
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ance, in formulas (9) and (10), of the classical
expression -k, or rather the combination (w-
ky/ \/E, which produces an intrication of hyperbol-
icity (heteroclinic manifolds), singular periurbation
{factor 1/ \/E), and ellipticity (“small divisor” w-k;
see below the estimate (I3)), this last ingredient
being new with respect to Arnold’s example (and of
course generic).

Let us repeat that, because there is no hyperbol-
icity in the unperturbed system, one obiains, for €
and i non-zero, a pendulum with frequency \/E per-
turbed by a term of frequency 1 (and amplitude u),
or equivalently, after rescaling time, a pendulum of
frequency 1 with a fast perturbation {or frequency
1/ \/E). We underline that this problem of nonlinear
singular perturbation theory is far from being under-
stood even in simpler instances (see ref. [4] and es-
pecially ref. [5]). To avoid it, Arnold uses two
parameters: ¢ introduces hyperbolicity without de-
stroying integrability and u breaks the integrability
but it has to be very small (in fact exponentially small
with respect to ¢). The Poincaré—Melnikov integral
in ref. [1] looks like (10), with only sh(nw/Z\/E)
in the denominator, where w is a scalar (and k=1);
this is always exponentially small with respect to ¢,
which allows a prediction {at least formally). Here
on the contrary, the factor (w-k) /ﬁ can a priori
assume any value {(including zero), which indicates
a possible resonance of the frequency vector w with

the relative frequency &/ \/E of some harmonic of the -

perturbation.

Up to now, the only condition has been 4=8H, =0,
which constrains the vector / {or ) to move on a
sphere (||7||=const}. Examining (2) with sin{k-
o) = t 1 because one must extremize with respect to
the initial angle, it is easy to see that one could pre-
dict any speed, including one in contradiction with
Nekhoroshev’s theorem [6]: because of the small
divisors, the Poincaré-Melnikov computation, which
is linear in nature, loses all validity, even a formal
one.

Now, suppose that Diophantine frequencies are
privileged for some reason (see below): one can then
perform the following estimate, which meets with
some rather obscure indications in Chirikov’s inex-
haustible article [7], where they are formulated in
probabilistic terms. Let w(y, 7) be Diophaniine, &
such that
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Jesiokl=y/lkI*=l, y>0, t2a-1,
(13)

and |f| is of the order of e~ 7%, According to for-
mula (9), this harmonic will contribute to the split-
ting of the separatrices by a term of order

S~ ki~ e~ exp(—c/ /el kI7), (14)

where we have not put g in front; one would really
like to set =¢, but, as has already been mentioned,
this would lead to-a singular problem. One may
choose instead y exponentially small with respect to
l/\/E, which only modifies the constant ¢ (apart
from the contribution of y, one has c=ny/2). Let us
now extremize (maximize) this contribution with
respect to | k|, € being fixed. In this way, we shall find
the maximal allowed step in a transition chain, and
this will give us the speed of diffusion, according to
Arnold’s reasoning recalled above. One finds that one
should take |k| ~¢~"/2¢+1} g0 that

5}‘~e”’2“+”exp[—a(1+l_/'r)e”2(””] . (15)

The most important feature in this formula is the
exponent 1/2{t+ 1) of € in the iterated exponential.
In particular, when T=#, one finds that the speed of
diffusion goes as exp( —¢/€'/?") which exhibits a de-
pendence with respect to the number of degrees of
freedom which is rather close to that given in
Nekhoroshev’s theorem (the optimality of the latter
is still far from being understood; see ref. [2]).

If one wants now to justify the coming into play
of arithmetic conditions, it is useful to remind one-
self of the necessary steps in the proof of existence
— dnd possibly the evaluation — of Arnold’s diffu-
sion; we shall distinguish three steps:

(i) Existence. of hyperbolic tori and local invar-
1ant manifolds.

(ii) Semi-global control of the extension of these
local manifolds and proof of the existence of hetero-
clinic¢ intersections.

(iii) Construction of a transition chain and re-
duction of the problem to a version of the A-lemma. .

It seems that the small denominators could come
into play at any of these levels,

(1) This 1s qualitatively rather well understood, at
least in the nonsingular case, i.e. when hyperbolicity
is present from the start, in the unperturbed Ham-
iltonian, One can then show that many hyperbolic
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Diophantine tori persist after perturbation [8-10]
by using a conceptually simple variant of the KAM
techniques. The intrication of hyperbolicity and el-
lipticity is relatively clear at this level - although
technically cumbersome. Of course, no realistic es-
timate for the threshold of breaking of the tori is
available to date. The singular problem is more dif-
ficult [11] but one should be able to use versions of
Kolmogorov's theorem adapted to degenerate Ham-
iltonians [12].

Several remarks may be in order: first of all, in the
above example, as in Arnold's, this first part does
not exist because the perturbation vanishes on the
tori; second, we have privileged tori of dimension
N—1 but all intermediate dimensions are possible
and can typically be modellised using analogous ex-
amples consisting of the sum of m penduli and
n=N-m rotators; third, the usual Diophantine con-
dition is rather artificial as a measure of irrationality
and this is also difficuit to remedy.

(i1) It is precisely the aim of this Letter to evi-
dence the role of the small denominators at this level,
This seems to invalidate the usual variational linear
methed, even as a formal means of prediction, and
to call for a really nonlinear method.

(i1} To our knowledge, this step is rigorously
treated only in ref. [3], but only qualitatively and
for a very unrealistic example. One then only de-
mands, as is the case in ref. [1], that the components
of w be rationally independent, i.e. that the reso-
nance be effectively a simple one, or still that the flow
on the N—1 torus be transitive. In the above ex-
ample, it seems likely that small denominators will
come into play also at this level. We only recall in
this respect that, in the course of the computation,
we assumed fulfilled the condition sin(/kgy)=11
{or more generally |sin(k'@;)|>c>0); but when
| k| increases, this “initial condition” on the torus
becomes of course ever more unstable.

To conclude, we have tried to show that the speed
of diffusion for the Hamiltonian f could well be of
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the same order as the estimate from above guaran-
teed by Nekhoroshev’s result. A proof of this, how-
ever difficult it may appear, would be of fundamen-
tal importance, because it would make estimates from
above and from below for the diffusion in Hamil-
tonian systems — roughly - touch each other.

The example presented above is generic, in the
sense that the sum of a pendulum and a rotator with
irrational frequency vector provides a “universal”
model for a simple integrable resonance (modulo
linear symplectic transformations); one then de-
stroys integrability using a term with an arbitrary
number of harmonics, while keeping the require-
ment of analyticity, which is necessary if one wants
to compare the result with Nekhoroshev type esti-
mates, which are of an essentially analytic nature.

On the other hand, the example is particular and
simpler than the generic case because all tori are pre-
served and one looks at simple resonances only; as
we already mentioned, it is not difficult to write sim-
ilar examples for resonances of any order, in which
case one should use, at the linear level, a vector Poin-
caré—Melnikov computation [13]. Lastly the intro-
duction of rwo perturbation parameters is also arti-
ficial, just as in ref. [1] and its aim is only to avoid
singular perturbation theory, as far as this is possible.
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