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P.Lochak, J.-P.Marco and D.Sauzin

Abstract

In this text we take up the problem of the splitting of invariant manifolds in multidimensional Hamiltonian
systems, stressing the canonical features of the problem. We first conduct a geometric study, which
for a large part is not restricted to the perturbative situation of near-integrable systems. This point
of view allows us to clarify some previously obscure points, in particular the symmetry and variance
properties of the splitting matrix (indeed its very definition(s)) and more generally the connection with
symplectic geometry. Using symplectic normal forms, we then derive local exponential upper bounds
for the splitting matrix in the perturbative analytic case, under fairly general circumstances covering in
particular resonances of any multiplicity. The next technical input is the introduction of a canonically
invariant scheme for the computation of the splitting matrix. It is based on the familiar Hamilton-Jacobi
picture and thus again is symplectically invariant from the outset. It is applied here to a standard
Hamiltonian exhibiting many of the important features of the problem and allows us to explore in a
unified way the question of finding lower bounds for the splitting matrix, in particular that of justifying a
first order computation (the so-called Poincaré-Melnikov approximation). Although we do not specifically
address the issue in this paper we mention that the problem of the splitting of the invariant manifold is
well-known to be connected with the existence of a global instability in these multidimensional Hamiltonian
systems and we hope the present study will ultimately help shed light on this important connection first
noted and explored by V.I.Arnold.
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0. Introduction and some salient features of the model Hamiltonian

The search for and study of invariant manifolds is a long established and by now traditional part of
dynamical system theory. In the more restricted but particularly difficult setting of canonical perturbation
theory, the relevance of this approach was very much enhanced by the discovery of the connection of the
splitting of invariant manifolds with a possible form of global instability in the near-integrable multidimen-
sional Hamiltonian systems. Since this connection was established by V.Arnold in his famous 1964 note
([A1]) progress has been rather slow and sometimes confused in this difficult area. We hope the reader may
get some feeling of the state of affairs by following the present text and the reading suggestions we have
included all along, particularly of course about the splitting problem, which forms only a small and perhaps
not even unavoidable part of the more general and geometric question of the global instability. We are not
going to try to give an overview of all the trends and motivations in this introduction. We notice however
that the end of this introduction can offer some clues on the splitting problem and that the closing sections
of chapters 2 and 3 (§2.6 and §3.7) are partly of expository and indeed historical nature and can hopefully
be used as active surveys of some parts of the subject.

The present article started in part from the desire to clarify certain basic issues connected with the
splitting of invariant manifolds in the higher dimensional case, essentially by injecting more geometry into
problems which are partly analytic in essence but do benefit from the introduction of some symplectic
geometry, as we hope will be apparent below. All the more because the problem of global instability (“Arnold
diffusion”) does indeed require a rather global geometric viewpoint, so that it seems only natural to start with
geometrizing the local situation as much as possible. Moreover many salient features of this local situation are
already apparent in a deceptively simple-looking problem embodied in the model Hamiltonian (x) described
towards the end of this introduction, which generalizes Arnold’s original example and may serve as a guide
into more general situations.

As the reader may have guessed, the present paper is not really meant to be introductory, and we do
occasionally assume some familiarity with the subject on her or his part. Again the necessary information
can easily be gathered from the reading of recent —or less recent— papers, to which we will point along the way.
Each chapter is provided with its own more specific introduction, which is why this general introduction has
been kept to a minimum. All along we have tried to stress and sometimes recall some basic and important
ideas, occasionally indulging in some story telling in order to present these ideas in a perhaps more vivid way.
This is in particular at the expense of “effectivity”. We have made almost no effort to compute or estimate
most of the constants which appear, although careful reading will reveal that this is usually painfully but
easily doable. We have also at times been sketchy in the exposition of essentially routine proofs.

We now briefly sketch the content of the paper and then detail some features of the model problem.
Our primary object of study is the splitting of the invariant manifolds attached to geometrically invariant
objects in near-integrable higher dimensional Hamiltonian systems. This is not an a priori univocally defined
notion and indeed chapter 1 is devoted in large part to exploring the symplectic geometry which makes it
possible to define and study several notions of “splitting of invariant manifolds” which are both quantitative
and geometrically meaningful. In that opening chapter, the setting is rather general and most part of the
discussion does not assume that the system under study is close to integrable. In fact many features of the
problems (hyperbolic tori, invariant manifolds, splitting of Lagrangian manifolds etc.) are not perturbative
in nature and much can be said about the geometry already at that level. Now, when specializing to
the perturbative setting, the multidimensional near-integrable case involves constraints coming from the
symplectic character of the problem, which of course in the 2-dimensional case amounts to area preservation.
These are discussed in chapter 2 but oddly enough, some fundamental geometric features (perturbative or
not) do not seem to have yet been investigated as such in any detailed way. In particular, we will see that
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they immediately entail symmetry properties of the splitting matrix and also govern its variance, i.e. the
way it transforms under canonical transformations. So the results in chapter 1 arise from elementary (and
sometimes less elementary) considerations of symplectic geometry. We have tried to make this chapter almost
self-contained and have not refrained from going into details, as this hopefully provides a sound geometric
basis for the subject, beyond what is used in the sequel of the paper.

In chapter 2 we broach the subject of exponential smallness. This makes sense only in a perturbative
and analytic situation, which is thus the natural setting of that section. Starting from such a near-integrable
analytic Hamiltonian system, we look over phase space for homoclinic trajectories biasymptotic to invariant
tori. One of the main results is a refined version of the result on the exponential smallness of the splitting
matrix; in particular, instead of estimating the determinant of the matrix, we get estimates for the eigenvalues
and indeed the eigenspaces, taking advantage of the fact that we are dealing with a symmetric matrix and
thereby getting more refined information. The proofs rely on classical tools of perturbation theory, combining
resonant normal forms to an exponentially high order with KAM-type results. But that these tools can be
used to good effect in a relatively simple way comes for a large part from the geometric study in chapter 1.
In particular we have to carefully keep track of the effect of normalizing canonical transformations on the
splitting matrix and related objects. The method used in this chapter we call symplectic, as it is essentially
based on symplectic normal forms even if analyticity is a necessary condition for the validity of the results.
The chapter closes with a rather detailed and historical discussion of the relationship between exponential
stability of the action variables and the splitting of invariant manifolds.

The beginning of chapter 3 is devoted to the description of a canonical algorithm for computing the
splitting matrix, which to a large extent amounts to using the Hamilton-Jacobi method. Although this seems
quite natural in the problem at hand, it has never appeared in the literature. Indeed some papers on higher
order computations emphasize the wide applicability of their method, beyond Hamiltonian systems. It is
however obvious that in the Hamiltonian case, much is lost by disregarding or at least not fully exploiting the
symplectic nature of the problem. This is the case if one iterates the first order variational equation in order
to get higher order terms, as in most techniques which have been recently developed. We then show that this
Hamilton-Jacobi method provides a natural setting for the elaboration of what we term the analytic method
for evaluating the splitting, stemming (in the lowest dimensional case) from the work of V.F.Lazutkin. This
method remains to-date the most efficient one to discuss the validity of the first order (or indeed any finite
order) approximation, a problem sometimes refered to as “justifying the Poincaré-Melnikov approximation”
which we take up here. We also include a discussion on several issues, comparing the symplectic method used
in chapter 2 and the analytic one developed in chapter 3. Chapter 3 focuses on the study of a model problem
(Hamiltonian (*) below) which possesses a kind of universal character, as discussed in chapter 2. It serves
to exhibit and exemplify many features of the general situation which we review below in this introduction,
where the reader will find a short and concrete guided tour of some of the problems in the domain, based
on this model Hamiltonian.

Finally the appendix shows how one can at least partly bridge the gap between isochronous and
anisochronous problems, i.e. perturbations of linear versus nonlinear integrable systems.

At this point the reader might want to glance at the table of contents, and also take a look at the final
subsection of the paper (§3.7.4) where we have gathered some general remarks which are meant to conclude
rather than to introduce but which can be read in part without having gone through the paper and may
give an idea of what has been or will be going on.

As mentioned above, we will devote the end of this introduction to recalling some important features
of a significant model problem. It will be studied explicitly in several places, in particular in chapter 3, but
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also provides a guiding thread in more general situations. So let us consider the following ¢-dimensional
Hamiltonian:

1 1
(*) H(q7¢7p7-[) =w I+ 50512 + §p2 +E(COS(]— 1) +IU/EF(q7¢7p7I)

The conjugate variables are given as:
(¢,9) € R/20Z x (R/27Z)7, (p,I) € R x RY;

so £ = d+ 1, € and p are real perturbation parameters, w and a are real d-dimensional vectors. The
perturbation F'(q, ¢, p,I) is assumed to be analytic. Finally, the dot denotes the ordinary scalar product
in R?, so that w-I =", ., <, wr k. The nonlinear term aI? should be read as Y, ., ., axIf = AI - I where
A = diag(ayg) is the diag_on_al matrix with entries given by the vector « describin_g the nonlinearity (alias
twist or torsion) in the unperturbed system; when obvious from the context, we will use again expressions
like oI —without a dot— as a somewhat daring notation for the vector given by componentwise multiplication.

When all the o are nonzero, which we refer to as the fully nonlinear or full torsion case, a shift of
the origin in the actions I brings us back to the case where w = 0. In the latter form, it was introduced
in [L1] (later included in [L2], §V.2) as a natural, yet nontrivial generalization of the system considered in
[A1] and came to be known as the “Generalized Arnold Model”. So in the case of full torsion bringing in
the vector w is simply a way to fix the origin of coordinates in I-space so as to focus attention near a torus
with frequency w. Here however, we will keep the frequency and twist vectors w and «a as parameters, with
the possibility that some components might vanish or depend on the parameter . One should take notice of
the manifold and slightly inconsistent terminology: full torsion (or twist) is the same as fully nonlinear, but
also as anisochronous, and also nondegenerate d la Kolmogorov in a KAM setting. We will try to be locally
consistent but such translations are sometimes unavoidable.

When p = 0, we thus have an integrable combination of uncoupled rotors and oscillators (corresponding
to vanishing components ay), together with a (p,q) pendulum. In the fully nonlinear case, KAM theory
implies that if w satisfies a diophantine condition, the d-dimensional torus I = p = ¢ = 0 with frequency w
is only slightly perturbed for p small enough, and gives rise to a partially hyperbolic torus 7 = 7, (w) (for
simplicity we leave out from the notation the dependence on ¢) in the perturbed system, with frequency w
and attached invariant ¢-dimensional stable (+) and unstable (=) manifolds W* = Wf (w). These KAM
results can be generalized in part to degenerate situations, in between the anisochronous or fully nonlinear
case (each component of « is nonzero) and the isochronous situation (a = 0), as discussed in appendix 1.
In any case, and returning here for simplicity to the fully nonlinear situation, the invariant manifolds to the
perturbed torus are close (in an appropriate sense) to the unperturbed homoclinic manifold Wy (w) = Wy (w)
which is given simply by the direct product of the torus I = 0 in (I, ¢)-space with the separatrix of the
pendulum. The “splitting problem” is now to study the discrepancy of W, (w) and W, (w) as they split from
the unperturbed Wy (w) = Wi (w). One is also interested in studying the possible homoclinic intersections
of the manifolds W/ (w) and W, (w) and the geometric properties of these manifolds near the intersection
trajectories. Of course, heteroclinic intersections, say of Wi (w) with W, (w’) can also be considered and
are crucial in the study of instability; this is one of the main lessons to be drawn from [A1].

Hamiltonian () first gives —in the fully nonlinear case— a model for the behaviour of a near-integrable
Hamiltonian system with £ degrees of freedom near a simple resonance. More precisely, we have £ action
variables (I, p). The total frequency map is given by Q((I,p)) = (w(I),p) = (w+al,p) and we are interested
in the vicinity of the simple resonance p = 0, a point which is discussed more generally in chapter 2 below.
We now split the discussion into a number of issues:

— Dimensions: we are interested in the case £ > 3, i.e. d > 2. In the fully nonlinear case, £ = 3 is the minimal
dimension which makes Arnold diffusion possible, and £ = 3 is special because d = 2 makes it possible to use
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the apparatus of continued fractions. This turns out to be crucial for certain issues which are solved only
for £ = 3 (see chapter 3).

— Regularity: For most geometric reasonings C2? data (reduced here to the function F) will do (see chapters
1 and 2). However all exponential phenomena, in particular exponentially small splittings (see chapters 2
and 3) and exponentially long stability times (see §2.6) are intimately connected with analytic data. Note
that in both cases one can easily devise results in other categories (finite differentiability and Gevrey classes
especially) which are usually easier but perhaps less interesting than in the analytic case. Moreover the
rigidity of analytic functions (the fact that they cannot have compact support without vanishing altogether)
make all constructions connected with instability much more difficult in the analytic category.

— Parameters: the idea of using two parameters comes from Poincaré ([P], end of volume 2) and was taken
up in [Al] (with the same names, i.e. € and p). The point is to avoid —or to tackle— a difficult singular
perturbation problem. This is folklore and we content ourselves with the briefest indications. In the fully
nonlinear case, ¢ brings in hyperbolicity, whereas u destroys integrability. The most difficult, natural (in the
context of perturbing a Liouville integrable system) and interesting case occurs when € and p are polynomially
related, say u = &P (take e.g. p = 2). The case when ¢ = 1 and p is small has recently come to be known as
a priori unstable (for the obvious reason that hyperbolicity is of order 1, i.e. is present in the unperturbed
part), and is much easier to deal with in several respects. The aforementioned singular perturbation problem
is precisely the object of chapter 3 (and also chapter 2, from a different viewpoint).

— Nonlinearity: as already mentioned, we call the case when all the components of & are nonzero constants
the fully nonlinear or full torsion case. Then KAM-type theorems apply, in their —by now well understood—
partially hyperbolic version. We will also be interested in the case when the twist vector o = a(e) depends
on the perturbation, and some components may vanish together with €. This case was first studied in
particular cases and an elliptic setting (i.e. without the (p,q) variables) by G.Gallavotti and coworkers
under the heading “twistless tori”. We will refer to it as the vanishing twist case as the twist or torsion is
a priori nonzero but does vanish with the perturbation. It turns out that this case is readily amenable to
classical KAM techniques under very general conditions. This point is discussed in the appendix.

For a constant twist vector a;, we note that if all components are non zero (full torsion) and moreover have
the same sign, which we refer to as the convex case, stability of the action variables over exponentially long
times prevails. If not, instability can develop over short times (O(1/u)). In other words, indefinite quadratic
forms are never steep (see [N] or appendix 9 in [LM]) and instability may develop over polynomially long
times. Putting all this together, it is clear that the only case in which one should properly refer to Arnold
diffusion (é.e. global instability over exponentially long times) is the fully nonlinear convex and analytic case,
with p and e polynomially related. If the Hamiltonian is not fully nonlinear and convex, instability of the
action variables will generically develop over polynomial (with respect to 1/u) times, whereas if u is assumed
to be exponentially small with respect to €, one finds an interesting toy problem, which however just avoids
some difficult issues discussed here in chapter 3. This last case, with g “much” smaller than ¢ is actually
not so different from the a priori unstable case (¢ = 1, p << 1), where p is also “much” smaller than ¢; in
this last case again the instability time is generically polynomial in g (the only remaining parameter).

Returning to the various possibilities for the nonlinearity, we find at the extreme opposite of the spectrum
the torsionfree case, when a = 0. The only nonlinear term which remains in the integrable (u = 0) problem
is then the pendulum (p,q) term.

In between the full torsion and torsionfree cases, we find a range of mizred linear-nonlinear (or just
mixed) cases, which seem to have hardly been investigated, although some naturally arise. We will briefly
return to them below. For this and other reasons, we introduce a more detailed notation for the variables:
write w = (w1, ws), with w; an n-vector (0 < n < d) and we a (m = d — n)-vector. Correspondingly, we
write @ = (a1,a2) and I = (I1,1). Then the mixed cases correspond to as = 0 and all components of a;
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nonzero (0 < m < d). Note that w, = 0, with the components of w; linearly independent over Z, describes
in the fully nonlinear case a resonance of higher multiplicity (hence the letter m).

— Perturbation: There are several specializations of the perturbative terms F'(q,¢,I,p) (assumed to be
analytic) which are of interest, if only to explore some issues while focusing on the main point, without
dragging behind cumbersome and inessential difficulties. One well-known particular case (assuming full
torsion for simplicity), is when the perturbation vanishes on the unperturbed invariant tori (for u = 0)
p=q=0,I = I, labelled by I, (and parametrized by ¢). This can be effected simply by considering (as
was done in [A1]) perturbations of the form F(q, ¢, I,p) = (cosq—1)f(q, ¢, I, p). Refinements are possible in
this direction, and some will be considered in chapter 3. At any rate, knowing the perturbed invariant tori,
namely that they are just identical to the unperturbed ones, and that they exist for any frequency (not just
diophantine ones) does simplify some issues. Another direction in which the perturbation can be made special
is by assuming partial or complete independence from the action variables. This is conceptually significant in
the case of vanishing twist, where independence of the perturbation from some of the action variables has to
be assumed in order for KAM theory to apply (see the appendix). Sometimes one assumes that F' depends
on the angles only (F' = F(q, ¢)) simply for convenience; for instance this assumption does simplify explicit
low-order computations (see chapter 3). As a rule incorporating some p dependence (F = F(q, ¢,p)), is not
very significant conceptually, but leaving out I somehow is. This is so in the vanishing twist case as noted
above, and also in the related mixed case. Consider indeed a mixed case with notation as in the last item,
and assume that F' = F'(q, ¢, 1), i.e. it does not depend on the “linear” part I of the action variables. Then
the evolution of ¢ is linear in the full system and we get a quasiperiodic perturbation of a fully nonlinear
system. This is precisely the kind of systems which were investigated by B.V.Chirikov; indeed they arise
rather naturally from a physical standpoint and lend themselves well to numerical experiments. This will be
discussed again below (see §2.6 and the appendix).

Although other cases of interest and finer points could surely be added, we will here put an end to this
terse review, which hopefully illustrates some of the interesting phenomena encapsulated in Hamiltonian (x)
and may give some feeling in the more general situations studied below.

Let us add a word about notation; we have tried to use the most convenient and often almost conventional
one in each situation. This results in slight discrepancies along the text, but they should be harmless and
obvious given the context. Note that we occasionally use the convenient French (or Bourbaki rather) pieces
of notation |., .[, [-, .[,]-, -] and [., .] for open and closed segments of a line. We finally mention that the
labeling of a statement is given by that of the subsection in which it appears.

Acknowledgments: This project developed over three years, and apart from the intrinsic interest of the
subject, a strong impetus at the beginning came from the desire to understand the connections between
some papers which appeared to very nearly contradict each other. The result of this effort should be
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and S.Wiggins for a one-year long correspondence (1996-97) which turned out to be as useful as it was
enjoyable — at times comical. There were moments when we felt we were wading through a quagmire of
vague irreconciliable assertions, and this resulted in reams of e-mails, some of which were as enlightening
as they were contradictory. It is also a pleasure to thank P.Bernard, J.Cresson and L.Niederman for hours
of useful conversations, as well several researchers in Barcelona, in particular A.Delshams and C.Simé, for
sharing some of their insights with us. Finally, we are grateful to an anonymous referee for careful and
critical reading of the original manuscript.






1. Symplectic geometry and the splitting of invariant manifolds

In this first chapter we give an exposition of the geometric ideas involved in the study of the splitting of
invariant manifolds. For the convenience of the reader, and also for the sake of fixing notation, the first two
paragraphs shortly recall the necessary basic notions concerning symplectic geometry (§1.1) and hyperbolic
sets in a general setting (§1.2). We refer to [AG] and [MDS] for detailed treatments of symplectic geometry,
and to [HK] for an excellent general exposition of dynamical systems theory. We work everywhere with
Hamiltonian flows, defined on 2¢-dimensional symplectic manifolds (M,Q) by at least C? Hamiltonians;
most applications will be to analytic systems. We leave it to the reader to convince himself that many
properties can easily be adapted to other settings, in particular to symplectic maps instead of flows.

We introduce in paragraphs 1.3 through 1.7 various notions of angular splitting, first at a linear level
(splitting of two linear Lagrangian subspaces in a symplectic vector space), then for pairs of Lagrangian sub-
manifolds of a symplectic manifold. We will distinguish between the symplectic notions, which can be defined
without additional structure, and the Fuclidean ones, which require in addition fixing an almost complex
structure on the ambient manifold. The definitions are given first intrinsically, and then translated in local
coordinates systems; we will stress the influence of the changes of coordinates on these local interpretations.

Paragraph 1.8 gives the definition and basic properties of hyperbolic tori in the Hamiltonian framework.
We first introduce the dynamical definition of hyperbolicity, which does not require the knowledge of a
particular normal form near the tori, and then take into account the symplectic geometry of the problem.
The present study is thus general enough to be applied, including in a perturbative setting, to families of non-
KAM hyperbolic tori, for instance the ones with Liouvillian rotation vectors (see [Y1]). Similar definitions
are given in [Boll], [Bol2], [BT].

Given a Hamiltonian H on M and an integer m satisfying 1 < m < £—1, a m-hyperbolic invariant torus T
is an (£ — m)-dimensional invariant torus in M such that the flow defined by H restricts to an ergodic flow
on 7 (which in applications is generally conjugate to a transitive rotation) with exactly m strictly positive
Lyapunov exponents, hence also m strictly negative ones (see the precise definition below). Let us mention
that the case m =1 is indeed special, as far as diffusion properties are concerned, and there are compelling
reasons which lead to restrict certain aspects of the study to 1-hyperbolic tori. We have tried nevertheless to
give general definitions and proofs for hyperbolic tori, most (but not all) of them being independent of the
multiplicity m. It should be pointed out from the start that of course, if m # £ — 1, a m-hyperbolic torus is
not normally hyperbolic, for dimensional reasons, and that the case m = £ —1 corresponds to the well-known
Birkhoff’s (normally) hyperbolic periodic orbits. The theory of pseudohyperbolic manifolds (recalled in §1.2)
makes it nevertheless possible in all cases to prove the existence of invariant stable and unstable manifolds
for 7.

At the symplectic level, the torus 7 is assumed to be isotropic, and by the (dynamical) definition
of hyperbolic objects, its invariant manifolds will be isotropic too and thus Lagrangian, since they are
{-dimensional. This Lagrangian character is probably the most important datum in our study, and will
prove useful over and over again; in particular the various notions of homoclinic splitting for these invariant
manifolds appear as particular cases of the preceding definitions (§§1.3 to 1.7). Again part of these results
are obtained in [Boll], [Bol2] and [BT] in a general context.

We describe in §1.9 a class of Hamiltonian systems which exhibit the main features that we want to
analyze in the perturbative setting. That class generalizes both Hamiltonian (*) and the normal forms one
has to consider near (simple or multiple) resonances. We prove in particular some symplectic straightening
theorems for the invariant manifolds, which in turn allow us in chapter 2 to get simpler normal forms and
to facilitate the application of KAM theory.

In paragraph 1.10, we adress the question of the existence of homoclinic orbits, in the perturbative
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setting, from the point of view of Lagrangian intersection theory. We generalize Eliasson’s study [El] of
the m = 1 case, and give very simple existence proofs for all multiplicities, based on the comparison of
the cohomologies of the invariant manifolds. Our approach requires the knowledge of a homoclinic orbit
biasymptotic to the fixed point in the averaged system, the existence of which is proved by usual variational
methods, and we also assume (though it is not really necessary) the transversality of the intersection along
this homoclinic. As far as the ezistence properties alone are concerned, variational methods can also be
applied and lead to more general results (see [Boll],[Bol2], [Fa]), whereas we believe that our method will be
more efficient for the sake of locating the homoclinic orbits and proving the existence of genuine hyperbolic
behaviour in the system.

Finally, paragraph 1.11 is devoted to a geometric description of the splitting of the invariant manifolds
of hyperbolic tori, mainly in the perturbative setting, for which we examine the connections between our
definitions and the usual formalism (based essentially on the Poincaré-Melnikov integrals).

As a conclusion, we note that the notion of homoclinic splitting of manifolds has in fact several geometric
and dynamical meanings. In particular it quantifies the mazimal distance between two nearby hyperbolic
tori connected by a heteroclinic orbit; passing from a homoclinic splitting to a heteroclinic distance is usually
done by using suitable versions of the implicit functions theorem, which, due to the natural decomposition
of the space in horizontal and vertical directions, requires only the purely symplectic interpretation. It also
quantifies some dynamical parameters, such as the hyperbolicity of secondary invariants sets which appear,
under additional assumptions on the torsion, in the neighborhood of transversal homoclinic tori (see [Crl]),
and this point of view necessitates the full geometric information and thus the Fuclidean definition. Recent
developments in symplectic topology make it possible to give more global definitions of the splitting, mainly
based on Hofer’s notion of displacement energy, but we will not enter into such considerations here. There are
also interesting connections of this ubiquitous quantity with the notion of Peierls’ barrier which is familiar
in a variational setting ([Fa]).

1.1. Symplectic geometry: a short reminder

We let (M, 2) denote a 2¢-dimensional smooth symplectic manifold and list some elementary notions of
the attached geometry thus also fixing notation.

(1.1.1) First recall that a hypersurface % C M is always coisotropic, meaning that for all € H, the
symplectic orthogonal (T, H)* is contained in T,H. One easily sees that (T,H)* is one-dimensional and
indeed is the kernel of the restriction of €2, to the tangent space T,H. Every hypersurface H is thus endowed
with its characteristic line-field v, defined by v(z) = (T, H)* .

(1.1.2) When # is a regular level set of a C" function H (r > 2), this characteristic field is orientable and
generated by the Hamiltonian vector field associated with H, defined wia the duality 1x,Q = —dH, where
tx, 1 is the interior product of Q by Xg. The manifold # is thus obviously invariant under the Hamiltonian
flow. We will suppose in the sequel that H = H 1 ({h}), where h is a regular value of H, we denote by Xy
the vector field associated with H and by @ the local flow of Xg. As usual ®; is the time-¢ diffeomorphism
associated with @, defined on an open set of M, and we denote by ¢ the time-one map (¢ = ®1).

(1.1.3) It is well-known that ®, is symplectic on its domain: if Q(s) = ®*Q for s € [0, t], the derivative '(s)
is given by Q'(s) = ®*(Lx,?), and the Lie derivative Lx, Q = tx,dQ + ditx,Q = —dd H vanishes; thus
310 = Q.

(1.1.4) One frequently has to make use of sections for the Hamiltonian vector field X y; these are simply
codimension one submanifolds of the ambient manifold which are everywhere transverse to Xg. If ¥ is a
section of X g contained in H (thus (2¢ —2)-dimensional since H is (2 — 1)-dimensional) one easily sees that,
denoting by ix, : ¥ — M the canonical embedding, the form Qx = i}, induced by the symplectic form on ¥
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is non-degenerate. The pair (X, 2x) is thus a new symplectic manifold: this is an elementary example of a
symplectic reduction.

(1.1.5) Suppose that ¥; and X» are two sections of the flow contained in the same level #, and connected
by an orbit v satisfying x = ¥(0) € X; and y = v(7) € X,. By the transversality condition, there exist two
neighborhoods O3 and O3 of z and y in the sections such that the flow ® induces a transition map 1 from Oy
onto O,. For any strictly positive smooth function g on M, the new Hamiltonian K = u(H — h) satisfies
H = K 1({0}) and Xk (z) = p(z) Xp(z) for all € H (u defines a reparametrization of the time). It is not
difficult to find p such that the transition map ¥ is exactly given by the restriction to O; of the time-one
map ¥; of the flow associated with Xk, so one can always consider a transition map as the time-one map
of a suitable Hamiltonian flow. One sees thus that such a map is symplectic if the sections are both endowed
with their induced symplectic structure.

(1.1.6) A symplectic manifold (M, Q) is said to be exact when there exists a one-form A such that d\ = Q;
the form A is then called a symplectic potential and is not unique.

Given two exact symplectic manifolds (M7, 21, A1) and (Ms,Q2, A2) an exact map from M; to Mo is by
definition a symplectic map g such that the closed one-form g* s — Ay is exact, i.e. g*Aa — A1 = dp, where p
is a function on M;. The composition of two exact maps is also exact.

(1.1.7) Assuming that (M, , ) is exact, it is easy to check that the time-t map ®; is an exact map from
its domain into M: note first that if A(s) = ®%(N),

/\’(S) = (I):(LXHA) = q): (LXHd/\+d(LXH/\)) = @:(d(—H—}-LXH)\)) = d@:( — H + LXH/\),

and thus ®F(\) — A = d ([, ®%(— H + tx,,\) ds).

(1.1.8) One sees also that if M is exact and if ¥ is a section contained in #, the form Qy is exact, being
the exterior derivative of the induced form i;A: this gives the induced exact structure of . Considering
two sections ¥; and ¥y as in 1.1.5 above, endowed with their induced exact structures, one checks using the
preceding argument that the transition map 1 between Oy and O, is exact.

(1.1.9) We will be especially concerned with the study of Lagrangian submanifolds of the given energy
level #. Recall first that a submanifold V" of M is said to be isotropic when the form 4}, vanishes (where iy
is the inclusion map), or equivalently when for all 2 € V the tangent space T,V is contained in its symplectic
orthogonal (T, V). One sees that the dimension of an isotropic submanifold is at most £. A submanifold V
is Lagrangian when it is isotropic of maximal dimension, i.e. /-dimensional; clearly then T,V = (T, V)= for
alz e V.

We will have to consider more generally immersed submanifolds of M, defined by injective immersions
f:V = M, where V is a given manifold; this is indeed the case for the global invariant manifolds of a
hyperbolic torus. We still denote them by V' = f(V) when there is no risk of confusion. One says that the
immersion f : V — M (or its image V) is isotropic when the pull-back f*) vanishes, and Lagrangian when V
is /-dimensional and f isotropic. Of course a usual submanifold W of M is also an immersed submanifold,
the map f being the canonical embedding iy .

(1.1.10) A fundamental property of Lagrangian submanifolds is their invariance under the Hamiltonian flow
when they are contained in a level set of the Hamiltonian: if L is a Lagrangian submanifold contained in H,
Xg(x) is in the tangent space T, L for any x € L. This is easy to see:

Xp(z) € (T,L)* = T,L.

One has a parallel result for immersed Lagrangian submanifolds.
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(1.1.11) Assuming again that (M,Q,)) is exact, an immersion f : L — M (or its range L = f(L)) is said
to be eract when it is Lagangian and when the closed form f*()) is exact, i.e. when f*\ = dv, where v is a
function on L. When L is an /-dimensional submanifold of M, this simply means that i7A = dv, where v is
a function on L.

(1.1.12) If f is an exact diffeomorphism of (M7, Q1, A1) into (Ma, 2, A2), and L is an exact submanifold
of M, the direct image f(L) is an exact submanifold of M>. The analogous property holds true for immersed
submanifolds.

(1.1.13) Any cotangent bundle T*V is an exact symplectic manifold: there exists a canonical one-form A
(the Liouville one-form) on T*V characterized by the property that for every one-form « on V, a*\ = «,
where « is considered as a function from V into T*V. It is easy to see that the derivative 2 = d\ is
symplectic, and one usually endows T*V with this symplectic form. In local cotangent coordinates (&;,7;)
one finds that A\ = Zle 7n; d&; and thus Q = Zle dn; Nd€;. Using the characterization of A one easily shows
that if 7 is a given one-form on V, the submanifold Im () C T*V is Lagrangian iff 7 is closed, and exact
iff n is exact.

(1.1.14) Weinstein’s symplectic tubular neighborhood theorem (see [MDS]) asserts that if L is a compact
Lagrangian submanifold of the symplectic manifold (M, ) there exists a symplectic diffeomorphism between
a neighborhood of L in M and a neighborhood of the null section of 7* L endowed with the Liouville structure
described in 1.1.13 above. The neighborhoods of Lagrangian manifolds thus inherit all the properties of the
cotangent, bundles.

(1.1.15) When a Hamiltonian H is given on the cotangent bundle T*V'| the Hamilton-Jacobi equation for
a value h of H is the partial differential equation

(HJ) HodS=h

with unknown function S. If S is a solution of (HJ), the image Ls = Im(dS) is an exact Lagrangian
submanifold of M contained in the level set H = H !({h}), thus invariant under the Hamiltonian vector
field. The characteristic vector field Dg for Lg is the image under the canonical projection 7 : T*V — V of
the restriction of Xy to L£g, more precisely:

DS(ZL') = Tds(w)ﬂ(XH(dS(.fL')))

The lifts to Lg of the orbits of Dg are thus the orbits of the field X g contained in Lg.

We stop here with this short and general reminder; more specific notions will be recalled and discussed
in the rest of §1.

1.2. Hyperbolic invariant manifolds

We recall in this paragraph some standard and useful facts about pseudohyperbolic and normally hy-
perbolic invariant manifolds for general dynamical systems. Two excellent texts on these questions are [Y2]
and [HPS]; more recently [W] provides a survey of the closely related work of Fenichel. We will essentially
be interested in the dynamical consequences of the existence of invariant manifolds, and we therefore limit
ourselves to the usual statements in the C" category, 1 < r < oo. Part of the results are still valid in the
analytic category, namely those concerning analytic hyperbolic tori and their invariant manifolds, but not
all of them: even in analytic systems the normally hyperbolic invariant manifolds are generally not analytic
but only C7, the order r depending on the ratio between the longitudinal and transversal contraction and
dilatation rates along the manifold. Note that C2? would be enough for most applications of the theory to
diffusion problems.
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(1.2.1) We first consider a C" (r > 1) diffeomorphism f of a C°° manifold M which leaves a compact C”
submanifold V invariant. Given a Riemannian metric || || on M, and a subbundle E of Ty M invariant
under T'f, we denote by B, (E) the unit ball in the fiber E,, for a € V', and write:

M(Tfig) =Sup{|[T.fipll [a €V}, m(Tfir) = (MTf7) ",

where, as usual:
ITaf5ll = Sup{[|Taf (u)|| | u € Bo(E)}-

Definition. Given p > 0, the manifold V is said to be p-pseudo-hyperbolic for f if there exist two continuous
subbundles Et, E~ of the tangent bundle Ty M and a Riemannian metric || || on M which satisfy the
conditions:
i) TyM =EtT® E~;
i) TfF(EY)C EY, Tf(ET)C E~;
m) M(Tf‘E+) < p, m(Tf|E—) > p.

The metric || || is then said to be p-adapted to f and V. For a given integer k > 1, let us denote by
E"(D*, M) the space of C" embeddings of the open unit ball D¥ C R¥ into M. The fundamental result for
pseudo-hyperbolic invariant manifolds is as follows:

Theorem. (The local stable manifold theorem (1)).

Suppose that V is p-pseudo-hyperbolic for f, and let || || be any Riemannian metric on M with associated
distance d. Let k be the dimension of ET. Then there exists a continous fonction P from V to E™(D*, M)
such that, if A, is the embedded ball P(a)(D*):
i)a€ A, foralla€eV;

ii) the ball A, is tangent to the fiber Ef at the point a € V;
iii) there exists C > 0 such that, for alla € V, b€ A, and n € Zy: d(f™(a), f"(b)) < Cp™;
w) if a # a' are two points in V, the intersection Ay N Ay is relatively open in both A, and Ay .

We refer to [Y2] for a short proof. Note that #4) can be rephrased as:
i1’) for all p € M (T fig+), (T fig-), alla € V and b € A,: limy, o p~"d(f"(a), f"(b)) = 0.
If one adds the assumption that p < 1, the ball A, can be dynamically interpreted as a local stable

manifold for a: the iterates of each point in A, are positively asymptotic to the ones of a. Although this
assumption is not necessary, it will be made in the sequel for the sake of simplicity.

(1.2.2) Even in this weak form, the theorem provides not only the existence of these local invariant manifolds,
but also gives preliminary indications on their mutual arrangements (see 7v)). Nevertheless it is too weak
for our purposes: one would like to prove the existence of a stable manifold attached to V itself, not only
to each of its points. A well-known case of existence is that of normally hyperbolic manifolds (see below),
but the invariant tori that we have to consider generally do not enter into that category, for dimensional
reasons and due to the symplectic character of the flow. Yet it is possible to recover the existence of the
stable manifold without such a strong supplementary assumption. Let us first introduce a new definition.

Definition. Let p €]0,1[ and let s be an integer, 1 < s < r. The manifold V is said to be (s,p)-
neutrally-hyperbolic for f if there exist two continuous subbundles EY, E~ of the tangent bundle Ty, M, and
a Riemannian metric || || on M which satisfy the conditions:

i) TyM =E*® E—;

i) TfF(EY)CEY, Tf(E-)CE~;

i) TV C E—;

w) M(T fig+) < p®, m(T fig-) > p.
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The new assumption TV C E~ ensures a good asymptotic behaviour of the points on V. The condition
M(T fig+) < p is strengthened into M (T f g+) < p®, in order to control the regularity of the function P.
Clearly if V is (s, p)-neutrally-hyperbolic for f, it is also p-pseudo-hyperbolic and the preceding theorem
applies. But now we also have:

Theorem. (The local stable manifold theorem (2)).

Assume that V is a (s, p)-neutrally-hyperbolic invariant manifold for f. Then the balls A, are mutually
disjoint, and the set

W)= A,
acV

is a C° manifold, tangent to the fiber T,V @& E} at every point a € V. If d is the distance associated with a
given Riemannian metric on M, there exists moreover a neighborhood N of V' and a constant C > 0 such
that:

WH(V)={be N |d(f"(),V) < Cp", ¥n € Z,}.

To prove this theorem, one first notices that the balls A, are pairwise disjoint: this comes from theo-
rem 1.2.1 together with the fact that given ¢ > 0, the distance between the n-th iterates of two points in V/
cannot be less than 2cp™ for all n (by 4v)). One then shows that the set W (V) is a Lipschitz manifold,
and the C* section theorem ([HPS]) applies (by iii)) and gives the first conclusion on W+ (V). See [Y2] for
the second one.

From now on we will call A, the stable leaf associated with a, and denote it by A} so as to underline
its dynamical interpretation. Note that the existence of unstable invariant manifolds can be deduced from
the preceding theorems applied to f~!, when of course the corresponding assumptions are met. In that
case, we will denote by A, the stable leaf associated with a and relative to f 1, and call it the unstable leaf
associated with a. The union of the unstable leaves is the (local) unstable manifold for V and is denoted
by W= (V).

(1.2.3) We now recall the definition of normal hyperbolicity.

Definition. Let s be an integer, 1 < s < r. The manifold V is said to be s-normally-hyperbolic for f if
there erxist two continuous subbundles E*, E~ of Ty M and a Riemannian metric || || on M satisfying the
following conditions:
i) TvM =EtoTVe® E;
i) TfF(EY)CEY, Tf(E-)CE~;
iit) M(Tfig+) < m(T firy)* <1< M(T firy)* <m(Tfg-), fork=1,...,s.

The (un)stable manifold theorem in this case takes the following refined form (see [HPS]):

Theorem. (The local invariant manifolds theorem (3)).

Let V' be an s-normally-hyperbolic manifold for f. Let My = M(T fig+), mr = m(T firv), Mt =
M(Tfrv), and m_ = m(T fig-). Then, if d is the distance associated with a given Riemannian metric on
M, there exists a neighborhood N of V' such that the following properties hold:

i) the sets

W) = {be N | Vp €]My mal, lim prd(f"(5),V) =0 }
W (V) = {b € N |VpelMy,m [, lim p "d(f "(b),V) = 0}

are C*® submanifolds of N;
ii) at any point a € V, the manifold W+ (V) is tangent to Ef @ TV and W~ (V) is tangent to E; & TV;
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ii1) WH(V) is the mazimal set contained in N satisfying f(WH(V)) C WH(V) and W~ (V) is the mazrimal
set contained in N satisfying f=*(W=(V)) c W=(V);

i) there exist two f-invariant C® foliations of W (V) and W—(V), the leaves of which are stable and
unstable leaves A}, A, associated with the points of V, these leaves are tangent to the fibers Ef and E, at
each point a € V;

v) if g is close enough to f in the C*® topology, there exist a C* normally invariant manifold V' which is
C?-close to V; the stable and unstable manifolds W+(V') and W= (V') of V' are C*-close to that of V, and
the stable and unstable leaves of the points of V' are C*%-close to the ones associated with the points of V.

As usual, one deduces the existence of the global stable or unstable manifolds by taking the inverse or
direct images of the local ones. In the case of flows on M, one defines the continuous version of the above
notions and easily gets the analogous results e.g. by using the associated time-one maps.

1.3. Angles of Lagrangian planes: the symplectic viewpoint

Here we set off on our way to study various forms of splitting of Lagrangian manifolds. This paragraph
and the next one are concerned with the linear situation, i.e. with Lagrangian planes in a symplectic vector
space. The globalization of the notions to Lagrangian submanifolds of a symplectic manifold is discussed
in paragraph 1.6. It is useful to distinguish between purely symplectic notions and those which in addition
assume the existence of a Euclidean structure. In this paragraph, we introduce the basic purely symplectic
“angular” notions for pairs of Lagrangian subspaces of a symplectic vector space. In the next paragraph,
we will use an additional compatible Hermitian structure in order to define Fuclidean angles. Paragraph 1.5
gives the basis of the attending “calculus” in matrix terms, with a particular attention to the variance of the
objects with respect to symplectic transformations. This will be crucial in particular when we specialize the
various notions to the perturbative setting of chapter 2.

(1.3.1) Let (W, Q) be a symplectic vector space of dimension 2¢. It is well-known that one can identify W
with R?¢, with coordinates (u;,v;), in such a way that the symplectic form (2 reads 2 = Ele dv; A\ du;. We
will explicitly make this identification below and denote by Hy (horizontal) and Vq (vertical) the Lagrangian
plane R x {0} and {0} x R® respectively.

If H and V are two transverse Lagrangian subspaces of R*, the dual space H* of H can be identified
with V by means of the symplectic form: for v € V, simply define v*(u) = Q(u,v) for v € H, and use the
fact that V is Lagrangian to prove that this gives rise to an isomorphism.

The set of all Lagrangian subspaces L of R* will be denoted by A(R*¢, ), or simply A. The symplectic
group Sp(2¢, R) acts transitively on A, and the stabilizer of Hy is the subgroup C' C Sp(2¢, R) of all symplectic
lifts of linear isomorphisms of Hg. So C' ~ GI(¢,R) and the Lagrangian-Grassmannian A is thus an algebraic
variety of dimension £(£ + 1)/2 which is isomorphic to the quotient Sp(2¢, R)/Gl(¢,R); we will see another
identification below.

The construction of local coordinates on the manifold A is classical. Forgetting first about the Lagrangian
character of the spaces, consider a pair of /-dimensional transverse spaces H and V of R** and denote by py
and py the projections on H and V associated with the direct sum R?** = H@® V. Let then L be an /-
dimensional subspace transverse to V. The restriction to L of the projection py is an isomorphism of L onto
H, by transversality of L. and V; denote its inverse by ¢ : H — L. Then L is the graph of the linear map
jL =pvoqfrom H to V (identifying H ® V with H x V); we say that the linear map ji, is the equation of
L relative to H and V. Since L = {a + j.(a) | a € H}, where a and ji,(a) are considered as elements of R,
one may also consider the map Iy, : H — R?¢ defined by I1,(a) = a + ji.(a), giving a linear embedding of H
onto L which we call the natural embedding for L, relative to H and V.

Assume now that H and V are Lagrangian subspaces of R*¢. Given an /-dimensional subspace L (not
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necessarily Lagrangian), one can now define a bilinear form on H through the relation
’YL(aab) = Q(aajL(b))a ac€ Ha be H;

the form g, is the cooordinate of L relative to H and V. Note that using the identification of H* with V, this
is the classical identification of a linear map from H to H* to a bilinear form on H; so the correspondence
L — 7 is one-to-one.

The crucial property is that 1, is symmetric if and only if L is Lagrangian. Indeed note that

Qa + jr(a),b+ jr(b)) = Q(a, jr. (b)) + Q(jL(a),b) = 1(a,b) — (b, a)

since H and V are Lagrangian, and the symmetry of 41, is thus equivalent to the vanishing of 2 on L.

Let us denote by Ay the set of all Lagrangian spaces which are transverse to the space V; clearly Ay is
an open subset of A (classically refered to as a “Schubert cell”). The correspondence L + 7, allows us to
identify Ay with the space S(H) of symmetric bilinear forms on H. Since S(H) is isomorphic to RE(+1)/2
this identification can be considered as a coordinate map over the open set Ay. Varying V and H, we obtain
in this way an atlas for the Lagrangian-Grassmannian A.

The following remark will be useful in the sequel. We have seen that V is naturally identified with the
dual space H* ; on the other hand one can consider the quadratic form @, on H associated with ~, (i.e.
Qr(a) = 1y1(a,a)), and its derivative dQr, from H to H* = V. Then one finds that

dQu(a)(b) = 7(a;b) = 11.(b, a) = (b, jr(a)),

so that dQr(a) is identified with ji,(a). In other words the Lagrangian space L is also the graph of the
derivative of the quadratic form ()r,. The form @)1, is said to be a generating function for L.

Finally one can go to coordinates and introduce matrices for the preceding objects. Given a basis By =
(e1,...,e¢) of H it is possible to find a basis By = (fi, ..., f¢) of V such that the union B = (e, ..., €g, f1, .-, f¢)
is symplectic: this amounts to the condition Q(e;, f;) = d;5, since H and V are Lagrangian. One sees easily
that the matrices of vy, relative to By and of ji, relative to By and By coincide. Writing Jy, for that common

matrix, the matrix of I, relative to By and B is thus [ I ] , where I is the (¢ x £) identity matrix.

JL
(1.3.2) The symplectic angular notions. The first remark concerning the possibility of defining symplectic
angles is disappointing: the action of the symplectic group on A2, which would be the most natural thing
to consider in order to define symplectic angles, does not lead to any interesting notion. Indeed, given two
pairs (Li,Ls) and (L,L)) of Lagrangian spaces, a necessary and sufficient condition for the existence of a
symplectic isomorphism ¢ of R?¢ such that (L) = L} and t(Ly) = L} is simply that the intersections
L; NLy and L} N L) have the same dimension. In this respect this is not different from the action of the
full linear group GI(2¢,R): the symplectic angle of two Lagrangian spaces is just the dimension of their
intersection. One thus has to refine the primitive notion, which we do by considering linear Lagrangian
embeddings of an /-dimensional vector space E into R?¢, instead of abstract Lagrangian subspaces. This
leads to the

Definition. Consider two linear Lagrangian embeddings l; and ls of two ¢-dimensional vector spaces Fy, Fs
into R?¢. The symplectic angular form of the pair (I1,15) is the bilinear form Ay on Ey x Ey, defined by

As(a,b) = Ql1(a),l2(b)), a€ Ey, be Es.

The geometric significance of the angular form A, is quite weak and does not go much beyond the following
transversality result, whose proof is straightforward.
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Proposition. Let L; = I;(E;), for i = 1,2. Then, denoting by Ker; A; the set of a € E; such that
Ag(a,b) =0 for all b € E5, one has:
Keri A; = ll_l(Ll n Lg),

with an analogue for Kers As. The spaces Ly and Ly are thus transverse in R%¢ if and only if the symplectic
angular form is non-degenerate.

The form A cannot be defined for a pair of Lagrangian subspaces (working with embeddings amounts
to fixing bases for the two spaces), but one encounters frequently situations where such embeddings are
“natural”. The most important one is given by the previous construction of coordinates on A, when a
decomposition R¥ =HoVis given from the start. The correspondence L — [, identifies Ay with the set
of linear Lagrangian embeddings of H into R?* whose ranges are transverse to V. As a consequence, if a
pair (L1,Ls) in A% is given, one can define as above the symplectic angular form of the associated pair of
embeddings (Ir,,lL,)-

Definition. Let (Li,Ls) be a pair of elements of Ay. The splitting form onvy (L1,Ls) of the pair (L1, Ls)
relative to the subspaces H and V is by definition the symplectic angular form As of the two natural embed-
dings ly,, and Iy, relative to H and V (here of course Ey = E; = H). Given a basis By of H, the matriz S
in Bu of the bilinear form oy (L1,Ls) is the splitting matrix of the pair (L1, Ls), relative to H,V and By.

As one would expect, the splitting form is directly related to the coordinates relative to H and V:

Proposition. Let (Ly,Ls) be a pair of elements of Av. The splitting form of the pair (Lq1,Ls) is given by
the difference of the coordinates of Ly and Lo relative to H and V:

UHV(L17L2) = TLa — VL1-

It is thus a symmetric form on H.

Proof. It amounts to an easy check. Writing ¢ for opv (L1, L2), we get, for a € H and b € H:

U(a7 b) = Q(l]-q (a)7 le (b)) = Q(a’ + jL1 (a)7 b+ jLz (b))
= Q(aajLz (b)) + Q(le (a)a b) = Q(aajL2 (b)) - Q(a,le (b)) = M2 (a’ b) — M (aa b)a

where the Lagrangian character of L; and Ly was used in the third equality. O

One can also consider the quadratic form on H associated with the splitting form opv (L1, L2) and the
preceding proposition shows that it is also the difference Q1, — Qr, of the generating functions of L; and Ly
relative to H and V. The splitting matrix in a basis B is thus nothing more than (twice) the difference of
the matrices of these two quadratic forms, expressed in B. Note that a splitting matrix is always symmetric.

One would then like to interpret the splitting form in a more quantitative way. As far as transversality
properties alone are concerned, one finds as before that L; and L, are transverse in R*¢ if and only if the
splitting form is non-degenerate, with dim (L; N Ly) = dim Ker (O'Hv(Ll, Lz)). But even in R2, where each
line is a Lagrangian subspace, there is no relation between the splitting form of two lines and (for instance)
their usual angle. An element L € Ay, is given by an equation ji(a) = ya, with v € R and a € Hy = R
(so its usual equation reads y = yz), and the form 7y, associated with L is simply given by its matrix [v]
relative to the basis e; = 1 of R. The splitting matrix of a pair (L1, Ly) of A3, , with equations ji, (a) = v a
(k = 1,2), is thus just the difference [y2 — 71]. The angle is § = tan~!(vy2) — tan=1 (1) € | — n/2,7/2],
(mod ) and it is for instance possible to let 8 go to infinity while keeping the matrix [y2 — 71] constant.

By contrast, the knowledge of both coordinates ~r,, and 71, completely determines the relative positions
of the two subspaces. The best way to see this will be to introduce first the notion of Euclidean angles for
Lagrangian subspaces, and then to show how to compute their determinations from these data.
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1.4. Angles of Lagrangian planes: the Euclidean viewpoint

We now assume that a compatible complez structure is given on the ambient symplectic vector space
(W, ), meaning that W is identified with C¢, with coordinates w; = uj +4vj. The Hermitian form Z is

given by
¢

E(w,w') = ijm; =I(w,w") + i Qw,w")
j=1
for w and w' in C*, where IT is the usual scalar product of R?¢. The identification W ~ R?¢ ~ C¢ is explicitly
used below.
The three groups relative to the forms =, IT and €2 are of interest in the study: they are respectively the
unitary group U (¢, C), the Euclidean orthogonal group O(2¢,R) and the symplectic group Sp(2¢,R). We
recall the following useful relations:

U(,C) = 0(2¢,R) N Sp(2¢, R) = GI(¢,C) N O(2¢, R) = GI(£,C) N Sp(2¢, R).

Using the expression of =, one sees that an /-dimensional subspace L is Lagrangian if and only if every
R-basis of L, orthonormal for II, is a unitary C-basis of C¢ for the hermitian complex structure. In this
case, the union B UiB is a symplectic IT-orthonormal basis of R2¢. This is also equivalent to the equality
i L = Orthr (L), where Orthr(L) is the ¢-dimensional subspace IT-orthogonal to L. As a consequence, the
unitary group U (¢, C) acts transitively on A, and the stabilizer of the subspace Hy is O(¢, R). The manifold A
is thus also isomorphic to the quotient U(¢,C)/O(¢, R).

(1.4.1) Let G, denote the Grassmannian of all /-dimensional subspaces of R?¢. Given a pair (L;,Ly) in G2,
one defines as usual the Euclidean angle of (L;,Ls) as the orbit of (L1, L2) under the diagonal action of the
orthogonal group O(2¢,R) on G7, so the space of Euclidean angles is the quotient space G7/O(2¢,R). This
notion is valid in particular when (L, L,) is a pair of Lagrangian spaces, but one easily sees that in that case
the intersection of the orbit of the pair with A2 is exactly the orbit of the pair under the diagonal action
of the unitary group U(¢,C) on A2. As we are only concerned with the study of Lagrangian objects, the
following definition is natural.

Definition. Let (L, Ls) be a pair of Lagrangian subspaces of C¢. The Euclidean angle A (L1, Ls) of (L1, Lz)
is the orbit of the pair under the diagonal action of U(¢,C) on A2. The space of Euclidean angles of
Lagrangian spaces in R% is thus the quotient A2/U (£, C).

Let us now be more explicit. It is useful to note first that given a Lagrangian space L, the equation ji,
relative to Hy and V, extends uniquely to C¢ as a complex linear map, i.e. there exists a unique complex
endomorphism f of C¢ such that f(a) = ji.(a) € Vo, for all a € Hy. One easily sees that f has the form i Ji,,
where Jy, is a self-adjoint endomorphism of C¢ sending Hy into Ho. This simply means that the matrix of J,
in a unitary basis B, of C’ contained in Hy is real and symmetric: indeed this is just the matrix of v,
relative to By,. The map I+ Jy, is thus clearly the unique extension to C¢ of the embedding Iy, as a complex
isomorphism, sending Hy onto L. We may now state the central result of this paragraph.

Proposition. Let L be in A. There exists a unique unitary isomorphism ¢ € U(L,C), diagonalizable
relatively to a unitary basis contained in Hy, with eigenvalues of the form p = €¥, 8 €] — n/2,7/2], such
that p(Ho) = L.

If L is transverse to Vg, and if v is the coordinate of L relative to Hy and Vg, ¢ and v are diagonalizable
in the same unitary basis contained in Hy, and if o is an eigenvalue of 7y, the corresponding eigenvalue for
pisgivenbyp=(1+ia)/|l+ial.

Proof. Suppose first that L is transverse to Vo. We consider the self-adjoint endomorphism J fixing Hy such
that I +4 J sends Ho onto L. Let By, = (a1, ...,a¢) be a unitary basis of eigenvectors of J, contained in Hy,
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and let ay, be the (real) eigenvalue corresponding to ai. Then the ay are also eigenvectors for I + 4 J and
I —iJ, with eigenvalues 1+ iay, and 1 — i ay, respectively. The product P =T+ J?> = (I +iJ)o (I —iJ) is
thus symmetric and positive definite, with eigenvalues 1+ a;. Consider the square root R of P defined by
the diagonal matrix diag(y/1 + a3, ...,4/1 + @?) in the basis By,, and define ¢ = (I +i.J) o R~!. Since R
maps Hy onto itself ¢ sends Hg onto L, and ¢ is clearly unitary, with eigenvalues (1 + i ay)/|1 + i ag| of the

required form (i.e. with 8y, €] —7/2,7/2[). This proves the existence of ¢ when L is transverse to V. Since
the matrix of v in By, is the same as the one of J, the second assertion is also proved.

If L is not transverse to Vo let £ =14 (Vo N L) C Hy. Since L is Lagrangian, E is IT-orthogonal to the
projection F' = pp,(L). One can thus decompose the space C¢ as the sum Gy &G, withGy = E®iE
and G; = F® i F. The spaces G| and G are orthogonal complex subspaces of C¢, and the intersection
I = LNG, is Lagrangian (for the induced structure) and transverse to ¢ F. Using the previous case, we
find a unitary isomorphism ¢, of G sending F' onto [, and diagonalizable in a unitary basis of F' with
eigenvalues in the required form. Let ¢ be the restriction to G| of the product u — iu. One sees easily
that the unitary morphism ¢ = ¢ @ ¢ has the required properties, the number of 6 equal to 7/2 being
the dimension of Vo N L.

As for uniqueness assume ¢ is a unitary map as in the proposition. Then consider a unitary basis
By, = (ai,...,a¢) of eigenvectors of ¢, contained in Hy, and let py, be the (complex) eigenvalue corresponding
to ag. One sees that pg ay is in the intersection of the complex line Cay with Ly, which is thus at least
one-dimensional, and exactly one-dimensional since L is Lagrangian. This condition determines py in the
required form and this proves the uniqueness of ¢. O

(1.4.2) The following consequence of the above will be relevant for our purpose:

Corollary. Let (Li,Ls) be a pair of Lagrangian subspaces of R?. There exists a unique unitary isomorphism
YL, € U, C), diagonalizable relatively to a unitary basis contained in Ly, with eigenvalues of the form
p=¢? 0¢€]—mn/2,7/2], such that p1,1,(L1) = La. If ¢ is a unitary isomorphism with L, = ¢(L;) for
i=1,2, then pri1; = ¢po @1, 09 .

Proof. If ¢y is a unitary isomorphism mapping Hy onto L;, the set U(L;,Ly) of unitary isomorphisms
sending L; onto Lo is given by

U(Ly,Ls) ={poopop, | ¢ € U(Hy, 0, (I2))}

where U(Hy, ¢, (L)) is the set of unitary isomorphisms mapping Hy onto ¢, *(Ls). It is then clear how to
deduce the corollary from the proposition. O

One can thus identify the Euclidean angle defined by the pair (L;,Ls) with the conjugacy class in
U(n,C) of the unitary morphism ¢r,,1,. This means that the space of Euclidean angles of Lagrangian spaces
can in turn be identified with the space of conjugacy classes of unitary morphisms with eigenvalues as in the
proposition above (here we use that a unitary basis R-spans a Lagrangian space in R**). We are thus led to
the following;:

Definition. Let (L;,Ly) € A? be a pair of Lagrangian planes. We say that the unitary morphism o1,
mapping Ly onto La, is a representative of the Fuclidean angle A of the pair (Ly,Ls). The spectrum
S = (p1,...,pr) (ordered counterclockwise in the right half of the unit circle) of pL,L, is the measure of A
and the pair ((p1, -, pr), (E1, .., Ex)) formed by the measure and the collection of the associated eigenspaces
we call o determination of A.

Note that due to the fact that all representatives are conjugate, the measure of an angle is uniquely
defined, whereas the determination depends on the choice of the pair of spaces, since the eigenspaces Fy, ..., Ey
are contained in the first member of the pair.
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1.5. Symplectic isomorphisms, angles and splitting forms

We collect in this paragraph some explicit matrix computations and especially examine the effect of
symplectic isomorphisms on the preceding angular notions. Such situations will arise naturally in the se-
quel in connection with (normalizing) canonical transformations induced for instance by time-one maps of

Hamiltonian flows (Lie method).

(1.5.1) The variance formula for the coordinates. We return to explicit coordinates on the open cell Ay,
of the Lagrangian-Grassmannian A. That is we use the “natural” decomposition R* = H@® V and fix a
symplectic basis B = (eq, ..., €¢, fi, ..., f¢) of R, with e, € H and f; € V for all k. We write By = (ey, ..., €¢)
and By = (f1, ..., fe)- We consider a symplectic isomorphism v with matrix P relative to B:

-5

B D

the symplectic character of ¢) being equivalent to the equalities ‘tAB = ‘BA, *DC = *CD, ‘DA-'CB =1.
Given a Lagrangian plane L with coordinate v, and the matrix T' of 7 relative to By, we look for the
coordinate ' of the image L' = (L), which here we assume to be transverse to V. If [ is the natural
embedding of L, the matrix relative to By and B of the composition 9 o [, which maps H onto L', reads:

A+Cr
B+DrI |’

and one gets easily the desired formula for the matrix I of 7' in By, namely:

Proposition. With the notation as above, the variance of the coordinate is given by
(VD) I'=(B+DI)(A +CT)!

where T is the coordinate of L and T' the coordinate of the transformed space ¥(L).

Note that the invertibility of A + CT is equivalent to the transversality of (L) to V and that I is
symmetric due to the symplectic character of P. Of course T' and T are also twice the matrices associated

with the generating functions of L and L'.

(1.5.2) We are now in a position to easily study the effect of symplectic transformations on the notions
introduced above. We start with symplectic angular forms. So let again ¢ be a symplectic isomorphism of
R?¢, and let Iy, I be two linear Lagrangian embeddings. The following is obvious:

Proposition. The maps I} = ol;, i = 1,2, are Lagrangian embeddings, and the symplectic angular form
of the pair (I'1}) coincides with that of (I1,12) i.e. the symplectic angular form is a symplectic invariant. O

(1.5.3) Let us now examine the more interesting case of splitting forms. So let H and V be transverse
Lagrangian spaces and let L;,Lo € Ay. As one would expect the splitting form relative to H and V
transforms quite simply under the symplectic isomorphism ).

Proposition. Let a and b be in H, and denote the images under 1 with primed letters. Then:
(owv (L, L) ) (@) = (ony (L, L2) ) (a,b).

The splitting form is thus equivariant under the action of the symplectic group.

Proof. One checks that for k¥ = 1,2 the natural embeddings li;@ and I, associated with L;c and Lj, relative
to the pairs (H', V') and (H, V) respectively are conjugate:

lL;e = ¢ o lLk o (w_l)lHl.
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Thus, writing o and ¢’ for oy (L1, L2) and op/v (L], L,) one gets

o' (@) = (Yol o (¥ (@), ¥ o luy 0 (B)H)) = A1, (@), 1)) = o(a,).

O

(1.5.4) The variance formula for the splitting matriz. Note that in the preceding formula the image of the
splitting form is evaluated relative to the images H' and V' under 9 of the initial reference subspaces. The
next step is to describe the variance of the splitting form of two Lagrangian spaces, relative to a fized pair
(H,V), which we do explicitly, using matrices. It is of course possible to compute the coordinates of L
and Ly using the formulas in 1.5.1 and then take their difference, but there is a shortcut. Writing [©?] for the
matrix of the symplectic form  relative to B, one can write:

Ty—Ty = Ty — Ty = [1 ] [9)] [1“11] = [L'Ty) 'P [Q] P [1“11]

and the last term of this equality reads

A+ CIy

[{(A 4+ CT) {(B + DI)] [©] [B+DI‘1

]=%A+CBXT3—PMA+CE)

where Iy, = (B + DIy)(A + CIy) !, k = 1,2. Inverting this last equation, one gets the following result.

Proposition. With the notation as above, the variance of the splitting matriz is given by:
(VS) S'='A+CIy) 'S (A+CrIy)!

where S = T2 —T'1 and S’ are the splitting matrices of the pairs (L1, La) and (L}, L)) respectively. O

This variance equality (VS) which is straightforward from the definition of the splitting matrix will
play a crucial role in chapter 2, when we draw the consequences in a perturbative setting. Let us stress
again that this formula essentially enables us to keep track of the splitting matrix and other related objects
after performing (normalizing) canonical transformations. Note that due to the symplectic character of the
matrix P one needs only know “half” of it in order to compute its effect on the splitting form. But it is also
important to remark that (VS) is not a closed formula for the transformation of the splitting matrix, since
it contains both matrices I'y and I's. This is in line with previous remarks and indeed there cannot exist a
closed formula for the transformation of the splitting matrix.

(1.5.5) Sections and coordinates. In chapters 2 and 3 we will be especially concerned with the problem
of evaluating splitting forms attached to pairs of Lagrangian submanifolds in the same energy level of
a Hamiltonian system on T*T¢. Since these manifolds are invariant under the Hamiltonian flow, their
intersection is also invariant and (in general) is the union of nontrivial orbits; the situation is thus necessarily
degenerate. A natural method to bypass this problem is to introduce a section in phase space, transverse to
the vector field, and then consider the intersections of the submanifolds with that section. It is thus useful
to understand the relation between the splitting form one gets for two different choices of sections.

This is of course a linear problem, and we therefore limit ourselves to the case of pairs of Lagrangian
planes in R?¢ (with the standard form Q); we denote as usual by Hy and V, the horizontal and vertical
spaces in R*. So we start with a given hyperplane H (the tangent space at some point of the energy level)
and we consider the splitting forms of pairs of Lagrangian spaces (the tangent spaces to the Lagrangian
submanifolds) which are contained in H. Note first that H is a coisotropic subspace of R*¢, meaning that
the (one-dimensional) subspace X = H* is contained in H; of course if L is a Lagrangian space contained
in H, X is contained in L, since X = H* C L' = L, and this is why we want to make use of sections
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in this problem. We may assume that X is not contained in Vg (this condition will always be met in our
setting), or equivalently that H does not contain the Lagrangian space Vg; the intersection V. = Vo N H
is thus (£ — 1)-dimensional, and X has a one-dimensional projection on the horizontal space Hy, which we
denote by &.

Let us now introduce the sections. We will consider only those which are obtained as the intersection
of H with hyperplanes of the form C=Ca Vo, where C'is a given hyperplane of Hy transverse to £, and we
will write Yo = HN C. The transversality condition immediately entails that C is transverse to H, and so
the intersection ¥¢ is 2(£—1)-dimensional. One sees easily that X¢ is indeed symplectic since it is transverse
to X and contained in H. One remarks furthermore that if (eq, ..., €¢) is some basis of Hg, with (eq, ...,€¢—1)
contained in C' and e; € &, then the unique basis (fi, ..., f¢) of Vo such that (e;, f;) is symplectic satisfies
fieV, 1<i</l-—1.

The main point that we wish to emphasize is that in general the horizontal space Hg is not contained
in H, and thus in order to get a horizontal space inside H one has to project the set C' on H, e.g. along f.
This construction is not canonical and the result depends in all cases on the choice of C': there is little to add
in the general case; one simply has to introduce suitable bases and use the transformation formulas given in
the preceding paragraphs.

Recall now that we are only concerned with splitting forms, and not with coordinates of Lagrangian
spaces in H, and that these forms are the differences of the coordinates attached to pairs of Lagrangian
spaces contained in H. This amounts in fact to considering that the kernel X is contained in the horizontal
space, or equivalently that H contains Hg, the problem being now to compare the coordinate of some space
L € H relative to Hy, Vo with the coordinate relative to C and V of the intersection Lo = LN X¢. So let
us denote by j and «y the equation and coordinate of L relative to Hg, Vg, viz. L = {z + j(z), € Hg}. One
sees immediately that:

Lo ={z+ j(z), z € C},

and so the equation of L¢ relative to C' and V is the restriction jo = jjc¢; note that j takes its values in V
since j(z) = (z + j(z)) —x € H if € Hy. We denote by ¢ the restriction of v to C, and see in the same
way that y¢ is the coordinate of L¢ relative to C' and V.

We now compare the spectral elements of v and its restriction ¢, and we assume now that the horizontal
space Hy is endowed with the usual Euclidean metric. Note that £ is contained in the kernel of v, and hence
is an orthogonal direct factor for . A particularly simple case arises when C' = ¢+ (Euclidean orthogonal):
the eigenspaces of the restriction ¢ are eigenspaces for 7, and the associated eigenvalues coincide.

In general the dynamical features of our problem will not allow us to choose such simple sections. For a
general hyperplane C' transverse to £, we introduce the projection 7 from ¢+ onto C, parallel to £. Since &
is contained in the kernel of 7, one sees that

V(@) = (7 (2),7(y))

for all z,y € C. Denoting by B¢ and B, two orthogonal bases in C and £+, the matrices I'c and 'y of y¢
and of the restriction vy, to & L in B¢ and B are thus related by an equation of the form

(Vy) T'c='PT,P,

where P is the matrix of 7 in B¢c and B, . We will see in §2.3.2 that such a relation fits our needs, basically
because we are dealing with symmetric matrices, so that one can satisfactorily compare the spectral elements
of T and T , at least in the perturbative setting and as far as asymptotic properties with respect to some
perturbation parameter are concerned.
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(1.5.6) From coordinates to Euclidean angles. We now consider two Lagrangian spaces L;, Ly transverse
to Vy, together with their coordinates 7, 2 relative to Hy and Vy, and ask for their Euclidean angle. The
question was already answered in proposition 1.4.1 in the case when L;j = Hyp and Ly = L € Ap,: then
the eigenspaces of the representative ¢m, 1 are the same as that of v, and if a is an eigenvalue of v, the
corresponding eigenvalue for pm, 1, is p=(1+ia)/|1 +ial.

In the general case we reduce to the preceding situation by introducing the unitary morphism ¢n,1,
which maps Hy onto Li; and considering the subspace L = cpﬁéLl (Lg). Since goﬁle is unitary, the pairs (Hg, L)
and (L1, L,) define the same Euclidean angle, and since L is transverse to Vg one can apply proposition 1.4.1
to get the determination of the angle (Ho,L). Writing as in that proposition, ¢mu,1, = (I +iJ1) o R; ! and
using bold letters for matrices in a unitary basis of Hy, we find the following expression for the matrix of the
equation of L:

I'=4YI+TTy) 'Ry (Ty —T1)R; I+T%)7!

whose spectral elements give the measure (and a determination) of the Euclidean angle. Note that this
formula is nothing else but the variance equality for the splitting matrix (see proposition 1.5.4) supplemented
with the additional information that the morphism is unitary.

The variance problem for the Euclidean angles is more complicated. Let us first make a general remark
about the polar decomposition of symplectic isomorphisms. It is well-known that a symplectic isomorphism
(or simply a real isomorphism of R?*) can be uniquely written in the form 1) = s o ¢, where p € O(2(,R)
and s is a symmetric positive definite linear map. Obviously 1 o {) = (s o ¢) o ¥(s0 ) = s2, and thus s
is the (unique) positive square root of 1 o “3p. Tt is easy to verify that s is symplectic, and thus that
p € Sp(2¢, R)NO(2¢,R) = U (¢, C). The classical polar decomposition thus provides a homeomorphism (not a
homomorphism of course) between Sp(2¢, R) and U (¢) x S(2¢), where S(2¢) is the set of symplectic symmetric
positive definite linear isomorphisms of R2¢. Since the isomorphism ¢ is orthogonal, the effect of a symplectic
isomorphism v on the Euclidean angle defined by a pair (Li,Ls) reduces to that of an element s € S(2¢).
Now for an explicit determination of the variance, we will always use coordinates as an intermediate step,
as they are easier to evaluate: we first compute the coordinates relative to a suitable decomposition, then
use the preceding transformation formula to get the new coordinates and finally deduce the new Euclidean
angles. We conclude this paragraph with a general remark related to the above transformation formulas:
in spite of its dependency on the choice of a horizontal/vertical decomposition of the ambient space, the
splitting form appears as the most natural object to handle from the computational viewpoint, since its
evaluation and transformation rule are quite straighforward. By contrast the Euclidean angle encodes the
geometric information more directly and is thus better adapted to formal descriptions, such as the persistence
of hyperbolicity under perturbation. We recall that in chapters 2 and 3 we will be mainly concerned with
the evaluation of the splitting form in a perturbative setting.

1.6. The splitting of Lagrangian submanifolds.

In this paragraph we give the global form of the preceding linear notions. Athough this should definitely
be written up for completeness, much of it is actually routine and does entail rather heavy notation. Moreover
it is too general for the perturbative setting which will essentially concern us in further chapters so that
skipping this paragraph at first reading is quite possible and perhaps advisable. But it does give a better
geometric understanding of the situation and should certainly be kept in store in view of more global and
geometric investigations.

To start with we consider pairs of Lagrangian submanifolds of a given symplectic manifold (M, )
and globalize the various definitions of “splitting”. We need first assume some intersection property and
some regularity for the intersection: if £; : L; - M, i = 1,2, are two injective Lagrangian immersions,
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we say that the pair (L1, L) is regular when the intersection I = £1(L;) N L5(Ls) is nonempty, the sets
I; = £;'(I) are submanifolds of L;, and the restrictions of £; to I; are immersions. In that case, we consider
the set T obtained from the disjoint union I [J I by identifying the pairs of points having the same images
under £; and L5, so one can consider I as a submanifold of both L; and L, and we define naturally the
map T : I — M as the restriction of £; to I;; we say (somewhat improperly) that Z is the intersection of £
and L.

Of course two Lagrangian immersions or submanifolds transverse in M and with nonempty intersection
define a regular pair, but due to dimensions the intersection is then simply a union of isolated points. A
more interesting case is the one of submanifolds of the same (regular) level H of a Hamiltonian function
on M; the transversality relative to A entails that the intersections are one-dimensional, being thus the
union of isolated orbits of the Hamiltonian vector field (recall that the Lagrangian submanifolds of #H are
automatically invariant under the Hamiltonian flow). But non-transverse cases will also occur naturally in
the sequel, in connection with the invariant manifolds of invariant tori near multiple resonances.

(1.6.1) Splitting forms and Euclidean angles of pairs of Lagrangian submanifolds. This paragraph is devoted
to straightforward but necessary translations from the linear case to a coordinate free setting. In §§ 1.6.4
and 1.6.5 below we specialize to the case when M is a cotangent bundle, which is both the most important
example and makes it possible to write down —some— formulas.

So for the time being we begin quite generally with Lagrangian immersions: let (L1, L) be a regular
pair of injective Lagrangian immersions L; — M, and denote by Z their intersection. Since I C L; for
t = 1,2, we can define the two vector bundles T1L;, and consider their product X over I, whose fiber over
x = (x1,x2) is the product Ty, Ly X Tp,Lo. We consider finally the bundle B(X) of bilinear forms of X,
whose fiber over z is Bil(T,,L1,T,,L2). Note that given z = (x1,%2) € I, the maps T, L; are Lagrangian
linear embeddings of the spaces T, L; into TI(w)M .

Definition. The symplectic angular form of the pair (L1, L2) is the section A of the bundle B(X) whose
value over © = (x1,22) € I is the symplectic angular form A associated with the pair (Ty, £1,Ty, L), i.e.
fora € Ty, Ly and b € Ty, Ly:

Aw (a7 b) = QI(z) (Tm1 Ly (a)7 Tw2 Lo (b)) .

One has the same invariance property as in the linear case, to wit:

Proposition. If ® is a symplectic diffeomorphism of M, the maps L, = ® o L; define a regular pair
of Lagrangian immersions with the same intersection set I, and the symplectic angular form of the pair
(LY, L) is equal to the one of (L1,L>), i.e. the symplectic angular form is invariant under symplectic

diffeomorphisms.

(1.6.2) Let us move on to global splitting forms, assuming that we are given in the tangent bundle TM two
supplementary Lagrangian subbundles H and V (i.e. such that the Whitney sum H @ V is TM); denote
by pu, py the associated projections from TM onto H and V. Let now A be the set of all Lagrangian
submanifolds of M and Ay the set of Lagrangian submanifolds everywhere transverse to V. Proceeding as
in the linear case again, we denote by S(#) the bundle of symmetric bilinear forms of the subbundle H,
and for every submanifold Z of M, Sz(H) the restriction to Z of S(#). Remark that if £ is in Ay and
x € L, the tangent space T, L is a Lagrangian subspace of the symplectic vector space (T, M, §2,), transverse
to V, and one can define as in the linear case the natural linear embedding I£ of T, £ associated with the
decomposition (#,,V;) of T, M. We are thus led to the following

Definition. Let (L1,L2) a regular pair of Lagrangian submanifolds of M, with £; € Ay for i = 1,2, and
Z = L1 N Lo. The splitting form of the pair (L1,L2), relative to H,V, is the section ¥ of Sz(H) whose

22



value over x € T is the splitting form oy, y, of the pair of linear Lagrangian embeddings (151 1£2),

An analogous definition can be formulated for pairs of Lagrangian immersions. Clearly the same equiv-
ariance property as in the linear case holds:

Proposition. Let ® be a symplectic diffeomorphism of M, and (L1,L2) a regular pair of Lagrangian
submanifolds of M, with £; € Ay. Let us denote by primed letters the images by ®. Then for x € T and
z' = ®(z) € T', the splitting form X!, of the images (L', L}), relative to the decomposition (H',V'), is the
image under T, ® of the splitting form X, relative to the decomposition (H,V):

®(2) (qu’(a), Tz‘I’(b)) =3, (a,b).

The symplectic angular form is equivariant under symplectic diffeomorphisms.

One then easily translates the linear transformation formulas for the splitting form under symplecto-
morphisms (see §1.5).
(1.6.3) Let us finally state the definitions for Euclidean angles. We assume that the symplectic manifold
(M, ) is endowed with a compatible almost-complex structure, 4.e. an operator J of TM such that J? = —T
and such that the bilinear map (a,b) — I(a,b) = Q(J(a),d) is positive definite in each fiber of TM, and
defines thus a Riemannian metric on M. In that case TM has a Hermitian structure given by Z(a,b) =
I(a,b) + iQ(a,b), and we can speak of the orthogonal group bundles U and O whose fibers over z € M
are U(T,M,E) and O(T,M,II). For x € M, it is thus possible to define the space &, of Euclidean angles
of Lagrangian subspaces of T, M, we write € for the bundle (over M) of Euclidean angles and £z for its
restriction to a submanifold Z. This being said we can phrase the

Definition. Let (L1, £2) be a regular pair of Lagrangian submanifolds of M, with T = L1 N Lo. The
Euclidean angle of (L1, L2) is the section of E7 whose value at x € T is the Euclidean angle of (TpL1,TxL2).
One defines in a natural way the representative of the angle, as the section of Uz whose value over x € T is
the representative of (T L1,T,L2), and the associated sections given by the measures and the determinations.

Note finally that one can pass from coordinates to Euclidean angles in the same way as in the linear
case.

1.7. Lagrangian submanifolds in a cotangent bundle.

We now study more concretely the case of a cotangent bundle (M = T*V, 7, V), endowed with its canon-
ical Liouville exact symplectic structure. One can keep in mind the primary example of the ¢-dimensional
torus V = T¢ = R¢/Z* (or an open subset of it). This example is however not quite generic because then
the bundle T*V (as well as TV), is canonically identified with V' x R¢. As a consequence T(T*V') is just the
product (V x R¢) x (R x R), and we have a canonical horizontal /vertical decomposition T'(T*V) = Ho® V.
For general V' a wertical subbundle can always be defined intrinsically as the subspace of all vectors tangent
to the fibers T}V, but the horizontal one cannot and depends on (in fact is equivalent to) the choice of a
connection on V.

(1.7.1) Cohomology and defect of exactness. We restrict ourselves to submanifolds defined as images of
one-forms on V. In the case of a trivial bundle, these are graphs of maps from V to R¢ so that in all cases
we say that such submanifolds have the graph property. If £ = Imf, the form 8 defines an embedding
of V into T*V with image £, hence an identification between V and £, and it makes sense to speak of the
pull-back 8*(X) which is a one-form on V and in fact is just equal to 8 by the characterization of the Liouville
form A (¢f. §1.1). Thus £ is Lagrangian if and only if § is closed, and exact if and only if 8 is. In this
last case, the manifold is the graph of the derivative of a function S : V — R which is called a generating
function for L.
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More generally, when £ is Lagrangian, we say that the cohomology class § € H'(V,R) of 3 is the defect
of exactness of L. In the case V = T¢, the vector space H'(T¢, R) is £-dimensional. In fact using the canonical
coordinate system (6, ...,8;) on R¢ (the universal cover of T¢), the forms df;, i = 1,...,£ (or rather their
cohomology classes) form a natural basis for H'(T% R) so that § € R¢ is an f-vector. If we lift (canonically)
the coordinate system (6;) to a coordinate system (6, z;) of T*T¢ = T¢ x R® (of the universal cover rather),
then z; is just the component on df;, and the defect of exactness appears as (minus) the translation in the
fibers one has to operate in order to pass from the initial Lagrangian manifold to an exact one.

(1.7.2) Ezpressions in local coordinates. Before proceeding, we insert a word of caution about notation: the
letter S is used above to comply with a long tradition (dating back from the 18-th century) to denote the
action integral. So S certainly does not stand for “splitting”. Referring to §1.3.1, in the linear case one has
S = @1 which is a quadratic form. So S = @}, computes the coordinate 71, as will also be the case below in
the global situation. It is of course the same S which occurs in chapters 2 and 3 in a perturbative setting,
where the splitting is determined by a difference St — S—. More precisely, at an intersection point the
splitting matrix is given by the difference of the Hessian matrices (or the Hessian matrix of the difference)
of two generating functions (ST and S~ in chapters 2 and 3) as is also apparent below. As a rule, we use
boldscript to denote splitting matrices and plainscript for the generating functions.

With this in mind we return to the effective “computation” of the various objects. Let (z;) be a
coordinate system (z;) over an open subset U C V and let (z;,y;) be the associated coordinate system on
U* = n=}(U) C T*V, the coordinates (y;) being thus the components on the basis of one-forms (dz;). Let @
denote the natural projection T(T*V) — T*V. We can lift again the preceding coordinates and obtain
a coordinate system (z;,;,&,m:) on U = w1 (U*), the coordinate & (resp. 7;) being the component on
the vector field 9/0x; (resp. 0/0y;). Note that the basis (0/0x;,0/0y;) of T(4,,)T*V is symplectic for the
canonical symplectic form €, ). Note furthermore that over the open set U the vector fields (9/9z;) and
(0/0y;) generate two supplementary horizontal and vertical subbundles H and V, so that one can speak of
the coordinates and splitting forms relative to that decomposition. Finally V is always the restriction to U*
of the vertical subbundle of T(T*V'), whereas H depends on the initial choice of local coordinates.

Given £ = Im 8 C T*V a Lagrangian submanifold and z a point of V, we first determine the tangent
space Tg()L. As a first step, since § is an embedding of V' onto £, one gets directly T, L = T, B(T,V).
Consider now a local coordinate system (x;) with lift (x;,y;,&,n:) to T(T*V) and write 8 = (8;) in these
coordinates. The tangent map T3 : TV — T'(T*V) reads:

(mzagz) = (xia ﬂl($)3517 631833 (m) 6])7

j=1

and the subspace Tg(,)L appears as the graph of the linear map £ 2?21 (8B,~ /0z; (a:)) &, from T,V to
the vertical fiber of Ts(z)(T*V'). Let ‘H and V be as above; since the basis (9/0z;,0/dy;) is symplectic, we
see that in the basis (0/0x;), the matrix Iy, of the coordinate v, of the Lagrangian subspace Tp(x)L relative

to H and V is just:
9B
r, = .
‘ [3%' (m)]
Particularizing to the case of an exact submanifold £s = Im dS, we say (improperly) that the map TdS :
TV — T(T*V) is the Hessian of S (not to be confused with the second differential ddS, from TV to TTV).
The tangent space Tyg(,)Ls is thus the image of the Hessian of S at x, and the matrix of its coordinate in

the preceding basis is the usual Hessian matrix of S:

rw=[625<)].

8.’L‘i 6.’L‘j v
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Given now two Lagrangian submanifolds £; = Im f;, i = 1,2,, an intersection point x € £; N Ly, and a
coordinate system around z = 7(x), we immediately get the splitting matrix of the pair of tangent spaces
(TxL1,TyL2) in the lifted coordinate system: just replace 8 by B2 — f1 in the formula above. In the case of
exact submanifolds the same is true, replacing S by Sy — S1, which is the first step in the Hamilton-Jacobi
method of chapter 3.

(1.7.3) The effect of exact symplectomorphisms. We finally have to (briefly) consider the transformation
of coordinates and splitting forms under symplectomorphisms. In the case of a general symplectomorphism
of T*V, there is nothing more to say, but we will examine more particularly the exact symplectomorphisms
obtained as lifts of diffeomorphisms of the “configuration space” V. Their characterization among all the
fibered diffeomorphisms of 7*V and their effect on exact manifolds are given in the following general propo-
sition, whose proof is straightforward.

Proposition. Let f : W — V a diffeomorphism between two manifolds. Consider a map ® : T*W — T*V
fibered over f i.e. such that the following diagram commutes:

™w —2 5 TV

- f |

w — vV

Then one has the following properties:
— ® is exact symplectic if and only if there exists a function F : W — R such that

B(x) = [(Tof)] 7' (x + dF (2)),

in which case we write ® = 7. The inverse of &7 is [®F]~ = <I>]f£°f.

— If L is exact with generating function S, the image <I>?(,C5) is exact with generating function (S+ F)o f.

The role of the function F' is simply to translate in the fibers by a vector dF. It may be convenient to
set F' = 0, but other choices are useful. In particular an exact submanifold ImdS can always be mapped
to the zero section by means of an exact symplectomorphism, by choosing f = id and F' = —S. Here
since we are interested in the transformation formula for exact submanifolds, we can simply forget about F'
and confine ourselves to the class of cotangent lifts of diffeomorphisms which are linear on the fibers. So
we consider an exact manifold £ = Im (dS) of W, and let ® = ®%. The image ®(L) has S = So f! as
generating function, so that writing g = f~! for clarity one derives the expression (where (Z;) and (z;) are
the coordinates systems in W and V respectively):

928 ¢

83:,-6351-

P d 6gk 6gk: 2
s Oidr; Z ax, )00, D momn &

(z) =

from which one deduces the matrix of the coordinate v of T} Lgs, relative to the decomposition (Hy, Vy)
associated with the coordinates (z;). Note that the first term involves the first derivatives %%( Z), which
are nothing else but the coordinates of the point ¥, whereas the second term is the matrix expression of the
direct image of the coordinate under the tangent map T'g. The first term is not tensorial in nature, whereas
the second one is; this simply reflects the well-known non-tensorial character of the Hessian matrix at regular
points.

As an application, we easily get the transformation formula for the splitting matrix at an intersection

point of two exact Lagrangian submanifolds £; = Im (dS;), ¢ = 1,2. The matrix is given by:

T 0w

S(a) =T, - T, = | 252
i0Z;
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which immediately yields the transformation rule:

J4
= 3 9000 ) B ),

ot 6wz Bz’j

which is of course again a tensorial formula. The above constitutes a computational proof of the following:

Proposition. With the assumptions and notation as above, the splzttmg form at the point x, relative to H
and V, is the image under ® of the splitting form at X, relative to H and V. O

A direct proof is also immediate, since the tangent spaces to £ at the point ¥ and to the image ®(L)
at the point ®(Y) are obviously related via Ty ®(T3L) = Ta(5)(®(L)), whereas the horizontal and vertical
subbundles correspond under the transformation .

1.8. Hyperbolic tori and normally hyperbolic invariant manifolds

The model Hamiltonian (x) of the introduction and more generally the normal forms in the neigh-
borhood of resonances in the perturbative setting (to be studied in chapter 2) have several very specific
features, the main one for our concerns being the existence of normally hyperbolic manifolds containing the
(partially hyperbolic) invariant tori. One knows also that there exist in general non-KAM invariant tori
(i.e. which cannot be obtained by the Graff-Treschev method; see [H1], [Y1]) for which one cannot make
use of the classical normal forms. In the present paragraph we first explore the symplectic geometry of
the various hyperbolic invariant manifolds introduced in §1.2, showing that the dynamical hypotheses have
indeed immediate and natural geometric consequences. We then introduce a new definition for hyperbolic
tori in a purely dynamical setting, which is general enough to cover the case of non-KAM tori (for which one
cannot assume the conjugacy of the flow on the torus to a linear rotation) and leads to the same conclusions
regarding their symplectic geometry. In the next paragraph (§1.9) we take advantage of the geometric fea-
tures of the invariant manifolds and establish general straightening theorems, which in turn make it possible
to derive geometric normal forms for the invariant tori, without unnecessary arithmetical assumptions on
their rotation vectors. Further extensions are possible and could be useful in order to take into account the
existence of C° invariant sets, but such a generality will not be necessary here.

Let again (M,Q) be a 2¢-dimensional smooth symplectic manifold, H € C"(M,R) 2 < r < w) a
Hamiltonian on M, X g the corresponding vector field, ® its flow and ¢ the time-one map (note that we do
not assume M exact). Here and below, “invariant” means “invariant under the flow ®”. In the sequel we
make use of the definitions and notation introduced in §1.2.

(1.8.1) The stable leaves of a pseudo-hyperbolic invariant manifold. We begin with the case of p-pseudo-
hyperbolic manifolds, for which one can only prove (when p < 1) the existence of stable leaves attached to
every point. Given two vectors tangent to a certain leaf at the same point, the symplectic character of ®
entails that their symplectic product remains constant under iteration, whereas their lengths tend to zero:
one can thus expect that their symplectic product vanishes. This is indeed what our first statement asserts:

Proposition. Let V be a compact C" p-pseudo hyperbolic invariant submanifold of M, with p €]0,1[ and
r > 1, and assume that the stable bundle E™ is C™. Then for each a € V, the stable leaf A} is isotropic.

Proof. Consider first the stable bundle Et and two vectors u, v in the same fiber EI‘," (p € V). The symplectic
character of ¢ leads to the equality Q(u,v) = Q((T'¢)™(u), (T$)"(v)) for all n € Z, so that

Qu,v) = lim Q((T¢)"(u),(T¢)"(v)) =

n—-+oo

since p < 1; this shows that Et is an isotropic vector subbundle of the tangent bundle of V.
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The problem is now to pass from the linear objects to the nonlinear ones. We note first that by the
usual tubular neighborhood theorem for compact submanifolds, one can find a C! diffeomorphism v from a
neighborhood U of V in M onto a neighborhood O of the zero section V4 of a vector bundle (F, 7, T) over V,
such that (V) = V5. Identifying the objects in U and their images in O, we may assume furthermore
that E™T is a vector subbundle of F' (see [Li-Ma]).

Fix on M a p-adapted Riemannian metric, and denote by || || its image by v, over O. Consider its
canonical lift to the tangent bundle 70O and denote by J the associated distance on T'0O. One sees first that,
for O small enough, there exists a constant C; such that the following regularity estimate holds for Q2 on O:

[Q(u,v) — Qu',v")| < C1 §(u,u) §(v,v"),

for all u,v,u',v" in TO.

Since v is C!, one can still assert that the (image of the) stable leaf A} is tangent to the (image of the)
fiber Ef of ET at the point a € V. One easily shows, using a finite open covering trivializing the tangent
bundle over V, that there exists a constant C such that for alla € V, b € At and u € T,A}, one can find
a point b’ € ET and a tangent vector u' € Ty EF such that

S(u, u') < Co6(b, V) [Jull,

where ||u|| = 6(u,0p). If u,v € THAF, we denote by u,, = T¢"(u), v, = T¢™(v) their n-th interates. Using
the isotropic character of E}, one has for all n:

|Q(Un,’()n)| = |Q(umvn) - Q(u’II’L7U':'L)| <G (5('11,",'11,,”) 5(””:’”2)'

Now by the very definition of the stable leaves, if b,, = ¢™(b) one gets §(b,,T) < C3p™ for a suitable C3, and
thus:
|2(un, va)| < Cap®[Junll [lonll.

Finally, a simple continuity argument shows the existence of a neighborhood O’ of E* \ V containing the
union J,. A, over which the estimate [|T'¢[| < 1/p holds. Since the iterates u; and vy stay in O', one

gets Q(u,v) = lim, 00 Q(un,vn) = 0, and the stable leaf AT is thus isotropic. O
(1.8.2) Isotropic hyperbolic invariant manifolds. The last result crucially uses the fact that the symplectic
product of the n-th iterates of two tangent vectors at some point of one leaf tends to zero when n — oo,
and in that case this property comes simply from the convergence to zero of the lengths of these iterates. If
one assumes now that the invariant manifold V is isotropic one can expect some improvements of the result,
since the vanishing of the symplectic product is in that case a direct consequence of the convergence of the
iterates to the isotropic tangent bundle TV. More precisely we have the following;:

Proposition. Let V be a (r,p)-neutrally hyperbolic manifold, with p €]0,1[ and r > 1. With the usual
notation, assume furthermore that M(T¢py) < 1/M(T ¢ g+). Then if V is isotropic, the stable manifold
WH(V) is isotropic too.

Proof. Denote by F' the tangent bundle of V and by E* the stable bundle over V. We have to check first
that the vector bundle GT = ET & F is isotropic. Since F' and E™T are isotropic, it suffices to show that for
alla € V,v € Ef and w € F,, Qv,w) = 0. One has Q((T'¢)"(v), (T¢)"(w)) = Q(v,w), for all n, just as
above. But now we have the inequality:

Q((T9)" (v), (T)" (w))| < CITH)" W) (TH)™ (W),
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and our assumptions on the norms ensures that the r.h.s. tends to 0 as n — 4o00. This yields Q(v,w) =0
and Gt is isotropic. One then uses the tangency of W+ (V) to the bundle GT to prove the proposition,
exactly in the same way as in 1.8.1. We refer to [Mar3] for details. O

(1.8.3) Normally hyperbolic invariant manifolds. We now examine the consequences of normal hyperbolicity
for an invariant manifold V. The striking fact is that one gets geometric information not only on the stable
(or unstable) manifolds of V', but also on the manifold V itself. Namely we have:

Proposition. Let V be a s-normally hyperbolic invariant submanifold of M, with s > 1. Then V is
symplectic, and the stable and unstable manifolds W+ (V') are coisotropic. Furthermore, the leaves of the
characteristic foliation of W+ (V) and W~ (V') are exactly the stable and unstable leaves A} and A, respec-
tively.

Let us first say some words about the properties of coisotropic submanifolds of a symplectic manifold.
Recall first that a submanifold C' of M is coisotropic when for each z € C, the tangent space T3, C contains its
symplectic orthogonal in (T M, ;). Thus C carries a canonical distribution, namely the field of subspaces
(T,C)*)zec, called the characteristic distribution of C. The typical example is given by a hypersurface
H = cst in M, which is always coisotropic and whose characteristic distribution is generated by the Hamil-
tonian vector field Xg; in this example the (one-dimensional) distribution is of course integrable, by the
usual Cauchy-Lipshitz theorem. It turns out that in fact the characteristic distribution of a coisotropic sub-
manifold C' is always integrable: this is indeed a simple application of Frobenius theorem and Lie derivatives
(see for instance [MDS]), and it makes it possible to define a characteristic foliation of C.

We now sketch the proof of the proposition. Note first that due to the Hamiltonian character of the
vector field, the dimensions dim E* and dim E~ are equal, say k = dim E* (then dimV = 2(£ — k)). In
order to prove the coisotropy of, say, W+ = W (V), one has first to check the property for the bundle
GT = TV + E*, and then use the tangency to get the conclusion. We will verify that for each a € V,
the orthogonal (G¥)* is exactly EF. It will be enough to prove that Ef C (GF)%, since then, counting
dimensions,

dim (GH)* =20 —dim (G}) =20~ (20— k) = k = dim E},

and thus (G})* = EFf C G, meaning that G* is indeed a coisotropic bundle. In order to prove the
inclusion, consider two vectors v € E} and w € G; then again:

12((T¢)" (v), (T)" (w))| < CI(TH)"W)IITH)™ (W)l < Cp"u™|lol| [[v]]

for suitable p and p, with u < 1/p. The symplectic product thus tends to zero when n — +o00, and
Q(v, w) = 0. The end of the proof of the coisotropy of W+ goes exactly as before; see [Mar3] for details.
As for the symplectic character of V', note that the tangent space T,V is the intersection of the coisotropic
spaces T,W*(V) = Gai; its symplectic orthogonal is thus given by:
(TV)* = (G +(G,)" = Ef +E,
and one gets (T,V)+ N T,V = {0}. This shows that the restriction to T,V of the symplectic form Q is
nondegenerate and V is a 2(¢ — k)-dimensional symplectic submanifold of M. O

(1.8.4) Hyperbolic tori. We now specialize the notion of hyperbolicity to the case of invariant tori and apply
the preceding results to that case.

Definition. Let k be an integer, k > 1. An invariant torus T C M is said to be k-hyperbolic if there exists
a continuous decomposition TrM = ET ® E° @ E~ and a Riemannian metric || || on M such that:
i) dim ET = dim E~ = k;
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ii) the tangent bundle of T is contained in E°;
’LZ’L) M(T¢‘E+) <1, m(T¢|E—) >1;
iv) M(T¢|E0) = m(T¢|Eo) =1.

Let us say a word about condition ). Note first that if 7 is a k-hyperbolic torus, and writing
po = Sup(M(T¢\g+),1/m(T p-)),

we have that for all p €]pg,1[, T is (r, p)-neutrally-hyperbolic for ¢ and ¢~1, for any integer r. By theo-
rem 1.2.2 one can then assert the existence of C'* local stable and unstable manifolds, together with C'*°
stable and unstable leaves at every point. Of course if finite regularity is enough for the problem at hand,
one can relax assumption 4v) and assume only that the contraction in E* and dilation in E~ dominate
the tangent behaviour. Applying theorem 1.2.2 again, one then gets C" invariant manifolds and leaves for
suitable r. For the sake of notational simplicity we here confine ourselves to the C'™° case. Proposition 1.8.1
immediately applies and leads to the following:

Corollary. Let T C M be an isotropic k-hyperbolic invariant torus. Then the stable and unstable leaves
AT and A, attached to its points are isotropic. O

One would like to apply proposition 1.8.2, thereby getting some additional information on the geometry
of invariant tori. As a preliminary step, we first recall a classical geometric result ([H2], [Be3]) which does
not require any hyperbolicity assumption on the invariant object.

Proposition. Let T C M be a d-dimensional torus which is invariant under ®, and such that the flow on T
s conjugate to a minimal rotation. If the form Q is exact over some neighbourhood of T, then T is isotropic
(so that d < £).

Proof. There exists an embedding f : T¢ < M with f(T%) = 7 and such that X = f*(Xpy) is a (non-
resonant) constant vector field. We denote by Q the pull-back f*(Q). The form € is invariant under the
flow of X so that the coefficients of Q in a canonical coordinate system (z1,...,z4) of T¢ are constant.
One can thus write the form Q as Q@ = 30, ., ;g aijde; A dzj, with ai; = £ [1.Q A 15, where n;; =
dzy A ... Adzi A ... Nz A dzg.

Now Q is an exact form on T¢, because denoting by A a primitive of  near 7, we have: Q = f*(d\) =
d f*(\). The form Q A n;; is thus exact too: indeed d(f*(A) A ni;) = Q Amy; (mi; is closed). So by Stokes
theorem a;; = 0 for all 4, 5. The form Q is identically zero on T?, i.e. T is isotropic. O

In the more general case of an invariant torus 7 with minimal flow (all the orbits are dense), the question
of the isotropic character of 7 seems to be open ([H2]). Note that the assumptions of the proposition are
always met in the case of hyperbolic tori whose existence is proved by KAM methods, in the neighborhood of
Lagrangian tori. Given the above, in the rest of this paragraph, we confine ourselves to the case of isotropic
hyperbolic tori. We now state a useful result which is an immediate application of proposition 1.8.2:

Corollary. Let T C M be an isotropic k-hyperbolic invariant torus. Then its invariant manifolds WT and
W™ are isotropic. O

Note that if the d-dimensional isotropic torus 7 is k-hyperbolic, then the isotropy of W*(T') forces the
inequality d + k < £. In the sequel we will be especially concerned with the case d + k = £, which can thus
be view as “maximal” from the viewpoint of dynamical as well as geometric characteristics. Indeed in that
case the invariant manifolds W*(T) are Lagrangian, and the study of their splitting becomes a particular
case of the general study of the above paragraphs.
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1.9. The perturbative setting

The aim of this paragraph is to introduce a class of Hamiltonian systems on the cotangent bundle
T*T¢ = T*T" x T*T™, which generalizes both Hamiltonian (*) and the classical normal forms in the
neighborhood of multiple resonances of multiplicity m, which we will meet in chapter 2.

(1.9.1) Changing notation somewhat for convenience, we will consider Hamiltonian systems of the following

form:

H(¢,I,q,p) =F(I,q,p) +nG(9,1,q,p),

with (¢,I) € T*T™ and (q,p) € T*T™; p > 0 is a small parameter.

The system described by F' is independent of ¢, so that the I-variables are first integrals of Xp. As a
consequence, the levels {I = I°} are invariant coisotropic submanifolds of T*T¢, diffeomorphic to T™ x T*T™.
We denote by Fljo the restriction of F' to the set {I = I 01, that one can consider as a Hamiltonian system
on T*T™ since it does not depend on ¢. We will assume that O = (0,0) € T*T™ is a hyperbolic fixed point
for the vector field generated by Fjo.

As O is hyperbolic, for each I in a neighborhood B of 0 in R”, we find a family of fixed points O(T)
for the systems generated on T*T™ by F|;; we denote by W*(O(I)) their invariant manifolds. This implies
that the submanifold:

No = {(¢,1,0(I)), ¢ € T, I € B} C T*T*

is invariant under the flow defined by F', and one checks that it is a normally hyperbolic submanifold of T*T¥,
with stable and unstable manifolds:
Wi = [J wE(o().
IeB
One verifies easily in that simple case the assertions of proposition 1.8.3; namely Ny is symplectic and in
fact symplectomorphic to a neighborhood of the zero section in the cotangent bundle T*T"; W(J{ and W
are coisotropic, the leaves of the characteristic foliation of WSE being the sets:

A?;O,IO,O(IO)) ={¢p=¢° I=1} N Wy.
One has furthermore in this unperturbed system a foliation of the manifold N¢ by invariant tori:
Tro = {(¢,1°,0(I°)), ¢ € T"},
which are obviously isotropic and m-hyperbolic, with Lagrangian invariant manifolds:
WE(Tro) = {I = I°} N WE.

Let F(I°) be the level set of F containing the unperturbed torus 770, so F(I%) = F(=YD({F(I°,0(I°))}).
The manifold C(I°) = {I = I°} N F(I°) is coisotropic and (2m + n — 1)—dimensional; generalizing (1.1.10)
one proves easily that the dimension of its characteristic foliation is 2¢ — (2m +n — 1) =n + 1. So any two
Lagrangian submanifolds of F(I°) either have empty intersection or intersect along the (n + 1)—dimensional
leaves of the characteristic foliation. In particular, the dimension of the intersection of W% (7o) is at least
n + 1, if there exists a homoclinic point. Due to the very particular form of F', one can easily describe that
intersection: it is just the product by T™ of the homoclinic set W+(O(I°)) N W~ (0(I°)).

Let us now briefly consider the system decribed by the full perturbed Hamiltonian H. One would like to
use theorem 1.2.3 and proposition 1.8.3 to deduce, for p small enough, the existence of a normally hyperbolic
submanifold N, close to Ng. The problem is that Ny is not compact, so one has to slighly modify the
situation. Note first that our study is essentially local, as we are interested only in one single torus contained
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in the perturbed system. So one has just to modify the system in the neighborhood of the boundary of B
in order to get the desired stability, for instance by considering a compact-supported perturbation, equal to
the analytic one in a neighborhood of the center of B. After such a modification our theorems apply and
we get a normally hyperbolic symplectic submanifold N, with its invariant stable and unstable coisotropic
manifolds W,J[ and W . In the sequel will always assume that our system has been modified this way, and
that we get genuine invariant manifolds in the perturbed system.

As for the perturbed tori, one cannot of course assert the persistence of the complete family 770, but one
gets by KAM theorem a large family of invariant isotropic tori 7o (1), located on the invariant manifold N,
and issuing from the unperturbed ones. One easily checks that these are m-hyperbolic tori according to
definition 1.8.4, and one can assert directly in that case that their (Lagrangian) invariant manifolds are
p-close to those of the unperturbed family, since the invariant manifold attached to a given torus is obtained
as the collection of the invariant leaves of its points, which are u-close to the unperturbed ones by the normal
hyperbolicity of Ny. We will return to this picture in a more analytic and quantitative fashion in chapter 2.

Let us pass to the assumptions relative to the homoclinic orbits. Here we will adopt a setting which
can be seen as an intermediate between purely variational and purely hyperbolic approaches. Generally
speaking, it amounts essentially to assuming the existence of enough hyperbolicity and transversality at the
averaged level, and then to get the existence of homoclinics (and other objects which we will not consider
here) in the initial system by using symplectic geometry. Our assumptions are still “generic”, and provide a
very interesting geometric setting to describe the hyperbolic behaviour of the initial system.

More precisely, in the case of our system H(I,¢,p,q), we will concentrate on the homoclinic orbits
asymptotic to the perturbed torus 7o(u). In order to get the existence of such homoclinics, we will assume,
in addition to the hyperbolicity of the fixed point O = (0,0) in T*T™, the existence of a homoclinic orbit £
biasymptotic to O (for the unperturbed system Xp, on T*T™), such that
— the stable and unstable manifolds W (0) intersect transversely along &;

— the manifolds W¥ are graphs in the neighborhood of &.

Under these assumptions, we will prove in §1.10 the existence of homoclinic orbits for the perturbed
torus, using a suitable section and some basic facts of symplectic geometry; and we will examine various
ways for defining the splitting in §11. We end the present paragraph on the perturbative setting by some
straightening results for the various invariant manifolds we just described; these results will prove useful for
the application of KAM theorems in chapter 2.

(1.9.2) Straightening theorems in the perturbative setting. Here we show how to simultaneously straighten
the stable and unstable invariant manifolds, in the perturbative setting, and under various circumstances.
We sketch and emphasize the rather uniform procedures, refraining from giving formal statements which
might be longer and more complicated than the proofs. These results will prove useful in particular in
chapter 2.

As a first (nonperturbative!) example, we begin with the case of a hyperbolic fized point O € M, for
which we want to locally straighten the stable and unstable manifolds simultaneously. Proposition 1.8.1
shows that these invariant manifolds W* are isotropic, thus Lagrangian since they are /-dimensional; this
is also the case for the stable and unstable directions E* of the linearized system, in the symplectic space
(ToM,Q0). Since this is a local study, we may assume that M = R (with the standard form Q) and
O = 0, and due to the Lagrangian character of E* we may assume furthermore that E* = R¢ x {0}
and E- = {0} x R*. Now denoting by (3,) the variables in R?*, one can represent the local invariant
manifolds )/Vli as graphs over the stable and unstable directions:

Wit ={(5,9+(8), s€ D}, W ={(9_(a),a), u € D},
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where D is some open disk in R, and Dg4(0) = 0. The function j, : D — R?¢ defined by j(5) = (5, g (5))
is thus a Lagrangian embedding of D, as well as the function j_ defined by j_(u) = (g_(u),u), so that:

Q=0 =o0.

We now want to straighten W+ and W™, i.e. to introduce symplectic coordinates (s, u) in a neighborhood
of 0 in which the local equations simply read:

Wi ={u=0}, W, ={s=0}.

We will obtain these coordinates by composing two natural symplectic diffeomorphisms p; and p_, straight-
ening first the stable manifold via p4 without loosing the graph property for W~, then straightening W~
via p_ without perturbing W+.

The map (5,a) — (5, u—g+(5)) defines a diffeomorphism p, in a neighborhood of 0, since its derivative
at 0 is the identity map, and one obviously gets for p. (W) the equation 4 = 0. One checks furthermore
by a direct calculation that if 7 is the projection (§,a) — 3:

PLO=0Q—(jyom) Q=0 -0 =Q,

and py is a symplectomorphism. Note that here of course the Lagrangian character of the stable manifold was
used in a crucial way. One can thus introduce via j; a symplectic coordinate system (§, @) in a neighborhood
of 0 in which W has the trivial equation % = 0: this takes care of the straightening of the stable manifold.

In these new coordinates (3, ), the manifold W™ is still a graph over the vertical space, since its equation
5 = g_(u) transforms into § = g_ (@ + g+(8)), which by the implicit function theorem is locally equivalent to
§ =g, (u) for a suitable function g_. Here we have used the equality Dg, (0) = 0, reflecting the tangency of
the stable manifold to the stable direction.

One can now apply the same process to the unstable manifold in the coordinates (§,a), and introduce
the new symplectic chart (s = §—g_ (@), u = i) in a neighborhood of 0. One directly checks that both stable
and unstable manifolds take the announced form in the coordinates (u, s). Note finally that these coordinates
have the same regularity as the invariant manifolds; in particular they are analytic if the manifolds are.

We now take up the case of a hyperbolic isotropic torus in the perturbative setting described in §1.7.5.
Given a m-hyperbolic torus 7, one can first find a symplectic coordinate system (¢, I, s, ), with (¢,I) €
T*T" and (5,u) € R*™, n+m = £, such that the torus 7 and its stable and unstable manifolds W* appear
as graphs of suitable functions:

T ={(¢,1(¢),5($),U(¢)), ¢ € T"},
W+ = {(¢’I+(¢’§)7‘§7 U+(¢’§))7 ¢ € Tn; S D}J
W™ ={(¢,I"($,8),5($,4),a,), p € T", u € D}.

Exactly as in the case of a fixed point, one can perform two transformations in order to straighten W1+
and W~ successively, together with also their intersection 7. As for the stable manifold, one introduces the
local diffeomorphism p, : (¢,1,5,a) — ($,1,3,i) defined by:

¢;:¢7 IN:I_I+(¢7§)7 §:§7 a:ﬂ_U+(¢7§)>

in a neighborhood of 7. In the new coordinates (¢, I, 3,a) the manifold W+ is clearly straightened, with
equation I = 0, @ = 0. Now the Lagrangian character of W+ implies again that p, is symplectic: more
precisely, let = now denote the projection (¢,1,5,4a) — (,0,5,0) and j; the Lagrangian embedding;:

(#,5) = (6,17(9,5),5,U*(4,5)).
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Then one has, just as above in the case of the fixed point:
Pr=Q— (jpom)* Q2 =Q.

As before one again checks that W™ is still a graph on the (¢, @) space, so that the same idea may be applied
again and leads to a new symplectic system (1), J, s, ) in the neighborhood of 7', in which the local equations
for the invariant manifolds are trivial:

Wt={J=0,u=0}, W ={J=0, s=0}.

This in turn leads to the straightening of 7, because T = Wr NW~ = {J =0, s = v = 0}. Finally the
coordinates here are again as regular as the invariant manifolds themselves.

Next it is natural to consider normally hyperbolic manifolds, still in the perturbative setting, namely
the unperturbed and perturbed invariant manifolds Ny and N, introduced in §1.7.5. Due to the invariance
of the Hamiltonian F' relative to the variable ¢, the first case may be treated almost exactly as above, while
the second one is more complicated.

We start with the straightening of the unperturbed normally hyperbolic manifold Ny and its attending
stable and unstable invariant manifolds WZ. We work on a domain over which the manifolds W5 are
graphs over their tangent space along Ny, so that in a suitable system of coordinates (¢,1,5,%) we can
represent W¢ as:

W¢ ={(¢,1,5,U(1,5)), ¢ € T", I € D", s € D™}

where D™ and D™ are some open sets in R® and R™. Here we have used the independence of the (un-
perturbed) system on the angle coordinates ¢. We introduce, much as above, the local diffeomorphism
py : ($,1,5,1) — ($,1,5,1) defined by

The pull-back of the form Q by p; now reads
prQ=dI Ndp + du Ads — dgy Ads,

and one directly checks that the last term vanishes, since the characteristic foliation of W is precisely
parameterized by the variable 5. Thus p, is symplectic again and it obviously straightens W7 . One can
then repeat the process as before and introduce a symplectic coordinate system (1, J, u, s) in which the local
equations are again trivial:

W(')"z{uz(]}, W, ={s =0},

and consequently

No = {u=s5=0}.
In this example the regularity of the coordinates is still the same as the regularity of W+.
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1.10. Lagrangian intersections and homoclinic trajectories

We address in this paragraph the question of the existence of homoclinic orbits for hyperbolic tori and
we wish to simultaneously cover the “non-integrable” cases, where the invariant manifolds of the tori are
distinct, as well as the “integrable” ones, where they may coincide. As a consequence we cannot make use
of the classical methods because these are based on a transversality assumption for the intersections. We
will instead use in a crucial way the fact that the invariant manifolds of isotropic tori are Lagrangian and
translate the problem of existence of homoclinic trajectories into a problem of Lagrangian intersections.
In other words we do mot use general hyperbolic methods but really exploit the symplectic features of the
problem. In the case of 1-hyperbolic KAM tori (i.e. in the nondegenerate perturbative setting), a complete
proof was given by H.Eliasson in [El] (see also [DG1]). We give here a simple proof valid for all multiplicities,
which is not a “complete” proof since we will make use (when m > 2) of a classical variational result ensuring
the existence of homoclinic orbits relative to the hyperbolic fixed point in a multidimensional pendulum (see
below). For m > 2 we find this setting most interesting since, under the generic assumption of transversality
along the homoclinics in the pendulum, one can prove the existence of a very rich hyperbolic behaviour, in
the pendulum first (see [Mar2] and [ST]), and then in the initial system. This study should be continued in
connection with the problem of exchange of resonances, along the lines of [Mar2].

(1.10.1) Homoclinic orbits to 1-hyperbolic tori in the perturbative setting. In this subsection and the next
one we will use the perturbative setting described in § 1.9.1. On the cotangent bundle T*T¢ = T*T" x T*T™
we consider the Hamiltonian:

H(¢,I,q,p) = F(1,q,p) + nG(¢,1,q,p)

and denote by F' the restriction of F to the set {I = 0}, considered as a Hamiltonian system on T*T™. In
this paragraph we study the case m = 1 which has specific features which simplify both the description of
the system and the proof of the existence of the homoclinic orbits.

When m = 1, the system F is defined on the cotangent bundle T*T?2, and thus completely integrable.
We emphasize that we do not actually make use of such a regular structure and the following assumptions
in fact suffice for our purposes:
— the point O = (0,0) is a hyperbolic fixed point with F'(O) = 0;
— there exists a homoclinic orbit £ biasymptotic to O;
— the set £ U {0} is the graph of a function X : T! —» R.

The Hamiltonian vector field does not vanish on the orbit £, so that we may assume that its projection
on T! is compatible with the natural orientation. We fix on the torus (circle) T! two open neighborhoods D+
and D~ of [r,2r = 0] and [0, 7] respectively; we think of Dt (resp. D) as the arc along which we will
follow the stable manifold (resp. the unstable one) in the perturbed system.

For the complete system F on T*T¢, the above assumptions lead naturally to the existence of corre-
sponding invariant objects, obtained from the previous ones by direct product with the torus T™. One gets
an invariant 1-hyperbolic torus:

76 = {(¢707070)7 ¢ € Tn}7
whose stable and unstable manifolds coincide:
Wi =Wy ={(4,0,¢,X(q)), $€T", ¢ T'}.

Now, for p small enough, we assume the existence in the perturbed system, as described by the function H,
of a hyperbolic torus 7, close to Ty, with stable and unstable manifolds W;f close to WJ—L, and we will prove
that they intersect:
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Proposition. There ezists jig > 0 such that for all p €0, o[, the torus T, has at least £ homoclinic orbits.

Let us make our closeness assumption and our notation more precise. In the rest of this paragraph
the parameter y will be (small enough) and fixed, and we abbreviate 7, and W into 7 and W*. Now
the torus and its manifolds are close to the unperturbed ones, and one gets three functions I : T? — R",
Q:T" >R, P:T"— R such that:

and (twice) two functions I* : T" x D* — R® and P* : T® x D* — R such that:

w* ={(6,1*(4,0),0. P*($,0)), ¢ € T", g € D*}.

The main idea will be to construct a section which is well adapted to the problem. Remark first that the
nonvanishing of the Hamiltonian vector field on the homoclinic orbit ensures that dF/9p(0,n, X (7)) # 0,
and the implicit function theorem leads to the existence of a local parametrization p = f(I,q) of the level
surface F~1(0) in the neighborhood of T" x {(0, 7, X (7)) }. Considering now the hypersurface S with equation
g = 7 in T*T¥, one gets a local parameterization of the intersection So = SN F~1(0), of the form p,, = g(I),
with T in an open neighborhood By of 0 in R™. One can thus choose (¢, I) as coordinates on Sp, and one
sees immediately that in these coordinates the one-form induced on Sy by the Liouville form A of T*T¢ is
the canonical form Id¢. One can thus identify Sy with an open set of the cotangent bundle T*T" with
its Liouville structure \,. Now for y small enough the perturbed energy level H~1(0) still intersects the
hypersurface S transversely, and if S = SN H~1(0), one sees that one can still choose the variables (¢, I) as
exzact symplectic coordinates on S, identifying S with a neighborhood of the zero section in (T*(T™), A,). In
these coordinates, the intersections of the perturbed manifolds W* with S are easy to describe:

wE = {(¢ji(¢)), b€ T”}.

where I*(¢) = I*(¢, 7). The manifolds W* are Lagrangian, and so their intersections wt and w~ with S
are Lagrangian for the induced structure, thus Lagrangian in T*T" with the above identification. In order
to prove an intersection property, we analyze their defects of exactness 6% (see §1.6.4), and more precisely
we prove that 6t = 4§~ = 4.

To see this we first recall from §1.7.1 that the i-th component 6? is the period of the Liouville form A,
over the cycle

Cz:t = {(¢a Ii(¢))7 ¢ € Fz}

of w*, where T; is the fundamental cycle {¢; =0, j # i} on T™. Since A, is induced by the ambient
form A on S, (5;—L is also the period of A on the same cycle, considered as a subset of T*T¢. The equalities
0t = 6~ = § will now follow from the existence of a homotopy ht (resp. h~) between wt and T (resp. w™
and T) with values in W (resp. W™), which transforms the cycle C; (resp. C;7) into the cycle C; of T (in
the + as well as in the — case). Namely, in the case —say— of W™, let:

h™ [05 1] X Td — W_ﬂ h~ (87 ¢) = (¢7 I~ (¢7 Q(Sa ¢)) ’ q(S, d))a P~ (¢5 q(sa ¢))) )
with
q(s,¢) = (1 = 5) Q(¢) + 5.
One checks that h™ transforms the cycle C;  into
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and takes its values in YW~ . The stable counterpart is constructed analogously. Since the two-form {2 vanishes
on W, one gets by Stoke’s theorem that §; and §; are both equal to the period of A over the cycle C;, and
this proves the equality of the defects of exactness: 67 = 4§~ = 4.

The conclusion now easily follows: the manifolds W* = w* — § are now ezact Lagrangian submanifolds
of T*T", so they have generating functions S*, and the critical points of the difference ST — S~ are in one-
to-one correspondence with the intersection points of @™, thus also with the ones of w*. It is well-kwown
(by Lyusternik-Schnirelman category theory) that a smooth function on the torus T™ has at least n + 1
critical points, which proves our proposition since £ = n + 1. O

(1.10.2) Homoclinic orbits to m-hyperbolic tori in the perturbative setting. We now generalize the above
approach to the case m > 1. The method is essentially the same: the homoclinic points will be found as
critical points of the difference of two generating functions associated with the stable and unstable manifold in
a suitable section contained in the energy level of the torus. The main difference is that now the unperturbed
invariant manifolds Wgﬁ of the n-dimensional torus 7y do not coincide anymore, but instead intersect along
an (n + 1)-dimensional homoclinic manifold (n + m = £). One now has to find a 2n-dimensional section ¥,
symplectomorphic to T*T", in such a way that the intersection XN WT NW™ coincides with the zero section
of T*T™. Then the same deformation argument as before will prove that the defects of exactness of the
intersections Wt N'Y and W~ N X coincide, and thus that W N W~(NX) is nonempty.

Let us again make clear what the hypotheses are, with the same notation as above. We assume that:
— the point O = (0,0) is a hyperbolic fixed point with F'(O) = 0;

— there exists a homoclinic orbit £ biasymptotic to O;
— the stable and unstable manifolds W= attached to O intersect transversely along &;
— the manifolds W are graphs in the neighborhood of £.

In order to make this last assumption more precise, we will parameterize the projection v = 7 o £ of the
homoclinic solution on T™, so as to distinguish between its “stable” part and its “unstable ”"one. The image
I’ = 4(R) is a curve in T™, naturally oriented by the projection of the Hamiltonian vector field. We fix some
point a on v and define the positive and negative parts I'",I'~ of I" as the set of points located after and
before a on T, respectively. We introduce then two open neighborhoods Dt and D~ of 't and I'™ in the
torus T™, over which the manifolds W* are graphs over the base T™, viz.:

W= ={(¢, Py (9)), ¢ € T™},

for two functions POjE : DT — R™. Of course these manifolds are Lagrangian, and even ezact since the
domains of definition of the generating functions are contractible. Lastly we denote by (a,b = P*(a)) the
lift of a to the homoclinic orbit &.

For the complete system F' on T*T* the above assumptions again lead naturally to the corresponding
invariant objects. One gets again an invariant n-dimensional and m-hyperbolic torus

76 = {(¢7 07 07 0)7 ¢ e Tn}7
with invariant stable and unstable Lagrangian manifolds
Wy =1{(¢,0,4,F5(q)), ¢ € T", ¢ € D*}.

Now, for p small enough and fixed, we assume (again as in §1.9.2) the existence in the perturbed system
governed by H of a hyperbolic torus 7, close to 7o, with stable and unstable manifolds Wff close to WSE;
we write again, dropping the subscript p as in §1.10.1:

T ={(6,76),Q(9), P(9)), 6 €T},
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with I : T" > R", Q : T" > R™, P : T" - R™, and
W ={(6,1%(6,0),0, P*($,0)), $ € T", g € D=},

with I* : DT = R™ and P* : DT — R™. We can now state our result, which exactly parallels and extends
proposition 1.10.1 to any multiplicity m:

Proposition. There exists po > 0 such that for all p €10, po[, the torus T = T, has at least n+1 homoclinic
orbits.

The problem consists again in finding a suitable section. We begin at the unperturbed level by picking
a hypersurface o C T™ transverse to ' at the point a; namely o = {g,, = a,,} N (DT N D™) (possibly after
permuting the coordinates). The transversality condition implies that 0F/0p.,(0,a,b) # 0 and the implicit
function theorem leads to the existence of a local parametrization p,, = f(I,q,p) of the level set F~1(0) in
the neighborhood of T™ x {(0,a,b)}, with p = (p1, ..., pm—1)- Denoting by S the lift of o to the total space
T*T¢, one gets a local parameterization of the intersection S = S N F~1(0), of the form p,, = g(I,q,p),
with I in an open neighborhood By of 0 in R*, § = (¢, ..., ¢m—1) in an open neighborhood B; of @ in T™
(or equivalently in R™), and p in an open neighborhood B of b in R™. One can thus use (¢,I,q,p) as
coordinates on Sy, and it is plain that in these coordinates the one-form ) induced on S, by the Liouville
form X of T*T¢ reads A = I d¢ + pdg. One can thus identify Sy with an open set of the cotangent bundle
T*(T™ x R™ 1) equipped with its Liouville structure.

Now for p small enough the perturbed energy level H—1(0) still intersects the hypersurface S transversely,
and writing S = S N H~1(0), one sees that one can still use the variables (¢,1,q,p) as ezact symplectic
coordinates on S. In these coordinates the intersections of the perturbed manifolds W* with S read:

wENS = {(6,15(6,0),4,P*(6,0), ¢ € T", g€ D*},

where D* = ¢ N D* and I*(¢,9) = I*(¢, (7, am)), PE(¢,q) = PE(¢, (7, am))-
We wish to understand the set WT N W™ NS, whose equations in the above coordinates are:

(El) : j+(¢aq) = Iii(¢7‘i)7 (EQ) : P+(¢aq) = P7(¢7Q)

To this end we first analyze the second equality and construct a new section in which the first equation can
be solved using the by now usual Lagrangian intersections argument. Here we make use of the transversality
of W#* along the homoclinic trajectory ¢ and note that for x4 small enough equation (E,) determines an
implicit function § = Q(¢), defined on the torus T™ with values in R™ !, whose graph is the set of solutions
of (E2). Starting from this graph we build our new section, namely an annulus ¥ C S, defined as the image
of the following embedding:

TS, (.0) = (8 T - De@- P($,QW)), QW) P(1,QW)),

where the r.h.s. is written using the above coordinates on S. An immediate check confirms that the pull-
back i*As of the Liouville form on S coincides with the Liouville form X' = J dy on T*T", and we may thus
identify the annulus ¥ with an open neighborhood of the zero section in 7*T".

In the new coordinates (J, ), the intersections w* = ¥ N W= are given by:

wt = {07500 + Rw). €T},

where R(1)) = 'DyQ - P(),Q(¢)). These being Lagrangian submanifolds of ¥ it will suffice to prove that
their defects of exactness d* coincide, and this will again (compare §1.10.1) be achieved wia the use of
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suitable homotopies with values in the Lagrangian manifolds W=*. Let us consider the stable manifold for
definiteness. As the expression of W7 is known only over the domain D, we will obtain our homotopy
as the concatenation of three homotopies h;, ¢ = 1,2,3: the second connects suitable intermediate tori Ty
and 71, which are close to 7 and w™ respectively; the first one is between 7 and 7y, and the last one
between 77 and w.

We denote by Gt the natural embedding of the stable manifold YW, namely the map from T*T" x D
to T*T* defined by:

G (¢,9) = (6, I7(¢,4),4, P (9,0q)).

In order to define the homotopy hs, we introduce the map:
2 2 [0, x T" = T" x DT, (5,0) = (¢,77(s))

and define hy = Gt on,. The map hy deforms the torus 7o = {G1(4,0), ¢ € T"} into the torus 71 =
{G*(¢,a), ¢ € T}, with values in W (recall that a denotes some point of v which was fixed from the
start). We now define the following maps:

m: [071]XTH_)THXD+J (87¢)H(¢7(1_3)Q(¢))7
13 0 [0, x T" = T" x D, (s,0) = (4,5Q(¢) + (1 = 5) a),

and the homotopies hy = Gt on; and h3 = Gt ons. The first one (hy) deforms the torus 7 into 7o, whereas
the last one (h3) deforms 7; into w™, both with values in W*. The concatenation of h = h; followed by h2
and then h3 thus provides the sought-after homotopy between 7 and w*, with values in W+.
Lastly , we introduce (again as in §1.10.1 above) the cycles C;, C;, i = 1,...,n on T and w respectively,
defined by
Ci = h(0,C;), Ci" = h(1,Ty),

2

where I'; = {¢; = 0, j # i} is a fundamental cycle of the torus T™. Since the form i*\ induced by the
ambient Liouville form on the annulus ¥ is given by J di, the component éj of the defect of exactness of w™
is given by the period of the Liouville form A over Cf . Stokes theorem now yields the equality

A completely parallel construction along W™ then shows that 6] = §; (= d;, if this denotes the r.h.s. of
the above equality). The defects of exactness of wt and w™ coincide, and the conclusion follows as in the
case m =1 of §1.10.1, since the category of T" is n + 1. O

1.11. The splitting of the invariant manifolds of hyperbolic tori

(1.11.1) We specialize now the previous results and describe, in various situations, the splitting of the
stable and unstable manifolds attached to a hyperbolic torus. We have proved in §1.8 that the invariant
manifolds WW* attached to an isotropic hyperbolic torus T' are injectively immersed isotropic submanifolds,
hence they are Lagrangian in the “maximally hyperbolic case”, to which we will limit ourselves in the sequel.
It is also easy to see that when the torus possesses a homoclinic orbit, the pair W*, W™) is regular. So the
general definitions of §1.6 apply, and we get along the set of homoclinic orbits a symplectic angular form and
an Euclidean angular form. Yet a more precise description is often possible. We will first describe a quite
general approach, due to Treschev, for which one only assumes the existence of a special normal form in
the neighborhood of the torus, and which will allow us to give a canonical definition of the splitting matrix.
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Then, in the perturbative setting described in §1.9, we examine various usual definitions in connection with
ours.

(1.11.2) Normal forms and canonical splitting matrices. Here the underlying manifold M and the Hamil-
tonian H are supposed to be analytic. An n-dimensional invariant torus 7 in M will be called a Graff-
Treschev torus if there exists an analytic symplectic coordinate system (¢, I, s,u) in a neighborhood of T in
T*(T™ x R™) in which the Hamiltonian function of the system takes the following form:

H(¢,I,s,u)=w-I+%I-AI—i—Au-s—}—g(qﬁ,I,s,u), (GT)

where w is a diophantine vector in R", A is a symmetric matrix of size n and A a matrix of size m whose
eigenvalues have positive real parts. Using classical hyperbolic KAM techniques as elaborated in [Gr],
D.Treschev proved in [T1] that the tori appearing in near-integrable systems when a resonant Lagrangian
torus is destroyed are indeed Graff-Treschev tori.

In the special but important case of a simple resonance, i.e. when m = 1, and still assuming analyticity
of the data, it is possible to improve on the preceding normal form (GT'), as was shown by H.Eliasson [El]
and L.Niederman [Ni3]. Namely given a Graff-Treschev torus with positive definite matrix A, there exists
a neighborhood O of 7 and a symplectic coordinate system (¢, I, s,u) in O such that the system takes the
following form:

1
H(¢,I,s,u):w-I+5I-AI+)\us+g(¢,I,s,u), (EN)

where A > 0 is a scalar and now the remainder g has the special form g(¢, I, s,u) = O2(I,us; ¢, s,u). The
point is that the torus 7 is given as before by T = {y = 0,u = s = 0}, and the invariant Lagrangian
manifolds are still straightened: W+ = {y = 0,5 =0}, W~ = {y = 0,u = 0}. But now in addition the flow
on them is linear (with quasifrequency w).

An important remark on these normal forms, due to Treschev, is the following rigidity result:

Theorem.

1. Let T be a Graff-Treschev torus in M, and let (¢,1,s,u), (¢',I',u',s") two symplectic coordinate systems
in which the Hamiltonian takes the form (GT). Then:

i) There exist b€ T", B € GL,(Z) (i.e. det B = %1) and a function P : T™ — GL4(R) such that:

¢ =b+Bo+0s, I'='BNI+0s u'=P@)u+0s s ="'P "¢)s+O0s

where Oy stands for O2(1, s, u; ¢);
i1) Denoting by A and A’ the matrices appearing in (GT) for the two coordinates systems respectively, one
has:

0 D

iii) If the eigenvalues of A are real and simple, the matriz P is constant and A' = PA P71,

2. Let T be a Graff-Treschev torus in M of dimension n = £ — 1. Let (¢,1,s,u), (¢',I',u',s") be two
symplectic coordinate systems in which the system takes the form (EN). Then there exist b € T", B €
GL,(Z) and P € R* such that:

1
¢ =b+B¢+0;, I'="B)I+0; u =Pu+0;, s'= 58+0,

where Oy stands for O2(1, s,u; @).

The first part of this theorem is proved in [T3], and the second one is just an easy consequence.
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If 7 is a (EN) torus, Treschev gives in [T3] a nice construction of a symplectic invariant describing
the splitting of the invariant manifolds W* = W=(T). The first remark is that there exists two naturally
defined isomorphic Lie algebras £* of vector fields on W* : given a vector a € R", one proves the existence
of uniquely defined vector fields w*(a) tangent to W*, satisfying

w™ (a) = a.05 + O(u?), wt(a) = a.05 + O(s°);

* are linear and injective, and one sets £+ = w®(R").

where as usual a.05 = Y ;_, ar, 0/0¢r. The maps w
One can moreover notice that £ are commutative when endowed with the natural Lie bracket of vector fields
on W#*; and that each vector field in W* commutes with the Hamiltonian vector field Xz. Finally, given
a point x in W*, one proves that Xg(z) is transverse in T,W* to the n-dimensional vector space V*(z)
generated by the vectors X (z), X € £L*. All these results are proved in [T3], using only the weaker normal
form (GT) (still in the m = 1 case), but they are indeed easy consequences of the existence of the normal
form (EN), since the flow on the local invariant manifolds is linear.

Assume now that I' is a homoclinic orbit biasymptotic to the torus 7, and fix a point x € I'. Then
the two spaces V1 (z) and V() detect the nonvanishing part of the splitting of W* at 2. They possess
canonical bases B* = (wli, -+, wF), associated with the canonical basis of R*, and one can form the following
quantity:

I(z) :w"‘l(wf,---,w:,wf,---,w;),

which is just the symplectic volume of the union of the two bases. The interest of that construction is
that I(z) has an intrinsic character : it does not depend on the choice of the point z on T, neither on the
particular choice of a normal form coordinate system (due to the rigidity). In particular, the vanishing of I
is equivalent to the nontransversality (in the energy level) of the intersection of W* along T'.

As a final but important remark, notice that Treschev’s construction makes it possible to canonically
define the splitting matrix at any point z of I, as soon as a normal form coordinate system is fixed. Indeed,
C~ = (Xu,wy, - -,w,)is acanonically defined basis for T,, W™, so we only need to fix a Lagrangian subspace
F C T, M transverse to T, W~ (i.e. the direction of the splitting that we want to consider) and the splitting
matrix in the direction F is just the matrix of the splitting form of the pair (T, W™, T, W), relative to the
decomposition (T, W™, F), expressed in the canonical basis Ct.

(1.11.8) Poincaré-Melnikov integrals and the splitting in the perturbative setting. We now come to the
splitting in the particular case of our perturbative Hamiltonian

H(¢,1,q,p) =F(I,q,p) +pG(I,¢,q,p),

with (¢,I) € T*T™ and (¢,p) € T*T™. Our aim here is to make precise the connections between our
definitions and the usual notions introduced for measuring the splitting. As a reference we will use the
definitions introduced in [T2] and [DG2], based on Poincaré-Melnikov integrals, which are the most commonly
used.

We keep the notation of 1.10.1, in particular we set again

To ={(¢,0,0,0), ¢ € T"}, Wi =W; ={(¢,0,4,X(q)), $€T", ¢ T'}
for the unperturbed objects, and

T={(616.,0@),P©), 6T},  W*={(6,1*($,0),0, PX(6,0)), $ € T", q € D*}
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for the perturbed ones. We will fix the parameter gy and consider the intersection of the invariant manifolds
with the section {¢ = go}. Given ¢ € T", we denote by 4 the solution of the unperturbed problem
for the initial condition (¢,0,qe,X(qo)), 4-e. for the point of angle ¢ in the intersection of the invariant
manifolds with the section {g = go}; this is of course a homoclinic solution for the torus 7p. Recall that the
Poincaré-Melnikov integrals reads

+o0 -

L@) = [ (G-G-{uFhons(t)
—00

where G stands for the average of the function G(0, 0, ., 0) and where Y is a solution of the classical homological

equation

(w.85) x = G(0,0,.,0) — G,

(see [DG2]). As noticed by Treschev in a slighty different form, the interest of the term {x, F'} is to make
the integral absolutely convergent. It is easy to prove that

AI(9) =I7(9) — I (¢) = nsL(9) + O(1*);

in other words 0y L(¢) measures the first order of the difference between the I—coordinates of the invariant
manifolds in the section {g = go}. Assume now that ¢y corresponds to a homoclinic point z, i.e. AI{¢o) = 0.
Then one defines the splitting matrix S = [S; ;] as the matrix of the splitting form of the pair (T, W+, T, W),
relative to the canonical horizontal and vertical decomposition of T, (T*T*), and expressed in the basis

€y = XH, e = 6¢1, ey Ep = 8¢n.
The coefficients are easily derived:
Sij = pd3,4,L(d0) +O(W?),  1<i,j<m;

while of course Sp ; = S;0 = 0. One can also use Treschev’s formalism and write, for 1 <4, <n:

T—+00

Sij = lim (/i {645, G}y oty dt + {1, {1, G} } 0 76(T) = {1, {1, G} } 0 76(-T).

Needless to say, the definitions of the splitting that we will use in the sequel are those introduced here.
In chapter 2 we will consider the perturbative setting introduced in §9 and prove the anisotropic character
of the splitting matrix for m—resonant tori. Chapter 3 is devoted to the analytical study of the splitting
for Hamiltonian (x), and in this case the invariant manifolds are exact, so the splitting matrix is directly
expressed in terms of the derivative of the generating functions, as shown in §1.7.
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2. Estimating the splitting matrix using normal forms

In chapter 1 we developed the geometric side of the theory in a general setting, in order to have it
available under a variety of circumstances, not necessarily of perturbative nature. Of course the theory can
be successfully and indeed rather easily applied in the framework of reqular perturbation theory where one
can derive finite order approximations and study all sorts of interesting phenomena. But in this chapter we
go directly to the more difficult question of studying exponentially small splitting phenomena. As mentioned
in the introduction the truly relevant case for what is usually called “Arnold diffusion”, i.e. global instability
of near-integrable Hamiltonian systems, is the case of analytic perturbations of convex (more generally steep)
systems. Here we will adress the problem of the evaluation of the splitting distance and splitting matrix
using what can be called the symplectic method. In fact we essentially confine ourselves to the study of the
homoclinic problem (splitting matrix) which in some ways is more difficult from the analytical viewpoint,
whereas the heteroclinic problem requires some additional geometry, for which of course the results of
chapter 1 would be quite helpful.

Let us briefly review the methods and results. The first step consists in performing a large number of
resonant normalizations, that is in using resonant normal forms to an exponentially high order, a technique
introduced by N.N.Nekhoroshev, which we recall and use in §2.1. Having normalized the system we are
interested in, we then perform in §2.2 a —more or less classical- computation in the vinicity of a resonant
surface, which prepares the ground for finding hyperbolic invariant tori, homoclinic trajectories and so on.
It also explains how the Hamiltonian () naturally arises. In all this it is crucial to be able to keep track
of the various quantities under canonical transforms since we ultimately want to estimate the splitting in
a convenient coordinate system. For this we use the transformation formulas derived in chapter 1 but
the setting is now perturbative, which leads to simplifications. Then the fact that the splitting matrix is
symmetric entails important stability properties, which are typical of self-adjoint operators. We pause in
order to review these properties in §2.3 which explains how the geometric objects of chapter 1 are reflected
in the perturbative situation. This gives the setting which is used in chapter 3 as well. Putting things
together, we get in §2.4 a general but provisional statement on upper exponential bounds for the splitting
matrix. Here “provisional” refers to the fact that we assume the existence of the invariant object (a torus)
we are studying, together with its invariant manifolds and a family of homoclinic trajectories. We are not
yet concerned with proving its existence, using e.g. KAM-type techniques. The bounds we derive are quite
general, but also quite detailed in the sense that they are local and anisotropic. Let us phrase this informally,
because it is perhaps the main “message” of this chapter; what we show can be loosely expressed by saying
that the splitting transverse to a resonant surface is generically polynomial whereas it is exponentially small
along the surface. This ties up nicely with the picture derived from the local stability exponents, as we make
more precise in §2.6, where we also comment on the relationship which has emerged between splitting and
stability in near-integrable Hamiltonian systems. With hindsight the results of this paragraph are not so
surprising but they do use the spectral stability of self-adjoint operators in order to control the eigenvalues
and indeed also the eigenprojectors of the splitting matrix. In §2.5 we review cases in which the results
of §2.4 can be effectively applied, recalling some classical KAM results and using (particular cases of) the
results of chapter 1.

This chapter is the first place in this paper where exponentially small quantities appear and it thus
seems appropriate to fix some terminology. There is indeed a whole range of problems where such asymptotic
problems occur, from one frequency linear to multifrequency nonlinear questions and we are dealing mostly
with the latter where the situation is quite intricate, in the sense that many quantities in fact do not have
an easily describable asymptotic behaviour (see below).

So let us introduce some convenient definitions: let 7(e) be a positive scalar quantity, defined and
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continuous for € > 0 small enough, with (0) = 0. We say that n is ezponentially small if exp(e~*)n(e) is
bounded (for small nonzero ¢) for some a > 0. If so define a (0 < a < 00) to be the supremum of such «’s.
In other words if one sets:

Bln) = {a > 0, n(e) = ofexn(~(2) )},

€
then a is the least upper bound of E(n).

Now if a < oo we say that n(e) is exponentially small with ezponent a = a(n). In this case we can
further define the width w = w(n) > 0 much in the same way: it is the supremum of those ¢ > 0 such that
n(e) = O(exp(—c(%)a))}. We propose to call the constant defined in this way the “width” because it is
often connected (rigorously or conjecturally) with the width of the analyticity strip of some function. Here
we have 0 < w < oo with w constant, but in some situations one needs in fact to consider a nonconstant
width w(e) defined as some elementary asymptotic equivalent of * log(ﬁ). These things happen in nature
in fact, due for instance to the fact that entire functions have infinite analyticity width (see [S], [DGJS]
and § 3.5 below).

If w (constant or not) is finite, one may inquire about the behaviour for small £ of the quantity
exp(we~%)n(e) which is called the prefactor. This may or may not be “well-behaved” as a function of € and in
fact we will be interested in a case (the Melnikov integral in the multifrequency case) where it is surely very
complicated to analyze (see especially §3.5 below). Lastly one may substract the thus determined leading
term and investigate the screened off exponential factors (with smaller exponents), of whatever the remain-
der might look like; one can also repeat these operations infinitely many times, giving rise to transseries etc.
But we are very far from understanding such fine behaviours in the kind of problems we are dealing with.

In fact this terminology being set, it should be stressed that in this chapter we derive only wupper
bounds for the splitting (essentially the splitting matrix). These are probably sharp as far as exponents are
concerned, but we do not keep track of the widths, so that we certainly do not get lower bounds. This is
a fundamental feature of the symplectic method as is to-date; namely in the first step (normalization) we
already basically loose track of the width and it is a major puzzle to understand how this could be repaired.
The symplectic method presented here is more flexible and general than the analytic method of chapter 3,
it reflects the geometry of resonances quite well but it is not as precise. We will see more of this at the end
of chapter 3, after having developed both approaches.

Note: In what follows we make use of well-established tools of canonical perturbation and try to emphasize
the simple concepts at work. We do not insist on estimating the various constants that occur and use
compact notation. In particular, if A and B are two scalar quantities depending on a parameter, A < B
means that there exists a constant ¢ such that A < ¢B, i.e. A = O(B). The meaning should be obvious from
the context, including the set of parameters on which the implied constant ¢ depends. We use > and x in
a similar fashion. If we still need to give names to some constants we normally use generic letters, so that
two constants with the same name may be different. We insist nevertheless that almost everything we do is
potentially explicit i.e. the constants could be estimated if need be.

2.1. Resonant normal forms

So to start with, we consider the familiar near-integrable system:

(1) H(I,¢) =h(I)+ef(1,4),  (I,¢) € PxT* (PCRK).

Here we normalize the circle to have length 27, that is we set T = R/27Z, so that f is given by a Fourier
series:

2) o)=Y fDe*?.

keZA\{0}
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Note that we have omitted the constant corresponding to k = 0, which means that we lump the average of
the perturbation with the unperturbed part but often omit for typographical simplicity the mention of the
dependency on ¢ of the various functions (here h and f). We set w(I) = Vh(I) for the frequency map and
assume w does not vanish on the nice (i.e. convex compact) I-domain P we are considering; this amounts
to the fact that the unperturbed system has no fixed point. Note that below the notation does not exactly
follow the one in the introduction for Hamiltonian (%), because the setting is more general and in particular
we do not single out a hyperbolic degree of freedom corresponding to the pendulum variables (p,q). These
minor notational discrepancies should hopefully cause no confusion.

We assume that h and f are real analytic and since P is compact the function H actually admits a
continuation to a complex strip of finite width. For a domain D C R and any r > 0, we let D, denote
the union of the balls of radius r centered at points of D. For simplicity we do not always specify the
complex extensions, especially as they do not appear in the statements of the results. Analyticity is required
here because we are interested in exponentially small estimates for the splittings. However much of what is
done below can be adapted to other regularity classes, in particular finitely differentiable functions or C'*°
functions with some Gevrey growth conditions. Some of these variants deserve interest, in particular the
interaction of Gevrey conditions with arithmetic properties in normal forms.

(2.1.1) We first recall a few useful things about resonant normal forms, keeping this reminder to a strict
minimum. Actually for our immediate purpose, namely for the study of homoclinic splitting problems, we
will need a local lemma only, and for ease of reference we will use the statement in [P61] (p.192; see also the
remarks there). We have gathered some remarks in §2.1.5 below.

Let M C Z* be a submodule of rank m with 0 < m < £. If m > 0, M corresponds to a resonance
of multiplicity m; we take m < £ because we have assumed that w does not vanish on P. In this situation
we let ITx¢ denote the n-plane orthogonal to M in the /-dimensional frequency w-space; then we let Sy =
w™1(IIp) C P be the pull-back of I in action I-space. Explicitly:

Su={I€P, wl)-k=0 for all ke M}

Here we do not make any assumption on the frequency map I — w([I). In general the set Spq can be anything,
including possibly the whole of the domain P in action space; think of the case when the frequency map
is constant, corresponding to a linear h describing a set of noninteracting harmonic oscillators. Now of
course when the frequency map is a local diffeomorphism, i.e. when h is nondegenerate (or fully nonlinear
or anisochronous depending on the terminology), Sas classically defines the resonant surface associated to
M and is indeed a smooth n-dimensional surface in action space, with n = £ — m. But the results in this
paragraph do not depend on h being nondegenerate.

Given such an integer lattice M in frequency space one defines the corresponding (resonant) normal
forms as follows:

Definition. Let M C Z* be a submodule of rank m with 0 < m < £. A Hamiltonian H as in equation (1) is
said to be in normal form with respect to M (or in M-resonant normal form) if in the expansion (2), one
has fr, =0 for k ¢ M.

Note that this is the same as requiring that 8f/0¢ € M ® R where M ® R is the m-plane generated
by M in action I-space. Thinking of the equations of the motion for the action variables (namely dI/dt =
—e0f /0¢), this formulation gives the key to the dynamical meaning of the normal forms: w - I will then be
a first integral if w € TIx4.

(2.1.2) Let now a > 0 be a —small- constant and K > 0 be a —large— constant; both may and eventually
will depend on the perturbation parameter €. Following [N] we have the following
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Definition. A domain B C R in w-space is (o, K)-nonresonant modulo M if for all w € B,
lw-k|>a for all keZ'\M such that |k|<K.

A domain D in action I-space is called (o, K)-nonresonant modulo M if w(D) is.

If D is (a, K)-nonresonant modulo M, one can transform the Hamiltonian H to a M-resonant normal
form on some neighbourhood D, of D up to a small remainder. This is the content of the Normal Form
Lemma ([P61], p.192), which is valid for any values of the parameters a, K and does not depend on any
nondegeneracy assumption on the integrable part h. As it is really the crux of the matter here, we first state
it without the constants (which appear explicitly in [P61]) as:

Proposition. Suppose D is contained in the interior of P and is (a, K)-nonresonant modulo M for some
lattice M. Then for € small enough, there exists a canonical transformation C. which is e-close to identity,
is defined over D, with r < a/K and such that over D, the transformed Hamiltonian H o C. is in resonant
normal form up to a remainder of size O(exp(—cK)) for some constant ¢ > 0. O

Since D is assumed to be contained in the interior of P, one has indeed that D, C P for r small enough.
Note that with respect to [P61], we changed r into 2r for ease of notation; since we are not dealing with the
precise values of the involved constants, this is of course immaterial.

(2.1.3) We will use this statement for a fixed given M only and so make it more explicit then. Fixing M
we can perform a linear symplectic change of coordinates which transforms this lattice into standard form:
namely we can assume that M is generated by the m last basis vectors in R (cf. §2.1.5 for some remarks on
this algebraic operation). Now write I = (I1, [z), w = (w1,ws) etc. with vectors of sizes n and m, £ =n+m
(again with a slight departure from the introduction; the value of m is shifted by 1). The conclusion in
proposition 2.1.2 can then be rephrased and detailed as:

Proposition. Under the assumptions of §2.1.2 there exists for small enough € a canonical transformation
C. which is e-close to identity, defined over D, and such that over this domain:

(3) H°C€(Ia¢) = h(I) +EZ(Ia¢27€) +R€(Ia¢15) = H’I‘(I7¢2)E) +R5(IJ¢JE)'

Here Z is bounded, so that the resonant part H, is e-close to the original integrable part h, and the remainder
R. is estimated as: R. =< exp(—cK). O

Here we have explicitly emphasized the dependence of the resonant part Z on £ and we record for future
use the fact that the dominant term can be immediately written down:

(4) Z(1, 62,00 = > for(I)e™*>?2,

ko€Z™\{0}

with the decomposition k = (k1, k2) as usual.

We will eventually pick K =< ™% with some exponent a > 0, so that R. will indeed be exponentially
small with respect to £. In these coordinates the resonant set Sy is defined by we = wa(I) = Oh/0I2 = 0.
If h is nondegenerate, the n first I; variables give a local parametrization of the surface Sps, whereas the
m last variables I, are transverse to this resonant surface. The normal form (3) expresses that under the
assumptions of proposition 2.1.2 the nonresonant angles ¢; can be transformed away up to an exponentially
small remainder R. Forgetting about R, the variables I; provide n prime integrals for the resonant part
H,, which can be viewed as a suspension of the m-dimensional system with fixed I; by the tori I; = cst
spanned by the ¢;. Note that if m = 1, i.e. if we start from a simple resonance, H, is completely integrable,
a particularly simple but important case to be further discussed below.
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The normal form (3) carries important information about the splitting and the rest of this chapter is
basically spent unraveling this information which was expressed in the italicized motto of the introduction.
The point is that in the system governed by H, the splitting matrix for any invariant object, or for that
matter the distance between the perturbed and unperturbed manifolds, will vanish in the I direction, i.e.
along the resonant surface. Reinstating the remainder will produce an exponentially small splitting in these
directions, which for the splitting matrix materializes as n exponentially small eigenvalues.

(2.1.4) We now have to find situations where («, K)-nonresonant domains present themselves, with specific
values for a and K. Although more general applications of the same techniques are certainly conceivable, we
will apply the above proposition in the vicinity of invariant tori for h. We start with a diophantine n-vector
w1, t.e. such that:

(5) lwi - k1| > ylka|' ™™ for all k; € Z™\ {0} and some constants v > 0,7, > n.

By definition, i.e. by (5), for any K > 1 the frequency vector w = (w1, 0) is (yK'~™, K)-nonresonant modulo
M (which is spanned by the last m basis vectors as above). This requires a one line justification. Namely if
k = (k1, k2) is not in M and satisfies |k| < K, then k; is not 0 and |k;| < K; then apply (5).

More generally it is useful to be able to let the frequency of the unperturbed torus vary. We thus
extend the above as follows: let w(e) be a smooth family of frequencies defined for & small enough, with
w(0) = w = (w1, 0) as above, and such that w(e) = w(0)+O(y/€). A case of particular interest, corresponding
to 1-hyperbolic tori lying in the vicinity of an m-fold resonance, is given by: w(e) = (w1, /€w2,0) with ws a
diophantine (m — 1)-vector (this m — 1 would become m in the notation of the introduction, corresponding
to the model (*)). Then we would like that w(e) be —say— («/2, K)-nonresonant modulo M, with (@, K) as
above for w, i.e. a = YK'~™. In other words we loose at most a factor 2 —say— by shifting the frequency
somewhat. Again let us compute, with k € Z*\ M:

(6) w(e) - kI > [w(0) - k| — cveK > a— cVEK,

for some constant ¢. So that, dropping constants, we need to have: a > /K. Although we will not provide
all the (rather straightforward) details, this says in essence that the symplectic technique we use in this
chapter is flexible enough to study the approach of a resonance of given multiplicity m along resonances of
any lower multiplicities, here along simple resonances: the family w(e) = (w1, /w2, 0) indeed describes the
vinicity of an m-fold resonance on a simply resonant surface (see also §3.6.3 below).

Coming back to the case of a constant frequency vector, these simple but essential computations suggest
the following choice of parameters:

(7 ax K" rxa/K, Kxe° with a!=2mn.

We encapsulate these conclusions in the following:

Proposition. Let wi be a diophantine n-vector satisfying inequalities (5). Assume that the origin of the
I coordinates is chosen so that w|i=¢ = (w1,0) and pick the parameters as in (7). Then proposition 2.1.8
applies with D reduced to the origin {I = 0}, and so with D, the sphere of radius v centered there.

One has r < /g and for any p > 0 one can ensure r > p+/g by picking the implied constant in K small
enough i.e. K < ce™® with ¢ small enough. So one gets in (3) a remainder R. which satisfies the estimate:
R, < exp(—we™?) for some w > 0. O

In words, one can normalize Hamiltonian (1) over a sphere of radius r centered at 0 and of radius at

1

least py/e, where p is arbitrarily large and the remainder in (2) satisfies R. < exp(—we™%) with a=! = 27.
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The second part of the proposition can be summarized by saying that r/y/¢ can be made arbitrarily large
at the expense of decreasing the width in the remainder, but keeping the exponent fixed.

(2.1.5) We summarize here a few observations which should help put the above in perspective. We phrase
them in an informal somewhat “physical” way, but they are really basic to the whole problem. What we
have done above is to apply the Normal Form Lemma in the vicinity of a point which lies on a specified
resonant set but is otherwise relatively diophantine in the sense that it satisfies inequalities (5). We did that
in such a way that the range of validity of the resonant normal form is at least p/e for an arbitrary large
constant p. In fact this will enable us to work henceforth only over this domain. In other words, from now
on we need only consider Hamiltonian (3), with the data as in (5) and proposition 2.1.4.

This can be made more transparent by a simple “dimensional analysis” which should also help under-
stand the rest of this paragraph: the physical “resonance width” has order 1/¢; note that this is the natural
perturbation parameter, rather than e, because we are dealing with second order equations (f = ma...).
When starting from an n-dimensional torus with frequency w = (w,0) as above lying on an m-fold resonant
surface, it will persist under suitable assumptions (including in particular nondegeneracy conditions) by
KAM-theory, and will be shifted by an amount which is O(g). This being very small with respect to /e,
one may give some leeway and generalize to families with frequencies w(e) as above. Now if the tori which
are born are hyperbolic, the corresponding Lyapunov exponents (transverse hyperbolic spectrum) will be
O(y/€) and generically of that size. So the stable and unstable manifolds will depart from the torus from a
quantity of that size in terms of action, over any finite “chunk” (i.e. in the compact-open topology; this can
and will be made precise). We will investigate the splitting of homoclinic trajectories, and so these will also
lie within O(4/€) of the unperturbed torus.

The upshot of all this is that we are indeed interested in a patch of size O(1/€), but it is crucial to be able
to choose it as large as necessary on that scale, that is with the notation above to pick p arbitrarily large.
In turn this can be done but at the expense of decreasing the width w in the remainder. This is absolutely
crucial and the point where the symplectic method developed in this chapter is not as accurate (although
more flexible and general) as the analytic method of chapter 3. There is no way we can really control
the width of the remainder, hence of the splitting, when effecting the series of normalizing transformations
leading to the propositions 2.1.2, 2.1.3 and 2.1.4 (see more on this in the closing paragraph §3.7.4).

Let us return to the role of the nature of the unperturbed Hamiltonian h. Again, what we have done
up to now does not require any nondegeneracy condition. In fact the estimate on the radius r of validity
of the Normal Form Lemma only improves if h is degenerate. This radius expresses that if a given point
is (a, K)-nonresonant modulo M one can normalize over a ball in frequency space near that point. Pulling
back to action space, the preimage of this ball contains a ball of proportional radius, simply because the
frequency map is of class C'. But it can actually contain much more, so that in fact one has r = /¢ in
general and r =< /¢ if h is nondegenerate. If on the contrary the frequency is a constant (h is linear), one
can actually take a constant value rq for r (see e.g. theorem 5 in [P61] and its short proof).

We will especially concentrate on the nondegenerate case, because we will need to apply some KAM-type
results which do require nondegeneracy, i.e. the existence of torsion, although the results in the appendix
would allow to weaken the assumptions in certain cases. But one can include degenerate cases, for instance
a linear part h, provided one knows from some source or simply from the choice of the perturbation that
the objects we are ultimately interested in (tori and homoclinic trajectories) exist. We will not discuss these
relatively easy cases here but these isochronous or mixed cases are taken up in part in chapter 3, albeit
in particular cases. It is quite important to note that we will require nondegeneracy in order for KAM
results to apply but not convexity or quasiconvexity or steepness, the assumptions under which the action
variables are stable over exponentially long times. The evaluation of the splitting from above performed here
is disconnected from these conditions, although in the convex case —say— there is a strong link between the
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speed of drift and diffusion and the size of the splitting, which is reviewed in [L4]. There is no contradiction
of course here and an exponentially small splitting certainly does not exclude a polynomially fast drift. This
does indeed happen in case the integrable part h is nondegenerate and not steep, for instance an indefinite
quadratic form in the action variables; in terms of Hamiltonian (x) the relative signs of the components of
a does affect stability, but does not affect the size of the (homoclinic) splitting.

We now say a few words about the connection of the local reasoning above with the global geometry of
resonances. We used only the normal form lemma, which is classical and lies at the heart of the analytic part
of Nekhoroshev’s proof of the stability theorem. In that respect, [P61] is quite similar to [N]; the difference
between the two papers lies in the geometric part, more precisely in the refined version of “Nekhoroshev’s
puzzle” which occurs in [P61]. We refer to the introduction of section 4 in [P51] for details about this
difference. The points we want to make, in connection with this covering of frequency space by blocks By
associated with lattices M are the following (lattices are denoted by the letter A in [P61]). First this puzzle
can be constructed in frequency space and then pulled back to action space. That is one covers frequency
space by blocks B, for varying M (we need not give the precise definitions here; see [N] and [P61]) and
pulls back the pieces via the map w = Vh : I — w(I), covering action space by the w™1(Ba)’s. This
construction does not require any nondegeneracy condition on h, but of course in the end does not garantee
long-time stability unless h is steep. Assuming nondegeneracy (but not steepness), the puzzle in action
space is a slightly distorted image of the one in frequency space because the frequency map is then a local
diffeomorphism.

Here we have used just one given lattice M and have not considered all lattices simultaneously; it is thus
possible to reduce our fixed lattice to a standard form wvia a linear symplectic change of coordinates, which
is rather innocuous when considering just one lattice. But this reduction involves some lattice theoretic
constants which do play an important role when looking more globally and in particular affect the width of
the exponentially small quantities. The computations involved are however purely algebraic and exact (in
particular optimal). For details we refer to [L2] (section III) and to [P61] (section 4).

Another important observation in connection with the above is as follows: for ; > n in (5), the point
w = (w1, 0) does not lie, for € small enough, in the block B associated to M. We do not give the exact
definitions because they are quite cumbersome, but the reader should hopefully be able to follow the idea
below (or look up first into [N] and [P61]). The point is that as soon as 71 > n the point lies “too close” to
other resonances; more precisely, for € small enough, the point w lies in By where A/ contains M strictly
and is thus of rank strictly greater than m = rk(M) (resonant modules can be taken to be primitive, that
is they do not strictly contain any module of the same rank). What we have done is to apply a normal
form lemma keeping in mind the requirement that it has to be valid over a domain of size \/e. This is very
important, since ultimately the exponent a of the remainder, given by a=! = 27, also gives the exponent
we derive for the homoclinic splitting. This will be further discussed in §2.6.6 in connection with stability
properties.

Finally we note that the above does not generally apply to heteroclinic splitting problems, which are
crucial in the study of instability but which we do not take up here. It would require a more refined discussion
of the puzzle because both invariant objects which are being connected should be included in one and the
same piece where a normal form is valid. This may be an interesting and many-faceted question.

2.2. Computations in the vicinity of a resonant surface

(2.2.1) Having normalized the original system to the form (3) over the domain we are interested in, we first
study the resonant part H, from a rather general viewpoint. We start by effecting a convenient scaling. Set:

(8) I=Vel', ¢=¢, H=cH, t=t/e.
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This transformation multiplies the symplectic form by /¢ and preserves the equations of the motion. From
(3) we get:

(9) Hy(I',¢') = e 'h(vel') + Z(Vel', ¢3,¢),

and this is defined over a ball |I’| < p, where p can be taken arbitrarily large by the second part of proposition
2.1.4. We expand h as:

1 1
(10) M) =w - I + 5AIf + 5BI§ +CI - I, + O(I®).

The notation is unambiguous for the A and B terms because A and B are square symmetric matrices of size
n and m respectively. The mixed quadratic term is described by C' which is an m x n matrix. We thus find
that:

w1
NG

Recall that H, is independent of ¢; so that I; is in fact a constant n-vector of the motion. So above I is

1 1
(11) H(I',¢') = =& - I + 5 AL + 5B + CI; - I + 2(0,9,0) + O(V2).

in fact constant. Note also that (4) gives an explicit formula for Z(0, ¢2,0).
Assume now that the matrix B = 8?h/9%I, is nondegenerate. Then we can shift the variable I, in (11)
by the constant vector B~'C1I], in other words we can set:

(12) (I, I}) = (I3, I + BT'CHLY).
Then (11) becomes:

(13) H'(I",¢") = % I+ %AI{'2 - %CI{’ .B'CI! + %BI§’2 + Z(0,4%,0) + O(v/z).
The shift from I} to I} allows to get rid of the mixed term in H, but this does not immediately carry
over to the full Hamiltonian H, because then I; is no more a constant of the motion, and (12) lifts to a
symplectic transformation in the second set of variables considering I; as a parameter, but not to a symplectic
transformation in the full set of variables.

Changing A to A —!CB~'C and dropping primes and double primes, we have reduced the resonant
partially integrable part H, to the form:

w1
Ve

with the following assumptions and notation:

(14) H,(I,§) = —=- I + %AI‘% + 3BB +g(2) + O(B) = HY(I, ) + O(),

2

(I, I,) stands for (I{', I¥) (see (8) and (12));
B = 8%h/8%I2(0,0) is assumed to be invertible;

9(¢2) = Z(0,¢2,0) is given by (4);
(14) is valid over a ball ||I|| < p with p arbitrarily large.

We emphasize that in (14) the remainder is also independent of ¢; (see (9)), so that I; is a constant of the
motion. It is also important to note that HY(I,$») is independent of € and is mot the pertubation of an
integrable system. Rather it can be seen as a generalized parametrized (by I1) multidimensional “pendulum”,
which of course cannot be fully understood in general (for m > 1) because g is also arbitrary (see (4)).

The simple but enlightening computations above are not new in essence, although they are not easily
to be found in this generality. We refer in particular to [N] (§11.6); see also [C] (§3.2 sqg.) for a more
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phenomenological viewpoint. We note that A.Neishtadt devoted a special study to the case with two degrees
of freedom, including non Hamiltonian systems; details and references are provided in [LM] (chapter 4). The
computation for a simple resonance (m = 1) appears in [El], [Ni3] and [DG1], to quote some recent papers.
This “universal” computation also serves to provide a partial justification for the study of Hamiltonian (x),
which gives a model of the behaviour of a general near-integrable system (1) near a simple resonance. Note
that (%) does not contain the coupling term corresponding to the matrix C above. This term appears
explicitly in [El] and [DG1] for the case of a simple resonance and also in [N] §11.6 in all generality, although
in slight disguise.

(2.2.2) As mentioned above, apart from the case of a simple resonance (m = 1), there is no hope to
unravel H?(I, ¢2) completely. But one can look for fixed points and these will give rise to n-dimensional,
m-hyperbolic tori for H,., for £ small enough, any given value of I and O(y/¢)-close to I» = 0. This can then
be translated into the original variables, which amounts to a shift in I, and a scaling (see (12) and (8)).

More precisely consider the “generalized pendulum” with Hamiltonian P(I, ¢3) = %BIQ2 + g(¢2). We
have already assumed that the matrix B is nondegenerate, and we now have to add the assumption that
it is sign definite (as a quadratic form), say B > 0 for definiteness. The function g : T™ — R possesses a
maximum ¢ and we will need this maximum to be nondegenerate. This gives a nondegenerate hyperbolic
fixed point zo for the pendulum P. Under these assumptions and for any given value I? (|I?]| < p), the
n-torus spanned by the ¢;-variables, with equation I} = I?, I, = 0, ¢ = ¢9, is invariant and hyperbolic for
the truncated Hamiltonian H? in (14). Reinserting the O(y/2) remainder, we see that this torus persists for €
small enough with a O(4/€) distorsion in the (I3, ¢2) variables, because the remainder is still ¢;-independent,
so that we are dealing with the perturbation of a nondegenerate hyperbolic fixed point for given I;. We
summarize all this in the following:

Proposition. Assume that the symmetric m x m matriz B = 8*h/0I2(0,0) is nondegenerate and stricly
positive as a quadratic form. Assume that the function g(¢2) = Z(0, ¢2,0) defined by (4) has a nondegenerate
mazximum on T™. Then there exists a nondegenerate hyperbolic fixed point xo for the Hamiltonian P which
for any I? with |I?| < p and for € small enough determines an n-dimensional m-hyperbolic torus T-(IY) for
Hamiltonian H, (see (14)). It lies in the plane Iy = I? and its projection on Is-space is O(/2)-close to
I, =0. O

To be explicit, we find a smooth family of tori 7:(I¥) with equations:

{Il =I?7 ¢1 ETHJ
I2:I2(I?a\/g)7 ¢2:¢2(I?7\/E)

This is immediately translated in terms of the original variables of Hamiltonian (1) by means of (8) and
(12). In these original variables the distorsion is of size O(g) (see (8)), and the whole analysis is valid over
a ball of radius p/e centered at the origin in I-space, with p arbitrarily large. This is because (12) does
introduce a distorsion which depends on B and C, but since p can be taken arbitrarily large, it has no serious
effect on the range of validity. We recall that all this leeway is provided by the fact that we are not trying
to get a sharp estimate on the width of the exponentially small quantities which occur and deal only with
the exponents in this section (see proposition 2.1.4). The proposition above features the simplest possible
statement in the situation at hand, but it is actually difficult to go beyond. More elaborate statements are
conceivable at this point but they do not seem to be very useful yet because in the end we will have to
reinsert the exponentially small non integrable remainder R, in (3). We will elaborate on the geometric
picture in §2.5, using in particular the results of chapter 1. Note that we are working here in the setting of
§1.9, with a more analytic and quantitative flavor.
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2.3. Splitting in a perturbative setting, variance and stability

Clearly if one keeps only the resonant part H,. in (3), the splitting of the invariant manifolds associated
to any torus (or possibly a more general object) will simply vanish in the I; direction since these variables
are constants of the motion for the flow generated by H,.. We now want to be able to perturb this situation,
by taking the exponentially small remainder R, into account. Also, in order to put the Hamiltonian (1) in
the normal form (3) we had to perform a near-identity canonical transformation C. and we want to be able
to say something about the splitting in the original variables of (1). We adress these questions in §§2.4, 2.5
and 2.6; as for now we prepare the ground by specializing various notions introduced in chapter 1 to the
perturbative setting and see how they are related in that restricted situation. We also need some results
from linear perturbation theory, which we gather in the first two sections.

(2.3.1) Let us begin by reviewing some specific properties of self-adjoint operators, in a form tailored to our
needs; we are dealing here with the simple finite dimensional case, whereas the theory largely aims at infinite
dimensional situations. Due to the symmetry of the various “angular operators” these stability properties
play an important role in the problem of angular approximations and asymptotic expansions.

Given a self-adjoint operator A on R? (d > 1) or the corresponding symmetric matrix (we do not
notationally distinguish them) we denote its spectrum by Spec(A) C R. We consider a family (A4,) of
self-adjoint operators on R?, which we assume is defined for |u| < po for some po > 0. We do not assume
any regularity with respect to the parameter p and indeed the results in this paragraph 2.3 will be applied
to situations where this type of regularity cannot be ensured; typically the canonical transformations C.
constructed above are not regular with respect to e. We assume however that A, is u-close to Ag; more
precisely we denote by C' > 0 a constant such that

14u = Aoll < Clpl-

So C' can be taken to be the C'-norm of (4,) in case this family happens to be of class C*. Here and below
we use the operator norm for the matrices but since we are dealing with finite dimensional problems this is
not essential.

Let Spec(Ag) = {A1, -, Ae} (A # Aj for i # 7, k < d) be the spectrum of Ay and m; be the multiplicity
of Aj so that 3, m; = d. The first result is the following:

Lemma. (spectral continuity of eigenvalues.) Denote by ||A|| the operator norm of A. Then the spectrum of
A, varies continuously with p and in fact Spec(A,) is contained in a ||A, — Ag||-neighborhood of Spec(Ag):

dist(Spec(Ay,), Spec(Ao)) < [|Au — Aoll < Clpul.

Moreover if the family (A,) is analytic (with respect to ), there exists a labeling of the eigenvalues which
makes Spec(A4,) analytic.

The first part of the lemma is an immediate consequence of the min-max principle (see e.g. [RS], volume
4, §XTIIL.1). It is thus quite specific to self-adjoint operators, whose eigenvalues vary in a Lipschitz way,

“well-

and indeed with a Lipschitz constant equal to 1. In the terminology of numerical analysis, they are
conditioned”. The second part of the lemma, which we have stated slightly informally for the sake of brevity,

is classical; for details and much more, see e.g. loc. cit. chapter XII. O

Let us say a word about the situation when A, is not assumed to be self-adjoint. Then there emerges
from A; at most m; eigenvalues, which can be labeled just as in the self-adjoint case. But if (4,) is analytic,
these eigenvalues bifurcating from A; are given by Puiseux series in general, more precisely they are analytic
with respect to p!'/™i near p = 0. Correspondingly, in the C' case, one can only assert that Spec(A,,) lies
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in a neighbourhood of Spec(Ag) of size O(||A,, — Aol|*/™) where m = sup; m; and the implied constant is
not universal (in particular is not 1 as in the self-adjoint case).

We now turn to the stability properties of the eigenvectors. For any j =1,...,k, let d; be the distance
from A; to the rest of the spectrum of Ag: d; = inf;+; |A\; — A\;|. For p small enough, as mentioned above the
spectrum of A, contains exactly m; eigenvalues counted with multiplicities inside the disc D; = D(\;,d;/2)
centered at A; with radius d;/2 (the spectrum is real of course, but we introduce D; in the complex plane for
future use). Let Hftj ) denote the eigenprojector corresponding to these eigenvalues of A, contained in Dj; it
is thus an orthogonal projector whose range has dimension m;. Because of the preceding lemma it is easy
to quantify the bound on p: in fact we define p; by requiring that for |u| < u; one has ||4, — Ao|| < d;/4.
This is of course provided A, is defined in this range; if not just define u; = po. Using the definition of C'
one gets an obvious bound from below for p;, namely u; > d;/(4C). The projector Hff) is well-defined for
|| < pj. It satisfies:

Lemma. (spectral continuity of eigenprojectors.) For any j € {1,...,k} and for |u| < p; with p; defined as
above (in particulor p; > d;/(4C)), one has the estimate:

LY — 15| < el

where ¢; = 8C/d;. If the family (A,) is analytic, the orthogonal projector Hff) is analytic too, for |p| < ;.
Proof: It is based on functional calculus, for which we refer to [RS], volume 4, §XII.1,2, as well as for
background material on the regular perturbation theory of self-adjoint operators. One can express the
projectors as

1

1 my) = — — At
( 5) 1% Qi C’j()\ #) d)‘v

where C; = 0D, (anticlockwise orientation). This formula implies the existence of c;, but not yet the
estimate given in the statement. It also implies that Hff) is as regular as the family (A4,), so also the second
part of the lemma, namely the analyticity of the projectors in the analytic case.

Now to get the bound on ¢;, we simply compute H,(Lj ) H(()j ) by taking the difference of the r.h.s. of (15)
for A, and Aop; one gets inside the integral the quantity

A =407 = (A= A) 7' = (A= A4) 7 (Ay — A)) (A = Ag) 7,

to be integrated over C;. Now for any self-adjoint operator A and any A in its resolvent set one has
|A—=A)~1| = (dist()\,Spec(A)))_l. This implies that ||(A — 4,) || < 4/d; for A € C; and |u| < p;; note
that this estimate makes full use of the preceding lemma. One finishes the proof of the lemma by obvious
bookkeeping. O

Let us say again a word about the case of arbitrary matrices. Then the lemma is true verbatim except
for the estimates on pu; and c; and the following important difference. The projectors H,(‘j ) are defined by the
r.h.s. of (15) for pu small enough, without a universal explicit estimate, for the reasons explained after the
lemma on eigenvalues. They are not orthogonal in general and their range is a direct sum of characteristic
spaces which we recall are defined as follows (think of the Jordan normal form for a matrix): given an
operator A on a vector space of dimension d and A € C, the associated characteristic space V), is the kernel
of (A — )% X is called characteristic if Vy is not reduced to 0.

(2.3.2) We also need to be able to record the behaviour of the spectral elements of the splitting matrix
under canonical transformations. The variance of the matrix itself is expressed in proposition 1.5.4 and in
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order to use it we need another lemma in linear algebra, which we first state and prove in a non-perturbative
version. We remark that the properties it expresses are again specific to self-adjoint operators.

Let A be a symmetric operator on R? (d > 1), and let B and C' be two operators such that C is
invertible and the composition BAC' is symmetric (B and C are not assumed to be symmetric). Suppose
that A possesses n eigenvalues (counting with multiplicities) in the interval (—4,d) for some & > 0. Let II
be the corresponding spectral projector for A and V' the range of II. It is an n-dimensional subspace of R?
which is stable under A and such that the restriction of A to V has norm < 4. In this situation, we get the
following information on the spectral elements of the operator BAC"

Lemma. Given the data as above, the following holds:

i) The operator BAC has at least n eigenvalues (counted with multiplicity) of modulus < 4||B|| - [|C |
(< 8IBC));

i1) There is an n-dimensional spectral projector II' of the operator BAC, corresponding to eigenvalues as
above and close to the spectral projector T1 of A in the sense that: ||TI' —TI|| < ||B — 1] - ||C~ ! = 1]].

Proof: Consider the n-dimensional subspace W = C~1V. For any w € W, one has || BAC (w)|| < §||BC(w)||
because C'(w) is an element of V' and over that subspace the norm of A is < §. This proves i) by the min-max
principle and ii) follows in the same fashion. O

We will have to use also a perturbative version of this lemma. Namely let B, and C; be two families of
operators defined for € small enough, such that By = Cy = 1 and B. AC. is symmetric; here A again denotes
a fixed self-adjoint operator. We require again that B. = By + O(e) and the analogous condition for C.. The
assumptions on A are as in the lemma and one gets the conclusion of the lemma for € small enough, with of
course ||Be|| - ||C- | = 1+ O(e) and ||B: — 1|| - [|C-t — 1]] = O(g). This continues to hold if the operator A
is replaced by a family A, which does not affect the reasoning (d becomes a function of u).

(2.3.3) We now look back at the formalism developed in chapter 1 and first prove strong smoothness
properties for the various angular notions because this is good to have in store and the proof is now essentially
immediate. Recall that the Lagrangian-Grassmannian A of R is a smooth manifold with an atlas (Ay)y
(¢f. §1.3.1) which actually defines a real analytic structure on A. In turn the angular notions describe in
some sense various atlasses on A2. Although that would be feasible we will not explore the whole of A2
but confine ourselves to a large open set for simplicity. Define O C A? to be the open set of pairs (L, Ls)
with Ly transverse to Orthy Ly (IT is the usual scalar product on R*); so O is a -large— neighbourhood
of the diagonal. Given two transverse Lagrangian subspaces (H,V), let Oy be the open subset of S(H)?2
(¢f. §1.3.1) formed by the pairs (71, 72) such that if L; (¢ = 1,2) is the Lagrangian space with coordinate ~;
relative to (H,V) the pair (L;,Ls) lies in O. Then looking back at §§1.3, 1.4 we have:

Proposition. The maps (71,72) = @L,,Ls, from Ouy to U(n,C) and (Li,Ls) = o1, 1, from O to U(n,C)
are real analytic. The measure of the Euclidean angle of (L1, Ls) is also real analytic over O.

Proof: We may assume that H = Hy, that V = Vg and furthermore that L; is fixed and coincides with Hy.
By the spectral lemma on the eigenvalues (in §2.3.1) we see that the spectrum of v is analytic and by the
definition of ¢, we find that this implies that v — () is analytic (¢f. §1.4.1). Since «y defines the analytic
topology, we conclude that both maps are analytic and that the measure of the angle is no other but the
spectrum of . O

One would have to be more cautious in order to deal with the determination of the angle, i.e. with the
eigenspaces of ¢ (or v since they coincide). Indeed we would have to modify the definition a bit in order to
get good smoothness properties, but we will not go into this here.

(2.3.4) This paragraph is in some sense a sequel to §§1.5, 1.6. Starting from the general symplectic setting
of chapter 1, one can contemplate several simplifications or specializations and it is good to keep in mind
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that the situation of “classical perturbation theory”, as used above in §§2.1 and 2.2, is special in more
than one way. Here we list a few items in order to bridge the gap between geometry and “computations
in coordinates”. In doing so we set up the framework which we use in further paragraphs and in the next
chapter; it is essentially that of §1.9 which on the whole appears as a rather particular case of the situations
described in chapter 1. It can be used independently if one wishes to forget about more global and geometric
considerations.

First we specialize from an arbitrary symplectic manifold to a cotangent bundle T*V. We recall from
§1.6.4 that any such bundle is endowed with a natural vertical distribution V given by the fibers of the
projection T*V — V, but not with a horizontal one (except along the zero section). Such a distribution H
is associated with the further data of a connection on V. Then one can look at a Lagrangian submanifold
L and ask whether is is a graph over H, in which case it is defined by an embedding 8 : V — T*V, where
B is a closed one-form on V. If § is furthermore exact, 8 = dS where the real valued function S on V is a
generating function for £. The relevant formulas in this situation appear in §§1.6.4, 1.6.5.

We will be interested in regular pairs of Lagrangian submanifolds (£1, L) which are close to each other
in the sense that for any = € V, the pair (L, L) = (T, L1, T:L2) lies in the open set O € A? defined above in
§2.3.3. Given the reference distributions (#,V), the associated coordinates (y1,72) of (L1, La) with respect
to the pair (H,V) = (T, T, V) will lie in Og,y; this assumes, as we do, that H and V are orthogonal for a
given orthogonal structure on 7*V.

Next assume that we are in a perturbative situation, in the sense that we have smooth families £;(9)
and L2(8) defined for § small enough and with £,(0) = £5(0) = £. Note that we do not assume as yet
that £ is close to H. Because we will be interested in local properties, and in order to avoid cumbersome
assumptions and notation, we will work in a linear setting, using the notation of §§1.3 through 1.5. All the
spaces of linear maps are endowed with their natural operator norms, which are all denoted by the symbol
|| || (since everything is finite dimensional all the possible norms are equivalent anyway).

Consider first the case Ly (§) = H is horizontal and Ly(d) = L(d) € Ag with coordinate v(d) (y(0) = 0).
One cannot of course simplify the step consisting in finding the spectral elements of v, so we also give

ourselves an eigenbasis for v, with eigenvalues «;(d), j = 1,..., k. One can assert, using the spectral lemma
for eigenvalues, that a; = O(d) so that (cf. §1.4.1)

. 1+ .
(16) pj = exp(ib;) = L = exp(ia;) + o(d).

- |1 + iaj|
The eigenvalues of y thus give a first order approximation for the measure of the Euclidean angle (with the
horizontal). Indeed the Euclidean angle with respect to the horizontal plane and the coordinate carry the
same information near the horizontal plane (essentially because 6 and tan(6) are close for § small).

In the above, one of the planes was horizontal; in the general case of a pair (L1, La) of nearby Lagrangian
planes, the situation is different according to whether one is interested in the measure of the Euclidean angle
or with the difference of the coordinates i.e. the splitting form or splitting matrix (cf. §1.5). Roughly speaking
the first is geometrically more significant and the second is easier to compute. The case of the Euclidean
angle is conceptually quite easy: given (L1, L2) (depending on § which we sometimes drop from the notation)
there is a smooth family of unitary maps goﬁ;Ll such that setting L = (pﬁ(])-Ll(LQ) we are back to the case
above,i.e. the Euclidean angle of the pair (L1, Ly) is the same as the angle of (Hy, L).

For practical purposes it is easier to work with the splitting matrix and the formulas which appear in
§1.5. Let cpﬁ;Ll be as above. Let T';, i = 1,2, be the coordinate of L;, S = T'y — I'; be the splitting matrix.
Let T' denote the coordinate of L. Since mu,1,, maps (H,L) to (L1, L2), the splitting matrix after performing
cpﬁ;Ll coincides with T'. So I' = S’ as given by the formula in proposition 1.5.4. The matrix P (¢f. §1.5.1)
corresponding to ¢ cannot be computed in general. All that one can say is that it remains finite as long as
L; and L, stay away from V.
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Finally, assume that the Lagrangian planes L; and Lo are close to each other and close to the horizontal
plane H. Then ¢p,, is close to the identity, say ¢mu,., = 1 + O(¢) with ¢ small (tending to 0 with §).
Typically in the case of an exponentially small splitting, L; and L are the stable and unstable invariant
manifolds attached to a torus. In that case § will be typically exponentially small with respect to . Using
again proposition 1.5.4 we get the estimate: I' = (1 + O(g))S(1 + O(¢)).

We also recall that proposition 1.5.4 gives the variance of the splitting matrix under a canonical transfor-
mation. This is just a different viewpoint, but computations are identical. In particular, for a transformation
which is e-close to identity, one gets the same estimate as above, namely that the splitting matrices before
and after the transformation are connected by: S’ = (14 O(g))S(1 + O(g)). This suggests that lemma 2.3.2
applies, as will be done below.

The above did not depend on the global nature of the underlying manifold (the “configuration space”)
V. As a final specialization take V = T¢. Then T*V is trivial and there is a natural trivialization: T*T¢ ~
{(¢,I) € T* x R*}. Note that it is more consistent to list the coordinates as (¢,I) (the base and then the
fibre) but we will sometimes write (I, ¢) all the same. Now we have natural horizontal (I = ¢st) and vertical
(¢ = cst) distributions. In this very special (from the geometric viewpoint) case, we can also ignore the
difference between linear and global notions, so forget about calligraphic letters. Lastly we usually make no
notational difference between ¢ as an element of the torus T¢ or its universal cover R¢.

Referring again to the beginning of this paragraph (or to §1.6) we will deal with Lagrangian manifolds
L which are graphs of one-forms 3 on the torus: we write L = Gr(8). As mentioned in §1.6.4 the defect
of exactness is measured by an £-vector. Concretely one can write 3 = dS(¢) with ¢ € R¢ and there exists
d € R such that S(¢) — d¢ is a function on T¢. So we always have a generating function S(¢) for 3 which
up to a linear factor is defined on T¢. Formally we can always consider it as defined on R¢ or over an
open fundamental domain e.g. (=, 7)¢. These details will not play any role anyway, partly because we are
dealing with the homoclinic splitting problem; we simply write 8 = dS(¢). Then the coordinate v is given
by the matrix I' = (T';;) = (025/0¢:0¢;) (see again §1.6.4 for the more general setting). Finally, given two
intersecting Lagrangian manifolds L; and Ls, the splitting matrix at an intersection point is given by the
difference S = T'; — T';. We also note that this is the setting which will be used in chapter 3 as well as below.

2.4. General exponential estimates for the splitting matrix

We return to the situation of paragraphs 2.1 and 2.2 and prove a provisional result asserting that if
the necessary invariant objects exist, then the splitting matrix has a certain form and in particular some of
its eigenvalues are exponentially small. The existence of the invariant objects will be discussed under some
conditions in §2.5, using KAM theory and the results of chapter 1. The results in this section apply in a
very general (but perturbative) setting and the need for the existence proofs taken up in §2.5 arises from this
generality. More precisely the existence of the necessary objects is easier to study if one restricts to simple
resonances; it becomes obvious for —say— Hamiltonian (*) with F' independent of the action variables and
even in the angles, which covers the cases hitherto studied in the literature. We also stress the important
fact that the present paragraph does not make direct use of any analyticity conditions, which however were
crucial in order to derive the normal form (3) with an exponentially small remainder.

(2.4.1) We start with some notation and assumptions. It is actually a bit difficult to stick to completely
uniform assumptions for the numerous possible statements, so we ask the reader to be forgiving about the
slight variations which are bound to occur and will be recorded all along. We hope that the general ideas
will be clear and that the reader might want to state and prove variants of her (his) own.

Let L be two families of Lagrangian submanifolds in T*T¢. We write L rather than e.g. L; (1) and
Lo(u) simply because these will of course eventually be invariant manifolds, but right now this is just a
piece of notation. We assume that L is defined for u small enough and that L = Gr(dSE). Let us add
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a minor global warning for this and the next subsections §§2.4, 2.5. Some of the Lagrangian manifolds we
will consider are not necessarily exact, which means that S, does not necessarily live on the torus T¢. In
other words we should consider ¢ as belonging to R¢ and indeed restrict to bounded domains V* for Sj:.
Such a function can be uniquely decomposed as S, = S, + & - ¢, where the added linear form encodes the
translation just as in § 1.10. Since the splitting matrix involves the second derivative of the function S, (see
(18) below) this translation does not enter in a significant way here. This is why we will often omit from the
notation the distinction between functions on the torus T¢ and its covering space Rf, a distinction which the
reader can easily mentally restore. Note also that we do not require any regularity in g but assume that Sff
is a C? real valued function on V* and that S — S = O(u) in the C? topology of functions on V*. Of
course we can vary V*, which amounts to looking at the compact-open C? topology. The only precaution
to be taken is that of course the implied constant in the O(u) estimate above depends on the domains V*.
More generally the noncompactness of the invariant manifolds leads to slight problems in the formulation
of the results but not to serious mathematical difficulties in what follows. Even the graph requirement here
can be removed, as will be mentioned at appropriate places.

Assume moreover that Ll"{ and L intersect at a (not necessarily isolated) point p,. We have a splitting
matrix S, at the point p,, which is given as in §2.3.4 above by:

62

(17) Su(Pu) = y&(s;j_ - S,:)(pu)

Here the evaluation at p, means of course that one looks at the angular coordinate of p,,.

(2.4.2) Consider again the decompositions (3) and (14), taking care of the fact that the variables in (14)
have been rescaled according to (8) (and primes have been dropped in (14)). Summarizing what was done
so far, starting from (1) we have performed a canonical transformation C. which is e-close to identity and
leads to (3) where R, is exponentially small, as indicated in proposition 2.1.4. Writing H for H o, we thus
have H = H, + R. and moreover H, = H? + O(+/€) as in (14) where this last decomposition is in terms of
the variables rescaled as in (8).

Let 4 = e '||R.|| and write H = H, + epR. where R, has norm 1. Consider p as an independent
perturbation parameter so that we have a two-parameter family of Hamiltonian systems (a trick initiated
by Poincaré). Of course we are really interested in the value pu = pu(e) dictated by the definition of p and
this value is exponentially small with respect to e. We have added the factor € in front in the definition of
p so that in the rescaled variables of (14) we can write H = H, + O(u) = H? + O(y/€) + O(u). We remark
that not much depends on the fact that we are eventually interested in exponentially small values of u (with
respect to €) and most results can be stated in terms of p and then specialized to much larger values (with
identical proofs). For instance in this paragraph we could actually accomodate polynomial values of u, say
p = 0(e?).

By now the strategy should be clear. We start from the generalized pendulum with m degrees of freedom
defined by the Hamiltonian P(I2, ¢2) = $BI3 + g(¢2) (cf. §2.2). We then suspend it into H? which is in
principle straightforward. The next step consists in “turning on” the perturbation parameter ¢ keeping p = 0
which is possible as they are now regarded as independent, parameters. We are moving from H? to H,., that
is incorporating the O(y/€) remainder in (14) and this is again ¢;-independent. At that point one can use
the results of §1.9 in order to straighten the normally hyperbolic manifolds in the resonant system governed
by H, (see §2.5.1). This we will do in order to be able the KAM results contained in [Gr]. Next we have
to let u take off from zero and this is yet another story, involving in particular KAM techniques, which we
discuss briefly in §2.5.2. But it seems useful to distinguish between assumptions which ensure the ezistence
of the objects and those which govern their properties, granted that they exist; this paragraph is concerned
primarily with the second kind. In the final step we must remember that in the above we were working in
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the normalizing variables and that we have to return to the original variables in (1) via the scaling (8) and
more seriously the near-identity canonical transformation C..

(2.4.3) Let us review the geometric objects we have at our disposal or need to locate, according to § 2.2.2.
Start with H? which itself decomposes as the generalized pendulum P(I2,¢2) and a part depending on I
only. This holds after the change of variables (12) which is however of no concern in this paragraph. Assume
B is strictly positive as in §2.2.2 (with obvious adaptations if it is strictly negative) and let o € T*T™ be
the hyperbolic fixed point of Xp which is discussed there (recall that Xp denotes the vector field of T*T™
generated by the Hamiltonian function P). Let W®(z¢) denote the m-dimensional invariant manifolds of zq.
For simplicity we assume hereunder that these are graphs on the domains we are interested in, namely along
relatively compact parts of the homoclinic trajectory we will be interested in (see §1.9.3 and below for more
details). This assumption is actually superfluous because in fact we use symplectic geometry only near the
homoclinic points where we eventually compute the splitting matrices, but it makes it easier to write down
explicit expressions. So here we write:

W*(x0) = Gr(dSE) c T*T™, with SF:T™ SR

where the functions S;¥(¢2) are only supposed to be defined on the domains we are interested in.

Coming to the homoclinic splitting, we clearly need a homoclinic trajectory in order to get started.
The existence of such trajectories can in principle be shown by variational methods (see §2.5.4) in this
nonperturbative situation. Here we just assume that WT(zo) and W~ (x¢) do intersect. More precisely
their intersection is necessarily a union of trajectories of the Hamiltonian P; we denote by ~ one of these,
and assume that W+ (z¢) and W~ (zo) intersect transversely along 7 in the energy level. This is a generic
assumption. We next pick a point p on this homoclinic trajectory:

pEYCWT(zo) NW ().

As in §1.9.3 we consider two relatively compact neighborhoods D* in T™ of the projections of the two
half-trajectories from p to zy. Below the discussion will be restricted to these sets and we assume that the
invariant manifolds W= (z¢) are graphs over D¥; this assumption is inessential but facilitates the exposition.

In order to eventually define nice splitting matrices we will now perform a section ¥, (¢f. §§1.1.4 and
1.5.5) transverse to v at p inside the energy surface of v (which is the same as that of the fixed point ).
For reasons which will appear in the next paragraph, it is convenient to choose a section of the form

Y, =%, n{P = P(x0)},

where ¥, is a hypersurface of T*T™ which contains p, is transverse to Xp and sits over DT N D~.

Then we consider the splitting matrix at p of the traces of the invariant manifolds W (zo) and W~ (zq)
on ¥,. We denote this matrix by M- because it represents the linear approximation of the splitting of (1)
transverse to the m-fold resonance surface we are looking at. For the same reason we call it the transverse
Poincaré-Melnikov splitting matriz or transverse linear splitting matriz. It is a square symmetric matrix
of size m — 1; in particular it appears only for resonances of multiplicity m > 1. Formula (VX) in §1.5.5
shows that it transforms like a quadratic form upon changing the section, which by the min-max principle
(as embodied in lemma 2.3.2) garantees that the choice of a section is innocuous in what follows.

The hypothesis that W (z9) and W~ (o) intersect transversely along ~ is equivalent to the nondegen-
eracy of the matrix Mg-. Concretely one can simply compute Sg (p) = 82/9¢2(S;F — S, )(p), and requiring
that the transverse splitting be nondegenerate is the same as requiring that Sg-(p) have only one 0 eigenvalue
(corresponding to the eigendirection tangent to 7). Note that we are now in the setting of §§1.9.2 and 1.9.3
(m=1orm>1).
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Having described the situation for Xp to T*T™, we could easily lift everything to T*T¢ for X mo- But
we prefer to pass from H? to H, at the same time, i.e. to introduce the parameter e.

(2.4.4) Since the Hamiltonian function H, does not depend on ¢;, the conjugate variable I; provides n
prime integrals of Xp, (this corresponds to the case g = 0 in §1.9). Let us fix an arbitrary value of I;:
IY e R™.

By restricting to {I; = I?} and projecting to T*T™, the vector field Xp, induces a vector field
of T*T™ which is y/e-close to Xp. The hyperbolic fixed point z¢ of Xp is perturbed into a hyperbolic
fixed point z.(I{), and its invariant manifolds W*(zo) deform into invariant manifolds W+ (. (I?)). More-
over, the transversality assumption at the homoclinic point p ensures the existence of a homoclinic point
p-(I?) € ¥, close to it. The transverse splitting matriz M at p.(I?) in %, is a O(y/€)-perturbation
of Mg-. We denote by Sri,s (¢2; I?) the new generating functions. They depend on I{ as a parameter, and
SEy(@2: I9) = SE.

All this can be interpreted for Xg, by lifting the objects to {I; = I?} C T*T*: there corresponds
to z. (I?) an invariant n-torus 7z (I?) spanned by ¢; (as claimed in proposition 2.2.2), which has /-dimensional
invariant manifolds W (I?). These manifolds are given by :

WEIY) = Gr(dSE) with SF=S8F(¢ 1)) =17 - ¢y + S (do; 1Y)

The functions ST are defined over the domains V* = T x D*. Here it may be necessary to perform a
restriction of the domain in the I;-variables, so that V=E are independent of I;. But in the end we will be
interested only in a neighborhood of I; = 0, after turning on the p-perturbation. Note also that the invariant
manifolds may not be exact Lagrangian at this point so that the functions S;‘fs really live a priori on R¢ and
possibly include a linear term in ¢5. In accordance to the remark in the last subsection we do not record
this explicitly in the notation.

In particular, for € = 0, we obtain Si(¢; I?) = I? - ¢1 + SF(¢2). Note that here the change of variables
(12) which was used to eliminate the mixed terms in the quadratic form (10) simply introduces an extra
linear factor B~1C1T; - ¢, in the generating functions S (¢) and this factor does not affect the argument
below. Note also that the crux of the matter in showing general exponential estimates eventually consists in
the (trivial) fact that ST is linear with respect to ¢;.

In order to compute a splitting matrix, we now have to fix a section in T*T¢ and a particular homoclinic
point. The torus 7 (I¥) comes indeed with a (n + 1)-dimensional homoclinic manifold WX (I?) N W (I?).
As for the section, we choose

EE(I?) =¥n {Hr = HT‘(’]::‘(I?))}a

where ¥ denotes the hypersurface of T*T¢ obtained by taking the product of £, with 7*T". The dependence
of ¥ (I?) thus occurs wia the choice of I?; for any I? the section ¥, (I?) sits over VE.
This way, the intersection
WHID) NWZ(I7) N Be(I7) = Te(I7)

is a homoclinic n-torus biasymptotic to 7 (I?) for the system governed by H,.

The torus T.(I?) is canonically parametrized by ¢;. Let us denote by p.(¢1;I?) the point of T.(I?)
with parameter ¢;. We observe that the second derivatives 8>S*/0¢? and 8%SF/0¢10¢4, vanish at this
(fixed but arbitrary) point p.(¢1; I?). This implies that the splitting matrix M. at this point in the section
Y. (I9) takes the form:

) = (o ape)-

€
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It is an (£ — 1)-symmetric matrix, which has a zero upper-left block of size n, zero off-diagonal blocks and
the transverse splitting matrix M2 of size m — 1 in the lower right corner.
In particular, in the case of H? (i.e. when & = 0),

0 0
o= (5 aip):
We remark that the nondegeneracy of the transverse Poincaré-Melnikov matrix M- has been used to ensure

the existence of the necessary objects, in particular the homoclinic tori T.(I?). But if these are known to
exist by some other considerations, one can still assert that the splitting matrix looks as in (18).

(2.4.5) We digress shortly in order to discuss an analytic point about domains of validity. Everything above
takes place in the normalized coordinates defined by proposition 2.1.4, which after the rescaling (8) give rise
0 (14). We need that the objects of interest be contained in the domain of the normalizing transformation
C.. As far as the variables I are concerned, we are eventually interested only in a neighborhood of the
origin of size O(1/¢€) in the variables used in (14), which we call the rescaled normalized variables. This
corresponds to the fact that the shift of the torus we started with (for € = 0 in (1)) is on the order of ¢ in the
original variables of (1). The real question concerns the resonant variables I, and what we need to ensure
is again that the homoclinic point p together with the two half-trajectories from p to the fixed point xy be
contained in the domain of existence of the normalized variables. But by accepting to possibly decrease the
width w of the exponentially small remainder R, in proposition 2.1.4, one can make the size p of the domain
arbitrarily large after rescaling (see below (14)). In more physical terms this can be expressed by saying that
one can normalize to an exponentially large order over a strip surrounding the resonance which is O(4/¢)
wide (the “resonance width”) with an arbitrarily large coefficient in front and keeping the exponent (but
not the width) fixed. This ensures the coherence of the strategy. We will return to this point briefly and in
more general terms in the conclusion of the closing section §3.7.4.

(2.4.6) We now have to restore “full nonintegrability”, that is perturb the resonant part H, into the original
system H, although still in the rescaled normalized coordinates. At this point, we would like to focus
attention on the torus in the family 7:(I;) given by proposition 2.2.2 with frequency (w1/+/€,0). It is
however not clear that it exists and is unique in a O(y/€)-neighbourhood of the origin in I;. This again has
to do with straightening and is an application of §1.9.3; we postpone the discussion to §2.5.1 and here simply
collect the necessary hypotheses, assuming they are met.

We have to focus on relatively diophantine frequencies because they survive by KAM theory, applied
here to the torus with frequency w = (w1, 0) we started from in §2.1.4. But the same kind of remarks applies
as for the nondegeneracy condition cast on the transverse Poincaré-Melnikov matrix. If one is able to prove
the persistence of other tori or even other invariant objects by other means, then the discussion below also
applies to these. For instance one can restrict the kind of perturbations one is working with by imposing that
the whole chain of tori be preserved; this is the case in Arnold’s original paper [A1] and will also be assumed
in most of chapter 3 for simplicity. It is important at this point to understand that the diophantine condition
(5) plays a dual role: on the one hand it enables one to prove the persistence of the torus using standard
KAM-type techniques; on the other hand it provides a suitable (a, K)-nonresonant domain (see definition
2.1.2 and (6)) over which one can normalize to an exponentially high order using resonant normal forms
and the analyticity of the system (which could in principle be dispensed with as far as KAM techniques are
concerned). We add that in some sense it is the second role of the diophantine condition which is the more
essential and deeply rooted in the nature of the problem.

We will work in a sector near the origin in the (g, u)-plane defined by £ small enough and u < u(e).
We assume both parameters are positive for notational simplicity and we are of course especially interested
in the defining value u(e) = 71| R:||, which is exponentially small with respect to £. But it is interesting
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and clearer to keep the flexibility of leaving the dependence u(e) free for the moment, assuming only that
u(e) = O(g?) for consistency. Yet of course exponential smallness properties of the splitting matrix will hang
on the fact that we will ultimately apply the results with exponentially small values of u(g).

We now gather basic assumptions which are sufficient (but far from necessary) to ensure exponential
smallness properties for the splitting matrix. These assumptions will turn out to hold true in our case, but
could also lead to results in a different setting, for instance if the integrable part h of the Hamiltonian H is
not fully nonlinear but the perturbation f is restricted to a suitable class of functions.

We keep the notation of §§2.4.3 and 2.4.4. The following assertions are then stated for € small enough
and p < p(e) = O(e?).

Assumptions.

i) The invariant torus T.(0) for H,, with frequency (w:/1/2,0), can be continued into a family T, of
invariant tori for H. , with the same frequency. Moreover ., is p-close to T-(0) =T o;

i) the invariant manifolds WE can be continued as graphs of functions: over the domains V*, Wsi,u =
gr(dSEjfu); Ssi,u is u-close to ST in the C? topology on V*;

i11) the graphs gr(dsgfu) intersect near T.(0) (such an intersection defines a homoclinic trajectory biasymp-
totic to T¢,, for Hc ).

We make some remarks about these assumptions. As mentioned already the existence of 7T; is best seen
by straightening the unperturbed (1 = 0) flow as in §1.9.3 (see §2.5.1). We then add the p perturbation in
order to check the validity of i) under the assumptions of this chapter; this is a matter of classical hyperbolic
KAM theory (§2.5.2). The validity of assumption ii) then follows more or less “in the wash” (§2.5.3). Here, as
explained above already we are of course not considering the invariant manifolds qu globally but only in the
vicinity of the homoclinic trajectory. Paragraph §2.5.4 is devoted to checking the validity of assumption iii).
(2.4.7) We are finally in a position to state results about exponential smallness of the splitting matrix! In
this subsection we keep the rescaled normalized variables, i.e. those which one gets starting from (1) and
performing the near-identity normalizing transformation C. followed by the rescalings (8). Retrieving the
information in the original variables will then be easy, using lemma 2.3.2; this we do in §2.4.8 below and we
will also give a more geometric and coordinate-free statement in §2.4.9.

Again we need to pick a homoclinic point in order to be able to write down a splitting matrix. And to
this end we first need a section which we obtain by perturbing the section ¥.(0) of §2.4.4. Indeed using the
same hypersurface £ C T*T¢ which was considered there we define:

Yo, =Sn{H=H(T.,.)}

Consider a homoclinic trajectory 7., as in assumption 2.4.6 iii); we call p.,, the intersection point: p. , =

757“ n 257“'
We start with a statement which by now has become essentially self-evident but is nonetheless significant
and the seed of further estimates on the exponential smallness of the splitting matrix.

Proposition. With the setting and notation as above suppose assumptions 2.4.6 hold true. Consider the
splitting matriz M., at the point p. , inside the section ¥, ,. Then:

(19) Ms,u =M. + O(ﬂ):

for any value of u < p(e)(= O(?)), where the matriz M. has the form (18). O

Let us collect part of the information this statement carries. We simply apply the lemmas on spectral
stability of §2.3.1. Here we are dealing with a two-parameter situation but the adaptation is straightforward.
In fact we have placed ourselves in the simplest case, by assuming that M- is nondegenerate. This implies
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that 0 has multiplicity n in the spectrum of M. and is isolated in the spectrum by a finite amount for ¢
small enough. The lemma on the continuity of the eigenvalues applies and for 1 < u(e) we get that M, , has
exactly n eigenvalues (with multiplicities) of size O(u) as p and € tend to 0. Let Hé?,l be the corresponding
spectral projector for M, ,, n = HSB and TI(©) = H(()O). Clearly we have in fact TI(®) = 1 for any small
¢ and this is just the projector onto the kernel of M-, which in turn consists of the first n basis vectors. So
we get the estimate:

0 0) — 0 0 —
(20) T, — nO) = 0 -1 = O(w),

which gives precise information on the location of the m-dimensional eigenspace over which M, , has
norm O(p).

There only remains to apply the above to the case p < u(e) = e ||R.|| = O(exp(—we~?)) for some
w >0, a > 0, to get results of exponential smallness. These will be spelled out in the next two subsections
in the original variables and in a more geometric way.

As for now we still would like to mention that there is a hoard of variants and amplifications that can
be derived. They have to do with the nondegeneracy condition on Mg or rather with the fact that it is
not really necessary. As already mentioned it is indeed useful in order to show that assumptions 2.4.6 hold;
but assuming that they do for such or such reason, the stability lemmas are quite flexible and their range of
application can easily be enlarged. We will be content with just sketching a useful amplification and leave
it to the reader to adapt or enlarge it further if need be.

So let us drop the nondegeneracy assumption on M- for a moment; consider a spectral projector II.
for M. (and e small enough). Assume that II. corresponds to a subset A, of the spectrum of M, such that
the distance of A, is large with respect to u(e), whereas the size of A. is much smaller. The case above
corresponds to just picking A, = {0}. For illustration, let us simply consider the practically important case
where the size (in the obvious sense) of A, is polynomial, say on the order of e? with some p > 1, whereas
u(€) is exponentially small and the rest of the spectrum is “far away”, that is lies at a distance which is large
with respect to P, Let A. € A. be a continuous determination of some of the elements of A.. Problems of
labeling, crossings etc. are immaterial here; one does not even need that A; be in A., only that it lies in its
convex hull (which is simply a polynomially small interval). Then we can blow up the spectrum around A,
by considering the matrix e ~P(M,,, — A-). The origin becomes isolated in the spectrum and we can apply the
spectral stability lemmas as above. This can be useful even in the initial case when M- is nondegenerate,
if one is interested in other parts of the spectrum for measuring the polynomially small transverse splitting.
The moral of the tale can be summarized by saying that one can in fact resolve clusters in the spectrum on
any scale down to (and excluding) that of u. For instance if p is exponentially small with exponent at least
a (as will be the case in our context), one can even separate clusters which are exponentially close, provided
the exponents of the mutual distances are < a.

Lastly we remark again that we have been dealing with the splitting matrix at a homoclinic point, i.e.
the difference of the second derivatives of the generating functions for the invariant manifolds, but we could
also consider the distance between these manifolds, i.e. the first derivatives of the generating functions, or
for that matter the generating functions themselves. This will be exemplified in chapter 3 below. But it may
be fit to recall that there is an additional difficulty when dealing with heteroclinic problems, namely that the
two invariant objects (tori) have to lie in the same chart for the normalizing coordinates. Here for instance
using this symplectic method we can in any event simultaneously only examine tori which are O(y/€) apart
in the original action coordinates, a distance which is however quite significant in terms of diffusion, since it
is on the order of the resonance width — and for good reasons.

(2.4.8) Here we move back to the original variables in (1), still assuming however that the resonance we
consider is in standard form, which means that the lattice M C Z* (c¢f. §2.1.1) is generated by the last m
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vectors of the standard basis. We will state the purely geometric statement in the next subsection, getting
rid of this last minor assumption.

Applying the inverse of the scaling (8) amounts to multiplying the splitting matrix M, , by /. Then
we still have to take into account the effect of the near-identity normalizing transformation C. (or rather its
inverse). To this end we use proposition 1.5.4 in this simple perturbative setting, as already discussed in
§2.3.4. We could of course again state a result as in proposition 2.4.7, which holds for any u < u(e) and
any function p(e) provided it is small with respect to £ (see above). We leave this to the reader and in
order to make things more suggestive we confine ourselves to the case we are especially interested in namely
p = u(e) = e |R.|| = O(exp(—we=?)) where w > 0 and a = 1/(27;) are as in proposition 2.1.4.

We let M. denote the splitting matrix for (g, uu(e)) inside the section 3. = ¥, ,(-) and using the original
variables of (1). In other words this is really the object we were interested in from the start, except for
a linear symplectic change of coordinates which has reduced the resonance to the standard form. This
obviously leads us to the following statement:

Proposition. With the setting and notation as above suppose assumptions 2.4.6 hold true with p(e) =
e7Y|R:||(= O(exp(—we?))). Then the splitting matriz M. satisfies:

(21) M. = Ve(1 + O(€)) (M- + O(exp(~we™))) (1 + O(e)),

1

with the matriz M, as in (18); the exponent a is given by a=' = 271 and the width w is strictly positive. O

Thanks to lemma 2.3.2, or rather the perturbative version discussed there, this estimate immediately
implies exponential estimates for the spectral data of M.. Given two varying subspaces V; and V! in
Euclidean space, we will say that they are e-close if the norm of the difference of the two attending orthogonal
projectors is O(g). This is of course equivalent to the Euclidean measure of their angle. Assuming that Mg
is nondegenerate, we get the following

Corollary. The splitting matriz M. has exactly n (= £ — m) exponentially small eigenvalues. Their
exponents are larger than a (= 1/(211)) and the corresponding eigenspace is e-close to the subspace spanned
by the first n basis vectors. O

This implies of course that the determinant of the matrix is also exponentially small, with exponent at
least a, in fact equal to the largest exponent of the n exponentially small eigenvalues. Note that because
of the nondegeneracy assumptions on M- there are exactly n exponentially small eigenvalues and no more,
as again the min-max principle (lemma 2.3.2) applied to the other nonzero eigenvalues of M. shows. The
remarks about relaxing the nondegeneracy conditions still apply and in fact, using lemma 2.3.2 to take care
of the perturbation “of multiplicative type” in (21), one can study the spectrum of M, just as we outlined
above for that of M, ,. We leave the details to the interested reader.

(2.4.9) It may be useful to rephrase part of the above in a more geometric, coordinate-free way and this
is what we briefly do in this last subsection. We certainly do not collect all the available information but
rather try to express part of it in a more suggestive manner. In doing so we allow ourselves some slightly
informal expressions, which however should be easy to clarify after the developments above.

Return to the initial setting in §2.1. So let again M C Z¢ be a lattice of rank m, with associated
resonance surface Spq in action I-space. We assume that h is nondegnerate, so that the m-fold resonance
surface Sy is a regular submanifold of dimension n = £—m. Let Iy € Sxq and assume that the corresponding
frequency w = w(lp)(= Vh(lp)) is relatively diophantine (with respect to M) with exponent 71 > n. This
means that |k|™~!|w - k| is bounded away from 0 as k runs through Z*\ M (compare (5)). Assume further
that the reduced first order averaged system has a nondegenerate fixed hyperbolic point zy with sign definite
Hessian matrix (see below (14) and §2.2.2) and that there is a trajectory v biasymptotic to zo (this is
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actually always the case; cf. §2.5.4 below). Finally assume that one can perturb this situation in the sense
that assumptions 2.4.6 hold for ¢ small enough and u = pu(e) = e~ !||R.||. So we consider the perturbed
trajectory from vy and a homoclinic point p. on it (p: = p; ,(c) in the notation above), a section inside the
energy surface and the corresponding splitting matrix M. at p., which is square symmetric of size (£ — 1).
Then one has:

Theorem. With the assumptions as above the splitting matriz M. has exactly n exponentially small eigen-
values (counting with multiplicities). Their exponents are at least a = 1/(211) and the corresponding n
dimensional eigenspace is e-close to the tangent space of Sn at the point Iy.

Proof: There remains only to consider the linear symplectic transformation which brings M into standard
form. An application of lemma 2.3.2 produces the statement above. This linear transformation has no effect
on the exponent but it does change the width, an interesting and important point when looking at the global
picture, i.e. the whole “web” of resonance surfaces or the counterpart in simultaneous approximation. The
attending constants ¢(M) are discussed in [L2] (chapter IIT). |

Again, substantially more information is in fact available, as partly spelled out above, but we hope
that this result illustrates the motto italicized in the introduction to this chapter. We remark that the
sign “L” which we use (in Mg etc.) is not an usurpation because the matrices are symmetric, so that the
eigenspaces are orthogonal for the ordinary Euclidean structure. In that motto, the words “inside the energy
surface” were understood, and should be restored. This goes along with taking a symplectic section which
avoids considering the zero eigenvalue of the full splitting matrix arising from variation along the homoclinic
trajectory. One may also simply not perform any section and study the full splitting matrix. However
sections are certainly necessary if only the determinant of the splitting matrix is being studied, as was the
case (and indeed only in very special cases) prior to the present paper.

2.5. Persistence of tori, invariant manifolds and homoclinic trajectories

This paragraph is concerned with discussing the validity of assumptions 2.4.6 in the setting of the present
chapter, thus showing the unconditional validity in this setting of the statements in §§2.4.7 through 2.4.9.
Given all the preparatory work this will in fact be comparatively easy and we will be brief. We follow the
plan outlined after the statement of assumptions 2.4.6 and record the conclusions in §2.5.5.

We discuss only the fully nonlinear case, that is we assume that the Hessian matrix of the integrable
part in (1) is nondegenerate. It is actually enough to make this assumption at the origin I = 0, which is the
same as assuming that the frequency map I — w([) is a local diffeomorphism near the origin. This could
be weakened and it is clear that a large combinatorics of variants exists but we will not go into this here.
In fact we also assume that the partial Hessian matrix B (see below (14)) transverse to resonance is sign
definite, so that in particular proposition 2.2.2 applies.

(2.5.1) Straightening the resonant flow. Here we use §1.9.3 in order to straighten the invariant manifolds
when passing from H? to H,. Concretely this eliminates the “mixed” terms in the normal form (see §1.9.4
and §2.2) and facilitates the application of KAM theory, namely of the results in [Gr] and [T1].

Let N be the normally hyperbolic invariant manifold for H, which is the union:

N= [J T"x{h(l)}

[I1]<p/2

Here of course we always assume that ¢ is small enough and we change p into p/2 because the fixed points
move slightly with ¢ and we need that they stay in the domain where the normal form is valid. Below in
this pararaph we will omit the mention of similar details.
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The manifold N corresponds to Ny in §1.9.3; we omit the subscript 0 referring to u = 0 because we
won’t need to consider the perturbed version of N for nonzero u, although of course it does exist, just as
in §1.9.3. We denote by W= the invariant manifolds of N, so that N = W+ N W~. Following §1.9.3 we
perform a straightening transformation S. which is e-close to identity. We denote the new variables by
(J,9,8,u) € R* x T x R™ x R™:

(Ja ¥, s, u) = Ss(Ia ¢)

In the new system of coordinates both N and the manifolds W have been straightened: the equation for N
is s = u = 0, those for WT and W~ are v = 0 and s = 0 respectively. We may assume moreover (cf. §1.9.3)
that the torus 7z(0) is given by J = 0,s = u = 0, with invariant manifolds W# given by J = 0,u = 0 and
J =0, s = 0 respectively.

Now in the new system of coordinates, the resonant part H, can be written (c¢f. §1.9.4, (N)):

w1

NG

Here A(g) is an n-symmetric nondegenerate matrix and the Lyapunov matrix A(g) is an m-symmetric positive

H,o08. = K,(J,s,u,e) = —=J + A(e)J? + 5 - A(e)u + O3(J, 5,u;9).

matrix. Because of the scalings (8), this matrix is of order 1. Note that if we denote by L, the difference
L.=K, - %J, with an obvious extension for € = 0, then L, () = L,.(0) + O(e).

(2.5.2) Finding the tori: the KAM step. Here we use classical KAM techniques in order to prove that some
tori persist when the p-perturbation is turned on, thus checking the validity of assumption 2.4.6 i) in our
setting. Note that this is the only place in this chapter where KAM techniques are used or at least invoked.
Of course one can and often does consider perturbations which simply leave the unperturbed tori invariant,
as will indeed be the case in chapter 3 (see however §3.6.2). If so, just move to the next item...

The mixed terms in the resonant part H, have been eliminated by the straightening transformation S,
performed in the last subsection and we have actually reached a normal form of the type considered in §1.9.5:
one can compare with (N) there, with C', D and A independent of the nonresonant angles ¢. We note that
an alternative possibility would have been to just keep those mixed terms in H,, skipping the straightening
step of §2.5.1 above. In principle these terms could be dealt with directly as in [R1] and [R3]. Weaker
nondegeneracy conditions to be imposed on the integrable part h are also provided by this last paper.

In the (J,, s,u)-coordinates, the full Hamiltonian can be written:

HoS, =K(J,¢,s,u,e) = K.(J,s,u,€) + pR(J, 1, s,u,€).

We may now apply the results of [Gr], or rather those of [T1] which is an adaptation of [Gr] to our case,
in order to continue the tori 7; into a two-parameter family 7. , for ¢ small enough and p < p(e). The
only differences of the present setting with that of [T1] are as follows. First in [T1] the scalings (8) are not
performed so that the frequencies are on the order 1 and the Lyapunov exponents on the order of /; this is of
course completely inessential for the present purpose. Second in [T1] there is only one small parameter € and
the integrable part is e-independent. But because of what was noted above (namely L,(¢) = L.(0) + O(e);
see §2.5.1), it is plain that the proof simply goes through. Moreover it is actually valid for p polynomially
small with respect to € (u = O(e?) would do), so a fortiori if this last parameter is exponentially small.
Lastly the invariant torus 7., is p-close to 7:(0), since the effective perturbation H — H, is of size p.

(2.5.8) Invariant manifolds. As an appendix to the last subsection we briefly mention, using [Gr] and [T1]
again, the fate of the (local) invariant manifolds attached to the invariant tori which were spotted using
KAM theory. This enables us to check the validity of assumption 2.4.6 ii). In fact there is now very little
to be said. Working as in [T1], which follows [Gr] on that matter, one gets that the invariant torus 7;,, has

invariant manifolds W=+

., which are actually straightened together with the (perturbed) flow on them.
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This means that there exists a fired relatively compact neighorhood B of 7.(0) with the following
properties: on B there is a a system of coordinates (J',¢',s',u’), with (J',¢',s',u") = R. (], 9,s,u),
where the canonical transformation R, , is defined on B and p-close to the identity and such that in these
coordinates the torus W;Eu has equations J' = 0, s’ = ' = 0 and the local stable and unstable manifolds
W;—tu N B have equations J' = 0, v’ = 0 and J' = 0, s = 0 respectively. Moreover there is a function
A(s',u' e, p), defined on B with values in the symmetric positive definite m-matrices and such that the flow
on the local stable manifold WX, N B is given by:

dJ' Ay’ w ds' du’

R - - ! ! ! =0
dt 0) dt \/EJ dt A(S )u JEJ /“L)S Y dt 05

on the local unstable manifold W_ , N B it is given analogously by the equations:

dJ' dy'  wy ds' du'
@Yoy o = =0 — = A, e, p)u

dt ? dt VE7 dt ? dt ( ? 7 7“)

This being said, in order to check the validity in our setting of assumption 2.4.6 ii), it is enough to note that
the domains V* there are relatively compact, and can thus be covered in projection by flowing the local
invariant manifolds Wsi,u

perturbed flow on them and the fact that the matrix A(s',u', e, u) is of order 1; indeed it is actually u-close

N B for a finite fixed time. This last assertion comes from the expression of the

to the matrix A(e) appearing in the expression of the resonant part K, in §2.5.1 above.

(2.5.4) Ezistence of homoclinic trajectories. We first consider again the generalized pendulum P. Using [St]
and [CS] one can show that there are actually at least m homoclinic trajectories attached to the hyperbolic
point zo. However we have to assume in addition that at least one is nondegenerate, i.e. the corresponding
transverse Poincaré-Melnikov matrix is nondegenerate, which is a generic condition. We pick once and for
all such a nondegenerate homoclinic trajectory +.

We keep the notation of §2.4.4 and the problem is to show that the manifolds Wsi,u viewed, as the graphs
of the differentials dS;fN over V*, do intersect. This is an application of §§1.9.2 and 1.9.3. Indeed using
the notation of the present paragraph, it is shown there that upon adding the p-perturbation there emerge
from the torus 7-(0) at least (n + 1) homoclinic points (in the section X, ,). In the generic case where the
invariant manifolds WZ, intersect transversely (still in ¥, ), one can label and follow such a homoclinic
point as p. , and then the splitting matrix considered —say— in theorem §2.4.9 pertain to such points, with
u = p(e). But strictly speaking this last genericity assumption can be dispensed with and the conclusions
of the statements in §2.4 are valid for any homoclinic point with € small enough and pu = p(e).

(2.5.5) Here we simply record as a theorem the conclusions we have reached. The assumptions on the
system we are looking at are as above. In particular the origin I = 0 is assumed as usual to correspond to
a relatively diophantine frequency with respect to a lattice M of rank m. Now apart from the assumptions
stated e.g. before theorem 2.4.9, we add nondegeneracy conditions as used above, which we repeat as follows:

i) the Hessian matrix 82h/0I%(0) of the integrable part h at the origin is assumed to be nondegenerate;

ii) the partial Hessian matrix with respect to the slow variables (i.e. B = 8*h/0I2(0) after normalizing the
resonant lattice M) is strictly definite (positive or negative);

iii) the function g = Z(0, ¢2,0) (cf. (4)) on T™ obtained by averaging the perturbation has a nondegenerate
maximum (resp. minimum) if the matrix considered in ii) is positive (resp. negative), and we denote by xg
the corresponding hyperbolic fixed point;

iv) consider one of the homoclinic trajectories v € T*T™ attached to zo; we assume that its stable and
unstable manifolds intersect transversely in their energy level.

Note that the homoclinic trajectories considered in condition iv) do exist as mentioned in §2.5.4. Then
we have proved:
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Theorem. Under the above conditions i) to iv), assumptions 2.4.6 hold true, so that the conclusions of
theorem 2.4.9 are valid in this case. O

Note that of course the statements in §§2.4.7 and 2.4.8 are valid just as well; all these statements are
not empty in the sense that there do exist homoclinic points, as shown above.

2.6. Splitting and stability

There are actually —at least— four types of exponential quantities this paper is directly or indirectly
concerned with and they give rise to four types of exponents, namely the linear splitting, splitting, stability
and instability exponents. On top of this each of these quantities has a corresponding local version. In
the best of all worlds all four quantities have the same order of magnitude and in particular all four types
of exponents should coincide. But there are many qualifications and caveats around before the above can
even be phrased in a convincing way. In this paragraph we will essentially discuss the connection between
stability and splitting, first recalling some important facts about stability over exponentially long times for
near-integrable systems. We will hardly touch the connection between the size of the splitting, long time
stability and the speed at which instability (Arnold diffusion) can develop. The reader can find indications
on this in [L2] and [L4] and it is to be hoped that future works will make this difficult point clearer. In fact
more information, especially of geometric nature can already be gathered from [B], [Bel,2,4], [Crl,2] and
[Mar1,2]. We also mention that the connection between splitting and linear splitting (Poincaré-Melnikov
approximation) will be discussed in chapter 3 (see in particular §3.5). Clearly the historical tour we propose
below is much too detailed for our immediate purposes and the hurrying reader is welcome to skip it and
jump to §2.6.6. But it may be useful to recall some of the motivations of the theory, how it developed and
possible open paths. And in fact on the way we present some new problems and sketch some new results,
even if they are not stated and proved as such.

(2.6.1) We start with an historical and cursory review on long-time stability in near-integrable Hamiltonian
systems, revisiting some landmarks and insisting on some physical or simply heuristic motivations and
principles. We look back at the general near-integrable Hamiltonian (1) and its study, which in an oft-
quoted sentence from [P], Poincaré designated as the “general problem of dynamics” partly perhaps, one is
tempted to add, because others just seem out of reach. What we would like to call classical perturbation
theory is largely concerned with comparing the trajectory of the perturbed system with that of the averaged
system. Now for Hamiltonian systems the averaged motion of the action variables vanishes to all orders. In
fact Hamilton’s equations for these variables read: dI/dt = —0H/0¢, which has zero average on the torus
for any H. This reduces the problem to that of the stability of the action variables. So starting from (1)
with initial point (I(0),¢(0)), we want to show that ||I(¢) — I(0)|| remains small for a long time T'(¢), and
any initial value I(0).

It is quite remarkable that the problem above was actually posed in this general way, and essentially
solved, only quite recently. We will certainly not give an orderly review (see [N], [L2], [L3]) but just recall
that it is especially meaningful to consider analytic and steep perturbations, which lead to exponentially large
stability times T'(g). Note that we use the terms exponents, width etc. for an exponentially large quantity
by referring to the inverse, exponentially small quantity (see the introduction to this chapter); so we have
T(e) > exp(we™?) for some w > 0 and a > 0. This is the central result in [N], which was actually obtained
(and announced in a short note) around 1970.

Historically speaking, it is truly worthy of notice that prior to that date, there did not exist results of
this type even over polynomially long times. As is well-known Kolmogorov proved the existence of invariant
tori in 1954 and geometric perturbation theory i.e. the search for invariant objects in phase space, was
then developed much more actively than the equally physically relevant classical perturbation theory. It
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should however also be pointed out that the methods are not so terribly different, as perhaps is illustrated
in the present paper. Meanwhile, that is in between 1954 and 1970, V.Arnold produced his example of
global instability ([A1]), about which he writes (in [A2]): “My main contribution [to dynamics] was the
discovery (in 1964) of the universal mechanism of instability in the systems with many degrees of freedom,
close to integrable, — later called ‘Arnold diffusion’ by the physicists”. We propose (as in [L4]) to call this
mechanism and its variants “Arnold mechanism” but the phrase “Arnold diffusion” has certainly produced
in its vagueness many ambiguous or nonsensical statements. In any case Arnold mechanism is still to-date
in essence the only one we know of for producing geometric instability in close-to-integrable systems. We
mention that after reading [K] and [A1] (8 pages in all), perhaps with the help of [BGGS] and [L4] for
“details” , the newcomer will have learned a very sizable portion of the whole subject.

Returning to Nekhoroshev’s 1977 paper (again the results were obtained much earlier) it introduced (at
least) two very important ideas, namely resonant normal forms to an exponentially high order on the side of
analysis, and the puzzle or patchwork which is used in order to control the geometry of the resonances. He
proved a global (in action space) stability result for steep analytic near-integrable systems. Of course the main
thrust of the paper is that the exponents exist at all in the analytic steep case, i.e. the discovery of stability
over exponentially long times. Coming to the values of the exponents, if the unperturbed Hamiltonian is
assumed to be convex (h convex in (1)), Nekhoroshev obtained a value of the exponent a on the order of
1/€% and there is no conjecture in his paper about a possible optimal value. We insist on the fact that at
the time of this writing, there is still no conjecture (much less proof) about the optimal value of the stability
exponent(s) in the steep non quasi-convex case. In other words, although steepness exponents have a nice
geometric interpretation in the analytic setting (due to Y.Illiashenko, A.Neishtadt and N.Nekhoroshev), we
do not as yet know the exact connection between the stability and steepness exponent(s). To be completely
explicit, we stress the obvious fact that by its very definition, the value of a gives a rough lower estimate of
the time or say timescale over which instability can occur at all. Here “instability” is intended in a fairly
weak sense, as a drift of order 1 in the action variables, uniformly as the perturbation parameter goes to 0;
this is actually the definition used in [A1]. The point is that optimizing the value of a is not an abstruse
matter for picky specialists but rather it defines the limits (in time) of Hamiltonian perturbation theory.
Beyond that timescale, the theory simply breaks and one enters a new regime where global instability has
to be taken into account in a crucial way.

(2.6.2) As is often the case, important information was rather slow to circulate and it took many years before
Nekhoroshev’s result was noted and disseminated in what was still the western world. Saying a few words
about this story may be more than just entertaining. First one may notice that there are many exponential
functions which appear in physics (and hopefully in Nature). It can be argued that the exponential function
is probably the simplest transcendental function so that there are several purely formal reasons why it may
show up. This makes it indeed difficult to decide whether certain similarities are deeply rooted in the nature
of things or simply formal. To name but a few important instances, exponentials govern the decay of the
Fourier coefficients of analytic functions, they appear in Planck’s law for the black body radiation and in
Boltzmann’s law for energy repartition, but also in the law of large numbers and in Maxwell’s velocity
distribution in a diluted gas. Some of these phenomena are known to be related, although of course it took
genius to see it: this is now rather obvious for the last two and one may recall that Planck’s law follows if one
uses Boltzmann’s statistics by considering the black body radiation as a gas of photons (a “computation”
which first appears in de Broglie’s thesis). It so happens that Boltzmann had put forth an hypothesis (in
1895!) to explain the failure of energy equipartition (freezing of certain high frequency degrees of freedom)
which was observed already in classical statistical mechanics. But the “ultraviolet catastrophe” was resolved
(or avoided) shortly after by the mysterious introduction of the quanta by Planck and Boltzmann’s hypothesis
of a classical dynamical cut-off sank into oblivion. Long after, from 1952 to the death of E.Fermi in 1954
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(the very same year Kolmogorov published his theorem on invariant tori), Fermi, Pasta and Ulam, working
on a computer which had only slightly evolved since it had been used for the planning of D-day, found that
energy equipartion fails in the nonlinear string which now bears their names. They were actually trying to
check a famous prediction by Einstein on heat conduction (which of course is largely true all the same!) and
failure to do so was certainly fruitful, as it marked the birth of what was to be called the “soliton”, another
story which is again tightly connected both to what appears below and to Kolmogorov’s theorem. In fact it
seems that a complete explanation of the Fermi-Pasta-Ulam numerical experiment is actually quite subtle,
as it mixes several aspects: one finds the Korteweg-de Vries equation by going to a particular continuum
limit, which is a form of singular perturbation; this equation is completely integrable, meaning in particular
that it has many quasi-periodic solutions (multisolitons, assuming periodic boundary conditions), but the
perturbation theory of the KdV equation is quite subtle and as yet incomplete. If one starts again from
the original chain, without going to the continuum limit, one can develop a kind of KAM-type theory, but
also study the long-time stability; yet one should beware of the fact that the Fermi-Pasta-Ulam chain is a
perturbation of linear oscillators, not rotators, i.e. the integrable part is isochronous which is quite special,
both in the perspective of finding invariant tori and from the viewpoint of classical perturbation theory.

In any case, advancing into the early eighties, we now meet with a group of physicists in Milano around
L.Galgani, who having read Nekhoroshev’s paper which at that time was virtually unknown (although the
result was more than ten year old already), thought that it might be used to revive Boltzmann’s proposal,
which had been taken quite seriously for some time but had not resisted the advent of quantum techniques.
This was the starting point of yet another beautiful story, which again as hopefully transpires below is
very much connected with our main concern and with the present paper: we refer to [BGG2] for a concise
exposition of the physical motivations; other references can be found in many places, included an incomplete
list in [L3]. Again one main point was to find a purely classical reason for the failure of energy equipartition
which is observed over human times say. In principle this could open the way to a purely classical derivation
of Planck’s law (this may be hard to believe but...) and also to a novel approach to some problems of
statistical mechanics.

Coming slowly back to mathematics, there was from the start a clear concern in Milano about the fact
that the stability exponent a = a(f) for convex systems (the proof in the general steep case has not been
revisited in print since [N]) was decreasing rapidly with the dimension £ indeed like £~ 2, as found in [N] and
confirmed in [BGG1] (and other papers as well). And in any case for the application to statistical physics,
the naive value was simply £ = oo ... Lots of work was devoted at that time to the problem, including
numerical computations on toy models for statistical mechanics, namely nonlinear one-dimensional chains of
rotators and oscillators in the Fermi-Pasta-Ulam style. Again references are easily available and this is still
an active subject of research, but we want to mention the fact that an important physical property slowly
emerged, to wit that resonance can stabilize the motion, in the presence of nonlinearity (so this does not
contradict parametric resonance) but in the absence of friction. Very roughly, one observed numerically that
in reversible nonlinear systems there are cases where a resonant state survives for an a priori surprizingly
long time, whereas nonresonant states occur as transients. One should bear in mind that in the context of
these models of statistical mechanics resonance is the same as (nonlinear) localization, in other words action
space and physical space somehow coincide and being located on a resonant surface of finite dimension (but
infinite multiplicity) simply means juggling a finite number of beads in the chain. This can now be taken
as an indication that the global stability exponent a does not tell the whole story, although of course it was
not formulated in this way at that time. But the Milano story certainly ties up with the one in Los Alamos
we have briefly alluded to.

(2.6.3) Let us make a last instructive detour into the rather grim Soviet Union of the seventies, returning to
the consideration of finite dimensional near-integrable systems. To reduce a long, manifold and interesting
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story to just a few words, let us simply mention that in the fresh crisp air of Siberia and under the original and
colourful impulse of the physicist V.Budker, a knowhow on “stability” was developed, with the stability of
strongly focussing accelerators as one of the primary goals (prudently sticking to civilian applications). This
distant colony of the Moscow (or say European Russian) school of nonlinear physics (one of the landmarks
being the famous 1958 book by N.Bogoliubov and Y.Mitropolski on “Asymptotic methods in the theory of
nonlinear oscillations”; see the bibliographical note in [LM] for a short link with today’s views) flourished
and found its own style. In particular B.Chirikov and coworkers initiated important physical and numerical
studies on finite dimensional near-integrable systems. This resulted in a long series of preprints from the
Institute of Nuclear Physics in Novossibirsk, many not so easily available and spanning more than two
decades. An important summary of the information is available in [C], in which one finds a conjecture about
a possible lower bound for the speed of diffusion. It is actually based on an —informal and conjectural—
connection between the speed of diffusion and the size of the splitting, and was formalized (not proved of
course!) in [L2] (§V.2), at least in the fully nonlinear case (see also [L4]).

We stress that this conjecture is about a lower bound for the speed of diffusion. This ipso facto implies
an upper bound for the stability time, so it prescribes a mazimal value for the stability exponent. Chirikov’s
reasonings have a strong physical flavour and in particular often use concepts pertaining to stochastic systems
(starting with the word “diffusion”) in a purely deterministic context; his papers are certainly not easy to
read for “mathematicians” as for instance no small divisors or diophantine conditions ever occur, so that they
have to be restored at appropriate places. In particular paragraph 7 of [C] which deals with multidimensional
systems does not seem to have gained wide readership, yet remains quite interesting. In particular it contains
the conjecture not only for fully nonlinear systems, but also in some mixed cases. We are now going to
“translate” and discuss the counterpart in terms of stability results, which has not been done to-date; it
turns out that this leads to interesting considerations, including open problems.

In numerical investigations, it is relatively easy to add dimensions by just adding (quasi)frequencies,
and this is partly why one is lead to consider mixed problems with Hamiltonians of type:

H(I,$) =wy- I + h(l1) +ef(I1,9).

Here we (almost) follow the by now usual notation in the present paper: (I, ) € R x T¢, the variables with
index 1 (resp. 2) have dimension n (resp. m) etc. The data are assumed to be analytic over some domain
in I; (and globally in ¢) and w> is supposed to be diophantine with exponent 7 > m (i.e. |k|'™"|ws - k| is
bounded away from 0 as k runs through Z™ \ {0}). Lastly we assume that h is a convez function. The
Hamiltonian H of course simply describes a quasiperiodic perturbation of an n-dimensional fully nonlinear
integrable, indeed convex system h, together with a diophantine condition on the quasifrequency. Note that
Hamiltonian (*) contains a particular case of this, which one obtains by specializing the torsion to a = (ay,0)
(with all the components of «a; strictly positive) and by localizing near a simple resonance, or just picking F
independent of (p, q), which uncouples the pendulum part. Also one may take a polynomial value for u, say
simply u = 2. The KAM theory for these systems is taken care of in appendix 1, in the form of theorem
A.1.3 and proposition A.1.4. We may now “translate” Chirikov’s prediction in this case into the

Conjecture. The stability exponent for Hamiltonian H above is at least equal to 1/(2f), with f =7 + n.

This number f (or say our interpretation of it), Chirikov calls the number of “linearly independent
(incommensurable) frequencies”. We refer to [CV2] in which Q plays the role of our wy and @ — 1 is our f;
the authors do not bother to add arithmetic conditions but they are obviously necessary. We stress that this
conjecture concerns the stability exponent. Needless to say we believe that this exponent is often optimal
although this is certainly not always the case as the analysis in §2.6.4 below demonstrates; but showing the
coincidence of the stability and the instability exponents is another delicate matter.
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The first remark is that to-date the conjecture above is open for m > 1. We will return to this but first
comment on the m = 0 case. Then we are back to the analytic perturbation of an integrable convex system
and Chirikov predicted the value a = 1/(2¢) for the stability exponent ([C], end of §7.4), having in mind
that this was also the value of the instability exponent. Actually he was starting rather from the point of
view of splitting and instability (see [C] and [L2]) but this is not really the point here. For more than a
decade he was worried about the discrepancy between his prediction and the O(£~2) rigourous result obtained
by Nekhoroshev and later confirmed in other papers. One can compare (7.39) in [C] with the discussion
following (7.47). He wrote repeatedly about the problem; we refer to [CV1,2] which make interesting reading.
Just be aware of the fact that Chirikov actually uses the large “adiabaticity parameter” A, which satisfies
X ~ e 1/2_ Tt seems that the difference in the respective languages prevented any kind of understanding on
the part of mathematicians or even “mathematician-physicists” in spite of the fact that the prediction was
obviously quite important or even fundamental, as again it is tantamount to a prediction on the absolute
limit of applicability of any Hamiltonian perturbation theory whatsoever (for nonlinear systems; see below
about the linear situation).

In any case that dilemna was resolved in [L2], where it is shown that Chirikov’s prediction was indeed
correct, as far as the stability exponent is concerned, and for perturbations of convex Hamiltonians (again
there is no prediction available at present in the more general steep situation). So the rigorous upper
bound which one can get from perturbation theory at last essentially matched the conjectured optimal value
predicted by Chirikov, which should coincide with the instability exponent (see [L3] for more details). The
proof in [L2] introduces and uses simultaneous approximation, bypassing most traditional ingredients of
perturbation theory, among which small divisors and Fourier series, and in fact it is that method which
made it clear why the value predicted by Chirikov is indeed quite natural, on top of providing an easy
proof. Subsequently it was shown by J.Poschel (in [P61]) that one can retrieve the result by refining the
geometric part of the original scheme of Nekhoroshev although this makes it less transparent why the value
thus obtained could be reached and is likely to be optimal.

(2.6.4) Let us take a closer look at the conjecture above in the mixed cases and then turn to the consideration
of the local versions of the exponents, which are strongly related both to what we have done in this chapter
and to some of the stories we barely outlined. So the conjecture is proved in the m = 0 case but actually
also in the case m = 1 because periodic perturbations of convex functions are quasi-convex (see [L2], p.73;
for the same reason it is open if m = 1 and h is quasi-convex but not convex). On the other hand, as
already indicated, it is open for m > 1, in which case the integrable part is certainly not steep. We make two
remarks. The first is actually (the sketch of) a result for a fairly large class of systems, namely the “mixed
properly degenerate case” — admittedly an awful albeit accurate terminology. Indeed consider a Hamiltonian
of the form:

H(I, ¢) =wo - I+ hl(Il) +Eh2(12) + 0(52),

where hy and ho are convex and this time ws is any m-vector (no arithmetical condition). This is clearly a
particular case of the above, but in fact it already covers a rather large class. The point is that one may in
fact perform a finite number & of steps of normalization and the effective hypothesis is that there appears a
convex nonlinear perturbation after this process. The above corresponds to & = 1 but hypotheses could be
weakened. Then the techniques of [L2] (see p.94 and [L5] for the case n = 0) would probably allow one to
prove rather effortlessly (exercise) that H has stability exponent a = 1/(2¢) (¢ = m + n), i.e. just the same
exponent as in the fully nonlinear convex case. These problems are also closely related to the question of the
long-time stability of elliptic fixed points to which the same technique was also successfully applied (in [Ni2]
and [P62]). Returning to the Hamiltonian above, we note that the unperturbed part is not convex, not even
the first order part i.e. including the hy term (because there are two possible signs of €), but the fact that
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there are two different scales effects a kind of decoupling. This is a case where the nonlinearity is somehow
“hidden” not too far behind; if one assumes that wy is 7-diophantine, the conjecture holds true since 7 > m
but it does not predict the optimal exponent if 7 > m. This illustrates how this exponent is best given by
the fully nonlinear theory which is looming behind.

Next, and this is the second remark, we point out a difference between the linear (isochronous) and
nonlinear (anisochronous) theories (¢f. also [L2] § IV.2). Consider Hamiltonian (x) with m = d, n = 0 and
write wy = w. Were it not for the %p2 term, which is the only nonlinearity left in the unperturbed system,
one would be facing the perturbation of uncoupled oscillators described by the Hamiltonian w-I. This linear
case can be given a completely algebraic treatment, by studying the growth of the coefficients of the Birkhoff
series directly from the combinatorics. This results in Gevrey estimates which were intensively studied in
the eighties; part of this work is summarized in [F], to which we refer. The upshot is that one can prove
stability estimates with exponent 1/7 and the point is the factor 2 which enters when leaving the purely
linear world, where no geometry at all is necessary, the frequency vector being constant. In other words
adding nonlinearity in just one degree of freedom let the whole exponent drop rather dramatically by a
factor 2. This is also visible in the splitting case: in [S] and [DGJS] the authors work with (referring to (x))
d=m =2, 7 =m = 2 and they find indeed the splitting exponent 1/(27) = 1/4 — taking good care of some
trivial scalings to have the notation of these papers match ours. What the above remarks and results seem
to tell us is that adding in nonlinearity can be stabilizing, sometimes more than strongly detuned linearity.

(2.6.5) Let us turn to the local exponents, advancing towards a comparison with splitting exponents. Local
exponents were introduced in [L2] (corollary 2 p.85; see also [L3] §3) and their primary virtue is to embody the
“stabilization via resonance” which we have mentioned in connection with the Milano story (§2.6.2 above).
They give a local version of stability which says roughly that inside a resonance strip (of width O(/¢))
associated to a resonant surface of dimension n, the stability exponent is at least 1/(2n), and this value is
conjectured to be optimal. The point is that the exponent depends on the dimension of the resonant surface,
not on the global dimension of the ambient phase space. This was discovered again using simultaneous
approximation and it comes for free in that way. It amounts to the mathematically trivial remark that if
w € R™, the simultaneous approximation theory of w is identical to that of a vector (w,0) where 0 denotes
the null vector of arbitrary dimension m (the multiplicity of the resonance). Together with the optimization
of the global exponent, this has immediate and perhaps important consequences in celestial mechanics; we
refer to [L2] (§IV.1) for a prospective discussion and to [Nil] for a detailed application giving the best
rigorous estimates to-date for the stability in the general planetary problems; these estimates could perhaps
be pushed to realistic values in a computer assisted way.

Coming back to statistical physics, a very important feature is that one can in fact take m = oo, and
thus also the global dimension £ = m + n = oo. In other words this applies to infinite dimensional systems,
in particular the nonlinear chains which we have encountered in Los Alamos and Milano. This application
to nonlinear localization, which was one of the seeds in the introduction of simultaneous approximation, is
outlined in [L2] (§IV.3) which however left many serious obstacles to overcome. A complete version (probably
not the only possible one) appears in [BG]. Since then similar considerations were successfully applied in a
PDE context (see [Ba] and [P&3]).

Let us return to finite dimensional systems. Actually stabilization via resonance appeared in Milano
but also in Novossibirsk in a finite dimensional context. Recall that Chirikov conjectured that (using our
terminology) the stability exponent should be 1/(2f), with f the number of “linearly independent (in-
commensurable) frequencies”. This is in fact a local prediction! Namely again near a resonant surface of
dimension n and any multiplicity whatsoever, there are n such frequencies available. We leave it to the
reader to put this in practice and state the local case of conjecture 2.6.3. In fact by now it is essentially
equivalent to prove the local or the global conjecture. How to pass from one to the other should be easy and
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this is why we simply stated the global case, insisting rather on the new feature represented by the mixed
linear-nonlinear feature.

We stress at this point that because of these local results there remains, even at the conjectural level,
a certain gap between Chirikov’s prediction for the instability rate (in the fully nonlinear case say) and the
results appearing in [L2,3] and [P61]. Tt comes from the fact that Arnold mechanism requires working in the
vicinity of a simple resonance (Chirikov’s “guiding resonance”); variants are possible but they also involve
at present resonances of various multiplicities. Now near any resonance, stability increases, so that kind of
mechanism can never reach the global exponent. Concretely, coming back to (x), with u = &2 say, since we
are working near a simple resonance, the stability exponent is at least 1/(2d) whereas we are in a system
with £ = d 4+ 1 degrees of freedom. This may sound like a minor discrepancy but may also point to the fact
that there exist other instability mechanisms which occur “far” from resonant surfaces and permit a larger
speed of drift. These seem to be unknown at present and we note that the variational methods have recently
come across the same problem; see the introduction of [Be2] where this point is briefly discussed.

We take this opportunity to just mention a few references dealing with the speed of instability. The
general geometric strategy of this Arnold mechanism goes back to [A1] of course. The quantitative viewpoint
was refined in [L2] and one can also consult [L4]. Since then [Marl,2] and [Crl,2] as well as other as yet
unpublished works of these authors have improved and deepened the geometric features of the process,
building partly on work of R.Easton (see the precise references in the aforementioned papers). This results
uses geometric constructions which in principle provide the possibility of reaching instability times which
are nearly optimal (i.e. essentially match the stability theorems as far as exponents are concerned). Yet at
the moment this still hangs on the possibility of getting bounds from below for the splitting, a matter which
is discussed in chapter 3 (see in particular §3.5) and seems to be quite hard for £ > 3. However these works
also suggest several possible really different new approaches.

A nice (mildly) variational approach was developed by U.Bessi (see [Bel,2,4]) which turned out to
be quite efficient at least for specific Hamiltonians because it requires rather precise system dependent
computations. In particular the case of the system originally introduced by Arnold in [Al] is studied in
[Bel]. The method does not confront the singular perturbation problem so that it does not apply for
polynomial (with respect to €) values of p in the notation of (x) (see (1.4) and (2.1) in [Bel]) but it provides
essentially optimal results in certain specific systems and for exponentially small u (see [Bed]).

The simpler “a priori unstable” case (¢ = 1, p small) was studied in [CG] but the direct geometric
method used there yields superexponentially long times (see in particular [CG] §8). Still, this was the first
quantitative result in that field, and this paper sparked an enormous amount of additional work on this
and related problems. Perhaps the most important point here (see [L4]) is that instability in that case is
actually much stronger — and incidentally should therefore definitely not go by the name “Arnold diffusion”.
In fact the instability time is polynomially long, as explained in [L4] and shown in [B] on the example of
the a priori unstable version of Arnold’s original example, by adapting the method of [Bel]. Geometric
methods as developped in [Marl1,2] and [Crl,2] can now reach such results in more general cases, although
much remains to be written up and further investigated.

(2.6.6) We may now finally try to integrate the results of the present chapter into the incomplete picture
we have sketched. As a matter of fact, the story begins with a prediction for the size of the splitting, as
formalized in [L1] (reproduced in [L2] §V.2). It is this formal computation which predicts the equality of the
four exponents mentioned in the introduction of this section and we will return to this point in §3.5, when
discussing the connection between linear and nonlinear splitting. As for now we will see how the results of
this chapter, embodied especially in the general results of §§2.4.8 and 2.4.9 fit into the landscape, which by
now should be fairly natural and indeed almost obvious.

First let us quickly tour the respective settings again. In both cases, namely exponentially long stability
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time and exponentially small splitting, we need analytic data, and essentially for the same reason. However
in the case of stability, one can decouple analysis from arithmetic via simultaneous approximation, which
is not the case here for the splitting problem: we have used the Normal Form Lemma as initiated by
Nekhoroshev. Restricting to the fully nonlinear case for simplicity we come across an important difference:
namely exponentially long stability requires convexity (or steepness), whereas exponentially small splitting
does not. Concretely for (x), as explained already in the general introduction, stability requires that all the
components of a be of the same sign. Exponential smallness of the splitting does not. To be accurate we
have seen that convexity across the resonance comes in handy (B > 0 in §§2.2.1 and 2.2.2) for ensuring the
existence of certain objects, but is not absolutely necessary in general. It is also an empty condition for
simple resonances. Below for the sake of comparison we have to assume that the unperturbed part is convex
(with all sorts of possible weakenings available of course).

We now consider our favourite general near-integrable system (1) and localize to within O(y/€) near
a resonant surface Sy of dimension n and multiplicity m, so associated to a lattice M C Z¢ of rank
m. Perturbation theory predicts as we have seen an exponentially long stability time with exponent at
least 1/(2n) and this is conjecturally generically optimal. We point out again that in order to speak of
splitting at all we need a resonance to start with, so that m > 0, n < £ and 1/(2n) > 1/(2¢) which is
the predicted global stability exponent. This of course holds true all along Sa¢, without any assumption
of the initial local frequency being relatively diophantine with respect to M. All this is immediate when
using simultaneous approximation. In the classical approach using small divisors (linear approximation),
this is highly nonobvious and comes from the refined version of the Nekhoroshev puzzle as constructed by
J.Poschel. We refer to §2.1.5 above for some remarks on this, the point being that here in this chapter we
have used only the analytic part (the Normal Form Lemma) of the classical approach but not the geometry
of the puzzle.

So informally repeating the statement of theorem 2.4.9 for convenience, we pick a relatively diophantine
point Iy on the resonant surface with exponent 71 (> n), and find that the corresponding splitting matrix has
an n-dimensional spectral subspace which is e-close to the tangent space of Spq at Iy. How does this fit with
the picture provided by the local stability exponents? Well, homoclinic splitting is connected with stability
and instability vie Arnold mechanism, because just as in Arnold’s original paper, homoclinic splitting is
connected with heteroclinic splitting: by measuring the splitting of the invariant manifolds of one torus at
an intersection point, or directly their distance away from intersections (which as we have seen already can
be done by computing the difference of the first derivatives of the generating functions), one gets an idea
of how far and how fast one can travel from one torus to another. The geometry developed in chapter 1
should help in trying to unravel the situation. In any case passage from homoclinic to heteroclinic results
already appears in [A1]. From the point of view of this chapter we point out again that if we want to study
heteroclinic splitting, corresponding to two distinct tori, we need a patch in action space where we can build
a common normal form. A main point is that along the resonance we can travel only exponentially slowly,
so that we connect tori which are exponentially close and they do have a common normalization. So what
we have done is (in principle!) sufficient to study the motion locally along a resonance.

Now across the resonance, first there is a “forbidden” direction coming from energy conservation in the
(first order) averaged system: all the splitting matrices we have seen have been computed after making a
section, so they have size (£ — 1) and the missing direction is visible on the simplest of all, namely M;- which
is of size m — 1. It is the splitting matrix for the system governed by H? at the homoclinic point p (cf. §2.4.3)
and we have discarded the direction along the homoclinic trajectory of this averaged system. So for simple
resonances there remains no direction in which one can travel “polynomially fast” (or polynomially slowly
if one prefers!). Now clearly, for m > 1, if one tries to “fool” the system and contradict the stability results
using these polynomially small eigenvalues, that will fail because one will be able to travel polynomially fast
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over a distance on the order of O(y/€) away from the surface Sp, but then the mechanism is broken and
one has to consider other surfaces etc. Here the quantity O(y/€) refers to the resonance width and is to
be compared with the trapping radius of the stability theorems, which is governed by a second exponent b;
there are still some loose ends on this issue, which are discussed in [L2] and especially in [L3], §4.

But not all the pieces fit smoothly! There do remain puzzling features, even at this local (and heuristic!)
level. We mention one of them as food for thought. With the notation as above, the splitting matrix has n
eigenvalues with exponent a = 1/(271) and this analysis is in fact valid in a neighbourhood of size O(1/¢)
near I, in the sense that this is also the case for any torus in that neighbourhood (satisfying assumptions
2.4.6 say). But if 74 > n, the splitting exponent is thus strictly smaller than the local stability exponent,
which seems to imply that one could try to contradict the stability results in a more subtle way, namely
by traveling along the resonant surface, sliding from one relatively diophantine torus to another, using tori
which have diophantine indices > n. In other words and very roughly speaking the splitting exponents match
the local stability results only for tori which are as irrational as possible (71 = n; such vectors are called
“badly approximable” in diophantine approximation theory). But mathematics is mathematics and clearly
this mechanism does not exist, because that would contradict the stability results, at least if traveling far
enough (a distance larger than the trapping radius). This is somehow reminiscent of what we had a glimpse
of in §2.6.4 namely the fully nonlinear theory hidden behind a relatively linear one. Perhaps this also shows
that periodic orbits and simultaneous approximation should enter the game of the splitting and instability.
More clues for this will appear below.
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3. The Hamilton-Jacobi method for a simple resonance

We return in this section to the more specific setting attached to Hamiltonian (*), namely again:

1 1.
(%) H(g,¢,p, 1) = w1+ 5al” + 5p* +e(cosq — 1) + peF.

It was designed to embody the main features of a near-integrable Hamiltonian in the vicinity of a simple
resonance as illustrated in paragraph 2.2 and we refer to the general introduction for a discussion of the
meaning and relevance of the various parameters.

We develop in this chapter a method which is less robust and less geometric than the one exposed in
the previous section, but which can reach more precise results under suitable hypotheses. Contrary to what
happens in chapter 2, it seemed it would have been too long to give all the details here and the reader is
refered to [Sa2] for the complete proofs of the statements which appear below.

We will treat in detail the case of a perturbation F' whose differential vanishes on a particular torus,
thus leaving it invariant (see §3.1). In our opinion this helps isolating the mechanism which produces
exponential smallness, since we can bypass KAM theory for finding an invariant torus; the general case
is briefly discussed in §3.6.2. After reviewing the notation and assumptions in §3.1, we present in §3.2 a
canonical scheme for computing the invariant manifolds at any given finite order; we call it the Hamilton-
Jacobi algorithm, as it amounts to making full use of the Hamilton-Jacobi equation in the problem at hand.
Perhaps the main results of this chapter are presented in §§3.3 and 3.4, where the exponential closeness of the
invariant manifolds is proved by studying a certain vector field D on the configuration space. Then in §3.5
we recall the results and problems connected with evaluating the linear part of the splitting (the so-called
Poincaré-Melnikov approximation); we are able, using the results of §3.4, to draw some precise conclusions
in the case of 3 degrees of freedom. The next paragraph (§3.6) is devoted to discussing some variants and
possible generalizations, without complete proofs.

Finally in §3.7, paralleling what we did at the end of chapter 2, we give a historically based tour
of the methods, results and problems on exponentially small splittings. We hope this will serve several
purposes. The subject is quite technical and corresponds to just a fairly small portion of the picture we
very partly delineated at the end of chapter 2. But it is also certainly one of the most intensively studied
problem in singular perturbation theory for differential equations, although we will not try to review the
many connections: wave fronts, crystal growth etc. In chapter 2 we introduced what we call the symplectic
method, which to our knowledge had never been used before in the framework of the splitting problems. In
the present chapter we use what we also call the analytic method, because analyticity seems to move to the
front stage. Note that these should be seen only as temporary namesakes, given that analyticity is essential
in order to make use of the symplectic method (and get ezponentially small splittings) whereas the symplectic
character of the problem is essential in our implementation of the analytic method. In fact we emphasized in
the title the use of the Hamilton-Jacobi equation, which is one of the novel features here. We hope that we
will have made these approaches look “natural” enough; §3.7 will also serve as a general conclusion for our
study of the multidimensional splitting problems, especially in chapters 2 and 3, and includes some general
indications about why (not really ‘how’ unfortunately...) the two methods should ultimately merge.

3.1. Notation and assumptions

(3.1.1) In the whole of chapter 3 we study the system governed by the Hamiltonian function (*) recalled
above. Let us briefly repeat for convenience some pieces of notation from the general introduction. We
denote by £ (£ > 2) the total number of degrees of freedom and write £ = d + 1 (d > 1), the conjugate
variables being

(p,I) e RxR? and (g,4) € T x T¢, with T = R/277Z.
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For completeness we mention that the phase space is naturally the cotangent bundle of T x T¢, endowed
with the exact symplectic structure induced by the Liouville form A = pdq + I - d¢.

The parameters, whose meaning is discussed in the general introduction, are: a vector w € R?; a real
diagonal matrix a = diag(au,...,aq); the notation al? means al - I = joul J2 and we may also consider
a as a d-vector; two small real parameters € > 0 and pu; a real-analytic function F.

(3.1.2) The corresponding Hamiltonian system is integrable for p = 0, since it then decouples as the product
of a simple pendulum and d independent rotators. We will refer to that situation as to the “unperturbed”
one. In §§3.2 through 3.5, we impose specific assumptions on the perturbative term. These assumptions are
partly simply for convenience as will be discussed further below, in particular in §3.6. So as for now, we
make the following

Standing Assumptions. (§§3.2 through 3.5)
i) The function F only depends on the angles (q,¢) and it extends analytically to (C/277Z) x ']I‘ﬁ(J for some
ho > 0, with the following notation:

Th, ={v € C/27Z ; |Imm | < ho }.

i) For all ¢ € T¢, F(0,¢) =0 and 8,F(0,¢) =0, i.e. F vanishes at order 2 on {q = 0}.

Taking assumption i) into account, the equations of the motion read:

g=p
;= wj + a5l
p=csing — ped, F
Ij = —pedy, F

The second assumption has an important effect: for each J € R?, the Hamiltonian flow leaves the d-
dimensional torus
T]:{q:(]a ¢€Tdap:05 I:J}

invariant, whatever the values of the parameters £ and u (not even assumed to be small). Moreover the
restriction of the motion to the torus 7y is quasiperiodic with quasifrequency w + aJ. Note that these tori
are isotropic as it should be (see §1.7.4). The upshot is that in this chapter, due to this assumption and in
contrast with the preceding one, we will not have to make use of any KAM technique (see §3.6.2 for more
on this).

An important class of functions satisfying assumption ii) is given by F(q,#) = (cosq — 1) f(q, #). The
perturbative term then reads e times (cosq — 1)(1 + uf(g,¢)) and one should assume that f satisfies as-
sumption i). One recovers in this way the class of systems which was considered in [L1], generalizing [A1];
see [L1] or [L2] (p.117) where f was assumed to be independent of ¢, for further simplification.

Finally without loss of generality we will restrict to the consideration of J = 0, which amounts to
fixing the origin in I-space. The invariant torus 7y is 1-hyperbolic and we will study its unstable and stable
invariant manifolds YW*. Note that again we confine ourselves in this chapter to the study of a homoclinic
problem.

(3.1.3) Just as in chapter 2 (see §2.2.1) it is convenient to rescale the time and the action variables: t is

multiplied by /2

and the action variables p and I are divided by the same factor. This corresponds to
formulas (8) in §2.2.1 except that the situation was more general there as we were studying a resonance of
any multiplicity m. The correspondence is that (I, p) here corresponds to (I1,I5) in chapter 2, but with

m =1 so that I = p is a scalar variable.
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So it is equivalent to study the Hamiltonian system generated by
—-1/2 I 5 1,
(%) Hep(a: 0,0, 1) =7 w.l + gal” + op” + cosq — 1+ uF(q, 9),

with a large frequency vector e~/?w (compare §2.2.1). We still call this function () and sometimes denote

—1/2

by z the variable ¢ . All the statements below deal with that version of the Hamiltonian (x).

(8.1.4) Lastly two specific function spaces B* will prove useful in the sequel. We define B~ to be the space
of all real analytic functions U(q, #) which are defined for ¢ close to 0 and ¢ € T¢ and vanish at order 2 on
{q = 0}; by this we mean that the function and all its first order partial derivatives vanish on {g = 0} x T?.
Analogously we define Bt to be the space of all real-analytic functions U(q, ¢) which are defined for q close
to 27 and ¢ € T¢ and vanish at order 2 on {g = 27}. Note that the function F belongs to both B~ and BT .

3.2. Formal solutions and the Hamilton-Jacobi algorithm

(3.2.1) The invariant manifolds. For u = 0, Ty obviously admits stable and unstable manifolds which
coincide and are given by the separatrix of the pendulum; we find it convenient to write them as:

W|;:0 ={(g;¢,p,1)| (IE]—27T,271'[,q56']I“i7p=251r1%7]=(]}7

Wieo ={(a,6:n,1)| g €l0,4n],¢ € T, p = 25in £, 1 = 0},
distinguishing them arbitrarily only by their domains of definition. We should give different names to the
tori {0} x T¢ x {0} x {0} and {27} x T¢ x {0} x {0} as well, but we will refrain from doing so. Rather, from
now on we will consider that the phase space is Rx T? x Rx R?, which we identify with the cotangent bundle
of the configuration space R x T? where the variables (g, ¢) live. Thus, above a point of the configuration
space, covectors are identified with vectors of R x R%. Just as in chapter 2 again, each of the unperturbed
invariant manifolds is an exact Lagrangian graph, i.e. the graph of the differential of a function defined on
part of R x T%

Wi:o = g’l"(dSO) = { (q7 ¢7 6qSO(Q7 ¢)7 6¢50(q7 ¢) }
The generating function is given by:

So(a: ¢) = Solg) = 4(cos 5 — 1),

and is considered as a function either on ] — 2, 27[xT? or on ]0, 47 [xT¢.

As in chapter 2 we will represent the perturbed invariant manifolds as graphs over this space; here
we mean rather parts of the invariant manifolds which do not lie too far from the torus 7y, i.e. local or
“semi-local” stable and unstable manifolds. Another way to put it is that we use the compact-open topology,
as in chapter 2. So for nonzero y we write:

W™ =Gr(dS™), Wt = Ggr(dST),

where S~ and St are functions on some parts of the configuration space which will be made precise in the
statements below. These functions depend on the parameters € and g but here we keep this dependence
implicit for notational simplicity. As in chapter 2 once more, it is quite natural to do so since again the
invariant manifolds, if they exist, have to be graphs (in the compact-open topology) because of their being
close for small u to W\i:o which is a graph, and to be exact Lagrangian because of their being asymptotic
to 7o which is an isotropic submanifold of the phase space (cf. §1.7.4).
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(3.2.2) To summarize, the setting is the same as in chapter 2, only less general, and the notation is (almost)
identical. In fact we diverge from chapter 2 at this precise point, because instead of using symplectic resonant
normal forms for trying to simplify the system itself, we now note that the generating functions S*, and
hence the manifolds W=, are determined up to an additive constant as the solutions of the Hamilton-Jacobi
equation

(H‘]) HE,M(Q:¢7 8q8(q7¢)78¢5(q7¢)) = 07

such that both graphs Gr(dS¥) contain the torus 75. Note that here the right-hand side of (H.J) must vanish
since 7o itself has zero energy.

The Hamilton-Jacobi equation is equivalent to the invariance of Gr(dS*). The fact that Gr(dS™) (resp.
Gr(dSt)) must contain 7o amounts to the vanishing of the differential of S~ — Sy (resp. ST —Sp) on {g = 0}
(resp. {g = 27}); so the function S~ — Sy (resp. ST — Sy) will be constant on {g = 0} (resp. {g = 27}) and
these values, which here are not relevant, will be assumed to be zero, which offers a natural normalization
for the generating functions S*: we will simply require that S* — Sy € B*.

The existence and regularity statement we need is embodied in the following

Proposition. For any 0 < qo < 2w, there ezists a positive constant ug such that the Hamilton-Jacobi
equation (HJ) admits a unique solution S~ = S~ (q, ¢; €, u) which is real analytic in all its arguments for

—q0<q<qo, $ €T >0, |ul < po,

and such that S— — Sy belongs to B~ and vanishes identically when u = 0. Correspondingly (HJ) has a
unique solution S*(q, ;e u) which is real analytic in all its arguments for

2T —qo < ¢ <27+ qo, p €T >0, |u| < po,

and such that ST — Sy belongs to Bt and vanishes identically when p = 0.
The invariant torus To then possesses stable and unstable manifolds which are locally the graphs of the
differentials of the previous functions St and S~ (differentials with respect to the variables q and ¢):

WE = Gr(dS¥).
The critical points of the function defined by
AS =85 —57, for2m—qo<q<qo (9 >m), $ €T >0, |ul < po,

are projections of intersections of W~ and WT.
Finally above any point Q = (q,¢), the vector between (Q,dS™(Q)) and (Q,dST(Q)) can be identified
with d(AS)(Q).

This statement does not quite belong in this paragraph, where we will be especially busy with the formal
side of the matter. We have inserted it partly in order to reassure the reader (and ourselves) as it says that
we will actually be dealing with “real”, not only formal objects. We will say a word about the proof of the
first part of this proposition in §3.3 (the full proof appears in [Sa2]). The second and third parts are in fact
obvious. They simply explain how the differential of AS is related to homoclinic trajectories and to the
distance between W~ and W+.

The study of the splitting of the invariant manifolds is thus again reduced to the study of the differential
of the function AS, much as in chapter 2. The study of the homoclinic splitting at an intersection point is
again encoded in the Hessian matrix of AS at this homoclinic point. But the important point of difference
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between this and the last chapter consists roughly in the fact that in chapter 2, after normalizing the system
to a high order, we needed little regularity on the generating functions S* in order to derive exponentially
small upper bounds. These functions simply had to be C? with respect to the space variables and we were
not interested in the regularity with respect to the perturbation parameters. Here by contrast we will exploit
analyticity in order to get bounds without any previous normalization of the system.

(3.2.3) We now come to the main subject matter of this paragraph, as described in its title. Among other
things proposition 3.2.2 above claims the analyticity with respect to u of the functions S*. It is easy to
obtain the corresponding Taylor expansion from the Hamilton-Jacobi equation (HJ): to this is end it is
sufficient to look for formal solutions of (HJ) of the type

SE =So(q) + D u"SE(q, $r¢),

n>1

where the coefficients S;* are required to belong to B*.
Let us consider € as fixed and write

T =2 u"Snt1(g,9)

n>0

for one of the two formal expansions that we are looking for. Clearly, S = Sy + pT is a solution of the
Hamilton-Jacobi equation if and only if

DyT = ~F(4, ) = 3ula(@T)? + (3,T)’)

The vector field (or differential operator) Do on the configuration space, defined by

will be called the unperturbed characteristic vector field.
We thus obtain the following set of recursive equations:

DyS; =-F

DOSn+1 = -

> [005Sn11-06Snat1 + 0gSni4104Snyt1],  n > L.

ni+ns=n—1

1
2

Since the coefficients S, = S,jf we are interested in should lie in BE, in order to solve by induction the
previous equations it is sufficient to invert Dy on B*: the right-hand sides of these equations, beginning
with F itself, will then belong to B*, as is easily checked by induction.

Now for B~ —say— the reader may easily check the following

Lemma. The operator Dy induces an automorphism of B~. In fact the change of variable w = tan { turns

1t into
0 0
Do=wl 4et/2y 0
O Vaw T T Y ag
and this enables one to express the inverse E~ = (Dollg_)’1 as

0
(E-U)(w, ¢) = / U(weS, ¢+ e V/2w) dC.
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Note that the integral above is absolutely convergent by the definition of B~. If U depends analytically
on z = ¢ /2 for z > 0, this is also the case for E~U: indeed if z is allowed to move in a sector which

loo[ in order to keep z(

contains R} , we can still change the half-line of integration [0, —oo[ into [0, —z~
real and the new formula will provide the analytic continuation of E~U with respect to z. Moreover, if
U(w, ¢) extends analytically to R x T¢, which means that U(tan £, $) extends to ] — 2, 2r[xT¢, as is the
case for F'(q, ®), the same thing is true of E~U.

We can define analogously the inverse of D0| B+ by using the change of variable w' = tan

2”47‘1. Denoting
now by E* the inverse of D0| B expressed in the original variables (g, $), we summarize the algorithm we

just obtained:

Proposition. For all € > 0 there erist unique sequences Sli, S;t, ... in BT such that the series
(1) §* = So(a) + ) 1" S (4,9)
n>1

formally satisfy the Hamilton-Jacobi equation (HJ).
The functions S, (resp. S;}) extend to ] — 2m,2w[xT¢ (resp. ]0,47[xT?) and all of them depend ana-

lytically on z = e 1/2. They are determined by the following inductive formulas:
S =—-E*F
2 1
® Srzi:-i-l = _§Ei( Z [0‘8¢Si+1-6¢5§2+1 + 8(1‘5?;-4—18(15:24-1]): n>1,

ni+ns=n—1

and these series are the Taylor expansions in u of the functions S*(q, ¢;e, ) in proposition 3.2.2.

(3.2.4) Since our goal is to compare ST and S~, we can restrict attention to the common domain of
definition ]0,27[xT? and it is interesting to have an expression of the operators E* and E~ involving the
same variables. To this end we define the change of variable:

q = qgo(u) = 4arctane".

The variable u, which was already used by Poincaré, is nothing but the time variable along the separatrix
of the pendulum and it will prove very useful in the sequel. In particular it will be essential to see it as a
complex variable, and to try and enlarge as much as possible the domains of analyticity with respect to u
of various functions defined on configuration space. We will use a tilde over the symbol denoting such a
function in order to indicate that we have performed the change of variable ¢ = go(u).

The function go(u) itself extends analytically to the universal covering of C\ (% +inZ) with logarithmic
singularities only, and it defines a (uniform) analytic (27i)-periodic function on

i i

The image of C by qo is the vertical strip { ¢ € C| — 7 < Req < 37}, except for the points 0 and 27 which
are obtained as limits when Rew tends to —oo or +oo respectively. The singular points im/2 and 3im/2

correspond to Imm ¢ = 400 and Imm ¢ = —oo respectively, and the left and right sides of the cut ]%, 3’7”
correspond to the vertical boundaries Req = —7 and Re g = 37 respectively. This elementary analysis of

the conformal mapping g(u) is given for pictorial completeness only.
Since go () is analytic over C, the function F'(u, ¢) = F(go(u), ¢) is analytic over C x ']I‘go. The counterpart
of the unperturbed characteristic vector field Dg reads

_bo = 2 —|-E_1/2(,tj.2

Ou ¢’
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and one easily computes the counterparts E+ of the operators E%; namely we have the following easy
Lemma. If U € B* and letting U(u, ¢) = U(go(u), §),

+oo
(E*U)(qo(u), ¢) = EXU(u, ¢) = — Uu+¢¢+e V2w)d.
0

e 21 ®euly yniformly in ¢ € T? when Rewu tends

The integral converges absolutely because U (u, $) = O(
to +oo. The point is that this lemma allows us to compute inductively and fairly easily the functions

SZ(u, ¢;€) which correspond to the coefficients of (2) in the variables (u, ¢).
(3.2.5) In order to illustrate the above we spell out the first two orders of the algorithm. The first order
approximation of S* is Sy 4+ uSi where

+o0
S (qo(w), ¢;¢) = St (u, ¢;e) = Flu+¢ ¢+e2Cw)dC.
0

Not surprisingly, the difference AS; = S;" — S is the familiar Poincaré-Melnikov integral:

+oo
(3) ASi(u, ¢;¢) = Flu+¢ ¢+e 2 w)dC.

—o0
Now for n = 2 the Hamilton-Jacobi algorithm yields

5 1~ P . ~
S5 = —5E*[a(0,55)" + B2(0,5F)7],

where the function 8(u) = % coshu = (%’)’1 stems from the change of variable ¢ = go(u). At the price of

a slight manipulation of integrals, the reader may check that

Stwdie) = [ 6,046,
with
So(u,¢,¢) = adyF(u+ ¢, ¢+ e/ w) - /0 ‘ COpF(u+ ¢, ¢+e 2 (w)dl
+0uF(u+ ¢ p+e P w) /0 C(B(u +¢) = B)duF(u+ (¢ +e 2¢w)dl’

and B(u) = [ B%(uv/)du’ = §(u + ¥202%) This gives a fairly simple expression for the difference AS, =
S — S5 in the variable u:

+oo

(4) ASy(u, i) = / Sa(u, ,C) dC.

— 00

(3.2.6) Before moving from the formal to the analytic problems, we would like to make two short remarks
about the above. The first is that one can easily write down an algorithm which generalizes the one given
here in proposition 3.2.3 to the case where F' does depend on the action variables (p, I'); this will be developed
in §3.6.1. Formally it is just a little more cumbersome, and at this formal level assumption i) saying that
F depends on the angles only has been imposed only for sake of simplicity of the exposition. On the other
hand, if one sticks to assumption i) and assumes furthermore that « = 0, i.e. if one is interested in the
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torsionfree (or isochronous) case, the algorithm very substantially simplifies. As is clear from the inductive
formulas (2), the angular derivatives of the coefficients disappear and this is a serious simplification, both at
the practical computational level and at the theoretical level as will be shown below in §3.3.4. Clearly the
two situations can mix, that is one can consider an algorithm for the isochronous case but with an action
dependent perturbation.

The second remark, which we will expand a bit in the concluding paragraph 3.7, is that it seems to

us that the algorithm given above is the °

‘right” one if one wishes to compute or estimate the invariant
manifolds and the splitting matrix by direct term-by-term evaluation. In other words it offers a solid basis
for the development of “direct methods” in this context. Let us confine ourselves to mentioning some obvious
facts. Here we need only compute two scalar functions S* and their difference. Moreover the computations
for St and S~ are in fact completely parallel, the changes basically amounting to switching certain signs
(we did not make this last operation completely algorithmic though). At least we have reduced to the
minimum the amount of relevant information: in this Hamiltonian case, it is indeed carried by two scalar
functions S*, or even just one (namely the difference AS = St — S7) if one is interested in the distance
between the invariant manifolds and the splitting matrices at the intersection points. This has already been
amply illustrated in chapters 1 and 2. We insist on this point, at the risk of rubbing it in too heavily as
it may indeed appear “obvious” in this context (see also §3.7.3). But another fact is that the algorithms
which have been used hitherto do not fully take advantage of the symplectic character of the problem.
They compute far too many quantities which carry the same information as here, only in a very redundant
way. Since the symmetries of the problem are not built into the algorithm, they reappear in the form of
seemingly “mysterious” cancellations which are often very difficult to trace. Here again and by contrast,
the information is conveyed in a minimal way: this could be expressed in a statement saying that the only
algebraic or differential relations connecting the coefficients S are generically those given by the algorithm
itself and “trivial” consequences thereof; in other words equations (2), viewed as relations among the S,ﬂf,
should generate the differential ideal of the (generic) relations.

3.3. Convergence and domains of analyticity

(3.3.1) So far we have not seen how to prove proposition 3.2.2, i.e. how to show the convergence of the
series (1). A natural approach would be to rely on the previous algorithm and to bound inductively the
coefficients Si¥ in some suitable Banach space. But in view of the induction formulas (2), this would require
to bound the operators 9, o EE and 8y, o E*, rather than the integral operator E¥ itself.

It turns out that we can define a Banach norm for which E* and 8, o E* are bounded, but we do not
know how to do the same for Jy,; o E* except when d = 1. Of course the difficulty disappears if @ = 0, so
that there is a shortcut (compared to what we present below in § 3.3.5) both in the one frequency case and
in the multifrequency anisochronous case. We note that to the best of our knowledge these two cases cover
all the existing literature to-date, except for [RW1] which contains errors, hopefully to be corrected (see the
erratum to that paper and [RW3]). We devote § 3.3.4 to the case where o = 0, with some indications for
the case where d = 1.

In order to deal with the general case, i.e. for an arbitrary value of the twist vector a, we had to devise
an indirect method. It is in fact the only place where we depart from the symplectic framework, using more
hyperbolic tools instead. In other words we do not at this point exclusively make use of the Hamilton-Jacobi
equation and do not know whether that would be feasible. We will state a theorem which is stronger than
proposition 3.2.2 and which deals with the counterpart in the variables (u, ¢) of the series (1), that is:

(5) §% = So(w) + 3 u"5E(u, 6) = Solao(w) + 3 H"SE(qo(w), ¢).

n>1 n>1
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Returning to the variables (g, ¢) is then easy. We will need to first define a few quantities that are required
for the statement of the result, then we give the statement (theorem 3.3.3), the complete proof in the simpler
case where o = 0 (§ 3.3.4) and some indications about the proof method in the general case (§ 3.3.5 — the
complete proof is contained in [Sa2], § 5).
(8.3.2) The function A(3,0). We have seen that F is analytic for u € C = C\ ([, 3] + 2i7Z) and ¢ € T
For 0 < 6 < m/2, we will denote by Cs a subset of C which contains R:

o i

For all §,0 > 0 (with § < 7/2 and o < hg), there exists a number A = A(d,0) > 1 such that
V(u, @) € Cs x TZO_U, |F(u, )| < Ae2IReul

where we have used the notation T, = {¢ € C/27Z; |Immd¢| < h} if h > 0. We will consider this
function A(.,.) as a datum of the problem in the same way as the function F itself; it is in fact a way of
measuring the size of F, or the strength of the singularities of F' on the imaginary axis for the variable u
and on the boundary of TZO for the variable ¢. One may keep in mind the typical example of a function like
A(6,0) = cst 6 "o~ ™, with n,m € Z7, which corresponds to polar singularities.

What matters here is the size of the perturbative term F' along the complexified unperturbed mani-

fold Wﬁ;zo. Were F to depend also on the action variables (p,I), we would have to replace the bound on
F(u, ¢) by one on F(go(u), ¢, Go(u), 0)-
(3.3.3) The domains of analyticity for S*. We are now going to state the central analytical result of this
chapter. First we have to define the complex domains D, ; and D;Lh s in the u-plane, over which the series
(5) will be proved to converge (see also the picture below). For u; € R and 0 < § < 7/2, we consider all the
open sectors

{uzul_geiﬂ; §>07/B€]_1817ﬂ1[}

for B1 €]0,7/2], and select among them the largest which is contained in Cs: we call D s this sector. If
uy > —40, its vertex is u; and its aperture 23, is determined by the equation

gcosﬂl =0 + uy sin By,

but if u; < =4, it is the open half-plane {Reu < u;} and 81 = 7/2.
Similarly, D;, 5 is the largest of the sectors

{uz_u1+£eiﬁ; £>07ﬂ€]_ﬂ17/81[}7 /81 6]0,71'/2],
which is contained in Cs; it is in fact just the opposite sector:
,Diué = {_u; uc D;hé }

Lastly we define a complex domain for the variable z = e~'/2: for AS €]0,7/2[, with moreover AS <
arctan ﬁ if uy >0,

Eu1,5,A,6’ = {Z = geiﬁ; €> Oa B E] _/81 +A/8a;31 _A/B[}a

where the half-aperture 3; €]0,7/2] of the sectors D}, 5 and ’D:{l, 5 is supposed to be strictly larger than AS;

1
this will be the case if § is small enough with respect to u; and Ag.

85



The domain of analyticity D} ; X Ty, ,5,ap in the variables (u, z)

We may now state the main analyticity result for the solutions of the Hamilton-Jacobi equation in the
following way:

Theorem. For all uy € R and AB €]0,7/2[ with AS < arctan 57— if u1 > 0, and for all small enough
0,0 > 0, there exist positive numbers py and {Bg} such that the series (5) converge to functions S*E(u, ¢; 2, )
which are analytic with respect to all their arguments for

u € D olS T z=e"1?¢€ Y1608 |ll/| < pa-

u1,0? ho—o>
On the closure of these domains, they satisfy the inequalities
|6(gi _ Svo _ ,ugit)| < By |'u|2 e—(:|:2§Reu)’

where O stands for one of the operators (0,)™(04)" with (ro,r) € Z4 x Z4, ro + |r| < 2. More precisely, if
6 < o, one can choose
g = byt A(8/2,0/2) ! bttt

and

by A(8/2,0/2)% 62024 "] if || >1,

where the positive number by depends only on u; and AQ.

B — {blA(<5/2,a/2)2<52S“r>{“°}<72"1 if |rl=0,

Of course here (95)" means (9g,)™ ---(0p,)"™ and |r| =ry +--- + rq.

(3.3.4) Proof of theorem 3.3.3 in the isochronous case (a = 0). In fact we will obtain better estimates in
that case; we provide the details since they are not given in [Sa2]. Let us for instance consider the case of

the stable manifold. We fix u; and AS as in the statement of the theorem, and 6,0 €]0,1[. We will prove
+

. . . . = —d =
the uniform convergence of the series (5) (with a ‘plus’ sign) over D, ss X Tj,,_se for z € X, 35 5 and |yl
small enough, by bounding inductively the size of each coefficient, and then use the Cauchy inequalities in

the smaller domain Dy, 5 X T, . We recall the induction formulas in that case:

S:—i-l = _§E+( Z ﬁ28u§:1+18u5’:2+1)7 n2>1,

ni+ne=n—1
with B(u) = % coshu. We begin by defining the appropriate Banach algebra, which involves “Fourier norms”.
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1,35 Ag» extend

We denote by B the space spanned by the functions U which are analytic in D:l 3 XX,
>4

continuously to D, s X T, 55 Ag and satisfy

U] := sup le? 2 Revw {7 (y, 2)| < +o0.
(u,z)eﬁ:-l 35 Xiu
4

=

1,348

Since 2u; + 2Rew > 0 for all w in @:1734_5 , this defines a Banach algebra (B,|.|). By requiring that the
Fourier coeflicients of our functions belong to it, we will ensure their exponential decay at infinity.
For any h > 0, we denote by B(h) the space consisting of all the Fourier series

U= %0,  with (Vk € Z9) U, € B,
kezd
such that
[T = _ e 1" |Uk] < +o0,
kezd
where k.¢ = ki1 + - - - + kagq and |k| = |ki| + -- - + |kq|. This defines a Banach algebra (B(h),|.|,)- Any
Fourier series U in B(h) converges to an analytic mapping U from T¢ to B which extends continuously to T,
and satisfies supza U] < U], Moreover, if 0 < h' < h, there is another relation between its Fourier norm
h

and its sup norm:
. Ao b .
|01, < coth? (252 supa |07,

and the Cauchy inequalities hold
VreZd, () U, <mi!...ral(h—R)" 0],

Such a construction was already used in [P61] and [RW1]. The reason why we use this kind of norm for
Fourier series appears in the following

Lemma. Let h > 0. The operators Et and 8, o E* induce bounded operators of B(h) whose operator norm
is less or equal to k = 2/sin AS.

Proof of the lemma: Let U € B(h). We first check that V = E*U belongs to B(h) by writing it as
-1

V<u,¢,z):_/oz T Ot G+ 2w 2) de,

i.€.
-1

V(u,z) € ﬁuh% x iu1734_57A5, Vk(uvz) = _/0 01;:(“4 + C,Z) e*cke dg.

(Observe that |arg(| = |argz~!| < B, the half-aperture of the sector D:l’ s thus u + ¢ € 5:1’% ). This

integral converges since |[Uy(u + ¢, )| < e72u=2Re v |7, | e=2R¢¢ and Re ( = |(| cos(arg z) with cos(arg z) >
sin AB (because | arg 2| < T — AB). Moreover the inequalities |V} (u, z)| < e=2%1=2Re ¥y | (2sin AB) ™! show
that V' belongs to B(h) and
171, < 5101,
Let (u,z) € 5:1,% x E,,,35 ag- Cauchy theorem allows us to move the half-line of integration in the
definition of V. If k.w > 0, we increase the slope of the half-line in order to take advantage of the decrease

of the exponential ei#¢k-w;

N +o00

Ve(w,2) == | Oilu+Eei™,z) ek i dg,
0
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and we obtain a new bound:

1

Vil <
Vil < 2c0s B + |z|k.wsin(By + argz

Ul
)|| I
Since 0 < 81 < § and AB < 31 +argz <7 — AfB, we end up with
~ K~
|zkwVil < 51Ul

Similarly, if k.w < 0, we decrease the slope of the half-line of integration, and the previous inequality holds
true in all cases (even if k.w = 0). This means that

[i ~
lw0.86V],, < 2101,
But 8,V =U — zw.8¢f/ because DoV = U; thus
10,V 1, < &lT1,,

and we are done. The above proof “explains” why we had to define such a domain of analyticity as the

sector DT 35 - O
ul, G

)

Let A = max{1, % coshu; }: we leave it to the reader to check that, since |8(u)| < Ae®1+®ev in Z_):h%,
Vh >0, VU,V €B(h),  B*UV €B(h) and |B20V|, < N|U],|V],-
We will use b = hg — 32 in the sequel. Let
A=0"A(%,9).

We observe that F € B(h) and |F|, < bA, with a positive number b which depends only on u; (using the
inequality above between Fourier and sup norms). We are now in a position to check that the functions S”;ﬁ
and 8,5; belongs to B(h), and to define a sequence (S,)n>1 of positive numbers such that

Vn > 1, ||'§:Lr||ha ||8ug:f"h < Sn.
It suffices indeed to choose & = kbA and

1 2
Vn>1, Sppr=k S N8, Sn,

ni+ng=n—1

The convergence of the generating series S(u) = 3,5 #"Sn+1 is easily studied: The inductive definition
of the numbers &,, amounts to the equation

/\2
S=8 + ”7 uS?,
hence the formula S = §; R(kA?uS;) with R(X) = % We retain that
Yn >0,  Spp = R,(kA)"SM with R, < cst27™.
We end up with inequalities
. . 22
> 1, 181, 10uSH, < ost (S50)"SE with Sy = kbA.
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This ensures the convergence of St for
lul < pa =070 A5, §) 7

with by = k2)X2b. Note that this value of u; is better than the one announced in theorem 3.3.3. In that
range, we have (enlarging b, if necessary)

15% = 5o — 18 Iy _se 10u(5* — S0 — Sl _se < BiA(E, 5)%0 21,

We conclude using Cauchy inequalities (w.r.t. 4 and ¢) which yield bounds relative to 5:1,5 and TZFJ:
(@) (@) (3% = S0 — S| < cst A(S, §)204 swwlirolg— 201

for 7o + |r| < 2. Again the resulting bounds are significantly better than the ones stated in theorem 3.3.3.
This finishes the proof for the case where a = 0. O

As for the case d = 1 and any a, it requires only a slight adaptation: in the induction formulas for
the S’TJ[ ’s, there appear expressions a6¢5’n16¢5‘n2 which we must bound too. But according to the proof of
the lemma above, (2w.95) o E* induces a bounded operator on B(h), whose norm is actually at most .
Thus we just need to assume w # 0, which features a non resonance condition (recall that d = 1), and to

intersect X, 35 Ag With {|2| > 21} where z; is an arbitrary positive constant. By restricting to this domain

1
all our definitions and estimates, we obtain that 0y o E™ is a bounded operator and

Va2 1, [SE s 1065, 10651, < Sn,

with the same kind of coefficients S,, as previously. The resulting bounds are again better than the ones
announced in the statement of theorem 3.3.3; we only lose uniformity with respect to z; —without regret:

2 is meant to be small!

ultimately, € = 2~
Note that we have presented here a proof which makes use of majorizing series but it can of course be

rephrased as an ordinary Picard fixed point method.

(3.3.5) How to prove theorem 3.3.8 in the general case. We do not assume @ = 0 or d = 1 any longer.
The idea of this more general proof is to replace the representation of the invariant manifolds as Lagrangian
graphs by a parametrization which carries a better control of the dynamics on them. Let us consider again
the case of the stable manifold. One can look at and for it as a manifold foliated by the stable manifolds W9+
of the individual points 8 of 7o, defined by -

Wg ={M eT*C| dist(ph(M),¢%(8)) tends to 0 exponentially fast as ¢ tends to +oo },

where we denote by C' =]2m — qo, 27 + go[xT¢ a part of the configuration space, by T*C' the corresponding
part of the phase space, and by ¢%; the time-t map of the Hamiltonian flow associated to H. .

Since To = {8 = (27,6,0,0), 6 € T¢}, ¢4 ((27,6,0,0)) = (27,6 + 2tw,0,0) (with z = e='/2) and the
unperturbed situation is clear, looking for the stable foliation amounts to looking for functions P, ®;,J;
of (u, ¢, 2z, 1), with exponential decrease when u goes to +00, such that the manifold parametrized by

q=qo(u)

p=dqo(u) + pP(u,0; 2, p)
¢ =0+ u2(u,0;z,p)
I'=pJ(u,b;2,p)

(6)
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is invariant under the flow and the pull-back of the Hamiltonian vector field restricted to it can be written:
4=1+0(u)
6 = 2w.

We will not write the equations one obtains for P, ®,.J, but only mention that they involve the operators
Dy and 8, but not partial differentiation with respect to the angles ¢;: the difficulty that we alluded to at
the beginning of this paragraph does not show up, and we can find real analytic solutions P, ®,.J, e.g. by
using the ordinary Banach fixed point theorem. Our method is in fact a close cousin of the usual one for
proving the stable manifold theorem in finite differentiability (see [Y2], [HPS] and above Chapter 1, §1.2).
It is in fact even somewhat easier in our case since transverse regularity, i.e. the analyticity with respect to
0, comes for free. To be completely specific, one can determine us such that these functions are analytic for

weD} 5, 0€Th o, 2 € Sy 508, 1| < po.
Then the inversion problem:
¢=0+p®(u,0;z,p) & 6=0¢+p0(u,¢;z,p)

can be solved in order to eliminate 6 from the parametrization (6) of W:

q=qo(u)
P = Go(u) + pP(u, ¢ + pO(u, ¢; z, u); 2, 1) = P(u, ¢; 2, 1)
p=20¢

I=pd(u, ¢+ p0(u, d; 2, 1) 2, 1) = T (u, ¢; 2, 1),

and there remains only to perform an integration, for y small enough, in order to recover the function S+.
We refer again the interested reader to [Sa2] (§5) where the proof is given at great length.

3.4. Exponential closeness of the invariant manifolds

Our goal now is to estimate the difference of the generating functions:

AS =" u"AS,, where AS,=SF-5, forn>1

n
n>1

When considering the Fourier expansion of a function on T?¢ we denote as usual the Fourier modes by an
index k running over Z% for instance:

F(q,¢) = ) Fi(q)e™**.
kezd

Following the notation of §3.3.2 we get as a starting point the following bounds, valid for all §,0 > 0 with
0 <7/2and o < hy and all u € Cs:

By (u)| < A(S,0) e~2IReul g=(ho=0)lk

We recall that the tilde indicates the substitution ¢ = go(u).

(3.4.1) Using (3) it is easy to compute and estimate the Fourier coefficients of the Poincaré-Melnikov
approximation (compare [L1] or [L2], p.118). Explicitly we have, for any k € Z%

~ oo =120k
(7) ASy k(uze) = Fr(u+¢)e* k.

—0o0
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We observe that the mean value is independent of wu:
AS; o(u;€) = ay(e).

The set Cs contains the horizontal strip of width = — 24 centered on the real axis. Therefore in the integral (7)
we can push the path of integration upwards or downwards up to a distance p = 5 — § from the real axis
when u is real. So for any € > 0 and any u € R we have:

S e) = _e—pe A (Fw k) Hal ; ie" 2wk
ASy k(u;€) = —e Frlutip+§&)e d¢,

and by selecting the sign + according to the sign of w - k¥ we immediately obtain the following estimates:

Proposition. For anye > 0, u € R and k € Z9, the k-th Fourier coefficients of the Poincaré-Melnikov
integral satisfies the inequality:

Ay (u;e)| < A(S,0) e Pe /Plwkl—hIkl i p= g 5, h=ho—o.

What about the function AS; itself? We need to bound sums of exponentials, which requires a bit of
work since the potentially small “divisors” |w-k| are involved. It is actually quite easy to get an upper bound,
as embodied in the lemma below. It is however much more difficult to study the possible optimality of this
upper bound, a problem to which we return in paragraph 3.5. As for now we just state an easy lemma about
sums of exponentials; note that this is independent of the perturbation F.

Lemma. Suppose that w € R¢ satisfies the Diophantine condition
Vk € ZU\A{0}, |w-k| > lk'"T

for some fized numbers v > 0 and T > d (T > d). We use the notation v = (1+ (t —1)~")((r = 1)7)"/™ and
w(b,0) =v(§ — 87 (ho — 20)77_1, for0<d< % and 0 <o < ho/2.
With these assumptions and notation there exists a positive constant ¢ = c¢(d) depending only on the

dimension such that:

(8) Yo e Pkl < Zoxp(—w(s,0)e ) with p= g —5, h=ho—o.
kEZN\{0} g

This lemma enables us to deduce from the previous proposition exponentially small bounds for AS; in
the real domain, as well as its partial derivatives, still under the assumption that w satisfies a Diophantine
condition. The smaller § and o, the larger the width w(d, o). One can even reach w, = w(0,0) by taking
8 = o = £ : indeed with that choice we find that w(8, ) e~2 > w, e~ 2 — cst , which leads to the following

Corollary. Suppose that w € R¢ satisfies the Diophantine condition of the preceding lemma and let

i r=1
T

we =1+ (=1 -7 (3)

Then there exist positive constants o and b such that, for all (ro,r) € Z1 x Z% with o + |r| < 2,

_rotiri+d

9) 1(8)7 (85)" (AS: (u, ¢;€) — a1(e))| < bA(e?,e%) e~ "2 exp(—w, e~ %),
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whenever (u, ) € R x T? and 0 < & < &y (recall that a, () denotes the u-independent mean value of AS; ).

Observe that the analyticity width hg enters this upper bound precisely through the width w, (hence

the name). Observe also that if F' is a trigonometric polynomial, i.e. if Fj, = 0 for |k| large enough, no small
divisors occur and one obtains a much smaller upper bound, with exponent 1/2 independent of 7 and the
dimension d instead of 1/(27). This is precisely the phenomenon which was noted in [L1] and the reason
why Hamiltonian (x) was introduced there (in a slightly less general version; cf. §3.1.2. in fine). We return
to these questions in the next paragraph.
Remark: As an aside we note that in the present paper we prefer to write the standard polynomial Diophan-
tine condition as above, resulting in a shift of the exponent by 1 as compared to many papers (including [L1],
[L2]). The formulas come out neater with the present normalization and this is no chance phenomenon. It
simply has to do with the discrepancy between homogeneous and inhomogeneous approximations, or if one
wants with the fact that we could rescale one of the nonzero coordinates of w to 1, resulting in a shift in the
effective dimension. Basically for the same reason the present normalisation is also the correct one for the
statement of transfer properties between linear and simultaneous approximations (see [L2], Appendix 1).

(3.4.2) A lemma on Fourier coefficients. Such direct arguments can also be given in order to bound AS,
using formula (4) and one could try and build a “direct” machinery in order to bound all the individual AS,,
but there is a much better and more efficient way, stemming from the work of V.F.Lazutkin in the one
frequency case. We will return to some historical remarks on this in §3.7.2. In fact the results on exponential
smallness that we will obtain in the sequel will essentially follow from the combination of the analyticity
theorem 3.3.3 with the following lemma on the unperturbed characteristic vector field Dy, or rather its
straightened version Dy (cf. §§3.2.3, 3.2.4).

Lemma. Let e > 0. Assume that a function X(u,®) is analytic in | — ipg,ipo[x'ﬂ‘go for some pg,hg > 0
and satisfies the linear homogeneous partial differential equation Dox = 0. Then X extends analytically
to {|Immu| < po} % ']I“,’lb0 and its Fourier coefficients with respect to the angles ¢; satisfy the following
inequalities, for all positive p < po and h < hg, all k € Z% and all u € R:

Y ~ _—1/2 _
X (u)] < ( sup |X|) e—Pe Clkwl=hlk|

.. w=d
[—ip,ip] xT,

This is the quasiperiodic generalization of the one frequency version in [Lal]. It appears basically in
this form in [DGJS]. The extension to the quasiperiodic case is actually essentially trivial because this is
actually a lemma in the theory of complex functions in one variable. It contains two parts, one of which is
an extension statement for the solutions of a particularly simple PDE and the other one gives a control on
the coefficients. Mathematically speaking this is all fairly elementary and amounts in effect to little more
than shifting contours of integration. We insist on this because the real idea, due to V.F.Lazutkin, consists
in making use of this lemma under the present cirumstances in order to exploit the following principle: if a
function of one complex variable is analytic over a (large) open strip centered on the real axis and can be
extended to a bounded function on the closure, one has a good control of the function on the real axis.

The lemma applies to the Poincaré-Melnikov integral AS; itself, since DoAS; = 0 or equivalently
DyAS; = 0, and one can recover proposition 3.4.1 in this way. Using a strategy which seems to be a novel
feature of the present paper, we will now see how to use the above lemma in order to bound the whole
function AS, at the price of only a change of coordinates. This change of coordinates f is necessary since
there is no reason why Dy itself should annihilate the function AS: this will however be the case for the
function AY = ASo f.

In fact, anticipating a little, we first geometrically define in §3.4.3 a vector field D which annihilates AS
and turns out to be the direct image of Dy by some diffeomorphism f; this is the technical work subtend-
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ing §3.4.4. Then in §§3.4.5, 3.4.6 we state two theorems which are not difficult, given all the preparatory
work: the first one yields exponentially small bounds for the Fourier coefficients of AY which are obtained by
the above lemma; the second one combines this same lemma with the upper bound given by lemma 3.4.1 (it
thus requires a Diophantine condition on w) to yield exponentially small bounds for the partial derivatives
of AS.

(3.4.3) Characteristic vector fields. Since the geometric tool that we introduce here is not specific to our
model Hamiltonian (%) we will temporarily widen our framework, considering a differentiable manifold M
(the configuration space) and a function H : T*M — R on its cotangent bundle (the phase space). This
cotangent bundle is endowed as usual with its canonical exact symplectic structure, induced by the Liouville
one-form A\. We denote by 7 : T*M — M the natural projection and by Xy the Hamiltonian vector field
generated by H. What we do below is actually too general for our purpose and all we need is to construct D
and show that it annihilates AS. This is the content of proposition 1.2 in [Sa2], whose proof is quite short.
Yet we feel that dwelling a bit on the geometry may be enlightening and certainly makes the construction
look more natural.

If « is a one-form on M, we denote by Im(a) or Gr(a) its image on T*M, viewing « as a section of
the projection 7. It is a submanifold of 7*M and 7 induces a diffeomorphism between Im(a) and M, which
identifies @ with the restriction of A to Im(«). This last property actually characterizes the Liouville form A.
Moreover Im(a) is Lagrangian if and only if « is closed, and is exact Lagrangian if and only if « is exact
(see also §§1.1.13 and 1.6.4).

If « is closed, Im(«) is invariant by the Hamiltonian vector field Xy if and only if H is constant on
it, i.e. if and only if the function H o « is constant on M: this is the Hamilton-Jacobi equation. In that
situation the characteristic vector field of Im(«) is usually defined to be the vector field on M which is the
direct image by 7 of the restriction of the Hamiltonian vector field to Im(a). It may be written Tmo Xy oa
(¢f. § 1.1.15). We propose the following generalization of that construction:

Definition. Given any pair (ag, 1) of one-forms of M, we call characteristic vector field of (ag,a1) the
vector field on M obtained as

1
Dz/ Dydt where for 0<t<1, Dt:TWOXHO(Oé0+t(Oé1—Ck0)).
0

In the exact case, if ag = dSp, ar = dS1, with Sy, S1 functions on the configuration space, D will also be
called the characteristic vector field of the pair (So, S1).

In a local coordinate system (Q1, ..., Q) of M we can write:
4] )
D= Y Diza Di@Q=[ z5((Q)dt,

setting ay = (1 — t)ag + tag for 0 < ¢t < 1 and using the induced canonical system of coordinates (@, P)
on T*M.

The interest of this construction lies in the following proposition (the easy proof of which we omit),
which shows that D somehow reflects in the configuration space what happens in the phase space:

Proposition. Let D be the characteristic vector field of a pair (o, 1) of one-forms on M. Then its action
on the difference oy — ag can be described as:

<ay—ayg,D>=Hoay — Hoag.

If in particular ag and oy satisfy the Hamilton-Jacobi equation associated with the same energy level, this
quantity vanishes on M.
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If the Hamiltonian function is quadratic in the momenta P, ..., P,, the vector field D is merely the
arithmetic mean of Dy and D, the ordinary characteristic vector fields associated to Sy and S;. In the case
of the Hamiltonian (x) and of the generating function S* we thus simply obtain:

D= %aq(s”r + S*)a% + (e V2w + %aa¢,(S+ + S)).a%.
So at this point we did use in a significant way the fact that the Hamiltonian is quadratic in the action, which
for Hamiltonian () is the same as requiring that the perturbation be independent of the action variables,
which in turn is part of assumption 3.1.2 i). So under our current assumptions we find by the proposition
above that DAS =< d(AS),D >=0.

As was sketched above this fact has important consequences here, since our goal is to study the func-
tion AS defined on part of the configuration space M; =]27 — g1, q1[xT? for € > 0 and p small enough (g, is
arbitrary and fixed such that 7 < ¢; < 27). We now discover that this function is constant along the integral
curves of the vector field D. Especially we notice that D = Dy +O(u) and thus any torus {g. } x T? inside M
is transverse to D for p small enough, as it is certainly transverse to Dy. The function AS is determined
by its restriction to any given such torus and the critical points of the restriction yield critical points of AS
itself. Any function on the torus T? has at least d+ 1 critical points by the Ljusternik-Schnirelman theorem.
Hence we easily deduce the following

Corollary. There exists py, > 0 such that for € > 0 and |u| < pg, the Hamiltonian system associated to
H. , admits at least d + 1 distinct homoclinic orbits.

This is not a new result by any means and it was stated rather to show how some notions transcribe
in this setting; see in fact §1.9 for a more general discussion and references. As is the case for any flow
and as was already discussed in chapters 1 and 2, the Hessian matrix of AS at a critical point (g, ¢.) is
always degenerate and it is rather the Hessian matrix of the restriction AS|,—,, which provides a symplectic
measure of the splitting along the corresponding homoclinic orbit.

(3.4.4) Straightening the characteristic vector field. As explained earlier, in order to use lemma 3.4.2 together
with the property DAS = 0 we need to conjugate D to Dg. This amounts to straightening D, i.e. to finding
coordinates in which it has constant coefficients. The existence of such a kind of global flow-box coordinates in
the real domain is not surprising, since we already noticed the existence of global sections of the configuration
space which are transverse to D. But we need to define the change of coordinates in a complex domain,
which moreover should be as large as possible. Again it will be convenient to make use of the variable u
rather than ¢. This is technical work which we only summarize here, referring as usual to [Sa2] for details.

Let ug > 0, AB €]0,arctan(m/2u2)[ and d,0 > 0 as in theorem 3.3.3. The variable u runs over
Dy, s = Dy, ;ND,, 5 and the variable z = £ /% over T, 545. Observe that D, 5 is a lozenge with corners
ug, ip', —us and —ip', where p' = 7/2 — §/ cos B2 and we denote by B, the half-aperture of the sectors D,, s
and D;; 5; see the picture in §3.3.3 and recall that D;Q’ s and D:;, s are opposite sectors. In particular, we
will be able to ensure that

[~ip,ip] C Dups,  p= = —25,

simply by taking us > ﬁ§ Then we have:
Proposition. There exist a positive number us and a real analytic change of coordinates

(u,0) = (v,0) + pUU(v,6;2,1) & (v,6) = (u,¢) + pV(u, 32, 1)

satisfying the following properties:
a) Id+uU conjugates D with % + zw.%;
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b) Id+ul induces a bijection between the domain D, s X Tzo_a and its image for |u| < pa, 2z € Ty, 5,785
for these values of (v, 8, z, 1) the components of U are analytic with respect to all their arguments;
c) Id+uV induces a bijection between the domain D, s X Thr(, and its image for |u| < p2, 2 € Sy, 5,085
for these values of (u, ¢, z, ) the components of V are analytic with respect to all their arguments.

One can even give quantitative information on a possible uy as well as bounds for the partial derivatives
of the components of U and V, in the spirit of theorem 3.3.3, when 2§ < .

Via the change of variable ¢ = go(u), the diffeomorphism Id +u U induces a mapping f according to the
formula

(u7¢) = (Id -}-,U,U)(’U,e) < (QO(U)7¢) = f(qO(U):a):

which is a diffeomorphism between M, =]go(—u2), go(u2)[xT¢ and some domain Mi; this is as far as real
domains are concerned, but it extends to some complex domain. This diffeomorphism conjugates D with Dy,
so that Dg.(AS o f) = 0 as previously announced.

Here are some indications on the proof of proposition 3.4.4 (see [Sa2], §6, for details): As is the case
for the proof of theorem 3.3.3, it is sufficient to apply the ordinary fixed point theorem in a suitable Banach
space. And again as in the proof of theorem 3.3.3, the keypoint is the existence of a bounded right inverse
for Dy. Indeed, the equations to be solved in order to find the components Uy, Up, ... Uy, of U can be
written:

DoU, =Dy o (Id+plU),  DolUy, =Dy, o (Id+uld), j=1,...,d.

Then one checks that for a given convergent Fourier series ¢ = 3~ 9y, (v, 2)e*? | whose coefficients are analytic

in Dy, s X Xy,,6,a3 and continuous on the closure, the formulas
4

. ip' :
_ efzzvk.w / eizck-“’wk(c’ z) dC if kw > 0,

Vk € 79,  xi(v,2) :{ ek / e kW (,2)d¢  if kw <0,

—ip’

v
| [ ontcna i o = 0,
0
define a function x = 3" xx (v, 2)e?**? such that Dy coincides with . The correspondence ¥ — x = E,
defines a bounded operator E,/ on an appropriate Banach space in which it is possible to find: Uy, Uy, ,...,Uy,
such that

Uy = Ey (Dyo (Id+uld)), Uy, = By (Dg, o Id+pll)), j=1,...,d.

(3.4.5) Ezponentially small Fourier coefficients for the difference of the generating functions. We now state,
in this and the next subsection, two theorems which are obtained by simply putting together the previous
results. The first one (this subsection) requires no Diophantine condition on w but it deals with other
generating functions than S*: a near-to-identity change of coordinates is applied in the configuration space
and then lifted to the phase space, so that the invariant manifolds are given by new generating function ©+.
The second result (§3.4.6) is stated in terms of the original variables, at the cost of imposing a Diophantine
condition and using lemma 3.4.1 which is not optimal.

Theorem. (Exponentially small Fourier coefficients). Let Q2 €]m,2n[ and let 6,0 be small enough positive
numbers. Let p = w/2 — 25, h = hg — 0 and My =)27 — Q2,Q2[xT?. There exist a subdomain M, of
10, 27[xT%, an exact symplectic diffeomorphism ® between T* My and T*M; and functions ¥~ and =t on
My (which depend analytically on (g, 1)) such that

W =&(Gr(ds*)), It -3 =puAS +x,
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where the Fourier coefficients x? of the partial derivatives Ox of the function x satisfy
X2 (Qse, )| < Colpl? e #e kel 2K

fork € Z%, Q €2 — Q2,Qa2[, € > 0, p € [—p2, o] and & = (8g)™ (0p)" with ro + |r| < 2. If 26 < o, one
can take py = by *A(5/4,0/4) 1620 and

by A(8/4,0/4)25 302471 if ro+|r| =0,
O 7 by A(6/4, 0 /)26 2o g 2417 if ro+|r|=1 or2

where the positive number by depends only on Q5.

Sketch of proof: & is nothing but the exact symplectic lift of f (the corresponding “point transformation”)
defined by:
{ T*M, — T*M,
/8 — (I)(B) = t(Tfow(B)f_l)'Ba

where m denotes the natural projection T*My — M>. Not only @ is a lift of f (i.e. m o ® = f o ) which
preserves the Liouville form A, but its action on exact Lagrangian graphs is easily described: if S is a function
on My,

Gr(dS) = <I>(gr(d2)) with Y =So f.

In particular, W* = &(Gr(dS*)) with £* = S* o f. Consider the counterpart AY in the variable v of the
function AY = £+ — ¥~. Since f was chosen precisely in order to yield DoAY = 0, i.e. DoAY = 0, and
since Dy has constant coefficients, we have Dy@(AX) = 0. We now recall that Dyd(AS;) = 0 as well, so that
we can now apply lemma 3.4.2 to the difference 8(AY — uAS;) = O(u?). Moreover this O(u?)-remainder
can be precisely bounded thanks to theorem 3.3.3 and the quantitative information we have alluded to after
the statement of proposition 3.4.4.

(3.4.6) We now state the result which is perhaps most immediately relevant for our purpose in this chapter.

Theorem. (Exponential smallness of AS). Suppose that w € R¢ satisfies the usual Diophantine condition:

lw-k| >~|k|*"" for all k € Z?\ {0}
and some fived numbers v > 0 and T (T > d). Let moreover w, = (1+ (1 —1)71) ((r — 1)yhi ™" %)I/T.
Then for any closed subinterval [q1,q2] of 0, 2n[ there exist positive constants g and b such that, for
(ro,7) € Zy x 2% withro + |r| =1 or 2,

_ ro+Ir|+3d+3
2T

(8,)7° (85)" (AS — uAS1) (g, b5, )| < blpl>A(e?7 677 )2 exp(—w, e 7%)

whenever (q,¢) € [q1,¢] x T?, 0 < e < &g < () with uo(e) = b=1A(e3 3 )" le 5.
q, q1,q , s (M i M )

Remark: As for the case (rg,7) = (0,0), i.e. the difference AS = ST — S~ itself, we need to take the average
into account and there exists a real analytic function a(e, ) such that AS — pAS; — p?a satisfies the same
kind of inequality:

1 3d+4

(AS — pAS) (g, 62, 1) — 12ale, p)| < bl A(e7,677)%e™ 5 exp(—w. e77).

Sketch of proof: Let §,0 > 0 small enough. Apply lemma 3.4.1 to the function O of the previous theo-
rem 3.4.5 and return to the function 8(AS — pAS;) using the inverse change of variables f~!. Since this
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change of variables is real analytic, the bounds one obtains can be transfered from the real part of the
(Q,0)-domain to the real part of the (g, #)-domain for real values of the parameters € and u:

|0(AS — pAS))| < bs|p?A(5/4,0/4)267 27053411 exp(—w(5,0) e~ 77 ).

Then one reaches w, = w(0,0) by taking 26 = o = 8 2= . This completes this very sketchy sketch of proof
(see as usual [Sa2] for details).

Comparing this theorem and corollary 3.4.1, we see that we have obtained upper bounds for the distance
between the invariant manifolds, with exponent 1/(27) and width w.. We also get bounds on the Hessian
matrix of the AS|,_,, at a homoclinic point. All this was already derived in chapter 2, in a more general
case and a more geometric environment. The novelty here consists of course in the estimate of the difference
between the full and the linearized quantities, whether it be for the distance between the invariant mani-
folds W= or the splitting matrix at homoclinic points (or even for the difference of the generating functions
— see the remark above). Now there remains of course the problem of estimating the linear part, namely AS;
and its derivatives. All we have at our disposal at this point is lemma 3.4.1 which is an easy upper bound
but does not go deep into the arithmetic. One of the messages in [L1] was indeed that the evaluation of the
linear part of the splitting is a difficult problem. In other words the question of the possible optimality of
lemma, 3.4.1, which first has to be properly defined and worded (see §3.5 below) seems to be quite difficult
to attack in general. Yet it appears as a prerequisite if one wishes to derive lower bounds (again this has to
be carefully phrased; see §3.5) for the distance between and the splitting of the invariant manifolds, with of
course p polynomially small in €.

Rephrasing the above slightly, and somewhat paradoxically perhaps at first sight, it appears that, given
the results obtained above, the main problem for deriving lower bounds now lies in estimating the linear
part AS; (and its derivatives, but this is no serious difference). If one could give a general argument for
obtaining a better bound on ASy, it would now be easy to incorporate it into the method in order to bound
the remainder AS — pAS;, and this would lead to a range of values of p where the Poincaré-Melnikov
approximation does dominate. We will derive results of this kind in the next paragraph, but they are very
restrictive and in particular are specific to the case of three degrees of freedom (£ = 3).

Lastly we mention that we did not pay much attention to the prefactors (the quantities in front of the
exponentials) in the upper bounds derived above: they could have been slightly decreased. But we have
always in mind the example of a function A(.,.) such that A(37,e27) is some power of ¢, and we are
precisely interested in estimates up to some power of . Clearly there is a strong hierarchy in accuracy from
the exponent (the roughest of all) to the width and then the prefactor. Also there is an inverse hierarchy
in the universality of these quantities: the exponents exhibit strong universality (or genericity if one wants)
properties, whereas the widths and a fortiori the prefactors are much more sensitive to individual features
of the problem. Yet we note that the function A does describe some universality, inasmuch as it reduces
the information to the rough type of the singularities of the complex extension of the perturbation. In any
case we are still very much working just at the level of exponents in these multifrequency problems, as will
be illustrated in the next section. Perhaps the reader should recall the case of the one dimensional WKB
method, in which the problem of the prefactors (embodied e.g. in reflection coefficients) is quite tricky and
not completely understood although one is dealing with a one degree of freedom linear problem.

3.5. Linear versus nonlinear splitting

As mentioned already at the beginning of §2.6.6, one basic intuition in the domain can now roughly be
phrased by saying that the four exponents of the four exponentially small quantities are expected to coincide.
This is somehow already visible in [A1l] and is developed at a heuristic level in [C] (see also [CV1,2]); we

97



urge the reader to try and penetrate §7.4 of [C], which is a real masterpiece of mathematical physics. We are
not going to discuss here the connection between the size of the splitting and the speed at which instability
(“Arnold diffusion”) develops, referring to [C], [L2] (§V.2) and [L4] for indications, as well as to future works.
Instead we concentrate on the comparison between the size of the splitting and that of the linearized splitting
(“Poincaré-Melnikov”). We will proceed from the general to the particular, first summarizing some general
reasonings and open problems. We then come to the little which is actually known to-date and use it in
conjunction with the general results above to derive lower bounds for the splitting in very particular cases.

(3.5.1) We start with a problem in Fourier series which hopefully captures a sizable part of the difficulties
but can be stated without any reference to the splitting problems.

Problem. Let a = (a) be a sequence of real numbers indeved by k € 79\ {0}, d > 2; assume that
0 < ¢ < |ag| < C with two fized constants ¢ and C. Let o > 0 be a number and € > 0 a parameter. Let
w € R? be a Diophantine vector, satisfying the usual polynomial condition, i.e. such that |w-k| > v|k|*~7 for
some constants v > 0, 7 > d.
Define the (absolutely convergent) series S (g) as:
Sue)= Y anexp(—olk| - '”\/E’“').

kezZ4\{0}

The problem is to study S,(¢) as € — 0, possibly proving that it is exponentially small with exponent
a=1/(27).

Here we use 1/, rather than just ¢, as a small parameter simply because it is the quantity which occurs
in the dynamical system problem; the reader may replace /¢ with ¢ if she or he finds that it looks better,
getting a conjectural exponent 1/7. Note that the fact that /¢ rather than e is the natural dynamical
parameter stems from the fact that Newton’s fundamental law (f = ma) is a second order relation. The
setting of the problem corresponds to a perturbation F' with exact analyticity width ¢ > 0 and the a;’s are
thought of as ay, = exp(o|k|)F}, where the F}’s are the Fourier coefficients of F', which is assumed to have
zero average (Fop = 0). Things are a bit more complicated in the actual splitting problem, but this seems to
capture the essence of the difficulty.

The fact that S, () is exponentially small with exponent > 1/(27) is not difficult and this is in fact the
main content of lemma 3.4.1 above. The problem consists in showing that the exponent is not strictly bigger;
in other words, referring to the introduction of chapter 2, it can be rephrased as the conjectural assertion
that for any a > 1/(27):

limsup exp(e™%)S,(g) = oo.
e—0

The formal computations in [L1] (reproduced in [L2], pp. 120-121) are meant to make this exponent
“plausible”. Note that if one assumes that the F}’s are positive, compensations cannot occur anymore and
things become significantly simpler, although in general quite unrealistic for applications. This remark is
however beautifully exploited in [Be2] (Lemma 1.2). Also one does not expect that there will be any kind
of nice prefactor, nor even actually a nice constant width. In other words, the function S,(g) will “look
like” exp(w(e)/e®), where w(e) will be quite complicated; yet the decomposition of the argument of the
exponential in terms of exponent and width, that is as w(e)/e? is still meaningful, as mentioned in the
introduction to chapter 2.

Here we have assumed the best possible situation, i.e. that the sequence (aj) is bounded in norm
from above and below, which translates in particular into a no gap condition on the Fourier series of the
perturbation F' for the Hamiltonian problem. At the other end of the large spectrum of possibilities, if F' is
a polynomial, then the a4, are almost all zero, the sum S, (€) is finite and the exponent is just 1/2 whatever
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the value of the Diophantine exponent 7, certainly contradicting the conjectural value. If the statement
holds true, it is likely that much less stringent conditions on the sequence (ay) suffice to ensure its validity
but we have not tried to dig any deeper in that direction. Condition ii) in theorem 3.5.4 represents a very
simple example of this phenomenon.

In fact the problem above is wide open for d > 2, which is a bit worrying as it is really a minimal and
very rough preliminary statement in the study of the linearized splitting. The difference between the cases
d =2 and d > 2 consists as usual in the fact that only in the former case can one make use of the efficient
apparatus of (ordinary) continued fractions. Soon enough we will have to confine to that case, which is at
present the only one where anything is known for sure. But we will presently dwell a bit on the general case,
with some heuristic remarks.

The main remark is that again we are running into apparently big trouble when using linear approxi-
mation. The whole theory of the splitting at present relies heavily on Fourier series, going along with “small
divisors”, alias linear approximation. One is tempted to say that there must be another way, more in the
line of periodic orbits and simultaneous approximation; we have seen some clues for that already, and some
more will come, although this is all still very conjectural. But even restricting to the above problem, which is
apparently completely concerned with linear approximation, we note that when d > 2 one may predict on a
heuristic basis that the best Dirichlet approximations of w and their periods will perhaps play an important
role, much as in the “intermittency” phenomenon proposed in [L2] (see especially [L3], §4). The point is
to predict a critical sequence (g;) of values of the parameter (tending to 0) at which “something happens”,
namely a shift in the dominant mode(s) of the series S, (¢). In the case d = 2, where there is no difference
between linear and simultaneous approximation, this question has been studied on examples in [S], with a
very good agreement between the theory and numerical experiment (but no rigorous results). Simultaneous
approximation also strongly suggests which cases would be next in line if one wishes to undertake a case
study for d = 3. We refer to [L2] pp. 107-113 for an arithmetical discussion which is relevant in the case of
the splitting problem.

(3.5.2) We now confine ourselves to the case d = 2 (¢ = 3) for the rest of this paragraph and start with the
arithmetic in that case. Without loss of generality one can rescale the first component of the two-dimensional
Diophantine vector w to unity (e.g. by rescaling ) and write w = (1, x) for a 7-diophantine scalar x (7 > 2).
In this situation the only general study we know of is contained in [RW1] (§6.3). That section is independent
and in particular it is not affected by the errors which have been found in other parts of the paper; it is
reproduced and detailed in [RW2]. The authors point out in their §6.3.1 that it is in principle not restricted
to badly approximable numbers, which correspond to 7 = 2 (and are also called numbers of constant type
because they are characterized by the fact that the digits of their continued fractions are uniformly bounded).
In principle the results reported below (§§3.5.3 to 3.5.5) should extend to the cases examined in [RW1,2]
by applying the results obtained there and should then match with theorem 2.3 of [RW1], but we have not
checked these assertions.

So instead we narrow the framework even more in order to use the arithmetical analysis in [DGJS].
In the rest of this paragraph we assume that T = d = 2 and indeed that w = (1,x), where x is the golden
number, x = 1+2—‘/5 Before being completely specific, we still mention that the paper [DGJS] is devoted
to a Hamiltonian of type (x) with (in our notation) d = 2, w = (1,x), @ = 0 (the isochronous case),
F = (cosq — 1)f(¢). The arithmetical study in §2 there clearly displays the features one hopes for in
more general cases, namely the fact that only a small number of modes dominate the Poincaré-Melnikov
for a given (small) value of €. This was one of the main ideas underlying the heuristic reasoning in [C]
and the formal computation in [L1,2]. It can also be found in [S] in a more precise version, but restricted
to the two-dimensional case and still not rigorous. In turn the “transition lemma” in [RW1] is again an
avatar of this phenomenon but indeed it gives it an exact rigorous expression for a much larger class of
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numbers. We mention that the results below could probably be easily extended (without using [RW1,2]) to
the (real) quadratic irrationals, 4.e. the numbers whose continued fraction is eventually periodic. This should
in principle be a mild (and not terribly exciting) extension from the golden number itself, but we have not
worked it out in details.

We start with a lemma which improves on the result of lemma 3.4.1 in this very particular case. In
order to state it we first introduce some notation. We denote by {z} the distance from a real number z
to the integers Z (so that 0 < {z} < 1/2). Now for any p,h > 0 we define a continuous (4 log x)-periodic
function w, 5 of the real variable z by the formula:

w1 (2) = Cpyp cosh({ % }1og ).

where C), , = 5-1/4 x\/4ph and Xon = 210g(%). With these notations we now have the

Lemma. There exists ¢ > 0 such that, for all p €]n/4,7/2[ and h €]ho/2, ho[,

> e kR < e exp(—wp,n(loge) eY).
kez2\{0}

For the proof, which requires only some knowledge of the rational approximations of the golden mean Yy,
that is some elementary properties of the Fibonacci numbers, the reader is refered to [DGJS] (§86 and 7) or
[Sa2] (§4.2).

(3.5.3) Using this lemma instead of lemma 3.4.1 in the same chain of reasonings as above, we obtain the
following improvement of theorem 3.4.6:

Theorem. Let us use the notation w. = Wy p,- For any closed subinterval [q1,q2] of ]0,2x[ there exist
positive constants o and b such that, for (ro,r) € Zy x Z3 with ro + |r| =1 or 2,

rotir|

|(84)7(05)" ASy| <bA(e"/*, /") e "5 exp(—w.(loge)e™/*)

and
1(34)™ (Bg)" (AS — nAS:) (g, b3, )] < blul? A(e"/*,£1/4)2= " exp(—w. (log £) e=1/4)

whenever (q,9) € [q1,q2] x T2, € €]0, 0], p € [—po(€), o (€)] with po(e) = b= A(e'/*,e/*) e,

Observe that the fixed width previously denoted by w, is replaced by a new width w,(loge) which
oscillates between two positive values, the new width being always larger than the constant value it previously
assumed.

(3.5.4) Moreover the upper bounds for the partial derivatives of the remainder AS — yAS; may now be
compared to the lower bounds which are available for AS7, at least when F' satisfies some further assumptions
(like in [DGJS]):

Theorem. Assume that

F(qa ¢) = (COSq - 1)f(¢1;¢2);

with an analytic function f whose Fourier coefficients satisfy the following two conditions, for some constants
K,a > 0:

i) For any k € Z2, |fi| < K e~holkl;

it) For anyn € Z, |fipm]| > ae~molk™ 1 where we denote by k™ = (=F,, Fn_1) the Fourier mode which
corresponds to the Fibonacci sequence (F,).
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Under these two assumptions, there exists a positive constant b such that, for ¢ > 0 small enough and
ro+|r|=1or 2,

_ro+ir|+1
q

max{ |(89)7°(0g)" AS1 (g, ¢5¢)] } >ble exp(—ws (loge) e 1/4).

¢eT?

Here assumption i) simply says that f is analytic in a strip of width ho and bounded on its closure.
As for assumption ii) we first recall that the Fibonacci sequence is defined by: Fo = 1, F; = 1 and
Fn = Fn-1 + Fn_s for n > 2. Assumption ii) is then a no gap condition: We preclude the possibility that
the potentially dominant mode may vanish (or even be too small). This is in the style of problem 3.5.1
except that here we can actually tell in advance which modes will dominate, because a) the dimension is 2
and b) we know all the convergents of x.

Note that the left-hand side in the above inequality does not depend on the variable ¢ because of the
invariance of AS; under Dy. The first hypothesis on the Fourier coefficients of f could be replaced by the
condition A(d,0) = cst 672072, which is slightly weaker.

Thus theorem 3.5.3 indicates a bound which is always available for the size of the Poincaré-Melnikov
approximation, and under the assumptions of theorem 3.5.4 this approximation is not “abnormally small”:
Not only the exponent is not larger than 1/4 but also the width is not larger than w,(loge)). In that case

! and the above inequalities provide a range of values of u for

/2.

one can then choose A(e'/4 e'/%) = cst e~
which pAS; is indeed the dominant part of AS: Namely this happens at least on some interval || < cste
We finally note that theorem 3.5.4 constitutes a direct generalization of one of the main results of [DGJS],
inasmuch as that paper is confined to the isochronous case.

(3.5.5) We close this paragraph with a result on the determinant of Hessian matrices, thus directly pertaining
to the analysis of the homoclinic splitting matrix. For any p,h > 0 we define again a continuous (4 log x)-
periodic function s, j of the real variable z via the formula:

$p.n(7) = Conx®? cosh((% - { % }) log x),

with the same numbers C), , and z, 5 as above (see the end of §3.5.2). We set s. = 5,/ p, and T« = Ty /2 p,-

For k €]0,1/4[, we define:
T } <1_ K}
dlogx J — '

Notice that R\ L is the union of the intervals of length 4xlogx which are centered on the solutions z of

Ln:{x€R|n§{

the equations w,(z) = C, or w,(xz) = C, cosh ligl, i.e. the minima and the maxima of w,. Notice also that:

spa) = Cpn cosh({ St Hlogx) +cosh((1- { Tt })loex) .
hence 2w, ;(z) < spp(x). According to theorem 3.5.3 the Hessian matrix of the restriction of AS to any
section {q = ¢.} is exponentially small with a width at least 2w, (loge). In fact the width can be enlarged
to s«(loge), and under the hypotheses of theorem 3.5.4 it will actually reach this value, provided at least
we exclude some intervals for the parameter € by requiring that loge € L. This yields the following result,
whose proof appears in [Sa2].

Theorem. Let g. €]0,2n[ and k €]0,1/4[. Under the assumptions of theorem 3.4.4, for € > 0 small enough
such that loge € Ly, and for p € R with |u| < cst €'3/4, the function

¢ € T2 = AS(q*7¢7M76)
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is a Morse function with exactly four distinct critical points.
The absolute value of the determinant of the Hessian matriz at any of these point is bounded from above
and from below by expressions of the form:

est | e /? exp(—s.(loge) e 1/4).

We thus get a bound from below on the size of the determinant of the splitting matrix and in fact also
on each of its two eigenvalues.

3.6. Some variants and possible generalizations

In this paragraph we list some variants and generalizations which as a rule we have not worked out.
This will be indicated and we may of course grossly underestimate the amount of work which is needed in
order to effectively realize any of the suggestions below. Some of these remarks are also relevant in the more
general framework of chapter 2, and we are actually also trying to poke here in the direction of unifying
the methods of chapters 2 and 3, as well as possibly having periodic orbits and simultaneous approximation
come more visibly into play.

The first obvious track is to question the necessity of assumptions 3.1.2, playing around with the
parameters entering Hamiltonian (x).

(3.6.1) Action dependent perturbations. The first generalization we contemplate consists in taking a per-
turbation F' which depends on (g, ¢,p,I) (possibly also on € and p, but this is inessential) and not only
n (g,¢). That is, it does not satisfy the first part of assumption 3.1.2 i); yet we still assume of course that
it can be analytically extended to some complex strip as in the second part of that same assumption. We
also assume here that the torus remains invariant after perturbation, that is we assume that the analog of
assumption 3.1.2 ii) holds true. The possibility of relaxing that assumption is briefly discussed in §3.6.2
below.
We first note that it is not difficult to extend the Hamilton-Jacobi algorithm at a formal level, as in
proposition 3.2.3. There appear more complicated terms stemming from the Taylor expansion of the function

: 1 T0 QT : 7 T
F(qa ¢7 2 s1n(q/2) + 5]7; 6‘[) = Z W(apo 8IF) (q; ¢J 2 Sln(q/2)7 0)6p 001 )

(To,T)€Z+XZi

with standard notation for the multi-integers (r! =r!...74!, 97 = 87 ...97%). The proof of the analyticity
of the generating functions S* and the study of the domains of analyticity (proposition 3.2.2 and especially
theorem 3.3.3) would then have to be rewritten, which may be quite cumbersome. At least the definition of
the characteristic vector field given above in §3.4.3 is still valid in that case.

Let us indicate the formulas which generalize those of §3.2.3 in this situation. As in §3.2.3 we use the
notation

S =S +pT*,  T*=) u"SE (g, 65e),
n>0

but the Hamilton-Jacobi equation now yields
. 1
DoT = =F(g, ¢, 2sin(g/2) + p0, T, n0sT) — 5 u[a(9T)* + (95 T)?)-

We still denote by Dy the unperturbed characteristic vector field whose inverses ET and E~ relative to Bt
and B~ were described in §3.2.3 and §3.2.4. We easily obtain the new algorithm

vn>1, S*=FE*UZ

102



Ut (g, ¢) = Uy (¢,9) = —F(q,9,2sin(g/2),0) and

Vn>1, UX, =-VE, -

Vo3

Z [a6¢5i+1.6‘¢52:2+1 + 6qsrjfl+1-aqsvj;+1]-

ni+ne=n—1

N | =

The term an-EH vanishes in the case where F' depended only on q and ¢. In the general case it is determined
by S&,...,SE as follows:

1 .
Vg, die) = > —1 (0007 F) (g, ¢, 25in(g/2), 0){dS=} 2" (g, 65 ),
(ro,r)EZLxXZ2, ro+|r|>1 0=
m€Z7_;_°+|T|,|m\:n—ro—\r|
where, for ro € Z 4, r € Zi and m € Zf+b1+‘“+bd,

+yro,r _ + + + + + +
{dS }ng = (aqsm;‘o+1 e aqsm:g+1)(6¢1 Smtl-{-l s 6¢1 Sm:} +1) s (6¢dsm’1“d+1 s 6¢d8m:3+1)7

with m™ € Z'°, m™ € Z' uniquely determined by the decomposition
T'd-

m=mgm' ...m

As in §3.2.5 we can spell out the first two orders of the algorithm. We will do that in the variable wu,
thus we introduce the functions

coshu, Ui(u,d) =—F(u,d, —2—.0).

DN =

F(u,¢,p,1) = F(qo(w),$,p, 1), Blu) = (%e)~t =

The first order approximation of S*(u, ¢;¢, ) = SF(qo(u), ¢; ¢, i) is now Sy + uSE with

+oo
E(u,bre) = — /0 O+ ¢, ¢+ 2Cw) d.

Hence the Poincaré-Melnikov integral
& oo s 1/2 2
AS (u, p;e) = Flu+¢o+e Y Cwamao)dg'

— 00

For n = 2, a direct application of the algorithm yields

S5 = B (Vi + L[a(@,55) + 57(0.55)7))

with
Vit (u, ¢) = v (u, $)8u ST (u, ¢5€) + v (u, 9).04 ST (u, ¢s¢),
7(p) (ua d)) = B(u)(apﬁ)(ua b, ﬁa O)a
YD (u, ¢) = (8rF)(u, ¢, =2, 0).

But some elementary manipulations of integrals provide more interesting formulas: one can indeed obtain a
function Ss(u, ¢; ¢, () which allows to write

+oo

~ :I:w/\ ~ A
55 (u, dre) = /0 So(u,d,0)dC,  ASa(u, ie) = / So(u, 62, 0) dC.

—0o0
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Such integral representations make it quite easy to see the exponential smallness of the oscillating part
of AS; or ASs. Here is the definition of 5’2 which generalizes the one given at the end of §3.2.5:

So(u, ¢56,¢) = X + X9 —T®9,T; (u + ¢, ¢ + e +?¢w) = TW.85U1 (u + ¢, ¢ + e/ (w),

¢
X (u, d3¢,¢) = 0T (u + (, b+ 7 H2(w) / (B(u+¢') — Bu))d,U1(u+ ¢, ¢+ e 2¢w)d(’,
0

¢
X (u, ¢3e,¢) = 83U (u+ ¢, ¢+ (w). /0 ¢ 03U (u+ (¢ +e Y2 w)d(,
¢
T'0) (u, g, () = / At ¢ p+ e M2¢w)
0

¢
D (u, ¢s¢,¢) = /0 YD (u+ ¢ p+e 2wy dl,

and B(u) = [ f?(u')du’ = §(u + #282%) (we had I'® and TD vanishing in the case where F' depended
only on (g, ¢)).

But in order to see the exponential smallness of the oscillating part of the whole difference AS = St -5,
it is again preferable to use the method of the characteristic vector field.

(3.6.2) Incorporating KAM. One can also consider the case where the invariant torus does depend on € and p,
i.e. try to relax assumption 3.1.2 ii). A KAM-type result is then needed to start with, in order to locate
an invariant hyperbolic torus whose invariant manifolds can then be studied. Whatever the value of the
twist vector a, the appendix contains the necessary KAM-type results in the case when the perturbation F
depends on the angles only, that is if assumption 3.2.2 i) remains in force. In fact, from the appendix, one
immediately determines to what extent assumption 3.1.2 i) can in turn be relaxed, that is what kind of
dependence on the action variables is permissible for the perturbation, in order for KAM theory to apply.
The answer is that one can in principle accomodate a dependence of the form F = F(q, ¢, p, I1), where I
corresponds to the nonzero components of a. This assumption is optimal; if the perturbation depends on
some action variables corresponding to vanishing components of «, the invariant torus may very well simply
cease to exist and in fact this probably generically happens, although we have not proved this assertion. One
can also consider the variant where a = a(e) and some of the components vanish for e tending to 0. The
answer, still contained in the appendix, is essentially the same.

In fact not only does one have to locate the invariant torus, but one should also obtain a localized normal
form around it with the largest possible domain of analyticity for the parametrization of the torus. This
already says that one has to use Kolmogorov’s original method, as is done in the appendix. It also says that
one has to relax assumption 3.1.2 i) simultaneously with relaxing assumption 3.1.2 ii), because (generically)
action dependent terms will appear in the perturbation after the KAM process, i.e. in the system which will
serve as a starting point in the analysis of the invariant manifolds. So the natural stable assumptions are
exactly those which we have described above. Examining Kolmogorov’s algorithm, one quickly discovers that
such is the form of the perturbation which remains stable under the successive normalizing transformations,
and this is how the statements in the appendix were discovered.

In order to go on with the method, one would have to put the torus at the origin by a symplectic change
of coordinates. Being isotropic, the invariant torus must admit a parametrization of the form

q=Q(¢;¢e,p)
b= P(¢;€7H)
I=16(e, ) — P(¢e,1)05Q(g5 6, 1) + 05 Al; €, 1)
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where § is a constant vector and @, P, A are functions on the torus. Thus one can choose new coordinates
(q*7 ¢*7p*7 I*) defined by

q=Q(¢) +4q*
¢ = o
p=P(¢) +p"

I'=6—P($)3sQ(¢) + 05A(¢) + ¢" 05 P(¢) — p"0,Q(4) + I".

Of course the change of coordinates depends on € and u, and it is symplectic since one can write for it a
generating function

We,u(q, ¢; 0%, I") = qp* + ¢.T" + qP(¢) — p*Q(p) — PQ(9) + 0.9 + A(d).

Instead of running the algorithm of §3.6.1 or the theory of the previous paragraphs in the variables
(¢*, ¢*,p*, I*), one can also keep the isotropic invariant torus where it is and look for its invariant manifolds
as non exact Lagrangian graphs:

W {p = 0,5%(q, ¢3¢, 1)
I= 6(5,/11) + 6¢Si(q7 ¢767l"’)

We only mention that this is in principle feasible, and the characteristic vector field is still defined because
the defect of exactness d is the same for both invariant manifolds (see §§1.6.4 and 1.9.2). In any event, it
transpires that realizing the variants mentioned in this subsection does actually require some hard work! We
direct the reader to [RW3] for an original use of KAM theory in this setting.

(3.6.3) Simple versus multiple resonance. We now go on to follow a different and possibly important track,
the point being that it may turn out to be quite general and geometrically significant, as the comments
below suggest. Again we will be brief and sketchy.

In the framework of Hamiltonian (x) and in a down-to-earth version it amounts to studying frequency
vectors of the form w = w(e) = (w1,/ews), where w; is an n-vector and w, is an m-vector, with 0 < m < d
and m +n = d; we thus include the case m = 0 which has been tacitly assumed hitherto. Here we
refer to the rescaled version of (x), as it appears in §3.1.3. The situation corresponds to a resonance of
multiplicity m + 1; beware again of the shift in the value of the parameter m compared to that in chapter 2,
which is due to the fact that we are staying here in the strip corresponding to the guiding resonance p =0
(using Chirikov’s terminology). Of course multiple resonances are dense on a simple resonance surface, and
the small divisors w -k deserve their name, as they correspond to the vicinity of a (at least) double resonance.
Now we assume that wy is 7-diophantine, and we are back to a situation akin to the one studied in chapter 2,
basically with the same notation; in particular w; is to satisfy precisely (5) in §2.1.4.

We will not repeat in details the remarks above about assumptions 3.1.2, many of which could be
adapted to the problem considered here, because we would like to sketch the appearance of more essential
phenomena. However we stress the extremely important point that here we are still looking at invariant tori
of dimension d = £ — 1 (not n), whereas in chapter 2 we were investigating the multiple resonance itself,
with tori of dimension n. In particular, if one has to locate the invariant tori via some KAM technique, it
is necessary here to impose a diophantine condition on the complete d-vector w. To wit, one should assume
that it is 7-diophantine for some 7 > d, i.e. it satisfies |w - k| > y+/E|k|' "7 for all k € Z?\ {0} and some
fixed v > 0 where the factor /¢ is of course indispensible. Proposition A.1.4 in the appendix (replace ¢
with d there) discusses the amount of m-vectors wy which are available, given a 71-diophantine n-vector wy .

We come to the real point of this subsection, which is to try and make the connection with the results
in chapter 2, at least at an informal level; we will offer no proof of the facts listed below. Recall that
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the homoclinic splitting matrix always has size d = £ — 1, after taking a section, whatever the multiplicity
of the resonance and thus the dimension of the torus whose invariant manifolds intersect; in other words
these are always Lagrangian, that is isotropic of maximal dimension . Now we simply contend that under
the conditions above, the splitting matrix (again after taking a section) associated to the d-torus with
frequency w = w(e) assumes exactly the same form (asymptotically as £ goes to 0) as the one displayed
in proposition 2.4.8 (with the only difference that m there is m + 1 here). In particular, one gets a block
matrix with at least n exponentially small eigenvalues, with exponents at least 1/(271). Moreover these n
eigenvalues are supplemented with m eigenvalues which generically are not exponentially small. Although
again we are looking at a simple resonance, we see that part of the splitting matrix approaches the transverse
splitting matrix for the multiple resonance we are close to, which in our case is simply given by p = I, = 0.
We insist that although this picture looks plausible and tantalizing we describe it informally without proof
and have not tried to manufacture one.

We now note that the case n = 1 (m = d—1), corresponding to a resonance of maximal multiplicity £—1,
or else to the case of unperturbed periodic orbits, is quite special. Indeed this is the only multidimensional
case in which no small divisors occur (one may take 7y = 1) and it can in fact be seen essentially as a
parametrized version of the case with just one fast frequency, namely precisely the scalar wy,. Perhaps one
should rather say that it is actually one dimensional as far as singular perturbation theory is concerned: There
is just 1 (= n) exponentially small eigenvalue, with exponent 1/2 (= 1/(271)). This all is very reminiscent of
what happens with normal forms and which prompted the introduction of simultaneous approximation. And
it would certainly be extremely interesting to study the limiting process which underlies the picture sketched
above. In the case of normal forms, the limiting process goes along with the use of the Dirichlet approximation
theorem and the reasoning is quite simple (see [L2] or [L3], p. 891) but also quite powerful, as for instance it
also extends to infinite dimensional problems (see §2.6.5 for references) where linear approximation simply
breaks down. Here the limiting process seems to be more subtle but unraveling it would be extremely
precious, making it in principle possible to simply bypass problem 3.5.1, which looks like a serious stumbling
block when ¢ > 3.

(3.6.4) In §3.4, the remainder AS — pAS; was particularly studied because of the hope that the Poincaré-
Melnikov approximation would provide the leading asymptotic behaviour. This hope materialized in §3.5,
albeit in very particular cases. However, were the first order approximation abnormally small (e.g. because
the right harmonics are lacking in the perturbation F'), we could still try our luck with the second order
approximation, or more generally look for the first finite order approximation of AS of the “right” exponen-
tially small size. The Hamilton-Jacobi algorithm in principle enables us to compute the functions S* to any
finite order with respect to g and the methods of §§3.4 and 3.5 could in principle be adapted to bound the
partial derivatives of the remainder

AS — pAS) — ... — u"AS,

at any order n. Of course this strategy in no way bypasses problem 3.5.1 and there would remain the problem
of bounding from below the derivatives of AS,, = S}t — 5.

Along this line one may also suspect that it would be better to perform a certain finite number of
normalizing steps in order to “fish out” the important dominant Fourier modes of the perturbation (see [S]
for similar ideas; see also [G1] in the case of just one fast frequency). But then why not normalize further?
And by doing so one would return to ... the symplectic method implemented in chapter 2. So this goes full
circle between the symplectic and the analytic method and it is really not clear how these could be mixed
in an efficient way.

At this point a side remark is in order, which connects to the last subsection. Assume that the per-
turbation is a trigonometric polynomial in the angle variables ¢. Then the linear approximation says that
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the exponent of —say— the determinant of the splitting matrix is equal to 1/2. Yet this is probably gener-
ically (with respect to the coefficients of the polynomial perturbation) simply wrong. The upshot is that
the prediction of the exponent via the Poincaré-Melnikov approximation is generically wrong for polynomial
perturbations except in the absence of small divisors. The last proviso concerns in particular the case n =1
discussed in §3.6.3 above, for any value of d. Then of course the predicted exponent is just 1/2 and this is
the right answer, just as in the one frequency case, i.e. the case n = d = 1.

(3.6.5) We close this section with a short comment about the recent paper [GGM1], as it fits into the
framework discussed above but with more concern about effectivity. In our notation, the paper deals with
with a subcase of Hamiltonian (x) (still in the rescaled version of §3.1.3) corresponding to d = 2, w =
(wi,eY21%0), a = (0,62%ay), with a > 0. Here the quantities wi, wy and ay are of course scalars. The
perturbation F' = F(q,¢) is supposed to be an even trigonometric polynomial. The paradigmatic cases
are a = 0 and a = 1/2. The case a = 0 features in fact a two-timescale system, as in § 3.6.3 above; the
case a = 1/2 gives its title to the paper and was introduced, as the authors remark in their §2 (remark
(1)), because it naturally arises in a simplified model from celestial mechanics. In fact there is no serious
technical difference between these two cases or with any value of @ > 0. Picking a > 0 corresponds to moving
closer to the double resonance I = p = 0, but the critical value is actually a = 0. This is nothing but the
well-known fact that resonances have natural width /z, resulting in the factor e—1/2
Hamiltonian (x) in §3.1.3.

appearing in front of

The paper discusses the determinant of the 2 x 2 splitting matrix and especially the comparison of the
linear and nonlinear values, i.e. the “justification of the Poincaré-Melnikov computation”. The isochronous
case as = 0 is studied in details, whereas the substantial modifications that are needed in the anisochronous
(but not fully nonlinear) case ay # 0 are sketched (see §7 and appendix A.2). Clearly the crux of the matter
is that we are actually in a case with just one fast frequency (n = 1), so that no small divisors can possibly
show up. This explains why the linear computation is substantially correct for a polynomial perturbation;
as for the exponent it is just equal to 1/2, unless of course the Poincaré-Melnikov integral vanishes.

For applications of the “direct” method to two-timescale systems, still with a polynomial perturbation,
we refer the interested reader to [Ga2], and to [GGM2] for the case where one lets the number of harmonics
of the trigonometric polynomial tend to infinity as & decreases.

3.7. A short historical tour and some concluding remarks

In this closing section we will again take the reader on a short historical tour, although with a purpose
and flavour which markedly differ from those of the excursion at the end of chapter 2. First the tour is
shorter, more technical and the scene is much less wide. The “splitting problems” have grown into a rather
technical and pointed subject. It can be considered either for its own sake or in connection with the general
theory of near-integrable systems (not necessarily Hamiltonian), or as a branch of singular perturbation
theory. We are in principle especially concerned with the second interpretation and have tried to present
part of the context in §2.7, although much remains of course to be said. Here we will rather take the problem
at its face value, without too much context, concentrating on the technical solutions which have emerged.
(We leave aside the so-called direct methods, for which the reader may consult the articles by G.Gallavotti
and coworkers.) This will hopefully help clarify to some extent the relations between the various available
methods and will naturally lead us to some concluding but also prospective remarks.

(3.7.1) We proceed in chronological order, unavoidably starting with H.Poincaré. In fact many, if not most
papers in the subject contain one or a few sentences quoting the Memoir on the three-body problem or
the Méthodes Nouvelles, paying due but usually rather abstract respect to their author, who is essentially
credited with having spotted the important problems. The reality is quite different and infinitely richer and
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the introductory remarks which follow are really just meant to tantalize the reader. They are also justified
because they connect quite directly with this chapter (see below). The splitting problem occurs essentially
in two places in [P], at the end of the second (resp. third) volume, both times as part of more general studies
of homoclinic and heteroclinic solutions and with a (rather implicit) view toward the three-body problem.
We will concentrate on the first passage (§§225 sqg.), which is of a more analytic nature. The second part
(Chapter XXXIII) is more geometric and contains the celebrated sentence on the impossibility of drawing
what is now called the homoclinic tangle (§397). The connection between “analysis” and “geometry” forms
the subject of the short paragraphs 401 and 402.

Right at the beginning of §225, Poincaré writes down a Hamiltonian which is the direct ancestor of ().
Only problems with one fast frequency occur in [P] in this context although of course multifrequency problems
are considered from other viewpoints. In any case the study of the problem of the “solutions doublement
asymptotiques” is restricted to the planar case. Poincaré’s model is thus essentially (x) for d = 1. He does
not assume that the unperturbed torus (i.e. periodic orbit) is invariant. To make clear the divergence of
certain series which arise in this context, he introduces two parameters ¢ and y. His model was generalized
in [A1], also switching the roles of € and p, simply because in modern notation ¢ is the paradigmatic small
parameter. Arnold’s notation was subsequently adopted. No small divisors occur in [P] because it is a one
frequency problem. Arnold was concerned with geometry and does not really consider the analytic problem.
He simply computes the linearized splitting, in which again no small divisors occur, this time because the
perturbation is polynomial. Small divisors were added in [L1], leading to (*) which is thus a very direct
descendent of Poincaré’s model.

The very next thing Poincaré does is to write down the Hamilton-Jacobi equation. This is completely
natural to him and indeed it is one of the main tools in the Méthodes Nouvelles, including naturally for
multidimensional problems. He then immediately expands the generating function in powers of £ (which
is our u) and writes down what we have called here the Hamilton-Jacobi algorithm. We have basically
followed the same notation (see §225 formula (7) and the discussion below it). Since the periodic orbit
may be shifted he adds an e-dependent constant. Poincaré is a priori interested in a “complete integral”
of the Hamilton-Jacobi equation and indeed he does study the rotation and the libration, calling them the
“ordinary cases”.

Yet he says (opening sentence of §226) that: “Le cas limite ot h = 0 présente plus d’intérét”. So he
goes on to study this “limiting case” which includes the splitting problem. He first introduces the time along
the unperturbed separatrix and calls it u; we follow his notation but he actually does it in a more general
context, namely for any energy h, with the help of elliptic integrals. Then still in §226, he extends all the
variables to complex values, somewhat implicitly though, because it is the obvious thing to do and does not
really need to be mentioned. He then performs computations with Cauchy integrals which make the splitting
appear as a residue. At the beginning of §227 he adds that this could (and will) be done in a simpler way
but that these residue computations actually show how to understand the transition from the “ordinary case
(h # 0) of libration or rotation to the “limiting case” (h = 0), which he proceeds to briefly explain using the
degeneracy of elliptic functions from doubly to simply periodic functions.

In §228 he develops the “simpler” way alluded to in §227, shows that the solutions of the Hamilton-
Jacobi equation can be formally expanded in powers of /i (our /€) but that the expansion is divergent,
because of the existence of a nonzero splitting: The two solutions of the Hamilton-Jacobi do not coincide, yet
their formal expansions do coincide and thus cannot be convergent. He then discusses the double expansions
in £ and /pu for any energy h and displays the causes of divergence i.e. what he calls the “large multipliers”.
He actually in essence proves that one is dealing with what we would call Gevrey 1 expansions, the size of
the general coefficient of the typical power series going roughly like n!.

This completes our terse summary of the analytic part of Poincaré’s study. It goes without saying that
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the “Poincaré-Melnikov” integral is not mentioned as such but occurs as a natural, if not obvious first order
computation. Of course it was even more natural to Melnikov over sixty years later (1963) and the latter
author was actually investigating different and more subtle questions.

Around 1990 one of us (P.L.) noted the wealth of actual and potential results contained in this half-
forgotten study by Poincaré, as well as the fact that it seemed to contain the germ of a resurgent (in the
sense of J .Ecalle) treatment of the problem. This was subsequently made quite tangible by another of the
authors (D.S.) in [Sal], to which we refer for further information. We simply mention that resurgence theory
is concerned with the global analytic structure of the problem and that the one frequency case seems to give
enough food for thought at the moment (see however [Sa2], Remark 3.1). At any rate that experience led us
to use the Hamilton-Jacobi formalism in the multifrequency case as well. Another ingredient of the analytic
method used in this chapter came from the next story.

(3.7.2) What we call the analytic method was invented and developed by V.F.Lazutkin, starting with [Lal].
For the sake of (somewhat more than) the anecdote one may point out that the conditions of (non) publication
of that paper seemed to be designed to ensure an absolute minimal readership. Written during the Brezhnev
era, at a time where samizdat (literally “self-publication”) was common, one may recall that in the first place
VINITI is not by any means a journal or a publishing house but an office with a view to ensure a minimal
copyright (intellectual, not commercial it goes without saying) to the authors of the manuscripts deposited
there. Next [Lal] is naturally written in Russian and has never been translated. Last but not least the paper
attacked in fact several problems at one go. The point is that the splitting problem for the standard map
is substantially more difficult than the analogous problem for —say— the rapidly forced pendulum; and for
several reasons, which are well-known. For instance it is a discrete problem and it is nontrivial to analyse
even the simplest linear difference operator (see [Lal], §6). In any case the paper was evidently confined at
first to a small circle around the author. Yet it quickly benefited from the coming historical changes and it
took only a few years for at least part of its content to filter out and around. The delay was indeed much
shorter than for e.g. N.N.Nekhoroshev’s work dating from 1970, a phenomenon which again can at least
partly be ascribed to historical circumstances. Like many seminal papers [Lal] contains some moot points,
loose ends and even some incorrect statements. It took fifteen years and quite a few papers to clarify, tie up
and correct these. We mention [LST], [La2] and [GLS] but this represents by no means a complete list. In
fact [G2] may feature the last episode in that story, and we refer the reader to that text for more information
and a bibliography.

So V.F.Lazutkin introduced the analytic method in [Lal], in the one frequency case but in a context
which is more involved than that of the continuous models which were subsequently studied. He emphasized
the simple and all important idea (which apparently does not appear in [P]...) of getting domains of ana-
lyticity which are as large as possible in order to get a good control of the functions on the real domain, via
a fairly simple lemma, of which lemma 3.4.2 is the direct descendent. This has been used in many papers
since and is the second main ingredient in this chapter. One of the important messages of resurgence theory
is that it is worth studying the analytic structure of the problems from an even more global viewpoint, but
again even the one frequency case is far from completely understood at present.

(3.7.3) The next and last paper we will briefly discuss is [HMS], which was published a few years after [Lal]
but essentially independently, despite a passing reference to [LST] as a preprint. The simplest model problem
which is studied there is the periodically forced pendulum with fast forcing frequency, which is a symplectic
but not exact system. The authors develop a variant of the analytic method, although without the help of
Lazutkin’s lemma, on Fourier coefficients. They use instead a classical iteration method in suitable Banach
spaces of analytic functions and do stress the importance of getting wide analyticity strips; the proofs are
only sketched and were apparently never fully written out by the authors but the sketch they provide is both
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sufficiently conceptual and detailed to be convincing.

The point we want to make is quite simple indeed: the paper ([HMS]) is not written from a Hamiltonian
viewpoint. And it seems this had an almost fortuitous but quite serious influence on the recent history of
the subject. That the paper is not written in a Hamiltonian context has a rather obvious cause: the authors
have certain non Hamiltonian applications in mind. They start (see their §3) from a general planar system of
differential equations, assuming only a reversibility property for convenience. They view the splitting problem
as part of singular perturbation theory, having to do with what is sometimes termed “asymptotics beyond all
orders”, and the reader will find in their §6 an interesting list of motivating problems with references, some of
which are Hamiltonian and others not; of course these are all problems with only one fast frequency (or the
like). Since the setup is not a priori Hamiltonian, the iteration method (§§3 and 4) naturally is not either. In
fact even in the framework of reqular perturbation theory it turned out to be a nontrivial and indeed rather
cumbersome task to develop general (non Hamiltonian) schemes which compute “splitting-like” quantities
order-by-order in any dimension. This is done in [HMS] in the planar case, although the emphasis there is
naturally on singular perturbation theory, via complexification of the variables and a variant of the analytic
method.

There soon followed a flowering of papers, some of which are based, more or less loosely, on the technique
inaugurated in [Lal], others on [HMS]. The point was and still is to explore all the ramifications of the one
frequency case, which is far from completely understood from a global viewpoint. One can again compare
with the linear one dimensional WKB method, whose global version (pioneered in particular by A.Voros)
gave rise to what is called “quantum resurgence”. We refer to [DS] for a survey of the story, as well as to [Sal];
both papers contain the necessary references although naturally their lists cannot possibly be exhaustive. In
fact we would like to add [EKS], which was published after [DS] and appears in [Sal] only as a preprint.

All the papers we have mentioned or hinted at until now deal with systems with only one fast frequency
and are in fact almost always planar Hamiltonian systems. Under such circumstances it does not make
very much difference whether one uses the method of [HMS] (or a variant thereof) which was designed to
accomodate non Hamiltonian systems, or a “truly” Hamiltonian method. In other words one can iterate
the variational equation without making use of the Hamilton-Jacobi equation. If the system is in fact
Hamiltonian, one simply has to manipulate two scalar quantities instead of one, but even that disappears
if one for instance assumes that the time-dependent Hamiltonian is even with respect to the time variable.
However as soon as one goes to multidimensional dimensional Hamiltonian systems, the difference becomes
enormous. Symplecticity is not just volume preservation any more; it involves a lot of symmetry! And
any insight into this symmetry is simply lost by writing out the variational equation, even for a system as
simple-looking as the one associated with Hamiltonian (x). Instead of manipulating the scalar generating
functions S*, one has to deal with vectors, which are not easily recognized as the gradients they actually are.
In fact fiery discussions flared about the possible symmetry of the splitting matrix which is now recognized as
the Hessian matrix of AS. To summarize our point again, it seems that the scheme developed in [HMS] led
many of its direct or indirect readers into the treatment of Hamiltonian problems in a non Hamiltonian way.
This was not very consequential in the one frequency case but turned out to be quite awkward as soon as
one starts studying the multifrequency (or multidimensional) case. In the present paper on the contrary, we
have tried to stay as much as possible within the Hamiltonian framework, making use of all its specificities.
An obvious negative corollary is that the present paper says nothing in the non Hamiltonian case. We also
mention as a last fact that we do not know to-date of a single study of a true singular multifrequency non
Hamiltonian system. Although this may sound like a long list of qualifying adjectives, it plainly comprises
in fact an enormous number of “natural” systems (see [LM] for the counterpart in terms of normal forms
and averaging).

(3.7.4) In this final subsection we quickly review the content of the paper, with an eye on problems and
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possible developments. Chapter 1 above is concerned with fairly general geometric problems, which means
that a large part of the description is not confined to the perturbative setting. Yet it is essentially symplectic.
We feel it useful to develop the picture beyond our immediate needs for at least two reasons. First it gives
a hopefully sound and firm geometric basis to the (Hamiltonian part of) the subject. Second it is liable to
be useful for attacking other problems. For instance, staying in the perturbative framework, the splitting
problems form only a small part of the general study of the global instability in near-integrable analytic
Hamiltonian systems. This may not even be an unavoidable ingredient, if one is able to push beyond
the original Arnold mechanism and variants thereof. Chapter 1 hopefully provides some fundations and
intuitions, including in the direction of comparing and merging geometric and variational methods.

We have found no predecessor (at least in print) for the results detailed in chapter 2, although with
hindsight the method seems to us to be a natural application of resonant normal forms to an exponentially
high order, combined with some stability statements from the perturbation theory of self-adjoint operators.
The geometric picture which emerges, as embodied especially in theorem 2.4.9, essentially fits with the cor-
responding picture coming from long time stability theory, as explained in §2.6.6. It is also quite general,
dealing essentially with any analytic near-integrable Hamiltonian system and with resonances of any multi-
plicity. One gets a bound from above for the splitting matrix in a very detailed form, i.e. for the individual
eigenvalues. This bound is probably optimal as far as the exponents are concerned. But... there seems to be
little hope to be able to actually prove this optimality by simply refining the symplectic method of chapter 2;
we briefly return to this point below.

Chapter 3 digs deeper into the analytic structure of the problem, using three main ingredients. First the
Hamilton-Jacobi equation which as we have seen looks like the natural tool to use, given the circumstances;
at least so it appeared to Poincaré a century ago. Second we use the analytic method as inaugurated in [Lal]
(and [HMS])). It is also applied in [DGJS] and [RW1] which to our knowledge are the only two papers (prior
to the present one of course) dealing with the splitting problem for multifrequency systems and confronting
of course the specific difficulty of the emerging small divisors. Yet we have seen that [DGJS] studies a very
specific isochronous problem, whereas [RW1] is not errorfree, although it may be amended for the most part
(see also [RW3]).

The setting in chapter 3 is clearly narrower than that of chapter 2, but apart from getting a better
insight into the analytic structure of the problem the main gain consists in comparing the full splitting
with the linearized splitting, as in particular in theorem 3.4.6. This required adding a third and apparently
new ingredient, namely the specific use of the characteristic vector fields. As we already pointed out, this
may depart slightly from the fully symplectic philosophy, or say lie more on the Lagrangian rather than the
Hamiltonian side.

Now in order to exploit the estimate of the difference between the full and the linearized splittings,
there remains to evaluate the latter. And this is where the prospects look rather grim. Another way to put
it is that problem 3.5.1 looks extremely hard if £ > 3. Of course such assessments do not mean much but
at any rate solving this or similar problems seems like an unavoidable prerequisite if one wants to continue
along this path. The exponents found in chapter 3 coincide with particular cases of those in chapter 2 and
to assert that these values are indeed the right ones, one simply needs a precise estimate of the linearized
splitting, which comes down to problem 3.5.1, or in fact somewhat more. In the particular case of systems
with three degrees of freedom (¢ = 3) one reduces the arithmetic to scalars. The problem can then be solved
fairly easily for the golden mean, and probably also for any quadratic irrational. We have borrowed the
solution for the golden mean from [DGJS] and used it in §3.5, leading to theorems 3.5.4 and 3.5.5, whose
statements and proofs are already quite involved. In principle §6.3 of [RW1] and [RW2] should provide the
possibility of a full treatment of the case £ = 3, producing the analogs of theorems 3.5.4 and 3.5.5, at least
for numbers of constant type. However the higher dimensional cases £ > 3 again seem to be wide open and
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not easily accessible.

Faced with this situation, we mention in closing some as yet very uncertain tracks. One could try
and unify the approaches in chapter 2 and 3, i.e. the symplectic and analytic methods. This was briefly
discussed in §3.6.4 above and may be recast in the following way: in the symplectic method, the splitting
shows through in the divergence of the sequence of normalizing transformations; in the analytic method it
manifests itself through the analytic structure, in particular that of the unperturbed homoclinic trajectory
and of the perturbative term in the Hamiltonian function. Can one understand the connection better? This
certainly sounds like an interesting program per se but it is not clear whether one will not in the end stumble
again over problem 3.5.1, as far as “evaluating the splitting” is concerned.

Another possibility (or impossibility) which was already hinted at, in particular in §3.6.3, consists in
trying to just go around the difficulty, introducing simultaneous approximation, that is considering multi-
frequency problems as limiting cases of one frequency problems. Here it is rather the problem of going to
the limit which seems quite subtle, but this strategy, which was quite successful in the study of long time
stability, at least makes it in principle possible to go around problem 3.5.1 and it is also connected with more
geometric considerations. Time will tell.
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Appendix: Invariant tori with vanishing or zero torsion

In this article we investigate not only the fully nonlinear case, but also, to some extent, mixed cases
where torsion (also called twist) is degenerate, or vanishing, i.e. goes to zero together with the appropriate
parameter. In the model Hamiltonian (x) of the introduction, this means that some components of « may be
identically zero or that o depends on a small parameter e.g. a = a(e) and some components vanish as ¢ — 0.
It turns out that under certain conditions the limit of vanishing torsion is regular, regarding in particular
the existence of invariant tori. This provides in particular a partial bridge between the isochronous and
anisochronous cases.

In this appendix we have gathered some KAM-type results covering these cases, in a way which seems
to be close to optimal (in a loose sense of the word). Results of this type were first derived by G.Gallavotti
and coworkers in a more restricted setting (cf. [Gal,2], [Ga-Ge]) using the so-called “direct methods”; here
we follow [L6]. The proofs are essentially complete in the elliptic case (§§A.1.1 through A.1.4) but we confine
ourselves to short indications in §A.1.5 concerning the routine extension to the 1-hyperbolic case. In fact,
once it is understood that these results lie fully within the range of traditional methods and indeed require
only a minor modification of the original scheme proposed by Kolmogorov, the whole toolbox of classical
KAM theory becomes available, so that dozens of variants, improvements etc. are available for free.

To get a feeling of what is happening, let us start with a trivial situation. Consider the Hamiltonian:
H(I,p) =w-I+¢ef(I,¢), with (I,$) € R x T¢ (¢ > 1). In general H generates a very nontrivial flow (and
nontrivial problems!). But assume that in addition f = f(¢) is in fact independent of I. Then writing out
the equations of the motion:

d¢ dI of
at = At T Cag

one sees that the system is trivially integrable (using one “quadrature” i.e. integration) and that all solutions
have (quasi)frequency w. Here this is not even a perturbative statement (set £ = 1) but it leads one to suspect
that there are cases when quasi-periodic solutions persist independently of the nonlinearity, and that this is
connected with the absence of action variables in the perturbation (in essence the above remark is due to
G.Gallavotti). We now move to precise statements.

(A.1.1) We start with the elliptic case i.e. the case of tori of maximal dimension. The results below follow
from a minor variation of the scheme originally proposed by A.N.Kolmogorov in [K] We basically need only
refer to [K] and its nice pedagogical elucidation in [BGGS]; we use Lie transforms as in [BGGS], as they
appear to be slightly more convenient than the canonical transform formalism of [K]. Although we will
be sketchy in the exposition, the proofs in the elliptic case below are complete, granted only [K] with the
estimates spelled out as in [BGGS].

For the convenience of the reader, we have tried to make this appendix essentially self-contained, so
that we recall first a few pieces of notation, which depart only slightly from those used in the rest of the
text. So let (I,¢) € R¢ x T¢ be the phase variables, and split £ as £ = n +m. Write (I, ér) (k = 1,2),
I=(,0) eR* xR™, ¢ = (¢1,P2) € T" x T™, and similarly for the other functions on phase space (I, @).
We use a rather concise notation for these tensorial (scalars and matrices in fact) quantities but it should
cause no ambiguities. For example, if w is a frequency and I an action, we write wl or w - I for the scalar
product of w and I; in the same vein, CI? should be read as CI - I, with C a square matrix. The first result
reads as follows:

Theorem. Consider the nearly integrable Hamiltonian:

1 1
H(I,$) = wl + 501112 + 570213 +ef(l, ) +erg(l, ),
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where € and T are real parameters. Assume that the symmetric matrices C; and Cy are invertible, that the
functions f and g are defined and analytic near I = 0, and that the vector w is diophantine.

Then for |1| <1 and |e| < gg with g9 > 0 independent of 7, there exists an invariant torus for H which
is e-close to I = 0 (uniformly in 7) and on which the flow is conjugate to the rotation with frequency w.

There are several variants of the statement which could be proved in the same way. Here f might
depend on € and g on € and 7, in which case one requires analyticity in € (but not necessarily in 7). We
do not assume that C; and Cy are diagonal, simply because it would not lead to any simplification. We
could in fact consider more generally a Hamiltonian H(I,,e,), analytic in (I, #,e) and C? in T say, and
give the appropriate conditions on its partial linearization at 7 = 0 which would lead to a seemingly more
general statement than the one above and would recover the original statement of Kolmogorov in [K] for fixed
nonzero 7. In any case, for fixed 7 # 0, this theorem is just a usual KAM-type statement. Now for 7 = 0,
one recovers the torsionfree case, and since f does not depend on I, one is dealing with the ws-quasiperiodic
perturbation of a fully nonlinear integrable Hamiltonian with n; degrees of freedom. The statement says
that the limit 7 — 0 is actually regular, although the partial torsion or twist matrix 7C5 vanishes.

Another remark is that we could consider 7 as an m-vector i.e. deal with “multiple actionscale” Hamil-
tonians, rather than the two actionscale case of the theorem. This amplification would come essentially from
a proper reading of the formulas: 7 would be an m-vector, 71, would mean componentwise multiplication
(not scalar product), 7C2I2 would mean (715 - C2I5) etc. Then we could simply identify (some of) the eigen-
values of the torsion matrix (the vector « in our basic model Hamiltonian (x)) with the torsion vector 7. For
simplicity, we will restrict to a scalar parameter 7 (which of course has nothing to do with the diophantine
exponent; we apologize for this notational clash).

As mentioned above this kind of situations was first considered by G.Gallavotti and coworkers under
the heading “twistless tori”; we prefer to call them tori with vanishing torsion or twist since the torsion is
not necessarily zero but may vanish in some limit.

(A.1.2) In order to prove theorem A.1.1, one first recasts (just as in [K]) the Hamiltonian into “Kolmogorov’s
normal form”. Indeed theorem A.1.1 is an immediate consequence of the following

Proposition. Consider the Hamiltonian:
1 1
H(I,¢) = oI + SCi(ATE + 57C2()]3 +eA(9) + eBu(@)Ts + 72Ba(D)T: + QU1 6) + TR, 6),

where w is diophantine, the averages Cy and Cs of the symmetric matrices Cy(¢) and Cy(¢) over ¢ € T¢
are invertible, A(¢) has zero average and Q (resp. R) is of order I} (resp. I®). Here all the intervening
functions are supposed to be defined and analytic in their respective arguments near I = 0. The conclusion
is the same as in theorem A.1.1.

Remark: In both the above theorem and proposition, we chose (in contrast with [K] and [BGGS]) to make
the dependence on the paramaters € and 7 explicit, simply because there are two of them, and we hope this
is typographically helpful. Yet we have dropped this dependence from the functions and we hope that the
reader will mentally restore it. In fact, since the proof is iterative, one can and needs to assume that the
functions may depend on the parameters.

As noted above, the proof of proposition A.1.2 is almost identical to its analog in [K] (and [BGGS]).
So we will be sketchy and mention only the few points of difference. First write H = H° 4+ eH' where
H' = A+ B,I, + 7By 1, is the perturbation which we want to eliminate recursively. Let x be the auxiliary
Hamiltonian (the analog of the generating function in terms of Lie series) by means of which we will perform
one step of the perturbation scheme. Here we choose (again essentially as in [K]):

x(I,9) =& o+ X(9) + V() [y + 7Y2(9) 12,
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where ¢ € R¢, the scalar function X and the vector functions Y; and Y5 (of sizes n and m respectively) have
to be determined. Note that for 7 # 0 the I;-component &, of the mean translation of the torus is a priori
of order 1 (not 7).

We perform one step of the perturbation scheme; the convergence will follow exactly as in the usual
case (cf. [BGGS] §5). Denote by L, the Liouville operator associated to a function a; that is L, (b) = {a, b}
is the Poisson bracket of a with a function b. We modify H by taking the time e of the flow of x; so we
get the new Hamiltonian H' = exp(eL,)H and as usual we have to pick x so as to make the perturbative
term smaller. We keep the same names for the variables when referring to H' (this is one of the convenient
features of Lie series; see e.g. [BGGS] §3.1) but the new functions will get “primed” names (A becomes A’
etc.). Again here we closely follow §4 of [BGGS] which completely develops a few lines from [K].

The function x is determined by solving the “homological equation”, namely here by requiring that:

H' + {x,H} = cst + O(I}) + 7O(I?).

So we compute the left-hand-side:

Huﬁmﬂﬂz—aw—w%§+Aw)
L [Bi(9) - @@+f§ %%
0X oY,

[Ba(6) = Ca(@)(& + 5-) — w1l + O(IF) +7O(I?)

¢2
Here one should be a little careful when unravelling the notation. the keypoint is that in the last two lines,
which essentially duplicate the usual result, one gets the partial ¢-gradients of the scalar function X (¢) but
the total gradients of the vector functions Y;(¢) and Y2(¢).

The system to be solved reads:

w8¢ = A(¢
8Y1_ 1

)
(6) = Ci(9)(6 + £5)
WD = By(6) - Co(é)(o + B3

The reader may want to contemplate this system for a minute, as its solvability is the keypoint of the whole
thing. The rest goes through “as usual” and again scores of variants and improvements are then available
on the market.

The first equation is the same as usual and can be solved because A(¢) has zero average and w is
diophantine. The last two equations are identical and indeed exactly duplicate the usual one (see [K] or eq.
(4.14) in [BGGS]). So they can be solved for the appropriate (and unique) choice of £ = (&1, &), because the
averages of C1(¢) and C2(¢) are invertible, and using again the fact that w is diophantine. Moreover, the
estimates on &, X, Y7 and Y, are clearly the same as usual, and for good reasons.

This essentially finishes the proof. We mention for completeness the last insignificant departure from
the usual scheme that needs be brought in the evaluation of the remainder H' — H — {x, H°}. To this end,
one has simply to estimate {x, H'} and {x, {x, H}} (second order Taylor expansion; see [BGGS] §3.1). The
minor point we want to make is that the 7-independent and the 7-dependent terms should not be lumped
together. More precisely, one starts with estimates for A, B; and By and wishes to derive similar estimates
for A', B} and B). As mentioned above, one first gets estimates for &, X, Y7 and Y5, the exact same as
usual. Now decompose H! and x as H* = H} + TH{, x = xo +Tx1, with H} = BsI, and x1 = Y21; each of
H}, H{, xo and x; has thus already been estimated. It is now immediate to separately estimate the order
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0 (w.r.t. 7) and order 1 parts of {x, H'} and {x, {x, H}}. Here H can be left as is and one does not even
have to expand; just count the number of terms. This is a minor point, and the rest literally follows the
standard case, finishing the proof of proposition A.1.2 and thus of theorem A.1.1. O

We add some brief remarks on well-known issues, namely nondegeneracy conditions, arithmetical condi-
tions and smoothness conditions. These would also essentially apply to the hyperbolic case discussed below
although most of them have not been implemented in literature, outside the case of tori of maximal dimen-
sion. Concerning the first of these topics, we required here that C; and C5 be invertible, which is a condition
on the second order jet of the unperturbed Hamiltonian. This can be considerably weakened, as in particu-
lar the work of H.Riissmann demonstrates (see [R1,3]). In order to apply the results in the present setting,
consider again a Hamiltonian H (I, ¢,e,7) which is nearly integrable (and integrated), i.e. H(I,¢,0,7) is
actually ¢-independent. The nondegeneracy conditions will then be imposed on the ¢-independent functions
H(I1,$,0,0) and 0H/O7(I,$,0,0). Above we simply considered the Hessian matrices of these two functions.
Coming to the question of the arithmetical conditions, one could probably prove the above under Bruno’s
arithmetic condition with no less and no more efforts than are required in the usual case (see [R2,3]). As for
smoothness conditions, the usual remarks are in order and theorem A.1.1 and proposition A.1.2 (probably)
hold for data of class C" with r large enough.

(A.1.3) It should be noted that theorem A.1.1 has been stated in a somewhat particular setting, as mentioned
after the statement, simply for the sake of simplicity. But proposition A.1.2 is stated in a general way, which
means that it exactly parallels the corresponding statement in [K] (c¢f. §2 in [BGGS]). As a consequence
it immediately proves KAM-type results in a general setting. Let us quote one important example with
identically zero torsion, namely that of the quasiperiodic perturbation of a fully nonlinear Hamiltonian. We
have the following statement:

Theorem. Consider the nonautonomous Hamiltonian:

where:
i) (I,¢) e R* xT™ (n>1), w € R™ is diophantine;
ii) The perturbation f is a real function on R x T¢, £ = m + n, and the whole Hamiltonian H is analytic
over D x T¢ with D some domain in I-space;
iii) The twist matriz 8°h/0I? is nondegenerate over D.
Then as € — O there is a set of invariant tori of asymptotically full measure in D x T™. O

The conclusion of this theorem is stated somewhat informally and incompletely but it is actually the
same as in the usual KAM-type statements. The invariant tori are close to the unperturbed ones, the flow on
them is conjugate to a rotation etc. This result is an immediate consequence of proposition A.1.2 with 7 =0
and the reduction to that statement is as in [K]. Indeed one of the main technical inputs in Kolmorogov’s
paper consists in this normal form localized near a torus, now known as “Kolmogorov’s normal form”.

(A.1.4) Perhaps the reader said: but... because there remains in fact one moot point, namely the existence
of many diophantine vectors of the sort we need, so that in particular we do get a set of tori of asymptotically
full measure, as asserted in the theorem. This is a point which is specific to the case with identically zero
torsion and which does require a little arithmetic study, as we proceed to explain.

What we need to prove goes as follows. We are given a fixed m-dimensional diophantine vector w and we
wish to estimate the measure in (the unit cube of) R™ of the vectors w’ such that the concatenation (w,w’)
is a diophantine £-vector. The answer is given in the following proposition, which although comparatively
elementary, does not seem to appear in the literature on diophantine approximation. It is a pleasure to
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thank V.Bernik for help with the proof of this proposition which gives quantitative information on the
relative measure of the invariant tori in theorem A.1.3 above and other similar statements.

We start afresh with a slightly different notation for convenience. So let & € R™ be a fixed 71 -diophantine
m-vector, more precisely: |a -a| > pla|'=™ for a € Z™\ {0} and some p > 0, 71 > £. Here and below, we
use the supnorm, as is usual in approximation theory. Namely we put |a| = sup; |a;|, where the a; are the
components of a. Let n > 1 be a positive integer, and write £ = m + n. We now have the following

Proposition. Let a € R™ be 71 -diophantine in the sense recalled above, and let T be real with ™ > 179 =
sup(¢,71). Let B € R* and write v = (a, 3). Then for Lebesgue almost all 3, the inequality |y - ¢| < |c|*~™
has only a finite number of solutions in integer vectors c € Z™.

Thus the set of points B such that v = (a, 8) is a T-diophantine £-vector has full measure in R™.

The second part of the statement is an immediate consequence of the first. The proof of the first part
refines the classical proof in the m = 0 case. We write ¢ = (a,b) with a € Z™, b € Z™, so that y-¢c = a-a+-b
and |c| = sup(|al, |b]). Let B(a,7) be the set of vectors 3 such that |y-¢c| < |c['~7 has an infinite number of
solutions; we want to show that B(a,7) has measure 0. Let us refine B(a,7) into B(a,7,5,k) (1 < j <m,
1 < k < n): by definition, the latter set contains the points 8 such that the inequality above has infinitely
many solutions ¢ = (a,b) with |a| = |a;| and |b] = |bk|. In other words over B(a,T,j,k), a; (resp. b) is the
largest component of a (resp. b). Now the —overlapping— mn sets B(a, T, j, k) cover B(a, 7) and it is enough
to prove that B(a,T,j, k) has Lebesgue measure 0. We may and will also restrict to the points § lying in
the unit ball of R™.

We will now compute the asymptotic volume of the slices inside the unit ball of R™ corresponding to
the fullfilment of the inequality |y - c| < |¢['~" for elements of B(a,T,j, k). First given positive integers u
and v, let S(u,v) denote the “sphere” in Z* of the elements ¢ = (a,b) with |a| = u, |b| = v. Let us restrict
attention to B(a,T,j, k) N S(u,v) for some given pair (u,v). Because 7 > 7 this set is empty if v = 0 and
u is large enough (or equivalently |c| is large enough) as we may and will assume, being in fact interested
in asymptotic properties. So we may divide both sides of the inequality |a-a+ 8-b| < |c|'~" by v = |b|.
The set of 3 in the unit ball of R” satisfying this inequality is now seen to have measure bounded above by
2|c[*=7|b|7! = 2w'~Tv~! where w = sup(u,v). As u and v tend to infinity, the number of points in S(u,v)
grows like u™~1v"~1. So asymptotically in u, v the number of elements in B(a, T, j, k) N S(u,v) grows (up
to a multiplicative constant) like w!~7u™1o"~2 < w~"+¢~2_ Since we picked 7 > £, the double series of
the measures of the sets B(a, 7, j, k) NS(u,v) converges, as u and v run through the positive integers (recall
that w = sup(u,v)). An element of B(a,T,j,k) belongs to infinitely many sets B(a, T,5,k) N S(u,v) (in
probabilistic terms, we are dealing with a “tail event”). Since the sum of the measures of these sets is finite,
the measure of B(a, T, j, k) is zero by the Borel-Cantelli lemma. O

(A.1.5) We finally briefly turn to the hyperbolic situation; we state and sketch the proof of the 1-hyperbolic
version of theorem A.1.1, because in particular that is what is needed to deal with Hamiltonian (x). So the
theorem below makes it possible to adapt some results about splitting to the case of vanishing torsion, by
first detecting the appropriate tori and their invariant manifolds. It thus provides a natural bridge between
isochronous and nonisochronous problems. Clearly many variants are again possible.

We repeat again the notation in this case, which is slightly different from that in the body of the paper as
we partly follow that of the references we quote. We now have phase variables (I, ¢, s, u) with (I, ¢) € R® xT"
and (s,u) € R? describing the hyperbolic part of the motion; coming back to Hamiltonian (*), they are given
by integrating the (p,q) pendulum near the origin. We are focusing near an unperturbed n-torus 7o given
by I = s = u = 0, with frequency w, and attending stable (resp. unstable) invariant manifold WSF (resp.
W, ) with equation I = u =0 (resp. I = s = 0). We denote by A > 0 the positive eigenvalue corresponding
to the hyperbolic directions. The statement now reads as follows:
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Theorem. Consider the near-integrable Hamiltonian:

1 1
H(I,$,s,u) =wl+ 501112 + 576‘2122 + +dsu+ef(l1,d,s,u) +erg(l, P, s,u),

where € and T are real parameters. Assume that the symmetric matrices C; and Cy are invertible, that the
functions f and g are defined and analytic near I = s = u = 0, and that the vector w is diophantine.

Then for |T| <1 and |e|] < o with €0 > 0 independent of 7, there exists an invariant torus T for H
which is e-close to To (again independently of 7) and on which the flow is conjugate to the rotation with
frequency w. Moreover T has analytic invariant manifolds W which are perturbations of W(]‘L and on which
the flow is integrable.

Again the conclusion is stated slightly informally and reads in fact just as the usual hyperbolic KAM
statements. Here the setting is the same as in [Gr], except of course for the introduction of the torsion pa-
rameter 7. We refer to that paper for more details and precisions on the situation at hand. The proof follows
[Gr] and we will be content with giving some indications. Other proofs of similar KAM-type theorems have
been given in the partially hyperbolic situation, and one can also take advantage of further improvements,
as are to be found e.g. in [Ni3]. The adaptation should be routine, although often tedious and quite cum-
bersome to write up in details. But one can indeed say that the real point of interest hitherto is embodied
in theorem A.1.1 and that the passage to the hyperbolic situation is innocuous. Returning to [Gr] and
some indications on the proof, we first observe that we need only worry about the persistence of the torus:
theorems 5 and 6 in [Gr] then guarantee the claims about the persistence of the invariant manifolds and the
motion on them (which is a hyperbolic, rather than a symplectic phenomenon). Concerning the existence of
the torus, the proof in [Gr] is quite similar to that in [K], although this is not completely immediate upon
reading the statements. Indeed theorem 4 of [Gr] states the persistence of the torus but does not explicitly
imply the existence of a normalizing transformation converging in a neighbourhood of the torus in phase
space. Yet this is is what one really gets, as stated in the italicized statement at the very end of section 2
as an “alternate formulation of theorem 4”. Now in order to prove the theorem, it is enough to modify the
first four pages of section 3 in [Gr], exactly in the same way as we modified [K] for proving theorem A.1.1.
Using again Lie series or canonical transformations as in [Gr], one has to write the auxiliary Hamiltonian
just as for x above, introducing 7 in the formula (4) on p.32 of [Gr]. One then gets a homological system
which duplicates the system (5)-(10) in [Gr], and reduces to the one we wrote above for x when forgetting
about the hyperbolic variables s, u. The system and the estimates for its solutions are quite cumbersome
to write down in details, but they completely parallel [Gr] with the same modifications as in the proof of
theorem A.1.1.

We note that the statement above does not immediately apply to Hamiltonian () as it describes the
a priori unstable case, whereas in (), A = /¢ is small. So instead of [Gr] one has to resort to [T1], which
describes how to adapt the scheme in [Gr] to the a priori stable case (yet a form of degeneracy), taking for
instance p polynomial w.r.t. to € in Hamiltonian (x). This further modification does not affect the reasoning
about tori with vanishing or zero torsion, so that we do not detail it here.

118



References

[A1]

[A2]

[AG]
[AL]
[Ba]

[BG]

V.I.Arnold, Instability of dynamical systems with several degrees of freedom, Soviet Math. Doklady
5 (1964), 581-585.

V.I.Arnold, From Hilbert’s superposition problem to dynamical systems, in The Arnoldfest. Pro-
ceedings of a conference in Honour of V.I.Arnold for his Siztieth Birthday, E.Bierstone et al. eds.,
Fields Institute Communications Series 24, AMS Publ., 1999.

V.I.Arnold, A.B.Givental, Symplectic Geometry, Encyclopedia of the Mathematical Sciences, Dy-
namical Systems 4, Springer Verlag, 1990.

M.Audin, J.Lafontaine, Holomorphic curves in symplectic geometry, Prog. in Math 117, Birkhduser,
1994.

D.Bambusi, Nekhoroshev theorem for small amplitude solutions in nonlinear Schrédinger equations,
Math. Z. 130 (1999), 345-387.

D.Bambusi, A.Giorgilli, Exponential stability of states close to resonance in infinite dimensional
Hamiltonian systems, J. Stat. Phys. 71 (1993), 569-606.

[BGG1] G.Benettin, L.Galgani, A.Giorgilli, A proof of Nekhoroshev’s theorem for the stability times in nearly

integrable Hamiltonian systems, Celestial Mechanics 37 (1985), 1-25.

[BGG2] G.Benettin, L.Galgani, A.Giorgilli, Boltzmann’s ultraviolet cutoff and Nekhoroshev’s theorem, Na-

ture 311 (1984), 444-445.

[BGGS] G.Benettin, L.Galgani, A.Giorgilli, J.-M.Strelcyn, A proof of Kolmogorov’s theorem on invariant

[B]
[Bel]

[Be2]
[Be3]

[Ber4]
[Boll]

[CV1]
[CV2]

[CS]

tori etc., Il Nuovo Cimento 79 B (1984), 201-223.

P.Bernard, Perturbation d’un Hamiltonien partiellement hyperbolique, CRAS 323 (1996), 189-194.
U.Bessi, An approach to Arnold diffusion through the calculus of variations, Nonlinear Analysis
T.M.A. 26 (1996), 1115-1135.

U.Bessi, Arnold’s example with three rotators, Nonlinearity 10 (1997), 763-781.

U.Bessi, An analytic counterexample to the KAM theorem, Ergodic Theory Dynam. Systems 20
(2000), 317-333.

U.Bessi, A A-lemma for transition tori, Preprint, 1999.

S.V.Bolotin, Homoclinic orbits to invariant tori of Hamiltonian systems, AMS Transl. 168 (1995),
21-90.

S.V.Bolotin, Homoclinic trajectories of invariant sets of Hamiltonian systems, Nonlinear Diff. Eq.
and Appl. 4 (1997), 359-389.

S.V.Bolotin, D.V.Treschev, Unbounded growth of energy in nonautonomous Hamiltonian systems.
Nonlinearity 12 (1999), 365-388.

J.-B.Bost, Tores invariants des systémes dynamiques hamiltoniens, Astérisque 133—134 (1986), 113—
157.

L.Chierchia and G.Gallavotti, Drift and diffusion in phase space, Annales de I'THP, Section Physique
Théorique 60 (1994), 1-144; see also the Erratum in vol. 68 (1998), 135.

B.V.Chirikov, A universal instability of many-dimensional oscillator systems, Phys. Reports 52
(1979), 263-379.

B.V.Chirikov and V.V.Vecheslavov, KAM Integrability, in Analysis, et cetera, P.Rabinowitz and
E.Zehnder eds., 219-236, Academic Press, 1990.

B.V.Chirikov and V.V.Vecheslavov, How fast is Arnold diffusion?, in Proceedings of the ICFA Beam
Dynamics Workshop, Novossibirsk, 1989, 39-58.

K.Cieliebak and E.Séré, Pseudo-holomorphic curves and multiplicity of homoclinic orbits, Duke
Math. J. 77 (1995), 483-518.

119



[Cr1]
[Cr2]

[DGJS]
[DG1]

[DG2]

[Gal]
[Ga2)

J.Cresson, Symbolic dynamics and Arnold diffusion, Preprint Université de Besancon, 1998.
J.Cresson, Conjecture de Chirikov et optimalité des exposants de stabilité du théoréme de Nekhoro-
chev, Preprint Université de Besangon, 1998.

A Delshams, V.Gelfreich, A.Jorba and T.M.Seara, Exponentially small splitting of separatrices under
fast quasi-periodic forcing, Commun. in Math. Phys. 189 (1997), 35-71 .

A .Delshams and P.Gutiérrez, Homoclinic orbits to invariant tori in Hamiltonian systems, in Multiple-
Time-Scale Dynamical Systems, C.Jones et al. eds., IMA Vol. in Math. and its Appl., Springer, 1998.
A Delshams and P.Gutiérrez, Splitting potential and the Poincaré-Melnikov method for whiskered
tori in Hamiltonian systems, J. Nonlinear Sci. 10 (2000), 433-476.

A Delshams and T.M.Seara, An asymptotic expression for the splitting of separatrices of the rapidly
forced pendulum, Commun. Math. Phys. 150 (1992), 433-463.

L.H.Eliasson, Biasymptotic solutions of perturbed integrable Hamiltonian systems, Bull. Soc. Bras.
Mat. 25 (1994), 57-76.

J.A Ellison, M.Kummer and A.W.Sdenz, Transcendentally small transversality in the rapidly forced
pendulum, J. Dyn. Diff. Eq. 5 (1993), 241-277.

A.Fathi, Orbites hétéroclines et ensembles de Peierls, CRAS 326 (1998), 1213-1216.

F.Fasso, Lie series method for vector fields and Hamiltonian perturbation theory, ZAMP 41 (1990),
843-864.

G.Gallavotti, Twistless KAM tori, Commun. in Math. Phys. 164 (1994), 145-156.

G.Gallavotti, Twistless KAM tori, quasi flat homoclinic intersections, and other cancellations in the
perturbation series of certain completely integrable systems; a review, Rev. Math. Phys. 6 (1994),
343-411.

[Ga-Ge] G.Gallavotti and G.Gentile, Majorant series convergence for twistless KAM tori, Ergod. Th. and

Dynam. Sys. 15 (1995), 857-869.

[GGM1]G.Gallavotti, G.Gentile and V.Mastropietro, Separatrix splitting for systems with three timescales,

Commun. Math. Phys. 202 (1999), 197-236.

[GGM2]G.Gallavotti, G.Gentile and V.Mastropietro, Melnikov’s approximation dominance. Some examples,

[G1]
[G2]

Rev. Math. Phys. 11 (1999), 451-461.

V.G.Gelfreich, Reference systems for splitting of separatrices, Nonlinearity 10 (1997), 175-193.
V.G.Gelfreich, A proof of the exponentially small transversality of the separatrices for the standard
map, Commun. Math. Phys. 201 (1999), 155-216.

V.Gelfreich, V.F.Lazutkin and N.V.Svanidze, A refined formula for the separatrix splitting for the
standard map, Physica D 71 (1994), 82-101.

S.M.Graff, On the conservation of hyperbolic invariant tori for Hamiltonian systems, J. of Diff. Eq.
15 (1974), 1-69.

V. Guillemin, S. Sternberg, Symplectic techniques in physics, Cambridge University Press, 1984.
B.Hasselblatt, A.Katok, Introduction to the modern theory of dynamical systems, Cambridge Uni-
versity Press (1995).

M.Herman On the dynamics on Lagrangian tori invariant by symplectic diffeomorphisms, in Progress
in variational methods etc., 92-112, Longman Sci. Tech., Harlow, 1992.

M.Herman, Inégalités a priori pour des tores Lagrangiens invariants par des difféomorphismes sym-
plectiques, Publ. Math. THES 70 (1989), 47-101.

M.W.Hirsch, C.C.Pugh, M. Shub, Invariant manifolds, LN in Maths. 583, Springer Verlag, 1977.
P.Holmes, J.Marsden and J.Scheurle, Exponentially small splittings of separatrices with applications
to KAM theory and degenerate bifurcations, Contemporary Math. 81 (1988), 213-244.

120



A.N.Kolmogorov, On the preservation of conditionally periodic motions, Doklady AN 98 (1954),
527-530. Reprinted in Selected works of A.N.Kolmogorov. Volume I: Mathematics and Mechanics,
V.M.Tikhomirov ed., Kluwer Acad. Publ., 1991.

V.F.Lazutkin, Splitting of the separatrices of Chirikov’s standard map, Preprint VINITI No. 6372-84
(in Russian), 1984.

V.F.Lazutkin, An analytic integral along the separatrix of the semistandard map, St Petersburg
Math. J. 4 (1993), 721-748.

V.F.Lazutkin, I.G.Schahmannski and M.B.Tabanov, Splitting of separatrices for standard and semi-
standard mappings, Physica D 40 (1989), 235-248.

P. Lieberman and C.-M. Marle, Symplectic geometry and analytical mechanics, D. Reidel Pub., 1987.
P.Lochak, Effective speed of Arnold diffusion and small denominators, Physics Letters A 143 (1990),
39-42.

P.Lochak, Canonical perturbation theory via simultaneous approximation, Russian Math. Surveys
47 (1992), 57-133.

P.Lochak, Hamiltonian perturbation theory: periodic orbits, resonances and intermittency, Nonlin-
earity 6 (1993), 885-904.

P.Lochak, Arnold diffusion: a compendium of remarks and questions, in Hamiltonian systems with
three or more degrees of freedom, C.Simoé ed., Kluwer Acad. Publ., 1999, 168-183.

P.Lochak, Stability of Hamiltonian systems over exponentially long times: the near-linear case, in
Hamiltonian Dynamical Sytems: History, Theory and Applications, IMA Volumes in Math. and
Appl. 63, Springer Verlag, H.S. Dumas, K.R. Mayer and D.S. Schmidt eds., 1995, 221-229.
P.Lochak, Tores invariants & torsion évanescente, CRAS 327 (1998), 833-836.

P.Lochak and C.Meunier, Multiphase averaging for classical systems, Appl. Math. Sciences Series
72, Springer Verlag, 1988.

J.-P.Marco, Transition le long des chaines de tores invariants pour les systémes hamiltoniens analy-
tiques, Ann. Inst. Poincaré 64 (1996), 205-252.

J.-P.Marco, Dynamics in the vicinity of double resonances, Proceedings of the 4th Catalan Days of
Applied Math., C.Garcia et al. eds., 1998.

J.-P.Marco, Dynamics in the neighborhood of hyperbolic manifolds, in preparation.

D.Mc Duff, D.Salamon, Introduction to symplectic topology, Oxford University Press, 1995.
N.N.Nekhoroshev, An exponential estimate for the time of stability of nearly integrable Hamiltonian
systems, Russian Math. Surveys 32 (1977), 1-65.

L.Niederman, Stability over exponentially long times in the planetary problem, Nonlinearity 9
(1996), 1703-1751.

L.Niederman, Nonlinear stability around an elliptic equilibrium point in a Hamiltonian system,
Nonlinearity 11 (1998), 1465-1479.

L.Niederman, Dynamics around a chain of simple resonant tori in nearly integrable Hamiltonian
sytems, J. of Diff. Eq. (1999).

H.Poincaré, Méthodes nouvelles de 1la mécanique céleste, 3 Volumes, Gauthier Villars, 1892, 1893,
1899.

J.Poschel, Nekhoroshev estimates for quasi-convex Hamiltonian sytems, Math. Z. 213 (1993), 187—
216.

J.Poschel, On Nekhoroshev estimates at an elliptic equilibrium, Internat. Math. Res. Notices 4
(1999), 203-215.

J.Poschel, Nekhoroshev estimates for a nonlinear Schrédinger equation and a theorem by Bambusi,
Nonlinearity 12 (1999), 1587-1600.

121



[RS]
[RW1]

[RW2]

[RW3]
[R1]

[R2]
[R3]
[Sal]
[Sa2]

[ST]

[St]
[T1]
[T2]

[T3]

M.Reed and B.Simon, Methods of Modern Mathematical Physics, 4 volumes, Academic Press, 1978.
M.Rudnev and S.Wiggins, Existence of exponentially small separatrix splittings and homoclinic
connections between whiskered tori in weakly hyperbolic near-integrable Hamiltonian systems, Phys.
D 114 (1998), 3-80; see also the erratum in Phys. D 145 (2000), 349-354.

M.Rudnev and S.Wiggins, On the dominant Fourier modes in the series associated with separatrix
splitting for an a priori stable, three degree-of-freedom Hamiltonian system, in The Arnoldfest.
Proceedings of a conference in Honour of V.I.Arnold for his Siztieth Birthday, E.Bierstone et al.
eds., Fields Institute Communications Series 24, AMS Publ., 1999.

M.Rudnev and S.Wiggins, On a homoclinic splitting problem, Regular and Chaotic Dynamics (2000).
H.Rissmann, Nondegeneracy in the perturbation theory of integrable dynamical systems, in Stochas-
tics, algebra and analysis in classical and quantum systems, 211-223, Kluwer Acad. Publ., 1990.
H.Riissmann, On the frequencies of quasi-periodic solutions of analytic nearly integrable Hamiltonian
systems, in Seminar on Dynamical Systems, Progr. Nonlinear Diff. Eq. Appl. 12, Birkhiuser, 1994.
H.Riissmann, Invariant tori in the perturbation theory of weakly nondegenerate integrable Hamil-
tonian systems, Preprint Universitit Mainz, 1998.

D.Sauzin, Résurgence paramétrique et exponentielle petitesse de 1’écart des séparatrices du pendule
rapidement forcé, Annales de I'Institut Fourier 45 (1995), 453-511.

D.Sauzin, A new method for measuring the splitting of invariant manifolds, Ann. Scient. Ec. Norm.
Sup. 34 (2001), 159-221.

L.P.Shilnikov, D.V.Turaev, Hamiltonian systems with homoclinic saddle curves, Soviet Math. Dokl.
39 (1989), 165-168.

C.Sim¢, Averaging under fast quasiperiodic forcing, in Hamiltonian mechanics: integrability and
chaotic behaviour, vol. 331 of NATO Adv. Sci. Inst. Ser. B Phys., Plenum, 1994, 13-34.
K.H.Strobel, Multibump solutions for a class of periodic Hamiltonian systems, PhD Thesis, Univer-
sity of Wisconsin, 1994.

D.V.Treshchév, A mechanism for the destruction of resonance tori in Hamiltonian systems, Math.
USSR-Sbornik 68 (1991), 181-203.

D.V.Treschev, Hyperbolic tori and asymptotic surfaces in Hamiltonian systems, Russian J. Math.
Phys. 2 (1994), 93-110.

D.V.Treshchév. Splitting of separatrices from the point of view of symplectic geometry, Math. Notes
61 (1997), 744-757.

S.Wiggins, Normally hyperbolic invariant manifolds in dynamical systems, Appl. Math. Sciences
Series 105, Springer Verlag, 1994.

J.-C.Yoccoz, Travaux de Herman sur les tores invariants, Séminaire Bourbaki 754, Astérisque 201—
203, 143-165, 1992.

J.-C.Yoccoz, Introduction to hyperbolic dynamics, in Real and complex dynamical systems, 265291,
Kluwer Acad. Publ., 1995.

122



