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Abstract. In this article we interpret the relations defining the Grothendieck—
Teichmiiller group GT as cocycle relations for certain non-commutative co-
homology sets, which we compute using a result due to Brown, Serre and
Scheiderer. This interpretation allows us to give a new description of the ele-
ments of GT , as well as a new proof of the Drinfel’d-Thara theorem stating that
GT contains the absolute Galois group Gal(Q/Q). From the same methods we
deduce other properties of GT analogous to known properties of Gal(Q/@Q),
such as the self-centralizing of the complex conjugation element.

1. Introduction

Let F> denote the profinite completion of the free group on two generators,
topologically generated by x and y. Set z = (xy)~!. Let 6,w and 1 denote
the three automorphisms of £ defined as follows on x and y: 6(x) = y and
8(y) =x wx)=yand o(y)=2z; x)=x""and 1(y) =y~

For n = 2, let B, be the Artin braid group generated by o,,...,0,—]
with the relations 0;6,,0; = 616,01 and g,6; = g;0; whenever |i — j| = 2.
There is a surjection B, — S, onto the group of permutations on n letters,
obtained by quotienting B, by the 62. Let K, be the kernel of this surjection;
then K, is generated by the elements

-1 -1

i+1" 0

Xijj =0j—1-"" 6i+10'120'
for 12i<j<n We define x; =1 and x; =x; for 1 <j<i<n Let
M(0,n), the mapping class group, be the quotient of B, by the two relations
Op—1---0%---0p—y =1and (g,—1 ---61)" = 1, and let K(0,n) be the image of
K, in this quotient. Conjugation by the elements (6,—;---01) € M(0,n) for
1 £i £ n—1 induces automorphisms of K(0,n) which extend to the profi-
nite completion K(0,n) (throughout this article, “conjugation of x by «” means
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axo~!). Let p denote the automorphism of K(0,5) given by conjugation by the
element (04030,01)%. K(0,5) is generated by the five elements x;2,x73, X34, Xas
and xs,, satisfying the five conditions stating that the x; ;;; with disjoint indices
mod 5 commute, as well as the important pentagon relation

B S T B
Xs51Xy3 X12X34 X23X45 X34X5) XasXyp; =1 (1)

(see Sect.2 for more on presentations of K(0,5)). The action of p on these
generators is given by p(x;;+1) = Xi43,i+4 (with indices mod 5).

Let us now recall the definition of the Grothendieck—Teichmiiller group
GT defined by Drinfel’d (cf [D]). Let Z denote the profinite completion of
Z. There is an injection of £, — K(0,5) glven by x + xj3 and y — xj3; for
every | € F,, we write f for its 1mage in K(O 5) under this injection. Let F2
denote the derived subgroup of F3, in the topological sense.

Definition. Let Q be the monoid of pairs (A, f) € Z* x Fz', satisfying the
three following relations, the first two of which take place in Fy and the third
in K(0,5):

D 8(NHf =1

(D) *(fx™o(fx™)fx™ = 1, where m = %(l —1).
) p* (NN NeH)f = 1.

Remark. This definition is the same as the one given by Drinfel’d [D].
Let us briefly recall his notation. For every f € F, and a,b in a finite
or profinite group G, write f(a,b) for the image of f by the homomor-
phism F; — G sending x to @ and y to b. In particular, under the identity
we have f = f(x, y); this notation is not to be interpreted as a substitution of
variables in f, but as the images of f under various homomorphisms. The three
relations (with (III) in its modified form due to lhara, see [I1]) are generally
written as (I) f(y,x)f(x,y) = 1; (II) f(z,x)z"f(y,2)y" f(x, y)x™ = 1 (with
z=(xy)"") and (II1) f(x3a,Xas)f (Xs1,%12) f (X23,%34) f (a5, %51 ) f (X12,%23) = 1,
which are equivalent to the forms given in our definition.
The set GT' forms a monoid under the multiplication given by:

(A f &% )19 2)) = s f (5, 9)9C% F )™V ). (@)

This pecullar multiplication law becomes easier to understand when the ele-
ments of GT are interpreted as endomorphisms of £ via x +— x4, y — f71yAf:
it simply expresses the composition. In other words, if F is the endomor-
phism associated to the pair (4, /), then the multiplication law. can be written
(4 ) g) = (Ay, fF(g)). As for the fact that this law really defines a monoid,
i.e. that the product of two pairs still satisfies relations (I), (II) and (III), it
is not at all obvious, but can be deduced from the interpretation of GT as
endomorphisms of higher braid groups (cf. appggdix of [IM], or [LS]). Define
GT to be the group of invertible elements of GT.

The first theorem we state is a well-known result, proved by Drinfel’d and
Ihara (cf. [D], [I1], {12]).
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Theorem 1. Gal(Q/Q) injects into GT , With the element (—1,1) as the image
of complex conjugation.

Thara’s proof of this theorem involves associating to each o € Gal(Q/Q)
a pair (A4, f5) € Z* x Fz, showing that this pair actually lies in GT i.e. satis-
fies relations (1), (II) and (III), obtaining a group homomorphism Gal(Q /Q) —
GT , and finally, showing that this homomorphism is injective. In Sect. 4, we
give a new proof of the fact that the pairs (44, f;) satisfy the relations (I), (If)
and (III). Our method consists in proving that the f, take the forms (I'), (II')
and (IIT') given in Theorem 2 below; indeed this observation was the starting
point for the statement and proof of Theorem 2, which is the main theorem of
this article. At the end of the introduction we briefly sketch our approach to
Theorem 1 and explain how it led to Theorem 2.

The surjectivity of the inclusion Gal((Q /Q) — GT i.e. the possibility that
Gal(Q/Q) is actually isomorphic to GT is still an open question. Theorem 2,
giving a new description of the set of elements of GT provides some new
evidence towards a favorable answer.

Theorem 2. Let (4, f) € GT: and let m = (A —1)/2. Then there exist ele-
ments g and h € F, and k € K(0,5) sunch that we have the [ollowing equalities,
of which the first two take place in F, and the third in K(0,5):

) f=06g)"g
) Fam = {“’(">"h if 1= 1mod3
" k) 'xyh if A= —-1mod3

—1 : —
@) e = {00 T

p(k) X34Xg) X45X |5 k lf}. =+2mod5.
Corollary. There is a natural GT-action on certain pro-paths of the algebraic
fundamental groupoids of the moduli spaces My 4 and My s of Riemann
spheres with 4 and 5 marked points respectively, based at the tangential
base points near infinity and at the points with special automorphism groups.

The description of the elements of GT given in Theorem 2, which could
serve as a definition of GT, has some advantages over the usual definition
given above, since rather than describing GT as the set of all pairs satisfying
three conditions, it gives a way to construct all the pairs satisfying each of the
conditions, so that GT is the intersection of these three sets. One application is
the study of the action of GT on finite covers of P! — {0,1,00} (i.e. algebraic
curves defined over @), and its comparison with the Gail(Q/ ©)-action on them.
Indeed, let N be a normal subgroup of finite index in F; and let X be the finite
cover of P! — {0,1,00} corresponding to N. Then it is an important question
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to determine the image in F3/N of the set of elements f € F, such that for
some A the pair (4, f) lies in GT. Using the analog of Theorem 2 for the finite
group £3/N, a candidate for this image can be found algorithmically: although
it may be larger than the real image, it can still be used to give a bound on
the order of the GT and thus of the Gal(@Q/@Q)-orbit of X, and thus on the
degree of the field of definition of X (cf [HS]). Indeed, if N DN; DN, - -

a cofinal sequence of subgroups for F;, then computing this candidate 1mage
in each successive Fy/N; and projecting the result down to F5/N does give
the exact image of the set of f’s corresponding to GT after a finite number
of steps (though unfortunately this procedure is not algorithmic, because the
number of steps is not known).

The proof of Theorem 2 is given in Sect. 3, and its corollary is proved at
the end of Sect. 4. The main point is that the relations (I), (II) and (III) of GT
are cocycle relations for the non-commutative cohomology sets given in (i),
(i1) and (iii) of Proposition 3 below. These cohomology sets can be explicitly
determined using a result of Brown, Serre and Scheiderer, the essential part
of which was written up for us by Claus Scheiderer as an appendix to this
article. The results are stated in Proposition 3, which is proved in Sect. 2. The
forms given in Theorem 2 are cocycle forms for f, so any f taking these forms
satisfies relations (I), (II) and (III). But this reasoning is not necessary to check
directly from the formulae in Theorem 2 that the three relations are satisfied,
just using the relation xyz = 1 in £, and the pentagon relation (1) in K(0,5).

Proposition 3. (i) The non-commutative cohomology set H'((6),F3) is trivial;

(ii) The set H'((w),F>) consists of two elements, represented by the trivial
cocycle and the cocycle given by ¢, = xy;

(iii) The ser H'({p),K(0,5)) consists of two elements represented by the
trivial cocycle and the cocycle given by ¢, = x34x5‘11x45x1"21.

A computation of a similar nature gives part (i) of the following proposi-
tion, and the striking statements of parts (ii) and (iii) are easy consequences of
it. Proposition 3 is proved in Sect. 2, and Proposition 4 at the end of Sect. 2.

Proposition 4. (i) The group H°((1), ) of elements of F» fixed by 1 is trivial.
(il) The complex conjugation element (—1,1) is self-centralizing in GT , as
in Gal(Q/@Q).
(iii) Gal(Q/Q) is self-normalizing in GT. In particular, this means that if
Gal(Q/Q) is a normal subgroup of GT, then Gal(Q/Q) = GT.

Let us briefly sketch here the method of the proof of Theorem 1 given
in Sect.4, since it was the starting point for Theorem 2. Recall that Ihara
associates a pair (44, f5) to each o € Gal(Q/@Q) as follows. Let Mo g~ P! —
{0,1,00} denote the moduli space of Riemann spheres with 4 marked points.
The set of tangential base points on M, 4 is the set of six small regions of

—{0,1,00} neighboring the missing points 0,1 and co, and lying on the
real axis; they are denoted by {01, 10,000, 00, 100,001} (these definitions are
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recalled more completely in Sect. 4). Let p be the path along the real axis from
01 to 10. Then any element ¢ € Gal(Q/Q) sends the path p to pf, where
fo 1is a “pro-loop”, i.e. an element of the profinite completion of (A 4; 01).
Identifying F, with 7%1(,/%0,4;0—1) by taking x to be a small counterclockwise
loop around 0 and y a counterclockwise loop around 1, we obtain an element
fs € F5. Let y denote the cyclotomic character. Then Ihara associates the pair
(4 = x(0), f5) to 0.

Ihara then proves that the pairs (x(o), f;) satisfy relations (I), (II) and
(IIT). We show that according to the congruence of y(¢) mod3 and 5, f,
takes the forms given in (I'), (II') and (HI') of Theorem 2. We actually did
this before proving Theorem 2; we started from the question of whether the
natural action of ¢ on the path r along the real axis from 01 to 1/2 could not
give some information on the form of f,;. We soon found that if ¢ acts on r
by sending it to rg,, then since p = 6(r)~'r, we must have f, = 0(g,)""'go.
We proceeded similarly for the path ¢t on .#p 4 running directly from 01 to
— exp(4mi/3) together with the automorphism «, and for analogous paths on
Mo,s together with the automorphism p, to find that elements of Gal(Q/®Q)
took all the forms given in Theorem 2. Then, attempting as usual to extend
to GT any visible combinatorial property of the elements of Gal(Q/®), we
asked ourselves whether all elements of GT took these forms, and this led
to the formulation and proof of Theorem 2, and to its corollary stating that
in return, the elements of GT act naturally on the same paths on the moduli
spaces. Indeed, it is more than probable that GT is an automorphism group
of the algebraic fundamental groupoids of all the .#,, for n = 4 based at
suitably defined sets of tangential base points and at the points having special
automorphism group on these spaces; the difficulty even for n =5 is to give
a complete construction and presentation of these groupoids. In Sect. 4 we do
however prove this fact for n = 4, which gives a stronger statement than that
of the corollary to Theorem 2.

2. Proof of Propositions 3 and 4

The basic defining principles for non-commutative cohomology sets are the
following. Suppose C is a group acting on a (non-commutative) group G.
Then
(S0) H%(C,G) is the subgroup of C-invariant elements of G.
(S1) The elements of H'(C,G) are in bijection with the set of G-conjugacy
classes of splittings of the exact sequence 1 - G — Co<G — C — 1.
Part of the following proposition was communicated to us by J-P. Serre;
the proofs of the different parts are due to him, to Brown and to Scheiderer.
Since the full proof was not actually written up anywhere, Claus Scheiderer
was willing to write up a complete proof which is included as an appendix to
this article. Proposition 5 is valid for both discrete and profinite groups (see
the last remark in the appendix). In our proof of Proposition 8 below, we
use the “discrete converse” implication of Proposition 5, and in the proof of
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Proposition 3 which follows it, we use the “profinite direct” implication; the
appendix of course contains a complete proof of all the implications.

Proposition 5. Let G be a discrete or a profinite group. Let Gy,...,G, be
finite subgroups of G, and suppose that for every prime p and every p-primary
discrete G-module M the restriction map

H™(G, M) — QH"(Gi,M) ()

is bijective for n > ng = no(M). Then:
(a) ved,(G) < oo for every prime p;
(b) every nontrivial finite subgroup of G is conjugate to a subgroup of pre-
cisely one of Gi,...,Gy;
(c) GinNxGx~'={1} forxe G, x¢€G;, i =1,...,r
Conversely, if Gy,...,G, are finite subgroups of G and (a), (b) and (c)
hold, then there exists an integer no(p) such that (x) is bijective for every
p-primary discrete G-module M and every n > no(p).

Now, following Serre (cf. {S1]), we say that a discrete group G is good
if it has the same (ordinary, not non-commutative) cohomology as its profi-
nite completion, ie. if for every finite G-module M the canonical maps
H™"(G,M) — H"(G,M) are bijective for all n = 0. Free groups and semi-
direct products of free groups are good (cf. [S1, p. 14]), so in particular F>
and K(0,5) are both good (X(0,5) is a semi-direct product F, = F3, described
explicitly below). Let us say that if a group (discrete or profinite) satisfies
the hypotheses of Proposition 5, it satisfies hypothesis (H). We want to verify
hypothesis (H) on discrete rather than profinite groups, and use it to compute
the non-commutative cohomology sets in the statement of Proposition 3, for
which purpose we need the following lemma.

Lemma 6. Let G be a good discrete group which injects into its profinite
completion G, and suppose that G satisfies hypothesis (H) for a family
Gi,...,G, of finite cyclic subgroups of G. Then G also satisfies (H) for the
(images of the) same family.

Proof. For all sufficiently large n, the restriction map H"(G,M)—
IT.., H(G;,M) is an isomorphism (for all M as in Proposition 5). Since
G is good, the left-hand side is the same as H"(G M), so since the G; are
subgroups of G and the restriction map is the same, G also satisfies hypothesis
(H) for the family Gj,...,G,. O

Lemma 7. Let G be a good discrete group which injects into its profinite
completion, and let ¢ be an automorphism of prime order p of G (and G).
Let H denote the semidirect product (¢) ><G. Then H is good and injects
into its profinite completion (which is isomorphic to ($) ><G). Suppose H
satisfies hypothesis (H) for a family G,,...,G, of finite cyclic subgroups of
prime order of H. Then the non-commutative cohomology set H'({¢),G) is
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in bijection with the subset of the groups G,...,G, which are splittings of
the exact sequence

1-G—-H=($)p<G—($)—1.
Moreover, the sets H'((¢),G) and H'((¢), G) are equal.

Proof. The first assertions, that H is good and injects into its profinite com-
pletion, and that H = (¢) >< G are all standard (cf. [N, Proposition 1.2.4] for
example). By the defining property (S1), we know that the set H'({¢),G)
is in bijection with the set of G-conjugacy classes of splittings of the exact
sequence in the statement.

Short digression. Let us show how to make the correspondence between
splittings G; and elements of H'({$),G) explicit. Any G; which is a split-
ting of the exact sequence contains p elements of the form (¢~ ', a) €
(¢)><G for 0=i =n—1, where « is in G; these powers have the form
(¢~ ¢~ () - - - p(a)a). The relation (¢!, )" =1 (which we sometimes sim-
ply write (¢~ 'a)*=1) implies that ¢"~}(a)--- p(a)a = 1, so a cocycle for ¢
is obtained by defining cy = ¢~ (a) - - - P(a)e.

Back to the proof of the lemma, any splitting of the exact sequence is
conjugate to a unique G; since hypothesis (H) implies (b) of Proposition 5
(by assumption, the G; have no non-trivial subgroups). Since all members of
a G-conjugacy class of splittings are a fortiori H-conjugate, they are all con-
jugate to the same G;, so we obtain a map from H'({(¢),G) — {Gi,...,G,}.
Now, an H-conjugate of a splitting is actually always equal to a G-conjugate
of it, and therefore lies in the same G-conjugacy class of splittings. To see this,
we simply note that if a splitting is generated by (¢!, a) as in the digression
above, then its conjugate by ¢ = (¢, 1) is equal to its conjugate by a = (1,«),
since

(&, (@7 )@~ 1) = (67", p(a)) = (La)¢~ " a)(La™").

Thus our map from H'((¢),G) — {G,...,G,} is injective, and it is obviously
surjective onto the subset of the G; which are actually splittings of the exact
sequence.

Finally, the equality of the cohomology sets for G and G is a consequence
of the fact that A satisfies hypothesis (H) for the same family of G; as H by
Lemma 6. O

In particular the trivial cocycle is associated to the trivial splitting given
by the G-conjugate of the subgroup (¢) which appears in the list Gy,...,G,
(by (b) of Proposition 5, such a subgroup must appear in the list).

Now we can apply these results to proving Proposition 3. We said above
that K(0,5) is good because it is a semi-direct product of free groups;
let us recall that presentation and another one here. Set x; = xj2, x2 = X3,
X3 = x4, X4 =x13 and x5 = x34, where the x;; are the generators defined in



578 P. Lochak, L. Schneps

Sect. 1. Then K(0,5) = {xs4,xs5) >< (x1,X2,x3) =~ F, o< F3, with the following
relations:

1

r - - -1
Xy X1X4 = X2X[ Xy

- -1 -
X4 1x2x4 = XX X2X] Xy !
x4‘]x3x4 =xzx1x2—lxl_1x3x1x2xl_1x2_]
x5_1x1x5 = X]

-1 ~-1_-~1
X5 X2X5 = X2X3X2X, Xy

\xg'lx;xs =)c2x3xz_1 .

For two elements a and b of a group, let (a,b) = aba—'b~! denote their com-
mutator. Rewriting the above presentation in the generators xi3, X33, X34, X45 =
X12X13X23 = X1X4X2 and X351 = X23X24X34 = X3X3X5 giVCS:

(((x12,%34) = 1

(x23,%45) = 1

(x34,x51) = 1

(xas,x12) = 1

(xs51,%23) = 1

~1 -1 -1 -1 -1
L X51X93 X12X34 X23X45 X34x51 X45X1, = 1.

Let 6, w and 1 be the automorphisms of £, given by: #(x) = y and
0(y) =x, w(x) = (xy)~! and w(y) = x, and 1(x) = x~ " and i(y) = y~!. Let p
be the automorphism of K(0,5) given by p(x;11) = p(xi33,:+4) (indices con-
sidered mod 5). This is easily seen to be an automorphism by considering the
second presentation of K(0,5); it is the same automorphism as the one defined
in Sect. 1, given by conjugation by (d4030201)* inside M(0,5).

Let Fy,F,,, F, and K, denote the semi-direct products (6) o< F,, (w) < F;,
(1) < F5 and {p) < K(0, 5) respectively. Let Fy, F,,, F, and K, denote the profi-
nite completions of these groups (which are all given by the same semi-direct
products with the discrete infinite group replaced by its profinite completion).

Proposition 8. The following groups satisfy hypothesis (H) for the given fam-
ilies of finite subgroups:
(i) F, for Gy = (1), Gy = (ix) and G3 = (1y);
(i) £y for Gi = (6);
(iii) F, for G = (@), G = (0™ 'xy);
(iv) 1%,, for Gy ={p) and G, = (p‘1x34x5—11x45x1—21).

Proof. By Lemma 6 (and the fact that F, and K(0,5) both inject into their
profinite completions), it suffices to show hypothesis (H) for the discrete
groups. The first three groups are all freely generated; Fy by an element of
order 2 and an element of infinite order, namely x and 6, F, by two ele-
ments of order 3, namely w and xw, F; by three elements of order 2, namely
,xt and yi. We check that these discrete groups satisfy conditions (a), (b)
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and (c) of Proposition 5; (a) is well-known, and both (b) and (c) are conse-
quences of the fact that the given subgroups freely generate the groups (cf. [Br,
p. 54] or [S3, 1.4.3]). By the converse implication of the discrete version of
Proposition 5, these then imply hypothesis (H) for the discrete groups, and
thus for their profinite completions since they are good, by Lemma 6. This
proof, the essence of Proposition 5 and the idea of using it also in the case of
13(0,5) was suggested to us by Serre (cf. [S2]). For a briefer argument valid
for these three groups but not for K(0,5), see the commentary following the
proof of Proposition 3 below.

Let us show that X, satisfies hypothesis (H) for the family G; = (p) and
G,y = (p“lx34x5_11x45 xl‘zl). Consider the element ¢s = 64030,0; in the full map-
ping class group M(0,5), whose associated permutation is the 5-cycle (15432).
Conjugation by ¢2 acts on the pure subgroup K(0,5) of M(0,5) like the
automorphism p, and the semi-direct product (p)e<K(0,5) can be identi-
fied with the subgroup (cs) ><K(0,5) of M(0,5). Now, all cyclic subgroups
of order 5 of M(0,5) are conjugate to (cs) (cf. [HM, Corollary, p. 508]).
We need to determine the number of K(0,5)-conjugacy classes of the set of
all M(0,5)-conjugates of (cs) which lie inside the subgroup (c;) ><K(0,5).
These subgroups can be distinguished amongst all the M (0,5)-conjugates of
(cs) simply by considering the permutations associated to their elements; they
must lie in the preimage of the subgroup {((15432)) under the surjection
M(0,5) — Ss. This means that for a subgroup (ycsy™!) with y € M(0,5) to lie
inside {cs) ><K(0,5), the permutation of the element ycsy~! must be a non-
trivial power of (15432). There are only four such powers, so there are at most
four K(0, 5)-conjugacy classes of subgroups of order 5 in {cs) >< K(0,5), given
by any of the many possible choices of a y; € M(0,5) for each i = 1,2,3,4
such that the element y,-csyi'l has permutation (15432). It follows from a the-
orem in [HM] that the number of K(0,5)-conjugacy classes is in fact exactly
two, and we can determine representatives of them explicitly. Let us work this
out in detail.

Choose four such elements y; giving at most four K(0, 5)-conjugacy classes
of order 5 in {cs) ><K(0,5). We need to determine if they are not actually
K(0,5)-conjugate amongst themselves. Suppose that there exists « € K(0,5)
such that

alyiesyr o~ = (yiesy Yy,

for 1 £ i+ < 4. This means that

o) VS B ) e |
ayicsy; A =Vics Y,

where the power ij~! on the right (considered in (Z/5Z)*) is necessary for
both sides of the equation to have the same permutation. This in turn implies
that

i-—-l
(5 apdes(y ey =

so the -element yj—]ocyi normalizes the subgroup (cs) of M(0,5). Now, it is
known that the centralizer of ¢5 in M(0, 5) is reduced to {cs) and the quotient of
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the normalizer by the centralizer contains two elements (cf. [HM, Theorem 10,
p. 509]). A non-trivial element of the normalizer is given by 030,010,0303:
we have

-1 _ =1 -1 _—1 2 R |
(0’30'20'10'20'30'2) C5(O’3O’20’10'20'30'2)—O'1 0, G3 0403020710203 =C5 .

Thus the subgroups (yicsyy') and (yacsyy !y are K(0,5)-conjugate, as are the
subgroups (y2¢sy; 1Y and (yscsys ). On the other hand, since the normalizer
consists of two elements only, the subgroups (yicsy;') and (y2csy; ') cannot
be K(0,5)-conjugate. This shows that there are exactly two K (0, 5)-conjugacy
classes of subgroups of order 5 in {(cs) ><K(0,5), so also in the isomorphic
abstract group (p)e<K(0,5). The final step is to determine them. One is of
course represented simply by (cs). The other is represented by any choice of
(y2csy5 '), the element yycsy3 ! having the permutation (15432)2. Let us choose
y2 = 6307010201, wWhich has the permutation (4312), so that the permutation of
yzcsyz_’ is indeed (4312)(15432)(4213) = (14253) = (15432)%. After generous
simplification, we find that

—1,~1_ -1 1 _ b=l =1 ]
P2€5 Yy = Cs5 X13X51C5 = C5 X1y Xa5X,3 X51C5
2 -1 _—1 2=l I

=Cs X5) X34X)p Xas = C5 X34X51 Xa5Xyy

the last equality following from the commutation relations of X(0,5). As in
Lemma 7 and the remark following it, since this element has order 5 and
p = c2, setting Sp 1= X34 x5_11x45x{5l defines a cocycle for p. This concludes the
proof of Proposition 8. O

Now we can finish the proof of Proposition 3. All the groups G; in the
families given in Proposition 8 are splittings of the associated exact sequences
(as in Lemma 7), so by the profinite direct implication of Proposition 5, we
see that H I((9),1‘5'2) contains only one element, corresponding to Gy, the trivial
splitting. H 1((co),}:"z) contains two elements, represented by the trivial cocy-
cle, i.e. the group Gi; and the cocycle given by b, = xy, corresponding to G,.
Finally, H 1((p),Ii'(O,S)) also contains two elements, represented by the triv-
ial cocycle corresponding to Gy and the cocycle given by s, = x34x5‘1‘x45 xl_z1
corresponding to G,. This concludes the proof of Proposition 3. (]

Commentary. Proposition 8 was stated and proved in order to prove
Proposition 3, and to underline the analogous treatment of the three coho-
mology sets corresponding to 6, w and p. However, Claus Scheiderer (and the
referee) pointed out to us that it is not necessary to make a detour through
Proposition 5 to compute the cohomology sets H'((6),F,), H'({w),F£) and
HO((1),F,). Indeed, since the three profinite groups F,, ¥y and F,, are free
profinite products, in order to check that the subgroups G; exactly describe
the cohomology sets as in Lemma 7, it suffices to use the profinite “Kurosh
subgroup theorem” given as the corollary to the proposition in Scheiderer’s
appendix to this paper. Since Ii',, is not a free profinite product, this argument
unfortunately does not apply.
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Let us prove Proposition 4. By Proposition 8 (i), we know that the profinite
semidirect product £, = (1) >< £, satisfies (H) for the family of finite subgroups
G1, G, and Gj. Therefore by the profinite direct implication of Proposition 5,
the G; satisfy (c) of Proposition 5, so in particular the only elements of F,
which commute with 1 are 1 and 1. By the principle (S0), the group H°((1), £3)
is in bijection with the elements of F, centralizing 1 inside F,, so it consists
of only the trivial element. This proves Proposition 4 (i).

To prove Proposition 4 (ii), let (4, f) be an element of GT which com-
mutes with (—1, 1). Multiplying on the left and on the right by (-1, 1) via the
multiplication formula (2), we obtain the equality:

(_i,f(xuy)) = (_i’f(x_l’y-l)) P

which implies f(x,y) = fxLy™h, e f(x, y) is fixed under the automor-
phism : of F,. But by (i), the only element of £ centralizing 1 in the semi-
direct product (1) b<Fy is 1, so f(x,y) =1, and 1 = +1 by relation ().

Fmally, to prove Proposition 4 (iii), we consider Gal(Q/Q) as a sub-
group of GT by Theorem 1, and suppose it is normal. Let (4, f) €6 GT we
will show that (4, f) € Gal(Q/®). Indeed, (—1,1) € Gal(Q/Q) C GT since
this element corresponds to complex conjugation, so (4, f)~!(~1,1)(4, f) €
Gal(Q/Q) since Gal(Q/Q) is assumed normal, and it is an element of order
2 in Gal(Q/Q) (pairs are multiplied according to (2)). But all such elements
are conjugates of complex conjugation by elements of Gal(Q/®Q), so there
exists ¢ € Gal(Q/Q) such that writing (4,, f;) for the image of ¢ under the
injection Gal(Q/Q) — GT we have

('Lf)—l(—L 1)('{:f) = (Ad’fd)_l(’"l’ 1)(Aa,fo‘) .

Thus (A, f5)(4, f)~! commutes with (—1,1), so by Proposition 4 (ii), this
product is equal to 1 or (—1,1), so (4, f) is equal to (£, f5), which lie in
Gal(Q/Q). The same argument shows that Gal(Q/Q) is self-normalizing in
GT , which concludes the proof of Proposition 4. a

3. Proof of Theorem 2

Let (4, /)€ GT. Let us prove (I'). Since every element (4, f) € GT satis-
fies the equation f(y,x)f(x,y)=0(f)f =1 in £, ag:= f defines a cocy-
cle for 4. But by (i) of Proposition 3, the non-commutative cohomology set
H 1(((9),13'2) is trivial, so ay is a coboundary, which means that there exists
g = g(x, ) € F; such that f = 6(g)"'g.

For (II’), relation (II) of GT says that f(z,x)z" f(y,2)y™ f(x, y)x™ = 1,
ie. @*(fx™)(fx™)fx™ =1, so b, := fx™ defines a cocycle for w. Thus by
(i1) of Proposition 3, fx™ is equivalent up to coboundaries to either 1 or xy,
which means that there exists & = h(x, y) € F, such that either fx™ = w(h) h
or fx" = w(h) 'xyh.
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Recall that f € F;. Suppose fx™ = w(h)"'h, i.e.

[0 p)x" = o)™ h = hz,x) " h(x, ) = B((xy) ™" ,x) " h(x, ),

and write h(x, y) = x?y® mod ), with a,b € Z. Then mod F; we have x™ =
(xy)ox~bxdyb = x22=b 4+t 50 b = —a and m = 3a. Thus m = Omod 3. On the
other hand, if fx™ = w(h)™'xyh, then modﬁzl, we have x™ = (xy)%xPxyx?yb =
xa—btlyatbtl g5 p = —q — 1 and m = 3a + 2, so m = 2mod3.

Finally, for (III'), relation (III) of GT says that ¢, := f(xi2,x23) defines
a cocycle for p. Recall that the automorphism p of M(0,5) is given, via an
abuse of notation, by p(g9) = pgp~! where p = (54030620, )>. By (iii) of Propo-
sition 3, this cocycle is equivalent up to coboundaries to the trivial cocycle
or the non-trivial one defined by s, := x34x5;'x45x7;' introduced in Sect. 2.
It remains to show that this equivalence depends only on the congruence
of £Amod5. We do this by comparing relation (II), in which the quantity
m = (A—1)/2 occurs, with the coboundary/cocycle forms of f(x3,x23), in
the group K(0,5) modulo the second commutator group K(0,5)?® =
(K(0,5),K’(0,5)). Before doing so, we calculate the image of f(x, y) in the
quotient Fz/ﬁz(z), where F' (22) denotes the second commutator group (F3, F ).

-Denote by G either F’z/ﬁz(z) or 1{'(0,5)/1{'(0,5)(2). Then G is a torsion free
nilpotent group and for any prime ¢, it injects into its Q,-envelope G(@Q,)
(cf. Appendix A of [Q] for details). Like G, the group G(Q,) is nilpotent
and torsion free, but it is also divisible. It has a Lie algebra LG(Q,), and
the exponential map defines an isomorphism between G(Q,) and LG(Q,) for
all #, via the Campbell-Hausdorff formula. Because in our case G has length
two, this construction is actually defined not only over @, but in fact over
Z,[£] (= Z, for £+2). With (or without) this in mind, we now turn to the
computation, where for simplicity we drop the index ¢ from the groups and
Lie algebras.

For any prime 7, let Gr = (F2/E0)Q,) and Gy = (K(0,5)/K(0,5)®)
(@Q;). Then the map w — exp(w) = w gives the isomorphism from LGz (resp.
LGx) to Gr (resp. Gg). The multiplication law in LGg (resp. LGy) corre-
sponding to the multiplication law in Gz (resp. Gk ) is given by the Campbell-
Hausdorff formula: ww' = exp(W *x W) with

W W =W+ W+ W, W],

where [w, W] = ww’ — ww'. The Lie algebra LGr is generated as a Q,-vector
space by x,y and [x, y] (for all g € F5, we continue to write g for the corre-
sponding element of Gr). ~

Considering f(x, y) in Gg, write f(x,y) for the corresponding element in
LGr. Then we have

fx ) = exp(f(x, ¥)) = exp(a[%, 51)

i.e. since f(x,y) is in the derived subgroup, there exists a, € Z/[%] such that
f G\,/y) = ay[%, 7]. Let us calculate ay. Let m, denote the Z,-component of
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m = (1 —1)/2 € Z. Rewriting relation (II) in LG, with z = (xy)~!, gives
fGx)xmzx f(rz)xme§x [l y) s mz =0.
Expanding this expression using the Campbell-Hausdorff formula, we find
(a2, X1+ meZ) * ([ 5, 2] + me ) * (o [X, 7] + m,X)
= 30[%, 7] = 3me[%, 51 — 3m3[%, 5] = 0

so ay = my(ms + 1)/6. Note that since A € Z*, m cannot be congruent to
1 mod3, so m(m+1)=0 mod6, and o = (ay), € Z.

Before finishing the proof of Theorem 2, we take a moment to draw atten-
tion to the fact just proved, by stating it as follows.

Lemma 9. Let f € F; and suppose there exists . € Z* such that (4, f) € GT.
Then the set of p € Z* such that (u, f) € GT is given by {£1}. These two
values of % can be determined by considering the image of f in E>/F?, which
takes the form (x,yY for some r &€ Z; we have 2 = 24r + 1.

Proof. This lemma was actually proved just before its statement, but we give
another simple argument for the first part. Suppose f € F5 and (4, f) and
(u, f) lie in GT. Let F; and F, denote the two automorphisms of F, associated
to these two elements. Consider the automorphism Ff‘F ; by the multiplication
formula (2), it is associated to the pair (A~!y,1). Set n = (A~ 'y — 1)/2; if this
pair is in GT it must satisfy relation (II), i.e. x"z"y" = 1. But this is possible
if and only if n =0 or —1. |

The following lemma concludes the proof of Theorem 2.

Lemma 10. Let (4, f) € GT. If f(x12,x23) has the coboundary form p(k)™'k
for some k € K(0,5), then m =0 or 4mod 5, whereas if f(xi2,x23) has the
cocycle form p(k)_1x34x5‘11x45x1’21k, then m =1 or 3mod>5.

Proof. We use the Campbell-Hausdorff formula to calculate in the group Gk,
or rather in LGg. As before, for all g € K(O,S), we continue to write g for
the corresponding element of Gx. Suppose f(x12,x23) = p(k)"'k. The Lie al-
gebra LGy is generated as a Q-vector space by the x;;.; and by the non-zero
brackets of them, namely [ %12, X23], [ %23, X34], [%34, Xas], [Fas, X51], [%s1, X12].
However, rewriting the pentagon relation (1) of K(0,5) in LGk gives the
relation

[ %12, ¥23] + [X23, ¥34] + [ X34, Xas] + [Fas, F51] + [%s1, ¥12] =0,

so we do not need [¥s;, X12] In a basis of LGk. Thus the first order part of
any element of LG is a linear combination of the five variables X;;1; with
coefficients in Z, and its second order part is a linear combination of the four
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brackets J; :=[X12, ¥23], J, 1= [X23, ¥34], ¥3 1= [X34, Xas), Jy := [Xas, %s51]
with coefficients in Z{[%]. In particular £ = exp( k) with

k=a1X% + a3 %3 + a3 X34 + aa X45 + as Xs1 + b}fll + sziz + b3)73 -+ b4)~14 ,
so p(k)~! = exp(—p(k)) with

p(k) = ay Fas + ar ¥s1 + a3 F1p + as ¥z + as ¥3a + b1 7,

—bo(Py + Fy + I3+ Fo) + 035 + bad,

Expanding the identity exp(—p( k)« k)= f(x, y) to the first order, we see that
the first order part of —p( k) k is 0, which shows that all the o; are equal.
The equality

m,(m/ + 1)

—p(k) ke = ==

[X12, 23]
becomes

(b1 + by — b3)§; + (2by — ba)§p + (b2 + b3) s + (b1 + by + ba) 7,

my(my +1) |
="

Solving the system obtained in the b;, we see that b, = —2b3, by = 2b3, by =
—2b;3 and 5b3 = my(m, + 1)/6. Now, the denominator of b5 is at worst 2, and
thus we see that for £/ =5, ms(ms + 1) must be congruent to 0 mod 5, i.e.
ms =0 or 4 mod 5, so m=0 or 4 mod 5. The computation for the cocycle
form of f(x2,x23) is analogous up to the following small differences. We now
need to make sure the equation

my(m; + 1)
6

—p(F) * Fag # (—Fs51) % Fas % (—F2) % k = [%12, %23]

is satisfied. Elimination of the first order terms gives the following expression
for k:

k =ax;+(a—1)xs+(a—1)xss+(a—1)xs +axs
+hiy1 +bayr +b3ys +bays .

Calculation of the second order term of —p( I;)* X3q % (— X51 )% Xgs* (— X12) * k
gives a system to solve in the b; similar to the one in the coboundary case,
except that we find 563 = 1/2 + ms(m, + 1)/6 = (m? + my + 3)/6, so by the
same reasoning as before, m§ +ms+3=0 mod5, so m=1 or 3 mod5.

O
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4. Proof of Theorem 1 and of the Corollary to Theorem 2

We first need to recall some well-known facts about pro-paths on algebraic
varieties defined over Q and the Galois action on them.

Definitions. (1) Let X be an algebraic variety. A pro-point 4 on X is a
collection of points ay, one on each finite cover Y of X, such that for any
two such covers Y and Y' with Y a cover of Y', the image of ay under the
covering map Y — Y’ is ay.

If X is defined over Q and @ = {ay}y is a pro-point of X, then i is said to
be defined over Q if ay lies in X(Q). If this is the case then ay lies in Y(@Q)
for all finite covers Y of X, so there is a Galois action on these pro-points.
The points on the universal cover X of X(C) gives rise to a natural subset
of the set of pro-points.
(2) Suppose X(Q) is not empty. Let us fix a base point G € X lying over
a point ay in X(Q). A pro-loop on X based at d is defined to be a pro-point
lying over ay. This terminology is the generalisation of the situation where
the chosen pro-point is again a point bonX, lying over ay, in which case the
two points G and b uniquely determine a loop (up to homotopy) on X(C).
These pro-loops, like loops, can be composed and form a group denoted by
71(X; @), which is isomorphic to the profinite completion of the fundamental
group T (X(C); ax).
(3) For any finite set of points A of X, let m\(X;A) denote the fundamental
groupoid of X based A, ie. the set of homotopy classes of paths from a to
b for all pairs a,b € A.
(4) If @ and b are pro-points of X, lying over a and b € X respectively,
then we define the set of pro-paths on X from d to b to be the set of
homotopy classes of paths from a to b on X, precomposed with the group of
pro-loops #,(X;d). If A is a finite set of pro-points of X, we can define the
profinite completion of 7,(X;4) to be the set of pro-paths from & to b for
all pairs d,b of pro-points of A.

Well-known facts: (cf. [SGA1], or [EL] for a short account) (1) Suppose X
is an algebraic variety defined over @. There is a Galois action on the set of
pro-paths of X whose endpoints are pro-points defined over Q. In particular, if
o € Gal(Q/@) and y is a pro-path with endpoints d and  defined over Q, then
for any pro-path ' from a(d) to a(b), there exists a pro-loop f € #(X;d)
such that o(y) = v’ f. (By convention, y;y, means the path v, followed by the
path y;.) In particular, even if we fix Y’ to be an actual (homotopy class of)
paths such an f exists.

(2) (cf. [I1, 12]) The tangential base points on .#¢ 4 and g s can be canoni-
cally lifted to pro-points which can be considered as being “defined over Q.
Thus, the action of Gal(@Q/Q) on the pro-points of the moduli spaces defined
over @ can be extended to these tangential base points by fixing them. The
Galois action on pro-paths of these spaces with endpoints defined over @ can
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also be extended to an action on pro-paths whose endpoints are tangential base
points.

Now let us briefly recall the structure of the moduli spaces .#g 4 (resp.
Mo,s) of Riemann spheres with 4 (resp. 5) ordered marked points, and
particularly the nature of the tangential base points at infinity and of cer-
tain paths belonging to the fundamental groupoids based at these tangen-
tial base points and at some points with special automorphism group. Points
of these moduli spaces are isomorphism classes of Riemann spheres with
4 (resp. 5) marked points, which means for instance that for each point
of the moduli space there is a unique sphere whose ordered marked points
are given by (0,¢ 1,00) (resp. (0,6 1,00,u)) for ¢ € C different from 0
and 1 (resp. ¢, u € € with e+u and ¢ and u different from 0 and 1).
Namely

Mos~P —{0,1,00} and Mos5~(P'-{0,1,00})? -4,

where 4 is the diagonal.

A complete description of the region of maximal degeneration of these
moduli spaces is given in [PS, Chapters I and II]. In particular, one can de-
scribe a set of simply connected (real) neighborhoods near infinity on the
moduli spaces, the so-called tangential base points. The case of g4 is
well-known and the tangential base points were first described by Deligne
(cf. [Del,[1]). M4 ~TP' —{0,1,00} and its stable compactification is just
IP!; the points of maximal degeneration are the missing points 0, 1 and
00, and their neighborhoods in .# 4 thus form three punctured disks. The
real part of these three punctured disks is formed by 6 simply connected
real segments which are usually denoted by {01,000, 10, 160,000, 001}; they
form the set of six tangential base points on #g4. We denote this set
by By

Let j = exp(4mi/3). Let p be the path on .#g 4 along the real axis from
01 to 10; » the path along the real axis from 0i to 1/2, s the path from 0co
to —;2 (the south pole) and ¢ the path on .#y4 from 01 to —j% shown in
the figure below. Let ¢’ be the image of ¢ under complex conjugation, so ¢
runs directly from 01 to the north pole —j. We identify £, with the algebraic
fundamental group of .#; 4, where x and y are anticlockwise loops around 0
and 1 based at the tangential base point 01. In order to discuss the profinite
completion of the fundamental groupoid of .#p 4, we need to pick liftings of
the six tangential base points and the five “special” points 1/2, —1, 2, —j and
—j2 to pro-points once and for all. We lift the tangential base points as Ihara
does (cf. well-known fact (2) above). We choose the unique pro-point over
1/2 such that the pro-path from the pro-point over 01 to the pro-point over
1/2 is just the path on P! — {0, 1,00} from 01 to 1/2; we pick the pro-points
over the other “special” points analogously. Fixing these choices from now
on, we allow ourselves to speak of the profinite fundamental groupoid based
at 01, 1/2, etc.
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The neighborhood of the set of points of maximal degeneration in .#y s
is more complicated and the real neighborhood of the set of 15 points of
maximal degeneration forms 60 simply connected regions; this set, which we
denote by %5, is well-described in [PS] and we restrict ourselves to the careful
description of two of these regions which will concern us here. The first is
given by the set of all points on .#y s corresponding to spheres whose five
ordered marked points are of the form (0,¢, 1,00, ) where ¢ is a small pos-
itive real number and p is a negative real number with very large absolute
value, and the second is given by the set of points on .#y s corresponding to
the spheres whose ordered marked points have the form (0,1 — ¢ 1,00,4), ¢
and u as above (we say that a sphere with 5 marked points is in “standard
form” if 0, 1 and oo are in the first, third and fourth places respectively).
We denote these small simply connected real regions of .#gs by Q and Q'
respectively. Let p be the path from Q to (', analogous to the path p on
Mo 4, given by the set of points corresponding to the spheres in standard form
with marked points (0,9, 1,00, ) where J takes all real values in the interval
[e,1 —¢€]

Let { = exp(2mi/5), and let Z denote the point of .# s corresponding to
the sphere with five marked points (1, ¢, e, C3,C4). The sphere in standard form
corresponding to this point with 0, 1 and oo in the first, third and fourth places,
is given by the points

{ 4
(O,M—C)z,hoo,—(uc )) ~ (0,038,1, 00, ~0.62)
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(it is easy to confirm that {/((1 +¢)?) and —({ + {*) are real). For any o €
Gal(Q/@), x(o) is invertible mod 5. If y(¢) = 1 or 4 mod 5, then y(c)(Z) =
Z.If x(6)=2 or 3 mod 5, then y(6)(Z) = Z', where Z' is obtained from Z
by substituting {2 or > for {, the two substitutions giving the same result. The
standard form of Z’ is given by:

% 2 3 )
0, ———,1,00,—({ + ~(0,2.6,1,00,1.6).

( T oo @+ ) ) ~( )

Again, we fix once and for all pro-points lying over the tangential base points

Q and Q' and the points.Z and Z’ such that the pro-paths between these
pro-points are exactly the paths on .# s described below.

Let v and v' denote the paths on .#,s from Q to Z and from Q
to Z’' parametrized respectively by (0, f,1,00,9) and (0, f7,1,00,g9’) where
f.g.f',¢ are the paths shown in the following figure (the dashed line repre-
sents a path on the back of the sphere).

Recall that the mapping class group M(0, 5) is the group of orientation-
preserving diffeomorphisms of a sphere with 5 marked points modulo those
which are isotopic to the identity. Let Sp be a sphere in standard form corre-
sponding to O, with marked points (0,¢, 1,00, 1), and let y; represent the loop
passing through the i-th and (i + 1)-st marked points of Sp for i = 1,2,3,4,
running along the real axis. Each generator g; of M(0, 5) corresponds to a Dehn
twist along the loop 7;, and following the effect of this twist as it deforms the
sphere Sp gives a path on the moduli space .#y s starting at Q. These paths
can be composed via the automorphisms of My s, so that the group M(0,5)
can be identified with a star of paths starting at Q. In particular, this gives
an identification of the pure subgroup K(0,5) with the fundamental group
i (Mo,s; Q).

Proof of Theorem 1. Gal(Q/Q) — GT.
Let p,r,s,t and ¢ on Mp4 and p,v and v on Mo s denote the paths
defined above, and let F> be identified with 7;(.#4;01) and K(0, 5) with
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(Mo 5; Q) also as above. Fix ¢ € Gal(Q/D). By the well-known fact (2),
there exist pro-loops f = f(x,y),g = g(x,y) and h = h(x,y) € F, such that
o(p)=pf, o(r)=rg, o(t)y=th if y(o)=1 mod 3, or o(t)=t'h if
x(¢) = 2 mod 3. Similarly, there exists a pro-loop k& = k(x}2,x33,%34, %45, %51 ) In
K(0, 5) such that o(v) = vk if y(¢) =1 or 4 mod5, o(w)=vkif y(6) =2 or
3 mod 5. Note that Thara proves that f = f(x, y) actually lies in F (cf. [12],
Proposition 1.5).

The inclusion of Gal(Q/®Q) into GT discovered by Ihara is given by as-
sociating to ¢ the pair (x(o), f) € Z* x F2 In [11] and [12] Thara ra_proves that
these pairs satisfy relations (I}, (II) and (III) of the definition of GT. We asso-
ciate the same pair to ¢, and we show directly that such pairs satisfy properties
(1), (I') and (1I') of the elements of GT given in Theorem 2. It is enough
to show these properties, since they give the precise cocycle form of f and
thus immediately imply the cocycle relations (1), (II) and (III).

Let us begin with (I'). Let ©@(z)=1—2z and Q(z) = 1/(1 —z) denote
two automorphisms of .#;4 of order 2 and 3 respectively; they generate
Aut(Ay,4) > S3. These automorphisms are related to the automorphisms 8 and
w of By = #)(Mo4; 01) by the following formulae:

O(w)= p~lOw)p and w(w)=1t"1QN)QW)Q( ) forall we F,
3)

as can be easily confirmed by checking on the two generators x and y of Fj.
Let us show that (x(c), f) has property (I'). We have ©(r)~!r = p; applying
o to both sides, we obtain

O(rg) 'rg=0(g)"'O(r)"'rg = O(9) "' pg = pb(g)~'g = pf

using equation (3). This shows that f = 8(g)~'g, so f has the form (I') of
Theorem 2.

Let us show (II'). The path s~'t is homotopic to a small clockwise half-
circle in the lower hemisphere around O starting at 01 and ending at Oco. The
path Q@(s‘lt) is homotopic to a small half-circle around 0 starting at Oco and
ending at 01, lying in the upper hemisphere, so that QO(s~'¢)s™ 't = x~! is just
a clockwise loop around 0 based at 01. We need the following facts. First (cf.
[12, Proposition 2.5]), the action of ¢ commutes with that of the automorphisms
of My and .#, 5, and second (cf. [EL, formula 18]), if m = (x(a) — 1)/2,
then o(s~'¢) = s~ !¢tx~™. In particular, this determines the action of & on s from
its action on #: we obtain a(s) = a(¢)x™t~'s where o(¢) = th or t'h according
to the congruence of y(o)mod3.

Moreover, (s) is the path running straight from the base point 10 to — 72 5
so we have p = Q(s)~'z. Consider first the case y(¢) = 1 mod3, so o() = th.
Applying ¢ to both sides of the equation p = Q(s)~!¢, we obtain on the left-
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hand side o(p) = pf and on the right-hand side, using equation (3):
a(p) = o(Qs)™'t) = Qa(s)) 'o(t) = Qs HQex"h " ek
= Q™Y - QO - I OQGTHYQ( YR
= po() "ok~ h= py o)~ h.
Set & = hx™; then we obtain from this expression:

pf = po(h)~'hx™",

i.e. fx™ = w(h)~'h, which is the form given in Theorem 2.

In the case y(g)= 2 mod 3, ie. o(t) =t'h, we apply ¢ to the same
equation p = Q(s)~ !t and the left-hand side is again pf. Again using equation
(3), the right-hand side becomes

o(Q(s)'t) = Qa(s)) " 'a(t) = Qs HQUx""h~ ' 'k
= Qs - RO - TINQATHQE
ClQNQEY TR

po(x) (k) y " h = py"w(h) y Tk,

o(p)

since r~1Q()Q(t)~'¢ = y~'. Now set h = y~'hx™. Then since w(y) =z =
(xy)~!, we obtain the equality

pf = py (k) y~ k= po(h)xyhx",
s0 fx™ has the form given in Theorem 2.

Let us prove (III'). Recall that the mapping class group M(0, 5) can be
identified with a star of paths starting from Q via the Dehn twists described
above. Let p = (04030204 Y2 € M(0,5) as in the previous sections. A priori,
p corresponds to a rotation of the sphere through an angle of 6mwi/5, but
this symmetry is lost using standard form. A point (0,4, 1,00,b) goes to
(1,00,b,0,a) under p, which is given in standard form by

b bla-—-1)

<O’b—l’l’oo’a(b—l)> ' @)
The permutation corresponding to p is given by (14253) € Ss; it also gives
an automorphism of .4y, s, expressed on the spheres in standard form by (4).
We denote this automorphism by P € Aut(.#, s), appealing to the reader to
identify this letter with a capital p, accompanied by the suitable pronunciation,
in analogy with the notation 6 and ©, ® and Q introduced above. Considering
p € M(0,5) as a word in the Dehn twists ;, p induces a path in the moduli
space from any point ¢ € Q to the point P(g) which by (4) lies in ¢, so
it induces a well-defined homotopy class of paths from the simply connected
region 0 to P(Q) = Q'. We denote this path by p. The automorphisms p of
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K(0,5) = #1(Mo,5; Q) (ie. conjugation by p in M(0,5)) and P of 4,5 are
related by the following formula, analogous to equation (3) above:

BIP(k)p = p(k) for all k € K(0,5). (5)

To study the images of the paths v and v’ under the automorphism P of # s,
we need to choose parametrizations of them. Before doing so, we note that
using (4), it is easy to check that P fixes the points Z and Z’ on .#g .

Let us parametrize by

(O: ((175652— "—8>Z+8, 1’009(—(C+C4) —/J)Z"‘[l) 3

for z € [0,1] (where the first, third and fourth paths are constant paths at the
given points). The path v’ is only slightly more complicated; we do it with two
pairs of line segments. Let & = (2/((1 + {?)?)~26 and = (2 + )~ 1.6
so that (0,¢, 1,00, 8) gives the endpoint of v'. Then we can parametrize v’ via

(0,2 —2e—2i)z+¢1,00,(2i —2u)z + 1)
for z € [0,1/2] and

(0,(2e — 2 + 2i)z + (2 — & — 2i), 1,00,(28 — 20)z + (2i — B))

for z € [1/2,1]. These parametrizations allow us to compute the images of the
paths v and ¢’ under the automorphism P. Using (4) to calculate them directly,
we find that P(v) and P(v") are as in the following figure. In particular, this
calculation (left to the unconvinced reader...) shows that the two pieces of
P(v") actually cross for some value zy € [0,1], i.e. there is a point of the form
(0,xp,1,00,x9) on the path P(¢'), a fact which comes in handy below.

Let us show that P(v)"'v = p and P(v')"1v' = ﬁx34x5_11x45x1_21. The case
of v is immediate from the figures: the path v followed by P(v)™! has the point
starting at u perform a loop homotopic to the identity, while the point starting at
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¢ slides from ¢ to 1 — &, which is just the path p. Along v/ followed by P(v')~!,
the points starting at u and & follow a more complicated procedure which we
can write as the braid given in the following figure, with the convention that
when a marked point passes above another, the corresponding braid strand
passes behind, and when it passes below, the braid strand passes in front.
The braid we obtain is a pure braid which means it starts and ends at Q; in
order to obtain P(¢v')~!v" we have to compose this braid with the path p. The
upper part of the braid follows the meanderings of the path v/, and the lower
half continues it with P(¢v')~!. One cannot of course deduce this braid merely
from the figures above, it is necessary to use the explicit parametrization of
' and the parametrization of P(v/)™! obtained from it, i.e. to have a sort of
“kinematic” version of the path, in order to confirm the fact remarked above
that the two pieces of the path cross for some value zy € [0, 1], i.e. that there
is a point (0, xp, 1,00,x) on P(v)~L.

This braid is given by x»5x45; using the identity xs; = x23x24x34 valid in
K(0, 5), we find that this is equal to the now-familiar expression x34x5‘ll X45 xal ,
which means precisely that P(v')~'v' = pxsax5'xssx;;!, as desired. Now,
from the two equalities P(v)"'v= p and P(v')'v' = [Jx34x5°11x45x1"2‘, we
will deduce the cocycle form (III') of f. Consider first the case (o) =1
or 4mod 5. Then o(v)=vk and o(p) = pf(x12,x23), so applying & to
both sides of the equality P(v)~'v= p and using equation (5), we
obtain

P(ok)™"vk = P(k)™"P(v) "ok = P(k)™' pk = pp(k) ™"k = pf(xiz,%23) -

In the case y(o) =2 or 3mod5, we have o(v) = v’k and so similarly, we
obtain
PWk) "Whk= Pk)" pxsaxs xasx;;'k
= pp(k) ™~ \xsaxgy xasxi'k = Bf (i, x3) -
Thus f'(x12, x23) has the form of (III') of Theorem 2. This concludes our proof
that the elements f € Fz belonging to pairs (4, /) associated to ¢ € Gal(Q /@)
have the forms (I'), (I') and (IIV'), so in particular they lie in GT. To
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see that the map Gal(Q/®Q) — GT obtained this way is a group homomor-
phlsm it suffices to note that elements o € Gal(Q /@) give automorphlsms
of F via their couples (4, f), by sending x +— x* and y > f~ 1y £, and
multiplication of elements of Gal(®Q/®Q) corresponds to composition of these
automorphisms, which gives the multiplication of formula (2), ie. that of
GT.

Now, since the elements of GT give automorphisms of F; via x — x* and
y = f71yA £, the elements of Gal(Q/Q) act as automorphisms of F». Now,
F is the algebraic fundamental group of P! — {0, 1,00}, which is a variety
defined over @, so we have a split exact sequence

1 - (P — {0, 1,00} @ Q) = £, — # (P! — {0, 1,00}) — Gal(Q/Q) — 1 .

This gives an outer action of Gal(Q/®Q) on B, i.e. a canonical homomorphism
Gal(Q /@) — Out(F,), which lifts in many ways to homomorphisms Gal(Q/Q)
— Aut(#,). The most striking property of our homomorphism Gal(Q/Q) —
GT c Aut(Fy) is that it lifts the canonical homomorphism Gal(Q/®Q) —
Out(Fz) (cf. Theorem 1 of the appendix to [I12]). Since by Belyi’s theorem,
the homomorphism Gal(Q/Q) — Out(Fz) is injective (cf. for example [S], II),
our homomorphism Gal(Q/Q) — GT is also injective. O

Proof of the Corollary to Theorem 2. Let F = (4, f) be an element of GT,
so it takes the forms in Theorem 2 accordlng to the congruences of A. Then
in analogy to what happens for Gal(Q/®@), GT acts naturally on the path r
on #y,4 by sending it to rg, and on ¢ by sending it to th where i = hx™™ if
A=1 mod3 and to t'/ where h = yhx~™ if A =2 mod3. Moreover, F acts
on the path v on .# s by sending it to vk if A=1 or 4 mod5 and to v'k if
A=2or 3 mod5.

As described at the end of the introduction, this action of GT on these paths
is natural in that it probably extends to an automorphism of the full algebraic
fundamental groupoids of .#o 4 and .#, s based at tangential base points and
points of special automorphism group, and indeed it is probably the complete
group of automorphisms of these groupoids satisfying some simple conditions.
We can show that this is the case for n = 4. Let ® and Q be the two generators
of Aut(.#y 4) given above. Generically, any point of .#g4 = P! — {0, 1,00}
has six images under Aut(.#4). The points of P! — {0, 1,00} having special
automorphism group are the points which do not have six distinct images
under the action of this group, i.e. they are fixed under some automorphisms.
It is easily determined that 1/2 is the only fixed point of ©,—1 of Q@ and
2 of Q*@. The fixed points of 2 and Q? are —j and —?, so the five points
{1/2,2,—1,~j,—j*} give the complete set of points of P' — {0, 1,00} with
special automorphism group. Let %4 denote the union of the six tangential base
points and the five points of special automorphism group. A generating set of
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paths for the fundamental groupoid 7(# ¢ 4; %4) forms a sort of pumpkin, as
in the following figure:

These paths are simply the basic paths r, s and ¢ together with all their
images under the six automorphisms of P' — {0, 1,00}. For any two points
a and b in %, the set of paths in m;(#g 4; Bs) from a to b is given by any
one path from a to b precomposed with the set of loops in the local group (iso-
morphic to F,) based at a. The algebraic fundamental groupoid ﬁl(.//lo,4;3~?4)
is obtained from the topological fundamental groupoid by replacing the local
group (isomorphic to F,) at each point by its profinite completion F3, so that
the set of pro-paths from a to b is given by a choice of a path from a to b
lying in the topological fundamental groupoid, formally precomposed with all
elements of #,(#,4;a).

Proposition 11. GT is an automorphism group of the fundamental groupoid
ty(Mo,43 B4).-

Proof. In order to show that GT is an automorphism group of this fundamental
groupoid, we first define the action of GT on each path as above, namely if
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Fz(l,f)e(/ﬁ", we set

; {hx"" if 1= 1mod 3

yhx™™ if A=2mod 3,

and F(r)=rg, F(t)=th resp. h if A =1 resp. 2 mod3, and F(s)=
F(t)x™t™ s, so F(s~'t) =s~lex™™. Since £ = 6(g)"'g and p = O(r)'r, we
obtain F(p) = pf. In order to check that F really an automorphism of the
groupoid, we need to check that all relations in the groupoid are respected by
this action (a relation in the groupoid is a non-trivial chain of paths forming
a loop homotopic to the identity). Up to the action of automorphisms (which
commute with GT ), the set of relations in the fundamental groupoid 7;(# 4)
is generated by the following two relations among the generating paths
r,s and ¢:
e =1

and
75O I O ) i s)e ) !

The first relation can be written @(r)~'r = Q(s)~'¢. Applying F to both sides,
we see that it is respected by the action of F if and only if

. w(h)™! if A= 1mod3
(9)" 9= 1 .
w(h) "' xyh if 1=2mod3.

But this is the case by hypothesis.

In the second relation, we may use the identity @(r)"'r = p to rewrite
the relation as t~'sQ*(pt~'s)Q(pt~'s)p = 1. Let us apply F of the left-
hand side of this relation, recalling that t_IQ(t)Q(w)Q(t) 't = w(w) and thus
LA (W) (1)~ 't = wP(w) for all w € F5. We obtain

X"t QP PYQP (XM ) p)A XU s)pf = 1.
Using the identity p = Q(s)™ 't this simplifies to
tTIQA)QA (™) T QO™ - fXT =

Wthh is equal to w*(fx™)w(fx™)fx™ = 1, by relation (II) of the deﬁnmon
of GT. Thus the second relation is also respected by the action of GT which
concludes the proof. |
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Appendix to: A cohomological interpretation
of the Grothendieck-Teichmiiller group

C. Scheiderer

Fakultit fiir Mathematik, Universitit Regensburg, D-93040 Regensburg, Germany
(e-mail: claus.scheiderer@mathematik.uni-regensburg.de)

Oblatum 19-V-1996

If G is a (discrete) group and (Gi)ies is a family of subgroups of G such
that H"(G) = [, H"(G;) for n large (and all coefficient modules), then every
finite (nontrivial) subgroup of G is contained in a conjugate of one (and only
one) of the G;. This is the (slightly simplified) statement of a theorem by
C.T.C. Wall and J.-P. Serre, which was published by J. Huebschmann in [H].
It is the purpose of this appendix to prove a profinite analogue of this
theorem, and also to state a converse which works both in the discrete and in
the profinite case. The profinite version of his theorem was known to Serre,
as he told me in May 1995. I am indebted to him for his kind permission to
include this result in this appendix, as well as for other useful remarks.

Let G be a‘profinite group, and let (G;);c; be a family of cldsed subgroups
of G (I+0). Consider the following properties of the pair (G, (G;)):

(H) For every prime p there exists an integer n, such that, for every finite
discrete p-primary G-module M, the restriction map

H"(G,M)— [] H(G;,M)
i€l
is a dense embedding for n > n,.
(A,) Every finite subgroup of G is conjugate to a subgroup of G;, for some
iel
(A2) GinxGx~! = {1} fori,j €I and x € G, unless i = j and x € G;;
(A3) vedp(G) < oo for every prime p.

Here we say that a map X — [, o, X; is a dense embedding if it is injective and
if for every finite subset J of / the induced map X — Hje ;X is surjective.
As usual, ved,(G) denotes the virtual cohomological p-dimension of G, i.e.
ved,(G) = cd,(H) if H is a sufficiently small open subgroup of G.

Proposition.

a) (H) implies (A,). More precisely, assume that (H) holds. Let H be any
finite nontrivial subgroup of G. Then there are i € I and x€ G with H C
xGix~\. In addition, i and the double coset HxG; € H\G/G; are uniquely
determined.
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b) If the subgroups G; are finite and I is a finite set then (H) is equivalent
10 (A)—(A3).

From a) we obtain as a corollary a Kurosh subgroup theorem for the torsion
in a free profinite product:

Corollary. Let (G;);cs be a family of profinite groups, and let G = *;<,;G; be
the free profinite product. Then any finite subgroup +{1} of G is conjugate
to a subgroup of G, for a unique i € I.

Proof. See [Ne], for example, for the notion of free product of profinite
groups. The restriction map H"(G,M) — €, o, H"(G;, M) is (well-defined and
is) an isomorphism for » = 2 and every torsion discrete G-module M {[Ne],
Satz 4.2). Therefore the corollary is a direct application of part a) of the
proposition. a

We now give a proof of the proposition. The case when G is finite is contained
in Serre’s theorem in [H]. This theorem was proved before, in a somewhat
different formulation, by Wall ([W], Corollary 1 to Proposition 8); compare
also [H], p. 142.

Lemma 1. Assume that G is finite and (H) holds. Then there is i € I such
that G; = G and G; = {1} for every j=+i, j€l.

Proof. Let Hy,...,H, be the set of all distinct subgroups of G which occur
among the G;. Then, for the same » and M as in (H), the map

,
HY(G,M) — [[ H"(H;, M) (1)

i=1
is bijective. It follows from this that there is ny € IN such that (1) is bijective
for n>ny and every G-module M. By Serre’s Theorem in [H], therefore,
Gi=G or G; = {1} for every i € I, and G; = G occurs. It is clear that there
can only be one index i with G; = G (unless G is trivial). a

We will use the following profinite double coset formula:

Lemma 2. Let H, K be closed subgroups of the profinite group G. Let N be
a discrete H-module, and let M = ME(N) be the coinduced G-module. Then
there is a canonical dense embedding

H"K,M)— [ H'(HNxKx™',N).
HxKe H\G/K

Proof. The group H acts on the coset space G/K. Hence equivariant co-
homology groups H}(G/K,N) are defined for every discrete H-module N
([Sch;] Sect. 8 or [Schy] Sect. 5). If N is injective then Hj(G/K,N) =0 for
n = 1 by [Sch;], (5.5a). Therefore N — HE(G/K,N) is the n-th right derived
functor of N — HY(G/K,N). This last group is (functorially) identified with
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the group of continuous maps f: G — N which satisfy f(hgk) = h- f(g) for
(h,g,k) € H x G x K. So this group is also H(K, MZ(N)). 1t follows that

H"(K, M{(N)) = H},(G/K,N) (2)

holds canonically for all n.

By expressing the right hand group in (2) as the global sections of
a suitable sheaf on the double coset space H\G/K, one gets (see [Schj]
Proposition 5.5a) a dense embedding

Hy(G/K,N) — [ H"(H«,N)
HxKEH\G/K

given by restriction, where H g is the stabilizer of xK in H, ie. Hypg = HN
xKx~!, J

Let A be any closed subgroup of G, let N be a discrete H-module and
M := M (N). Consider the commutative diagram

H'(GM) [Le, HY(G, M)

l l 3)

’

HYHN) L5 [Te; Mo HYH N xGix™ N)

The arrows p, p’ are restriction maps. The right hand vertical map is the dense
embedding of Lemma 2. The left hand vertical map is the canonical isomor-
phism of Shapiro’s Lemma. If p is a dense embedding then so is p’.

Assume that (H) holds. Let H be a finite subgroup of G. For every finite
H-module N the map p is a dense embedding for » > ng := sup{n,: p divides
|H|}, by hypothesis (H). Hence so is p’. From Lemma 1 we get therefore
assertion a) of the proposition.

Now we prove b). So let Gj,...,Gg be finite subgroups of G for which
property (H) holds. The implication (H) => (A;) is a particular case of a) (put
H:=G; ﬂijx“‘). Let N be an open normal subgroup of G which intersects
each G; trivially. From (H) and Lemma 2 it follows that cd,(N) < n, for
every prime p.

Conversely let us assume that (A;)—(A3z) hold. We’ll show that (H) is
a consequence of the Brown type theorem for profinite groups proved in [Schs].

Fix a prime p. Let /G = {/,G} be the simplicial space of nontrivial
elementary abelian p-subgroups of G ([Schy], Sect.6), and let o (for i =
1,...,k) be the simplicial subspace of &/G defined by

st = {(Ao,....An) € &,G: 4, is conjugate to a subgroup of G,}

(n = 0). Note that &' is G-invariant and contains «/G;. By (A;), #G is
the union of &',..., o7, and by (A;) the &/’ are mutually disjoint. There-
fore HA(AG,M) = @, H( /', M) for any coefficient module M. From [Sch;]
Theorem 8.2 we know that for every discrete p-primary G-module M the
canonical map H*(G,M) — H{ (G, M) is bijective for n > n, := ved ,(G) +
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tk,(G), where rk,(G) is the maximal rank of an elementary abelian
p-subgroup of G. We now show that the restriction maps

HY(4', M) — HE,(£Gyi, M) )

are bijective. According to results of Quillen and Brown (see [Br], Ch. X) the
last group is H"(G;, M), so this will prove property (H).

The proof is just an application of the spectral sequences “of type /17, see
[Schy], 5.9. By (5.12) of [Schy] these are convergent first quadrant spectral
sequences

Ef = [1 H'©Nc(A)M)= Hi (o', M) (5)
A€st, mod G
A nondeg.
and
5= [ H©NNG(B),M)= H;* (LG, M). (6)
B& o, G; mod G;
B nondeg.

Observe that the products in the Ej-terms are over finite index sets, so the
dense embeddings of [Schy] 5.12 are in fact bijective. Here we have written

Ng(4) := Ng(4o) N - - N Ng(4,)

for 4 = (Ao,...,4,) € &G, and siimilarly Ng,(B) in the second sequence. Now
from (A;) and (A;) it follows that the index sets in the products in (5) and (6)
are bijective to each other, and that the normalizers are also the same; indeed,
if S=={1} is any subgroup of G; then Ng(S) C G;. Therefore the map between
spectral sequences (5) and (6), whose abutment is (4), is an isomorphism on
the Ej-level. So (4) is an isomorphism, and the proof is complete. a

Remark. Properties (H) and (A;)—(A3) make sense as well for a discrete
group G (together with subgroups G;, i € I'). The above proofs work mutatis
mutandis for discrete groups as well, and therefore both parts of the proposition
remain true for discrete groups. In fact, a) is nothing but Serre’s theorem in
[H]. For the proof of the converse b) one uses Brown’s theorems for discrete
groups, see [Br] ch. X.
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