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HODGE’S GENERAL CONJECTURE IS FALSE FOR
TRIVIAL REASONS

A. GROTHENDIECK

(Received 27 October 1968)

§1

The startling title is somewhat misleading, as everybody will think about the part of the
Hodge conjecture which is most generally remembered, namely the part concerned with a
criterion for a cohomology class (on a projective smooth connected scheme X over C) to
be “algebraic”, i.e. to come from an algebraic cycle with rationalt coefficients. This
conjecture is plausible enough, and (as long as it is not disproved!) should certainly be
regarded as the deepest conjecture in the * analytic” theory of algebraic varieties. However,
in [6, p. 184], Hodge gave a more general formulation of his conjecture in terms of filtrations
of cohomology spaces, and the main aim of my note is to show that for a rather trivial
reason, this formulation has to be slightly corrected.

Consider on the complex cohomology
H(X*,C) = H(X™ Q) ® oC

(X" denotes the analytic space associated to the scheme X) the “ Hodge filtration” Filt?,
which can be defined in terms of the Hodge bigraduation as the sum of all H?" 9 with
P’ +q=1i,p' > p. This filtration of course is not rational over Q” i.e. does not come from
a filtration on H'(X**, Q), except in trivial cases. However, there is on the rational cohom-
ology a very significant filtration, which might be called the *arithmetic " filtration, as it
embodies deep arithmetic properties of the scheme X, which we will denote by Filt'?, where
Filt' is the space of cohomology classes for which there exists a Zariski closed subset T
of X, of codimension >p, such that the given class vanishes on X — 7. We denote by the
same notation Filt'” the corresponding filtration of the complex cohomology. Both Filt? and
Filt’? are decreasing filtrations on A ‘(X*, C), and it is well-known that the second is finer
than the first, which means

(%) Filt’” H(X™, Q) = Filt” H'((X*, C) n H'(X™, Q).

t In fact, Hodge states his conjecture for integral cohomology. That this is too optimistic was proved
in [1].
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