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A GENERAL THEORY OF FIBRE SPACES
WITH
STRUCTURE SHEAF

INTRODUCTION. When one tries to state in a general algebraic
formalism the various notions of fibre space: general fibre space
(without structure group, and maybe not even locally trivial); or fibre
bundle with topological structure group G as expounded in the book of
Steenrod (The Topology of Fibre Bundles, Princeton University Press);
or the "differentiable" and "analytic" (real or complex) variants of |
these notions; or the notions of algebraic fibre spaces (over an abstract
field k) - one is led in a natural way to the notion of fibre space with a
structure sheaf G. This point of view is also suggested a priori by the
possibility, now classical, to interpret the (for instance "topological")
classes of fibre bundles on a space X, with ahelian structure group G,
as the elements of the first cohomology group of X with coefficients
in the sheaf G of germs of continucus maps of X into G; the word
"continuous" being replaced by "'analytic" respectively "regular" if
G is supposed an analytic respectively an algebraic group (the space
X being of course accordingly an analytic or algebraic variety). The
use of cohomological methods in this connection have proved quite
useful, and it has become natural, at least as amatter of notation,
even when G is not abelian, to denote by H (X G) the set of classes
of fibre spaces on X with structure sheat G, G being as above a
sheaf of germs of maps (continuous, or differentiable, or analytic,
or algebraic as the case may be) of X into G. Here we develop
systematically the notion of fibre space with structure sheaf G, where
G is any sheaf of (not necessarily abelian) groups, and of the first
cohomology set h (X, G) of X with coeificients in G. The first four
chapters contain merely the first definitions concerning general fibre
spaces, sheaves, fibre spaces with composition law (including the
sheaves of groups) and fibre spaces with structure sheaf. The functor

aspect of the notions dealt with has been stressed throughout, and as
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it now appears should have been stressed even more. As the proofs of
most of the facts stated reduce of course to straightforward verifications,
they are only sketched or even omitted, the important point being merely
a consistent order in the statement of the main facts. In the last chapter,
we define the cohomology set HI(X, G) of X with coefficients in the sheaf
of groups G, so that the expected classification theorem for fibre spaces
with structure sheaf G is valid. We then proceed to a careful study of

the exact cohomology sequence associated with an exact sequence of

sheaves e > E _(;1 > E e. This is the main part, and in fact
the origin, of this paper. Here G is any sheaf of groups, F a subsheaf
of groups, H = (_3_/ F, and according to various supplementary hypotheses
on F_l (such as F_ normal, or F_‘_ normal abelian, or F; in the center) we
get an exact cohomology sequence going from HO(X, F) (the group of
sections of F) to HI(X, G) respectively HI(X, H) respectively
HZ(X, H), with more or less additional algebraic structures involved.
The formalism thus developed is quite suggestive, and as it seems
useful, in particular in dealing with the problem of classification of
fibre bundles with a structure group G in which we consider a sub-
group F, or the problem of comparing say the topological and ana-
lytic classification for a given analytic structure group G. However,
in order to keep this exposition in reasonable bounds, no examples have
been given. Some complementary facts, examples, and applications
for tiic notions developed will be given in the future. This report has
wcen written mainly in order to serve the author for future reference;
it is hoped that it may serve the same purpose, or as an introduction
to the subject, to somebody else.

Of course, as this report consists in a fortunately straightforward
adaptation of quite well known notions, no real difficulties had to be
overcome and there is no claim for originality whatsoever. Besides,

at the moment to give this report for mimeography, I hear that results

analogous to those of chapter 5 were known for some years to Mr. Frenkel,

who did not publish them till now. The author only hopes that this
report is more pleasant to read than it was to write, and is convinced

that anyhow an exposition of this sort had to be written,
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Remark (added for the second edition)., It has appeared that the
formalism developed in this report, and'specifically the results of Chapter
V, are valid (and useful) also in other situations than just for sheaves on a
given space X, A generalization for instance is obtained by supposing that
a fixed groupTCis given acting on X as a group of homeomorphisms, and
that we restrict our attention to the category of fibre spaces over X (and
especially sheaves) on whichTU operates in a manner compatible with its
operations on the base X, (See for instance A, Grothendieck, Sur le
mémoire de Weil; Gén€ralisation des fonctions abéliennes, Séminaire
Bourbaki Décembre 1956). When X is reduced to a point, one gets
(instead of sheaves) sets, groups, homogeneous spaces etc, admitting a
fixed group TU of operators, which leads to the (commutative and non-
commutative) cohomology theory of the group TU. One can also replace
TC by a fixed Lie group (operating on differentiable varieties, on Lie
groups, and homogeneous Lie spaces), Or X,TC are replaced by a fixed
ground field k, and one considers algebraic spaces, algebraic groups,

homogeneous spaces defined over k, which leads to a kind of cohomology

theory of k. All this suggests that there should exist a comprehensive
theory of non-commutative cohomology in suitable categories, an
exposition of which is still lacking., (For the 'commutative'’ theory of
cohomology, see A. Grothendieck, sur quelques points d'Algébre Homo-
logique, Tohoku Math, Journal, 1958),
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CHAPTER 1

GENERAL FIBRE SPACES

Unless otherwise stated, none of the spaces to occur in this report

have to be supposed separated.

1.1 Notion of fibre space.

Definition 1.1,1, A fibre space over a space X is a triple (X, E, p) of

the space X, a space E and a continuous map p of E into X.

We do not require p to be onto, still less to be open, and if p is onto,
we do not require the topology of X to be the quotient topology of E by the
map p. For abbreviation, the fibre space (X, E, p) will often be denoted
by E only, it being understood that E is provided with the supplementary
structure consisting of a continuous map p of E into the space X, X is
called the base space of the fibre space, p the projection, and for any
x € X, the subspace p-l(x) of E (which is closed if {x'_} is closed) is the

fibre of x (in E).

Given two fibre spaces (X, E, p) and (X', E', p'), a homomorphism

of the first into the second is a pair of continuous maps f: X—> X' and

g E —> E', such that p'g = fp, i.e. commutativity holds in the diagram

—8 SR

| »
f >x

R !

gl
w11

Then g maps fibres into fibres (but not necessarily onto!); furthermore,
if p is surjective,then f is uniquely determined by g. The continuous map
f of X into X' being given, g will be called also a f-homomorphism of E

into E', 1f, moreover, E'' is a fibre space over X'', f' a continuous map
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X!—> X'" and g': E'=—> E'' a f'-homomorphism, then g'g is a
f'f-homomorphism. If f is the identity map of X onto X, we say also
X-homomorphism instead of f-homomorphism. If we speak of

homomorphisms of fibre spaces over X, without further comment, we

will always mean X-homomorphisms.

The notion of isomorphism of a fibre space (X, E, p) onto a fibre

space (X', E', p') is clear: it is a homomorphism (f, g) of the first into

the second, such that f and g are onto-homeomorphisms.

1.2 Inverse image of a fibre space, inverse homomorphisms. Let

(X, E, p) be a fibre space over thec space X, and let f be a continuous
map of a space X' into X. Then the inverse image of the fibre space E
by f is a fibre space E' over X'. E' is defined as the subspace of X' >< E
of points (x', y) such that fx' = py, the projection p' of E' into the base
X' being given by p'(x', y) = x'. The map g{x', y) = y of E' into E is

then an f-homomorphism, inducing for each x'& X' a homeomorphism of

the fibre of E' over x!' onto the fibre of E over fx'.

Suppose now, moreover, given a continuous map f': X'"'— X' of a
space X'' into X'. Then there is a canonical isomorphism of the fibre
space E'' over X'', inverse image of the fibre space E by ff', and the
inverse image of the fibre space E' (considered above) by f' (transitivity
of inverse images). If (x'', y)eE'' (x''e X', ye E, ff'x'' = py), it is
mapped by this isomorphism into (x'', {(f'x'', y)).

L.et Y be a subspace of the base X of a fibre space E; consider the

injection f of Y into X; the inverse image E' of E by f is called fibre-

space induced by E on Y, or the restriction of E to Y, and is denoted by

E IY. This 1s canonically homeomorphic to a subspace of E, namely the
set of elements mapped by p into Y; the projection of E IY into Y is
induced by p. By what has been said above, if Z is a subspace of Y, the
restriction of E|Y to Z is the restriction E|Z of Eto Z.

Again let (X, E, p) and (X', E', p') be two fibre spaces, f a con-

tinuous map X—>X'. An inverse homomorphism associated with f is an

X~-homomorphism g of the fibre space E0 into E, where EO denotes the

inverse image of the fibre space E' by f. That means that g is a
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continuous map, of the subspace E_ of X >< E! of pairs (x, y') such that
fx = p'y!, into E, mapping for any x & X the fibre of x into E (homeo-
morphic to the fibre of fx in E' 1) into the fibre p (x) of x in E For
instance, if E is itself the inverse image of E' by £, then there is a
canonical inverse homomorphism of E' into E associated with f: the
identity ! (Though somewhat trivial, this is the most important case of

inverse homomorphisms, )

1,3 Subspace, quotient, product. Let (X, E, p) bea fibre space, E!

any subspace of E, then the restriction p! of p to E!, defines E' as a

fibre space with the same basis X, called a sub-fibre-space of ©. So the

sub-fibre-spaces of E are in one to one correspondence with the subsets
of E; in particular, for them the notions of union, intersection etc. are
defined. (Of course, in most cases we are only interested in fibre
spaces the projection of which is onto; this imposes then a condition on
the subspaces of E considered, which may be fulfilled for two subspaces
and not for the intersection.)

Let now R be an equivalence relation in E compatible with the map p,

i.e. such that two elements of £ congruent mod R have the same image
under p. Then p defines a continuous map p' of the quotient space
E!' = E/R into X, which turns E! into a fibre space with base X, called

a quotient fibre space of E, So the latter are in one-to-one correspondence

with the equivalence relations in E compatible with p. A quotient fibre
space of a quotient fibre space of E is a quotient fibre space.

Let (X, E, p) and (X', E!, p') be two fibre spaces, then (p, p")
defines a continuous map of E >< E' into X >< X!, so that E >< E! appears
as a fibre space over X >< X!, called the product of the fibre spaces E, E.
The fibre of (x, x') in E >< E! is the product of the fibres of x in E,

respectively x! in E'. Suppose now X = X!, and consider the inverse
image of E >< E! under the diagonal map X —* K >< X, we get a fibre
space over _}_(_, called the fibre product _(_)_{ the fibre spaces E, E! over X,

denoted by E >< E', The fibre of x in this fibre-product is the product of
(X)

the fibres of x in E respectively E', Of course, product of an arbitrary

family of fibre spaces can be considered, and the usual formal properties
hold.




1.4 Trivial and locally trivial fibre spaces. Let X and F be two spaces,

E the product space, the projection of the product on X defines E as a

fibre space over X, called the trivial fibre space over X with fibre F,

All fibres are canonically homeomorphic with F. Let us determine the
homomorphisms of a trivial fibre space E = X >< F into another

E' =X >< F'. More generally, we will only assume that the projection
of X >< F.onto X is the natural one and continuous for the given topology
of X >< F, which induces on the fibres the given topology (but the topology
of X >< F may not be the product topology, for instance: X and F are
algebraic varieties with the Zariski topology); same hypothesis on

X>< F'. Then a homomorphism u of E into E', inducing for each x€ X
a continuous map of the fibre of E over x into the tibre of E' over x,
defines a function x —> f(x) of X into the set of all continuous maps of
F into F', and of course the homomorphism is well determined by this

map by the formula
(1.4.1) ulx, y) = (x, f(x).y) (x€X, yeF).

So the homomorphisms of E into E' can be identified with those maps f
of X into the 52t of continuous maps of F into F' such that the map (1. 4.1)
is continuous. If the topologies of E and E' are the product topologies,
this means that (x, y)—> f(x).y is continuous; as is well known, if
moreover F is locally compact or metrizable, this means also that f is
continuous when we take on the set of all continuous maps from F into F'
the topology of compact convergence. If we consider a homomorphism

v from E' into E'' = X >< F'' given by a map g of X into the set of all
continuous maps of F' into F'' the homomorphism vu is given by the

map x —> g{x)f(x). In order that the map (1.4.1) be injective (respec-
tively surjective, bijective) it is necessary and sufficient that for each

x €X, f(x) bas the same property. In the bijective case, the inverse map
is then defined by the function x —> f(x)—l. It follows that u is an iso-
morphism onto if and only if for each x & X, f is a homeomorphism of

F onto F', and the map (x, y') —>(x, f(x)‘l.y') continuous, So we get in

particular (coming back to the case of trivial fibre spaces):

1o
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Proposition 1,4.1, LetE =X >< F and E' = X >< F!' be two trivial fibre

spaces over X, then the isomorphisms of E onto E' can be identified with
the maps f of X into the set of homeomorphisms of F onto F' such that
f(x}. y and f(x)-l. y' be continucus functions from X >< F into F!
respectively X > F'into F, If E = E', this identification is compatible
with the group structures on the set of automorphisms of E respectively

the set of maps of X into the group of automorphisms of F,

Two fibre spaces E, E' over X are said to be locally i;_&_z_c_;_morphic if

each point x of X has a neighborhood U {which can be assumed open) such
that the restrictions of E and E' to U are isomorphic. This is clearly an

equivalence relation. A fibre space E over X is said locally trivial with

fibre F (F being a given space} if it is locally isomorphic to the trivial

space X >< F,

1.5 Definition of fibre spaces by coordinate transformations,

Let X be a space, (Ui) a covering of X, for each index i let Ei be a
fibre space over Ui' and for any couple of indices i, j such that

= -1 ] T e
Uij UimUj #ﬂ, let fij be a Uij isomorphism of Ej ILij onto EiIUiJ

On the topological sum € of the spaces Ei" let us consider the relation

(1.5.1,) V€ EiIUij and yje Ej lUij are equivalent means y, = fijyj'
This is an equivalence relation, as easily checked, if and only if we have,
for each triple (i, j, k) of indices such that Uijk = Ui” Uj n Uk 3 ¢, the

relation

(1.5. 2.) fik = fijfjk
{where, in order to abbreviate notations, we wrote simply 'fik instead of:

the isomorphism of EkIU onto EiIUijk induced by fik; and likewise for

ijk
fij and fjk)' Supposing this condition satisfied, let E be the quotient

space of € by the preceding equivalence relation. The projections P; of
Ei into Ui define a continuous map of the topological sum & into X, and

this map is compatible with the equivalence relation in £, so that there




is a continuous map p of E into X (which is onto if the pi's are all onto).

Definition 1, 5.1. The fibre space over X just constructed is called the

fibre space defined by the "coordinate transformations" (fij) between the

fibre spaces Ei'

The identity map of Ei into & defines a map ?i of Ei into E, which
by virtue of (1,5.1.) is a one to one Ui-homomorphism of E.1 onto E IUi'
The topology of E (by a well known transitivity property for topologies
defined as the finest which ...) is the finest topology on E for which the

maps P, are continuous. Moreover, it is easy to show that in case the

interiors of the Ui's already cover X, the maps g?i are homeomorphisms

into. Henceforth, for simplicity we will only work with open coverings

of X, so that the preceding properties are automatically satisfied. Then

¢p; can be considered as a Ui-isomorphism of Ei onto E IUi' Clearly

-1
(1.5.3.) fij =P, c_pj

(wheré again, in order to abbreviate, we wrote P, instead of the restriction
of (§>.1 to EiIUij° ?j instead of the restriction of cpj to Ej IUij)' Conversely,
let E be a fibre space over X, and suppose that for each i there exists a
Ui-isomorphism P, of Ei onto EIUi, then (1. 5. 3. ) defines, for each pair

(i, j) such that Uin Uj = Uij 10, a Uij—isomorphism of Ej lUij onto

EiIUij' and the system (fij) satisfies obviously (1.5.2.). Therefore we
can consider the fibre space E' defined by the coordinate transformations
fij' Then it is obvious that the map of & into E defined by the maps ?1

is compatible with the equivalence relation in f. therefore defines' a
continuous map f of E'! into E which is of course an X-homomorphism.

Let 931 be the natural isomorphism of Ei onto E' |Ui defined above; it

is checked at once that the map of E' IUi into E IUi induced by f is

P, q;'irl, hence an isomorphism onto. It follows that f itself is an
isomorphism of E' onto E, by virtue of the following easy lemma (proof

left to the reader):

Lemma 1. Let E, E' be two fibre spaces over X, and f an

be
ti
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X-homomorphism of E into E', such that for any xe X, exists a neigh-
borhood U of x such that f induces an isomofphism of E |U onto(respec-
tively, into) E' IU. Then f is an X-isomorphism of E onto (respectively,
into) E'.

What precedes shows the truth ofg-

Proposition 1. 5.1. The open covering (Ui) and the fibre spaces Ei over

Ui being given, the fibre spaces over X which can be obtained by means
of suitable coordinate transformations (fij) are exactly those, upto

isomorphism, for which E ]Ui is isomorphic to Ei for any i.

Consider now two systems of coordinate transformations (fij), (f'ij)
corresponding to the same covering (Ui), and to two systems (Ei), (E,!l)
of fibre spaces over the Ui'su Let E be the fibre space defined by (fij)
and E' the fibre space defined by (f'ij); we will determine all homomor-
phisms of E into E'. If f is such a homomorphism, then for each i,
£ =t
i = %i
homomorphism of Ei into Ei, and the system (fi) satisfies clearly, for

each pair (i, j) such that Uij +p’

f Py {(where.f stands for the restriction of f to E IUi) is a

(1. 5. 4) fifij = fijfj

(where we write simply fi instead of the restriction of fi to E, lUij'

and likewise for f.). The homomorphism f is moreover fully
determined by the system (fi) since fi determines the restriction of f
to E IUi; and moreover the system (fi) subject to (1. 5.4) can be chosen
otherwise arbitrarily, for this relation expresses exactly that the map
of the topological sum E of the Ei's into the topological sum T oof

the E; 's transforms equivalent points into.equivalent points, and
therefore defines an X-homomorphism f of E into E'; and it is clear
that the system (fi) is nothing else but the one which is defined as
above in terms of the homomorphism f. Of course, in view of

lemma 1, in order that f be an isomorphism onto, (respectively, into)

it is necessary and sufficient that each fi be an isomorphism of Ei onto

9




(respectively, into) El Thus we get:

Proposition 1. 5. 2. Given two fibre spaces over X, E and E', defined by

coordinate transformations (f ) respectively (f' ) relative to the same
open covering (U, ), the X- homomorph1sms f of E into E' are in one to
one correspondence with systems (fi) of Ui-homomorph1sms Ei—-———>~Ei
satisfying (1.5.4.). f is an onto-isomorphism if and only if the fi's

are, i.e. E' is isomorphic to E if and only if we can find onto-
isomorphisms fi:Ei—-——>Ei such that, for any pair (i, j) of indices satisfying

U1j #ﬁ, we have

(1.5.5,) 1= £.f 6.7
IJ 1 IJJ

(where as usual fi and fj stand for restricted maps).

We proceed to the comparison of fibre spaces E, E' defined by
coordinate transformations corre sponding to different coverings, (U )
and (U'), in particular to the determination of the homomorphisms of E
into E' and hence of the X-isomorphisms of E and E', and therefore to the
determination of whether E and E' are isomorphic. Let (V ) be an open
covering of X which is a refinement of both preceding coverlngs we will
show that E and E' are isomorphic to fibre spaces defined by coordinate
transformations relative to this same covering (V ), so that the problem
is reduced to one already dealt with.

So let (U, ) and (V ) be two open coverings of X, the second
finer than the f1rst, that 1s, any V. is contained in some U, Ny i. e. there
exists at least one map 77 :J —> I such that V = UT’( ) for any je J.

For each iel, let E be a fibre space over U Iy and let (f ) be a system
of coordinate transforrns relative to the systern (E ). For each je J,

let FJ = E 7-( )IV .y and let g , be the restriction of ff(j),'r(j') to Fj Iij,;
so gjj' is an isomorphism of Fj Iij. onto Fj Iiju and the system (gjj,) is

a system of coordinate transformations, as follows at once from the
definition and (1. 5.2.) applied to the system (fii,). Let F be the fibre

space defined by the system of coordinate transformations (gjj,); we

10
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shall define a canonical X-isomorphism of F onto E. For je J, let gi be

the injection map of F into E'T( ), it is hence a map of F_] into the
topological sum & of the E 8; the system (g ) defines a continuous map g'
of the topological sum Tof the f 's into £ , and as easily seen g' maps
equivalent points into equ1valent points. Hence g' induces a continuous
map g of F into E, which clearly is an X-homomorphism., Moreover,

for any j, g induces an isomorphism of F IV onto E |V for if we compose
it with the natural isomorphism of E IU onto E, AL get the injection

map of E |Vj into Ei (we put i =7(j)). Now applymg lemma 1, we see that

g is an isomorphism of F onto E.

1.6 The case of locally trivial fibre spaces. The method of the preceding

section for constructing fibre spaces over X will be used mainly in the
case where we are given a fibre space T over X, and where, given an
open covering (Ui) of X, we consider the fibre spaces Ei =T |Ui over
Ui and coordinate transformations (f.j) with respect to these, Then

fij is an Uij—automorphism of T ,Uij' The fibre space defined by the

system (fIJ) of coordinate transformations will be locally isomorphic

(cf. 1.4.) to T, and in virtue of proposition 1. 5. 1., we obtain in this

way exactly (up to isomorphism) all fibre spaces over X which are

locally isomorphic to T {by taking the open sets Ui small enough, and

then a suitable sysitem (fij)).

In case T is a trivial fibre space, T = X >< F, we have Ei = Ui >< F,
and EiIUij = Uij ><F. Thus f'ij is an automorphirm of the trivial
fibre space Uij >< F, and therefore, in view of proposition 1.4.1. given
by a map x—> fij(x) of Uij into the group of homeomorphisms of ¥ onto
itself, The equations (1.5.2.) expressing that ({fij) is a system of

coordinate transformations then translate into

=f ‘
(1.6.1.) fik(x) “ij( x)f.jk(x) for x €U1_]1c
Moreover, it must not be forgotten that x—> f{j(x) is submitted to the
continuity condition of proposition 1.4.1. Such a system then defines in
a natural way a fibre space E over X, and by what has been said it

follows that this fibre bundle is locally isomorphic to X >< F,

n




i.e. locally trivial with fibre ' F, and that (for suitable choice of the cov-~

ering and the coordinate transformations), we get thus, up to isomorphism,

all locally trivial fibre spaces over X with fibre F.

Let in the same way T' = X >< F', and consider for the same
covering (Ui) a system (fij) and a system (fij) of coordinate transfor-
mations, the first relative to the fibre F and the second to the fibre F!,
Let E and E' be the corresponding fibre spaces over X. The homomor-
phisms of E into E', by proposition 1. 5. 2., correspond to homomor-
phisms fi of Ei = Ui >< F into El = Ui >< F', satisfying conditions
(1.5.4.). Now,(proposition 1.4.1.) such a homomorphism fi is deter-
mined by a map x —> fi(x) of Ui into the set of continuous maps of F
into F!' by fi(x, y) = (x, fi(x). y), subject to the only requirement that
fi(x). y is continuous with respect to the pair (x, y)eri >< F. Then the

equation (1. 5.4.) translates into
- f!
(1.6.2.) fi(x)fij(x) = fij(x)fj(x) (x €Uij)

Thus are determined the homomorphisms of E into E'. In particular,
the isomorphisms of E onto E' are obtained by systems (f.) such that
i, (x) be a homeomorphism of F onto F' for any xe U, i and that
x——-;f (x) satisfies the same continuity requ1rement as x —> 1, (x)

The compat1b111ty condition (1. 6. 2.) can then be written
-1
! =
(1.6.3.) , fij(x) fi(x)fij(x)fj(x) (X€Uij)

1.7 Sections of fibre spaces.

Definition 1.7.1. Let (X, E, p) be a fibre space; a section of this fibre

space (or, by pleonasm, a section of E over X) is a map x of X into E
such that ps is the identity map of X. The set of continuous sections

of E is noted H°(X, E).

It amounts to the same to say that s is a function the value of
which at each x€ X is in the fibre of x in E (which depends on x !).

The existence of a section implies of course that p is onto, and

12




conversely if we do not require continuity. However, we are primarily

interested in continuous sections. - A section of E over a subset Y of X

is by definition a section of E lY. If Y is open, we write HO(Y, E) for
the set H(Y, E |Y) of all continuous sections of E over Y.

HO(X, E) as a functor. Let E, E' be two fibre spaces over X, f an
X-homomorphism of E into E'. For any section s of E, the composed
map fs is a section of E', continuous if s is continuous. We get thus a
map, noted f , of _I_“Io(_)_(, E)_igtg_l:l_o(_)f, E'}). The usual functor properties

are satisfied:

a. If the two fibre spaces are identical and f is the identity,
then so is f

b. if f is an X-homomorphism of E into E' and {f' an X-homomor-
phism of E' into E" (E, E', E" fibre spaces over X) then
(£'1f) =16 f

Let (X, E, p) be a fibre space, f a continuous map of a space X'
into X, and E' the inverse image of E under f. Let s be a section of E!'
consider the map &' of X' into E' given by s'x' = (x', sfx') (the second
member belongs to E'; since fx' = psfx' because px = identity), this
is a section of E', continuous if s is continuous. Thus we get a
canonical map of H°(X, E) into H°(X', E') (E' being the inverse image
of E by f). In case X' X and f is the inclusion map, therefore

E'=E IX', then the preceding map is nothing but the restriction map
(of H°(X, E) into HO(X', E) if X' open). - We leave to the reader

statement and proof of ar evident property of transitivity for the

canonical maps just considered.

The two sorts of homomorphisms for sets of continuous sections are
compatible in the following sense. Let P be a fixed continuous map of a
space X' into X, then to any fibre space E over X corresponds its
inverse image E' under P which is a fibre space over X'; moreover,
given an X-homomorphism f: E —> F, it defines in a natural way an
X'-homomorphism f' of E' into F'. (We could go further and state that,
for fixed ? » E' is a "functor" of E by means of the preceding definitions.)

13




Then the following diagram

HO(X, E)—L1¥%5 HO(X, F)

'
HO(X', En).__f_ﬁ:_> HO(XI’ F')

is commutative, where the vertical arrows stand for the canonical

homomorphisms defined above. The checking of course is trivial.

Particular case: replacing X by an open subset U of X, and taking for

X' an open subset V of U and ¢ the inclusion map V—> U, we get that
for any two fibre spaces E, F over X and X-homomorphism {f: E—> F,

the following diagram is commutative:

(1.7.2.) H°(U, E)—> H2(U, F)

!

H°(V, E)—> H°(V, F)

where the vertical arrows are the restriction maps, and the horizontal

arrows are the maps defined by f (or, strictly speaking, by the restric-
tions of f to E|U respectively E|V). In words: the "homomorphisms"
between spaces of sections over open sets defined by X-homomorphisms

»f fibre spaces commute with the restriction operators.

Dectermination 9_f_ sections. Let us come back to the conditions of the

definition 1. 5.1, ; we keep the notations of that section. Let s be a
. . . ~1 .
section of the fibre space E, and for any i let s, =Py S then s, is a

section of Ei over Ui’ and from s = Pp.8; = ?jsj over Uij we get

°

-1
bi = ?i chsj = fijsj'
(1.7.3.) s, = f..s,

where again we write S.s S, instead of: restriction of 5. sj to Uij'
Of course, s is entirely determined by the system (si), for s is given

over Ui by s = P;8;- On the other hand, the system (si) subject to

14




(1.7.3.) can be otherwise arbitrary, for these conditions express
precisely that for x€ X, the element Pisi(x) of E obtained by taking a
Ui containing x does not depend on i, and may therefore be denoted by
s(x): Then the @ i-ls determined by the above definition are of course
nothing else than the si's we started with, Let us note also that in

order that the section s be continuous, it is necessary and sufficient that

each si be continuous. We thus obtain:

Proposition 1. 7.1, Let E be the fibre space defined by coordinate

transformations (fij) relative to an open covering (Ui) of X and fibre
spaces Ei over Ui' Then there is a canonical one to one correspondence
between sections of E and systems (si) of sections of Ei over Ui’
satisfying conditions (1. 7.3.). Continuous sections correspond to

systems of continuous sections.

Let again, as in section 1.5, be given two systems (Ei) and (Ei) of
fibre spaces over the Ui‘s and two corresponding systems of coordinate
transformations (fij) and fij)’ let E and E' be the corresponding fibre
spaces, and f an X-homomorphism of E into E', defined by virtue of
proposition 1.5.2., by a system (fi) of Ui-homomorphisms of Ei into
E; satisfying (1. 5.4.). Let s be a section of E, given by a system
(si) of sections of Ei over Ui' Then the system (fisi) of sections of

E; over Ui defines the section fs (trivial).

The reader may check, as an exercise, how the canonical maps
of spaces of sections considered above in this section, can be made

explicit for fibre spaces given by means of coordinate transformations,
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CHAPTER 1I

SHEAVES OF SETS

Throughout this exposition, we will now use the word "section" for

"continuous section".

2.1 Sheaves <_)_£ sets,

Definition 2.1.1. Let X be a space. A sheaf of sets on X (or simply a

sheaf) is a fibre space (E, X, p) with base X, satisfying the condition:
each point a of E has an open neighborhood U such that p induces a

homeomorphism of U onto an open subset p(U) of X.

This can be expressed by saying that p is an interior map and a
local homeomorphism. It should be kept in mind that, even if X is
separated, E is not supposed separated (and will in most important
instances not be separated).

With the notations of definition 2.1.1, let x = p(a). Iff is a section of
E such that fx = a, thenV = f_l(U) N1 p(U) is an open set containing x, and
on this neighborhood V of x, f must coincide with the inverse of the

homeomorphism p|U of U onto p(U). In particular

Proposition 2.1.1. Two sections of a sheaf E defined in a neighborhood

of x and taking the same value at x coincide in some neighborhood of X.
Corollary: Given two sections of E in an open set V, the set of points

where they are equal is open, (But in general not closed, as would be the

case if E were separated!)
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2,2 HO(A, E) for arbitrary A€ X, First let E be an arbitrary fibre space
over X, Let A be an arbitrary subset of X; the open neighborhoods of A,

ordered by 2, form an ordered filtering set., To each element U of this
set is associated a set H(U, E): the set of sections of E over U, and if
U2 V (U and V open neighborhoods of A), we have a natural map Cyv U
HO(U, E) — HO(V, E) (restriction map), with the evident transitivity
pr}operty wav qVU = qWU when U2 V @ W, Therefore we can con-
sider the direct limit of the family of sets H’(U, E) for the maps ?vy

Definition 2.2.1, We put HO(A, E) = 1__11_11, HO(U, E), (U ranging over the
open neighborhoods as explained above). If A = {x} (x € X) we simply

write Ho(x, E). The elements of HO(A, E) are called germs of sections
of E in the neighborhood of A,

If Ais open, we find of course nothing else but the set of continuous
sections of E over A, already denoted by HO(A, E)., -If AD B, there is
a natural map, again noted QBA’ of H°(A, E) into H°(B, E), (definition
left to the reader). When A and B are both open, this is the usual
restriction map (therefore it will in general still be called restriction
map); when A is open, then this is the natural homomorphism of HO(A, E)
into the direct limit of all HO(A', E) corresponding to open neighborhoods

Al' of B, Of course A D B 2 C implies CPCBQBAz (PCA’

Let I” (A, E) be the set of continuous sections of E over the arbitrary
set AC X, then the restriction maps HO(U, E) = (U, E) — T (A, E)
(U, open neighborhood of A) define a natural map of l.i..IT,l,HO(U' E) = HO(A, E)
into I (A, E)., In particular, there is a natural map u° (x, E)—» EX,

where E, is the fibre of x in E (value at x of a germ of section in a

neighborhood of x). This of course, though frequently an onto-map, will

seldom be one-to-one. However:

Proposition 2.2,1, If E is a sheaf on X, then for x €X, the canonical

map H(x, E) =+ E, is bijective (i.e. one-to-one and onto), If A is any
subset of X, then the canonical map HO(A, E) —y T (A, E) is one-to-one;
it is moreover onto if A admits a fundamental system of paracompact

neighborhoods.
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The one~-to-one parts are contained in Proposition 2.1.1 and its
corollary. The first onto-assertion results at once from definition 2.1.1.
Now let f be a continuous section of E over Aj; for any x €€ A let _gxibe
a continuous section of E on an open neighborhood V of x in X, such that
84 (x) = f(x) (these exist by first part of proposition Z 2.1.). Moreover,
by the first part of proposition 2.1.1. applied to E IA we can suppose V
small enough so that on Vxn A, g, and f coincide. We can suppose
that U = U Vx is a paracompact neighborhood of A. Let (Vi)i < I be an
open locally finite covering of U finer than (VX), that is each Vi is
contained in some V . Then for each Vi exists gié Ho(Vi, E) such that
g; and f coincide on V naA. U being paracompact, we can find an open
covering (V') of U such that the relative closure of V' in U be contained in
Vi' For each x € A, there exists an open ne1ghborhood Wx of xin U
meeting only a finite number among the Vi's; taking Wx small enough, we
can .assume that x gé'VTl— implies V! nw = ﬂ_ﬁ and xéI—V—ll— implies
Wx (- Vi' Moreover, by virtue of proposition 2.1.1., we can suppose
that the corresponding gi's are identical on Wx since they take the same
value f(x) at x. Therefore whenever a V]!v encounters Wx’ then 8; is
defined on Wx and does not depend on the choice of i, so that we can
denote it by h . It follows that in W N W i h and hy are the same,
therefore, the h are the restr1ct1ons of a ufuque section h of E over
W = UWX, This is a continuous section of E on an open neighborhood of
A, and we see at once that its restriction to A is f. This ends the proof.
Remark. The last part of proposition 2.2.1. becomes false if we drop
the paracompactness restriction. Let for instance X be an infinite set,
with the topology in which the open sets are the complements of all finite
sets (such spaces are significant in algebraic topology,, for instance:
irreducible algebraic curve with the Zariski topology). Let F be a discrete
space; consider the trivial fibre space X><F. This is a sheaf; its sections
on a set A are the locally constant maps of A into F (cf. section 2. 6. below,
example a). Let A be a finite subset of X; it is seen at once that any open
neighborhood of A is homeomorphic to X and hence connected; therefore
a section of E on such a neighborhood is constant; but sections on A can
have arbitrary distinct values at the points of A and therefore will notin

general be restrictions of sections defined in a neighborhood of A.
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2.3 Definition of a sheaf by systems of sets.

As we noticed in the preceding section, any fibre space E (and in
particular any sheaf) determines sets HO(U, E) (for instance for any
open U C X) and maps Ho( U, E)~—> HO(V, E() for U DV, satisfying an
evident transitivity property. Proposition 2.2.1. suggests that conversely
such a system should define a sheaf. Indeed, let 47/“be an open covering
of X, and suppose defined a function U-—> EU on the set of open sets
which are small of order U/(i. e. contained in some set element of "Uu),
each EU being a set. Suppose given moreover, if U and V are 7/ -small

and U DV, a map ?VU: EU — E.V, these maps satisfying the transi-

tivity condition

(2.3.1.) ?WV ?VU = SDWU (if UDVIOW),
For any x & X, let Ex = lim E_., U ranging over the ordered filtering set
—_—

of open neighborhoods of x (ordered by =2). Let E be the union of the Ex“s‘,
and p the map of E into X mapping Ex in x. Define in E a topology as
follows: for any f& EU, and x€ U, we consider the canonical image fx of
f in the direct limit Ex of the Sets,{Eﬁ corresponding to all open neighbor -
hoods U' of x. Let O(f) be the set of all elements fx€. E when x ranges
over U, When U and { €.EU vary, we get a family of subsets O(f) of K,
which generate a topology on E. It is easily checked that (E, X, p) form

a sheaf, that is that p is continuous, interior and a local homeomorphism,

Definition 2. 3.1. The sheaf E thus defined is called the sheaf defined by
the system of sets EU amd maps SOVU

Consider now an open set U< X, ?/’-smal’l‘;\for any f€ E_, the map

u

X —> fx is clearly a section of the sheaf E, and moreover continuous,
0 ;V’ . "

which we denote by?: We get thus a natural map f —> f of E . into

H°(U, E). - T

o~
Proposition 2, 3.1.. In order that f —> f be a one-to-one map, it is

necessary and sufficient that for any open covering (‘Ui‘)? of U, and two
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elements f, g of EU’ ?UiUf = SDUiUg for each i implies f = g. In order

that f —> T be onto, it i8 necessary and sufficient that for any open

covering (Ui) of U, and any system (fi)é 1 EU satisfying
i

(2.3.2.) {f, = f. when U, N U,
AL U, U Pu.n U, U ;Ui d

there exists a f &€ EU such that fi ?UiUf for each i,

Corollary. In order that f—> T be bijective, it is necessary and sufficient
that for any open covering (Ui) of U, the natural map EU——-——>-r-\ EU (the

components of which are the maps ?Uiu) be a one-to-one map of EU

onto the subset of the product of all (fi) satisfying condition (2.3.2.).
Proof left to the reader, as well as the proof of the following:

Proposition 2.3.2. Let E be a sheaf on X, consider the system of sets

gDVU: H°(U, E) — H®(V, E) for
U DV (U, V open sets). Then the sheaf E' defined by these data

HO(U, E)} and of restriction maps

(definition 2.3.1.) is canonically isomorphic to E, this isomorphism,

transforming for each x € X, E' = lim HO(U, E) = Ho(x, E) into
N

Ex’ being the isomorphism considered in proposition 2. 2. 1.

The two preceding propositions show essential equivalence of the
notion of sheaf on the space X, and the notion of a system of sets (EU)
(U openc. X) and of maps SO VU for U DV, satisfying conditions (2. 3.1.)
and the condition of corollary of proposition 2.3.1. Both pictures are of
importance, the second more intuitive, but the first often technically

more simple.

Exercise. Given a system of sets EU (U open and 7/”-small) and of
homomorphisms ?VU (U D V) satisfying (2. 3.1.), provethat if we restrict
to those U which are 2/ '-small (where 2/7' is an open covering of X finer

than ?}J), the sheaf defined by this new system is canonically isomorphic
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to the sheaf defined by the first.

2.4 Permanence properties.

Let E be a sheaf on the space X, and let f be a continuous map of a

space X' into X, then the inverse image of the fibre space E by f (cf 1.2.)

is again a sheaf. In particular, if X'C X, E induces a sheaf on X'.
If E is a sheaf on X, F a sheaf on Y, then E X F is a sheaf on X < Y;
therefore, if E and F are two sheaves on X, then their fibre-product

E < F (cf. 1.3) is again a sheaf; this extends to the product of a finite
X

number of sheaves.

Under the conditions of 1.5. suppose that the fibre spaces Ei on the
open sets Ui are sheaves, then the fibre space E obtained by means of
coordinate transforms fij is again a sheaf. This results at once from the
more general remark: if E is a fibre space such that each x € X has a

neighborhood U such that E [U be a sheaf, then E is a sheaf (trivial).

2.5 Subsheaf, quotient sheaf. Homomorphisms of sheaves.

Proposition 2.5.1. Let E be asheaf on the space X. In order that a

subset F of E, considered as a fibre space over X, be a sheaf, it is

necessary and sufficient that it be open. In order that the quotient of E

by an equivalence relation R compatible with the fibering, be a sheaf, it
is necessary and sufficient that the set of equivalent pairs (z, z') be
open in the fibered product E X< E,
' X

These conditions can be stated also equivalently: if a section f of E
in a neighborhood of x€ X is such that fx€F, then fy€F for y ina
neighborhood of x; if two sections f, g of E in a neighborhood of x&X
are such that {x and gx are equivalent mod R, then fy and gy are

equivalent mod R for y in a neighborhood of x.

Proposition 2.5.2. Let E be a sheaf on X, E' a sheaf on X', f a continuous

map of X into X' and g a map from E into E' such that p'g = fp (p, p' being
the projections of E, e'). In order for g to be an f-homomorphism (i.e. to

be continuous) it is necessary and sufficient that for any section s of E
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over an open set U, gs be a section of E' over £(U).

Corollary 1. Let f be a bijective X-homomorphism of a sheaf E in a sheaf

F, then {f is an isomorphism of E onto F.

Corollary 2. l.et E, F be two sheaves on X, f an X-homomorphism of
E into F. Then f is an interior map, and f{E) is a subsheaf of F. The
quotient of E by the equivalence relation defined by the map f is again a

sheaf, and f defines an isomorphism of this quotient onto the sheaf f(E).

Consider now a system (EU, SQVU) as in section 2, 3,, defining a

sheaf E. Suppose given for each U a subset E! of E such that U DV

U U’
implies (\"S>VU(E'[.I) - PJ‘\,. Let SO‘VU be the map of Eb, into E'V defined
1 | o I . ) ‘.,
by q)VU’ then the system (EU, %D VU) defines a sheaf E For any

x € X, the fibres of x in E respectively E' are given by

E =1lim E E!' = lim E!
X U X U

the direct limit being taken in the ordered {filtering set of open neighbor-
hoods of x, Therefore, we have a natural injection E;{ e Ex’ and hence
E'<— E. It is easily checked that the injection of E' into E is a homomor-

phism, (a particular case of a general characterization of homomorphisms

subsheaf of E. Suppose that the conditions of proposition 2. 3. 1.
corollary, are satisfied, which insure that EU = HO(UD E). Then

clearly the canonical maps E'U——> HO(U, EY & HO(U, E) are one-to-one.

Proposition 2.3.1. yields that in order that they be onto, it is necessary

and sufficient that any f € EU’
3 v t 3 3 LI

hood V in U such that SDVUfé_EV, be contained in EU, or shortly

speaking that the property, for an element f of an EU to belong to the

subset Eb » be a property of local character. If conversely we start

with an arbitrary subsheaf E' of E, and denote by E'U the subset

HO(U, E') of EU = HO(U, E), then these E'U clearly satisfy to the

conditions yyE; € Ey, and the subsheaf of E defined by them is

nothing else but E',.
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Now let E, F be two sheaves on X defined by systems (EU, ?VU) and
Ut EU —n FU’ such that
U DV implies wVUfU = fU ?VU' Then this system of maps defines,

for eachx& X, amapf of E = lim EU into F_ = lim FU, hence a
x x x 5

(FU, YVU VU)' Suppose given for any U a map f

map f of E into F, It is checked easily (using for instance proposition
2.5.2.) that f is a homomorphism of E into F. Moreover, f(E) is nothing
else but the subsheaf of F defined by the subsets fU(EU) of the FU. For
any open U, the following diagram is commutative:

fu

EU IU

H(U, E)—%—> HO(U, F)

In particular, if the vertical maps are bijective, we see that the maps

fi; can be identified with the maps %H°(X, E) —>H(X, F) defined by the
homomorphism f. Conversely, if we start with an arbitrary homomorphism
fof E into F, then the homomorphism defined by the system of maps

fy of Ei; = H2(U, E) into F = H°(U, F) is precisely f.

2.6. Some examples.

a. Constant and locally constant sheaves Let F be a discrete space,

then the trivial fibre space X >< F is clearly a sheaf on X; a sheaf
isomorphic to such a sheaf is called constant. The sections of this sHeaf
on a set A X are the vcontinuous maps of A in the discrete set F, i, e, the
maps of A in F which are locally constant, If for instance A is connected,
these reduce to the constant maps of A into F. Inverse images and products
of simple sheaves are simple.

A sheaf E on X is called locally simple, if each x@&_X has a neighbor-
hood U such that E |U be simple. Thus a locally simple sheaf on X is

nothing else but a covering space of X in the classical sense (but not

restricted of course to be connected). Inverse images and products of

locally simple sheaves in finite fiumber are locally simple.

23




N

b. Sheaf of germs of maps. Let X be a space, E a set. Gonsider for

any open U C X the set ? (U, E) of all maps of U into E; if UD V, we U
have a natpral map of 5‘/(U, E) into F (V, E), the restriction map. The A.
transitivity condition of section 2. 3 is clearly satisfied, and also the . an
condition of proposition 2.3.1., corollary. Therefore the sets F (U, E) ap
can be identified with the sets of sections HO(U, SZ/) of a well determined th
sheaf :f, the elements of which are called germs of maps of X into E. lo
If AC X, then the elements of HO(A, 3“ ) are called germs of maps of a th
neighborhood of A into E. If now E is a topological space, we can consider se
for any U the subset C(U, E) of T (U, E) of the continuous maps of U into se
E. As continuity is a condition of local character, it follows by section 2.5

that the sets C(U; E) are the sets of sections of a well determined subsheaf ch

of 3'/, which is called the sheaf of germs of continuous maps of X into E.
(If we take on E the coarsest topology, we find again the first sheaf.)
Suppose now that E is a fibre space over X, then consider for any U the
subset HO(U, E) of C(U, E) of continuous sections of E. The property of
being a section is again of local character, so we see that the sets HO(U, E)
are sets of sections of a well determined subsheaf of the sheaf of germs of
continuous maps of X into E; the sheaf of germs of sections of the fibre

space E. If this sheaf is denoted by E, then H°(A, %‘:) is nothing else but

the set of germs of sections of E in the neighborhood of A, as defined in
definition 2. 2.1,

Of course, specializing the spaces X and E, we can define a great
~ number of other subsheaves of the sheaf of germs of maps of X into E
(germs of differentiable maps, germs of analytic maps, germs of maps
which are I:_p etc. ).

c. Sheaf of germs of homomorphisms of a fibre space into another.

Let E and F be two fibre spaces over X, and for any open U< X let HU
be the set of homomorphisms of E IU into F|U. If V is an open set
contained in U, there is an evident natural map of restriction H o —> HV.
The condition of transitivity as well as the condition of proposition 2.3.1.
coro}lary, are satisfied, so that the sets HU appear as the sets HO(U, H)
of sections of a well determined sheaf on X, the elements of which are

called germs of homomorphisms of E into F. A section of this sheaf

over X is a homomorphism of E into F.
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d. Sheaf of germs of subsets. Let X be a space, for any open set
UC X let P(U) be the set of subsets of U, If U .V, consider the map
A—> AflV of P(U) into P(V). Clearly the conditions of transitivity,

~and of proposition 2.3.1. corollary, are satisfied, so that the sets P(U)
appear as the sets HO(U, P(X)) of sections of a well determined sheaf on X,

the elements of which are called germs of sets in X. Any condition of a

local character on subsets of X defines a subsheaf of P(X), for instance

the sheaf of germs of closed sets (corresponding to the relatively closed

sets in U), or if X is an analytic manifold, the sheaf of germs of analytic
sets, etc.
Other important examples of sheaves will be considered in the next

chapter.
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CHAPTER. III

GROUP BUNDLES AND SHEAVES OF GROUPS

3.1 Fibre spaces with composition law.

Let E be a fibre space over X, provided with the supplement of
structure defined by a homomorphism of the fibre product E 2{< E

(cf. 1.3.) into E, or what is the same, a law of composition defined
in each fibre Fx such that the corresponding global map E ><X E —> E be

X
continuous. This will be called shortly "fibre space with composition law".

If E and F are fibre spaces with composition law, then their fibre product

E >< F is in a natural way a fibre space with composition law, the compo-
X

sition law in each fibre being the product of those in the fibre of E and of

F. (This extends for products of arbitrary families of fibre spaces,) In

the same way, if E is a fibre space with compcsition law on X, its inverse
image under a continuous map f of a space X' into X is again in a natural

way a fibre space with composition law on X', the fibre at x' being isomor-
phic to the fibre af E at fx'. Associativity of the pruduct, and transitivity

of inverse images, clearly hold in this modified context. Let E (respectively,
E') be a fibre space with composition law on X (respectively, X'), f a con-

tinuous map of X into X', An f-homomorphism of E into E'is an {-

homomorphism in the sense of 1,2., with the supplementary condition
that it be, for each x € X, a homomorphism of the fibre of E over x
{provided with its composition law) into the fibre of E' over x' = fx. The
product of two homomorphisms between fibre spaces with composition law
is again a homomorphism. In particular, if X' = X and { is the identity,
we have the notion of X-homomorphism, or gimply homomorphism, of

a fibre space with composition law on X into anothexr. ILet again X' and f

be arbitrary¢ an inverse homomorphism associated with f of E' into E is

by definition a homomorphism of the inverse image of E' under { into E;
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for each x € X, it hence defines'a homomorphism of the fibre of E' over
fx into the fibre of E over X.

1f E is a fibre space with composition law on X, then HO(X, E) is
provided with a natural composition law HO(X, E) >< HO(X, E)—> HO(X, E);

of course the first member is nothing else than HO(X, E >< E), and there-
X
fore the homomorphism E >< E —> E gives the desired map. We conclude

at once that more generally, for each AcCX, HO(A, E) is provided with a
natural composition law. 1f B& A, then the restriction map
HO(A., E) —> HO(B, E) is a homomorphism. Also the natural maps
Ho( {x} , E}—> Ex (Ex the fibre of E over x) are homomorphisms, and
hence onto-isomorphisms if E is a sheaf (proposition 2.2.1.). I now f
is a homomorphism of E into a second fibre space with composition law ¥,
then the maps f @ HO(A,, E)y—> H°(A, F) are homomorphisms.

Under the conditions of 2.3., suppose that the sets EU are provided

with a composition law, and that the maps are homomorphisms.

Fvu
Take on E_ = lim E._. (U open neighborhood of x) the composition law

X : U :
which is obtained in terms of those in EU. By what has been said at the

end of section 2.5., the map of E >< E into E obtained by these composition
X

laws is a homomorphism, therefore E appears as a sheaf with composition
law. The natural maps EU—-—-> HO(U, E) are homomorphisms, and hence
isomorphisms onto in case the system (Ep» (SDVU) satisfies the conditions
of proposition 2.3.1,, corollary. In particular, if E is any fibre space
with composition law, then the sheaf of germs of sections of E, 'defined
by the sets HO(U, E), is againa sheaf with composition law, the set of
gections of which on the open set U is HO(U, E); this identification being
compatible with the composition laws. Again, suppose€ given a second
system of sets FU with composition laws, and of homomorphisms

FU——-——> FV for V€ U, thus defining a sheaf F with composition law, and

suppose given for each U 2 homomorphism EU—-—->FU satisfying the

commutativity condition as at the end of section 2. 5. Then the corresponding
homomorphism of E into F (same reference) is a homomorphism in the
sense of sheaves with composition law.

A fibre space with composition law is called trivial if it is isomorphic
Rl ol
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to a fibre space X >< F, where F is a topological space with a continuous
composition law F >< F—> F (the composition law on the fibres of X ><F
being of course the one given on F). Hence also the notion of locally

trivial fibre space with composition law.

3.2 Group bundles and sheaves of groups.

Definition 3.2.1. A group bundle E over the topological space X is a fibre

space with composition law over X (cf. 3.1.) such that for each xe X,
the fibre Ex of E be a group, the unit of which depends continuously on x,
and that the map of E into itself which on each fibre Ex reduces to z —> z_

be continuous. If E is moreover a sheaf, E is called a sheaf of groups.

The definition implies that each Ex contains at least one element,
the unit elemente . x—>e_ is a section of E simply noted e (or O if
the groups are written additively). Besides, in the case E is a sheaf, it
is easily seen that the conditions that xe——> € be a section, or z—> z
continuous, are equivalent.

With the definitions introduced in 3.1., we see at once that the
product of group bundles is a group-bundle, therefore the product of a
finite number of sheaves of groups is a sheaf of groups; the inverse image
of a group bundle by a continuous map is a group bundle, in particular the
inverse image of a sheaf of groups is a sheaf of groups. If E is a group
bundle, then H°(A, E) is a group for any non void AcX. Conversely,
under the conditions of 2. 3. suppose that the sets EU are groups and the
maps ?VU are group-homomorphisms, then the corresponding sheaf E,
with the composition law defined in the last section, is a sheaf of groups.
For instance, if ['is a topological group, the sheaf C (x, [7) of germs
of continuous maps of X into [” can be considered as a sheaf of groups.

Now consider again the construction of 1. 5. With the notations of
this section, suppose that the fibre spaces Ei are fibre spaces with
composition law, and the isomorphisms fij are isomorphisms for this
structure. Then on each fibre Ex of the fibre space defined by the Ei
and fij' there is a natural compositicn law, obtained from the fibre Eix'

over x, of any Ei such that x & Ui’ by the natural map of Eix onto Ex
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(and this law does not depend on the choice of i), It is seen at once that
E becomes in this way a fibre space with composition law. If the E 's
are group bundles, then E is a group bundle, for E IU is 1somorph1c to
E1' in particular, if the E 's are sheaves of groups, so is E. In order
that a trivial fibre space X ><F (ct.. end of section 3.1.) be a group

bundle, it is necessary and sufficient that F be a topological group. If F

is a discrete group, then X >< F is a sheaf of groups; a sheaf of groups

isomorphic to such a product is called a constant sheaf of groups.

Hence the notion of a locally constant sheaf of groups,

3.3 Sub-group-bundles and quotient-bundles. Subsheaves and quotient

sheaves,
Let G be a group-bundle over X. A sub-group-bundle of G is by
definition a subspace F of G such that for each x & X, F =F ﬂG be a

subgroup of G (fibre of G over x) Then the induced flbre space structure,
and the group- 1aw induced on each fibre F of F by G <’ turn F into a group-
bundle. This structure can also be charactenzed by the fact that the
injection F——> G be a homomorphism of group bundles. Hence for each
AcX, there is a natural homomorphism H°(A, G)—> H%(A, G), and of
course H® (A G) is even a subgroup of H® (A, G). Letz, z'€ G, we will

call z and z' congruent mod F, if and only if they belong to the same fibre

Gx' and if z' € z, Gx° This is clearly an equivalence relation compatible
with the fibering of G, (cf. 1, 3.) the quotient is a fibre space over X

denoted by G / F. . Thus for any xe X, the fibre of G/ F is the homogenous
space G /F <’ The natural maps G -———> (.: / F combine into a natural
homomorphlsm of the fibre space G 1nto thp flbI’e space G/ F, hence for
any non-void AC X a natural map H° (A, G—> H° (A, G/F). There is a
distinguished element in each HO(A G /'F), namely the image of the unit
element e of H° (A, G), this image is still denoted by e. The inverse image
of the distinguished element of H %A, G /F) is nothing else than H%(A, Fi).
We express this fact by saying that the sequence of maps (between sets each

of which has a distinguished element)

(3.3.1.) H%(A, ®)—> H°%A, G)—> H°(A, G/ F)
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is exact. More generally, two elements of HO(A, G) have the same image

in H°(A, G /F) if and only if they are congruent mod the subgroup H°(A, F).

We say that the sub-group-bundle F is normal, if each Fx is normal in Gx'
Then on each fibre Gx/ Fx of G /F we can consider the structure of quotient
group; as seen at once, this turns G/ F into a group-bundle, such a group-

bundle is called a quotient group-~bundle of G. The natural homomorphism

G—» G/F is a homomorphism of group-bundles, therefore the corresponding
map H°(A, G)— H°(A, G/ F) is a homomorphism. Besides, the distinguished
element of HO(A, G/F) is nothing but its unit element, so that exactiness of
3.3.1. means that the kernel of the second homomorphism is the image of the
first, i.e. here HO(A, F) itself; in particular the latter is a nermal subgroup
of H°(A, G).

Suppose now that G is a sheaf of groups. A subset of G which is at the
same time a subsheaf (i.e. an open subset, cf. proposition 2.5.1.) and a sub-

group-bundle is called a subsheaf of groups or simply a subsheaf (if no confu-

sion can arise) of G. It follows readily from proposition 2. 5.1. that then G/F

is also a sheaf, and hence, if I is normal, G/ F is again a sheaf of groups.

Let us consider again the conditions of 2.3., supposing now that, as in
3.2., the sets EU are groups and the maps SDVU homomorphisms, so
that the corresponding sheaf E is a sheaf of groups. Let for any U be given
a subgroup FU of EU such that SDVUFUC FV for VC U. Then on the one
hand these FU define a subsheaf F of E as seen in 2. 5., on the other hand
F can be considered itself as a sheaf of groups in the same way as E. It
is seen at once that F is a subsheaf of groups of E, and the induced structure
is the one just considered. This gives an interpretation of the notion of
subsheaf of groups in the second aspect of the nction of sheaf. If the sub-

groups F .. are normal in E then F is normal in E. Moreover, let then

[8) —_— u’
HU = EU/ FU’ and consider for any pair VC U the homomorphism

HU-) HV obtained from CPVU by passing to the quotient. The usual
condition of transitivity is satisfied, so that we get a sheaf of groups H.
On the other hand, the homomorphisms EU———> HU define a natural

homomorphism E—H (cf. end of 2.5.). This is an onto-homomorphism

the kernel of which is F. By proposition 2.5.2. this proves that H is

isomorphic canonically to the quotient sheaf G/Fb However, it should be

noted that even if the systems (EU) and (FU) satisfy the conditions of the
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corollary of proposition 2.3.1, i.e. even if EU = HO(U, E), FU = HO(U, F),
the same will not be true for the system (HU), i.e. in general the natural
homomorphism HO(U, E)/HO(U, F)e——s HO(U, E/ F) (which is injective

by virtue of exactness of 3, 3,1) is not surjective. The study of the exact

extent to which this is so is the starting point of the theory of sheaves and

their cohomology groups.

3.4. Fibre space with group bundle of operators,

Definition 3.4.1. Let G be a group bundle on X, and A any fibre space

on X, We say that G operates at left on A, or that A is a fibre space with

left group bundle of operators, if we are given a homomorphism of fibre

spaces G >§ A——> A such that for each x € X, the corresponding map

Gx >< A)—{-——-> A (where Gx and A are respectively the fibres of G and

A at x) defines Ax as a set with group Gx of left operators,

If the map in question is denoted by (g, a)—> g.a, this means that
g-(g'.a) = (gg').a, ande.a=a (g, g'= Gx’ a € A_, e the unit of Gx).
In the analogous way we define the notion of fibre space A with right
group bundle of operators G: this means that we are given a homomorphism
of fibre spaces A >< G—> A, which for each x € X defines Ax as a set
with group Gx of right operators, i.e. such that (a.g).g' = a{gg') and
a.e = a (where the map Ax >< G;——} A‘x is now noted by (a, g) —> a. g).
The qualification of "left" or "right" is omitted when no confusion can
arise, and we restrict our statements for either sort of operations, the

symmetric statement being left to the reader. It should be noted that

definition 3. 4.1, implies that the fibres Ax all have at least one point.
Suppose A is a fibre space with bundle G of left operators. Then the

homomorphism G >< A—> A defines, for any non empty subset U of X,

a map HO(U, G ;< A)— H(U, A), i.e. H°(U, G) >< H°(U, A)—> H°(U, A),

and it is seen at once that this map defines H°(U, A) as a set with group
Ho(U, G) of left operators.
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Definition 3.4.2. Let A be a fibre space with group bundle G of operators.

We say that G operates faithfully in A (or A is a fibre space with faithful
group bundle G of operators) if for any xe X, Gx operates faithfully in
A . We say that G is transitive in A if for each x & X, G is transitive

b X
in A.x. A is called principal in the large sense if G is faithful, and if the

map from the subspace M of A >< A of pairs (a, a') of elements of Ax
congruent mod. Gx into G, mapping (a, a') into the unique ge& Gx such
that a' = g.a (respectively a' = a.g, according as G operates at left or
at right) is continuous. A is called principal if it is principal in the

large sense, and if G is transitive on A.

For instance, if_C_}_ and A are sheaves, and if G is faithful, then é is
principal in the large sense. For from 2. 5.1. follows that M is a subsheaf

of A >X< A, and from 2.5.2. that the map M—> G is a homomorphism.

Let again A be any fibre space with group bundle G of (for instance
left) operators. Two elements a, a' of A are called congruent mod G, if
they are in the same fibre Ax and there are congruent mod Gx' This is
clearly an equivalence relation compatible with the fibering (cf. 1.3.),
the quotient fibre space is denoted by A /G. Consider the natural
homomorphism A——> A / G, it defines for any non-empty subset U of X a

natural map
(3.4.1.) H°(U, A)—> H°(U, A /G)

and it is trivial that two elements of Ho(U, A) contruent mod the group of
permutations HO(U, G) have same image in H°(U, A /G). The converse
is true for open U if A is principal in the large sense (definition 3.4.2.),
and hence in particular if A and G are both sheaves, and G is faithful.
Moreover, it follows from proposition 2.5.1. that then A/ G is itself a
sheaf, Thus we get:

Proposition 3.4.1. Suppose A is a sheaf with a faithful sheaf G of operators,

Then A is principal in the large sense {definition 3.4.2.) and A /G is again

2 sheaf. Moreover two elements of H(U, A) have same image under the
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map (3.4.1.) if and oﬁly if they are congruent under the group HO(U. G).
Let A be a fibre space with group-bundle G of operators‘. A section f of
A/G is well determined when we know its "inverse image" A;in A

~ (identifying of course, in this terminology, the section f with its image
f(x)c A/ G). Af is stable under G, which operates transitively on Af;
this is also a sufficient condition for a subspace A'c A of A to be obtained

from a section f of A/ygﬂ, provided we admit also discontinuous sections,

Suppose now A and G are sheaves, then any A.f (f section of A/q) is a
subsheaf of A on which G operates transitively; and conversely, it is seen

at once that a subsheaf A' of A, on which G operates transitively, defines a
section of A/Cvw Supposing now G faithful, and applying proposition 3.4.1.,

we get

Proposition 3.4.2. Let A be a sheaf with faithful sheaf G of operators.

Then there is a one-to-one correspondence between sections of A./ G, and
subsheaves of A stable and principal under G (to the section f corresponding

its inverse image in A),

Particular case: the regular representation. Let G be a bundle of

groups, F a sub-bundle of groups, then the homomorphism F >< G — G
defined by the multiplication in G defines G as a fibre space with F as left
group bundle of operators, and the analogous homomorphism G >< F—> G
defines G as a fibre space with F as right group bundle of operators; the

corresponding operations of F on G are called left and right regular

representations of F into G (by "abus de langage"). For both, G is a

fibre space with group bundle F principal iIx__t_}ig large sense (definition 3.4.2. IR
and hence principal if and only if F = G. The quotient of G by F operating
at right is nothing else but the fibre space G/ F of 3.3. Moreover, G /F

taking the homomorphism G >< G/ F —> G /F which in each fibre reduces

to the natural map Gx >< Gx/ Fx———-> Gx/ Fx (it is trivial that the map
G><G/F—> G/ F thus obtained is continuous, hence a homomorphism);
G is of course transitive on G/ F, but in general not faithful. (It is easy to
see that when G is a sheaf of groups, then any sheaf A on which G operates
transitively and in which there is given a fixed section e. is isomorphic
canonically to a quotient G/ F.)
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3.5 The sheaf of germs of automorphisms.

Let A be any fibre space on X. Consider as in 2. 5. the sheaf E of
germs of endomorphisms of E. For any open set U< X, HO(U, E) is the
set of endomorphisms of A.lU and therefore provided with a natural
associative composition law, moreover the restriction maps :

H°(U, E)—> H °(V, E) {for V& U) are clearly homomorphisms for this

composition law, Therefore, as has been seen in 3.1., E can be considered

as a sheaf with composition law. HO(X, E) has a unit e: the identity

endomorphism of A, therefore each Ex has a unit, Consider now for any
non-empty UC X the subset GU of EU = HO(U, E) of all automorphisms

of A.IU, clearly this is a subgroup of HO(U, E) and the restriction map
Ho(Uo E}—r> HO(V, E) maps GU into GV (V<= U), and the conditions of
proposition 2. 3.1. corollary are satisfied. The latter and section 3. 3.

show that GU is the HO(U, G) of a well determined subsheaf G of E, which

is a sheaf of groups for the induced structure, called the sheaf of germs of

automorphisms of A,

There is a natural homomorphism E > A—-> A, which in each fibre
is defined as follows: let fx € Ex and axe:A,x, let f be an endomorphism
of A|U (U open neighborhood of x) such that fx be the class of f, consider
f. a € Ax,, this does not depend on the particular choice of f and may
therefore be noted fx. a_. It is obvious that the map E >< A——> A thus
defined is continuous, i.e. a homomorphism. Consider the homomorphism
induced in G >< A} this obviously defines A as a fibre space with G as sheaf

of left operators (definition 3.4.1.). Thus any fibre space A is canonically

a fibre space with a sheaf G(A) of left operators, where G(A) is the sheaf
of germs of automorphisms of A.

Now let G be any group bundle on X, lct G e toe sheafl of serms of
sections of G, which again is a sheaf of groups. Let A be any fibre space

on which G operates at left, we will define a corresponding homomorphism

of G into the sheaf G(A) of germs of automorphisms of A, Let Uc X be open

non-empty;‘ we must define a homomorphism of HO(U, G = HO(U, G) into the
group HO(U, G{A)) of automorphisms of A|U, such that for VU, the usual
commutativity condition be satisfied. Therefore, with g€ HO(U, G) we
associate the map a—> g.a of A |U onto itself which on each fibre A.X

reduces to a—> 8y 2 {where g, is the value of g at x), this map is
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clearly continuous, hence an endomorphism, and as the same is true for

1

the map defined by g~ € HO(U, G) and as these two endomorphisms

compose to the identity, we see that a —> g.a is an automorphism of E |U.

Clearly we thus get a homomorphism of the group H°(U, G) into the group

of automorphisms of A.IU, and also the commutativity relation for a Vo U
clearly holds. Clearly if the natural maps GX——> Gx are onto, {(for instance
if G is itself a sheaf (i.e. G = G) the homomorphism G—> G(A) already
determines the operations of G on A). Moreover, if G is a sheaf, any
homomorphism of G into G{A) can be defined in this way, for we have seen
that G(A) operates at left on A, and therefore a homomorphism G =% G(A)

defines G as a sheaf of left operators on A, So we get:

Proposition 3.5.1. Let G be a sheaf of groups and A any fibre space on X,

then it is equivalent to give a homomorphism of G into the sheaf G(A) of
germs of automorphisms of A, or to define on A a structure of fibre
space with G as sheaf of left operators., The homomorphism G—> G(A)

is injective if and only if G operates faithfully on A,

Suppose still that G is a sheaf of groups operating at left (for instance)

on a fibre sbace A. Then G operates also in a natural way at left on the

sheaf A of germs of sections of A. To define this we must for any open

non-empty U, define a homomorphism of HO(U, G) into the group of
automorphisms of K[U, the cbvious details are left to the reader,

Putting together the definitions of the two preceding paragraphs we set:
if A is any fiber space with group bundle G of left (for instance) operators,
then the corresponding sheaf A of germs of sections has G as sheaf of left
operators. We have a natural homomorphism & —> (A / G), associated
to the canonical homomorphism A—-> A./G, and obviously two elements

of A congruent under G have the same image, hence a natural homomorphism

A/G—1E7GY.

It follows from what was said previous to proposition 3.4.1. that this map
is injective if A is principal in the large sense (definition 3.4.2). It may

not be surjective; surjectivity here means that any germ of a section of
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A /G can be lifted into a germ of a section of A, This will be true in the

most important cases,

3.6 Particular cases,

a. The sheaf of germs of isomorphisms of a fibre space onto another.

Let A, A' be two fibre spaces on X, and E the sheaf of germs of homomor-
phisms of A into A’ (cf. 2.5 ), we can consider as in 3.5. the subsheaf

G(A, A') of germs of isomorphisms of A onto A'. This is not a sheaf of

groups if A # A'. However, let G(A) respectively G(A') be the sheaves of
germs of automorphisms of A respectively A', and suppose A and A'

locally isomorphic. Then G(A, A') is both a sheaf with G(A) as sheaf of

right operators and G(A') as sheaf of left operators, and principal

{definition 3.4.2.) in both structures. The operations are respectively

composition of germs of homomorphisms at right, or at left; the formal
definitions are obvious and left to the reader, as well as the fact that
G{A, A') is principal,.

b. On certain subsheaves of the sheaf G{A) of germs of automorphisms

of A. In the next chapter, we will be interested in a given subsheaf of
G{A) when A is some standard reference fibre space. We will take here
for A a product space X >< F (where F is a topological space). 1f as
usual we take on X >< F the product topelogy, then an automorphism of
A |U can be identified with a map g of U into the group " (f) of homeomorphisms
of f onto itself such that the maps (x, y)—> g(x).y and (x, y}) —> g(x)-ly
of U >< F into F be continuous. {cf, 1.4.1.) Anyhow, whatever the
topology of A = X >< F, inducing on the fibres the topoiogy of ¥, an
isomorphism of A|U is defined by a map g of U into /—1 , by the formula
above. Therefore an element of G(A) is a germ of a map into [’ , and
any subsheaf of G{A) may be considered as a sheaf of germs of maps of
X into F {F').

Suppose for instance that X and F are manifolds of class
Cm( O%m s + ), then we can take the subsheaf Gm(A) the sections of
which, on each open non-empty U, are the homomorphisms of
A|U = U >< F which are isomorphisms of class m of the manifold U >< F.

This definition extends if "class C™" is replaced by "real analytic", or

"complex analytic", or'algebraic". In the latter case, we take algebraic
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varieties over an arbitrary field, with their usual Zariski topology, (but
it should be noted that the topology of U >< F is then no longer the product
of the topologies of U and F).

One can suppose also that we are given a topological group r operating
on F (i.e. there is given a continuous map /7 >< F—> F such that this map
defines " as a set with group /7 of left operators), then any continuous map
f of Uinto I" defines an endomorphism of U >< F, namely (x, y)— f(x). v
fis uniquely determined by the latter if and only if r operates faithfully
on F. Thus is defined a natural homomorphism of the sheaf c (X, F) of

germs of continuous maps of X into P (which is a sheaf of groups because

G is a topological group) into a sheaf G{A), injective if and only if [ is
faithful on F, the image of which will be noted Gr-. (A). Any subsheaf of
c (X, F) therefore operates on A and defines a subsheaf of G(A).

Definition 3. 5.1. Let F be a topological space with a faithful topological

= groupl" of operators. Consider the product space A = X >< F as a fibre

space over X, suppose given a sheaf of operators G of A. We say that the

fibre space A with sheaf of operators G has the structure group M, ifGis

"a subsheaf of the sheaf c(Xg I ) of germs of continuous maps of X into r,
contairing the germs of constant maps of X into r’ (i. e. the constant sheaf
X >< G), (the given homomorphism of G into the sheaf G(A) of germs of
automorphisms of A bkeing the one induced by the natural homomorphism
of C(X, M) into G(A)).

Of course, G determines already the image of " in the group 7 (F)
of automorphisms of F, but maybe not the topology on this image which
corresponds to the topology of M. We now give some examples of sheaves
of operators corresponding to a structure group ;i e. interesting
special subsheaves of G(x, ), containing X >< I {(germs of constant maps
of Xintol}, where M is a given topological group. There are of course
these two extreme sheaves. If now /[ is a Lie group and X a manifold of
class Cm, we can consider the sheaf @m(X, " ) of germs of maps of
class C™ of X into /7 . Of course, if [Yoperates differentiably on a
manifold F of class C'™, the sheaf of germs of automorphisms of X >< F
corresponding to Cm(x, ") is contained in the sheaf Gm(X >< F) defined

above, If X is real analytic we can consider also the sheaf of germs of

37




analytic maps of X into [ ; and if [Mis a complex Lie group, X complex
analytic, we can consider the sheaf of germs of complex analytic maps

of X into I, Analogous definitions for algebraic varieties hold with the
only difference that we cannot suppose here [l >< F —> F to be continuous
for the product topology on [’ >< F, it has only to be assumed a regular
map (i.e. rational and defined everywhere); Then the sheaf G of germs of
regular maps from X into the algebraic group [ operates as sheaf of
germs of automorphisms on the algebraic trivial fibre space X >< F,

The fact noted above that (@maxg [ ) is mapped into Gm(A) extends in an

obvious way to the three further examples.
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because F is invariant), Therefore P (g) defines an operation in the
quotient H (U F), which will also be denoted by /O(g) Moreover, if
for the same h we take another system of lifting sections g' = (g ), then
/D(g) and )O(g') in H (U F) are the same, for we must have

-1

gi = figi with f. € H (U. F), hence/O(g') . (f.. = (f'gifljgj fj ) defines

the same element of H (U F) then P(g). (f ) = "1). Therefore, we
g gl ij J

may write P(h) for the operation in H (I_{, E‘_) thus defined. Obviously
/D(e) is the identity, and P(hh') =F(h)[>(h'), whenever h and h' are such
that they can both be lifted on each U Moreover, if V is a covering finer
than U, it is still obvious that the operat1ons /o(h) on H (U, F) and on

H (V F) agree. We have therefore defined a representation of

H (X, H) by permutations of the set Hl(X, F), and this supplementary

structure will now be kept in mind when speaking of the sequence (5.3.1.).

Proposition 5.3.1. Two elements of H (X F) have same image in

H (X G) if and only if they are congruent under the group of permutations
F(}f(X H)) defined above; an element of H (X G) is in the image of

H (X F) if and only if it is in the kernel of the map _] H (X G) — H (X H).
The sequence {5.3.1.), provided with the different structures explained

above, is still exact, (definition 5,2.1.).

Taking into account proposition 5.2.1. corollary 2, exactness is
equivalent to the first two statements of the proposition, together with

the formula
(5.3.2.) bh= p(h).e.

The latter results trivially from the definitions. Consider now elements
ce H (X F)and h€ H (X H), then P(h c is def1ned for a sufficient

fine covering U = (Ui) of X, by a cochain (g f ), where (f ) is a cocycle

S
defining ¢, and the g; € H° (Ui’ G) 1ift hlUi; the image of ¢ respe ctively
F(h). ¢ in Hl(x, G) are defined by the same cocycles (fij) and

(g1 i_] j ) as ¢ and )O(h). ¢, and thus obviously define the same element of
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HI(X, G). Conversely, supposec, c'€ HI(X, F) have same image in

HI(X G); for a sufficiently fine covering U = (U.), c and c! are defined
respectively by cocycles (f ) and (f' ) on U, and as these cocycles define

the same element of HI(X (_3_) we must have (fl ) = (glf1J j ) for a

suitable (gi)€ Co(l__l[_, G). But f'JgJ g. fJ implies, if h; isthe image of

8 in CO(Ui, H), that hi and hj are the same on Uij’ hence there exists a

unique h € HO(X, H) such tha.t_hi = hlUi for each i, and by definition of
f’(h) we see that c' = o(h).c. - We now only have to prove that the image

of HI(X, F) in HI(X, G) is the kernel of HI(X, G) = HI(X, H); this could

be done very easily directly, but we can also remark that for a fibre space
E with structure sheaf G, the associated fibre space of type G /E is a
principal sheaf with structure sheaf H the class of which is the image c'
of the class c of E under the map HI(X, G)—> HI(X, H); in order that the
structure sheaf of E may be restricted to F, it is necessary and sufficient
that the associated bundle admits of a section (proposition 4. 6.1.) but this
is also the condition for this associated bundle to be trivial (proposition
4.6.1., corollary). This completes the proof.

G operates in itself by interior automorphisms (4.5., example c.),
in particular every section g € HO(X, G) defines an automorphism of the

sheaf of groups G, which will be called the interior automorphism defined

by g, and denoted by o—(g). As F is invariant, o~ (g) defines also an
automorphlsm of the sheaf of groups F, and hence induces a bijective
map of H (X F) into itself. We thus get a representation of H° (X, G)
by permutations of the set H (X, F), which will still be denoted by
g—> o—(g).

PropOSition 5,3.2. Leto~be the representation of H°(X, G) by permutations

of H (X F) deduced from the representation by interior automorphisms

of G. Let g€ H° (X, G)y and h = _]og its image in HO(X, H), then
(5.3.3.) pli g) = o(g).

This results trivially from the definitions. An important particular
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case is

Corollary. Suppose thatj : HO(X, G) —> H(X, H) is surjective, and
that Ho( X, G) is the product of H (X, F) and the centrahsator of

H (X F) Then H (X, H) operates trivially on H (X, E), i.e. the
map 1 : H (X F)—> H (X, G) is injective,

In section 5. 6. we will give a criterion for two elements of
H]'(X, G) to have the same image in HI(X, . and in section 5.7. we
will (at least when F is abelian) characterize the image of the map
i Hi(X, G)—> H'(X, H).

5.4. Case when F is normal and abelian.

— e e ]

In this case, as recalled in 5.1., H (X,, F) is itself an abelian group,

the product of course being defined in terms of the product of two cocycles
(f ) lf' ) = Jf' .} {(which is still a cocycle because F is abelian). We will
roe howovor that the map H° (X Hy —> H (X F} is in general_r_tgt_

A homomorphism. Moreover, H (X F) does not operate on H (X G)

as could be expected from the foreg01ng,, and ne1ther can we define at

this stage a second coboundary map H {X H)—> H (X, F); for this F
should be supposed in the center of G as in the next gection., In section

5.8. however, we will define in the present context a suitable

substitute for the second coboundary map. Here we will develop a

convenient interpretation of the representation @ of H(X, H) defined in 5.3.
F being abeliar, the germ of autornorphism of ¥ induced by the germ

of interior automorphism defined by a g€ G which is in F, is trivial,

therefore for general g € G the germ of automorphism of F defired by g

depends only on the image of g in H, so that we have thus defined a

representation «— of the sheaf H into the sheaf of aiitomorphisms of the

abelian sheaf F; from this results a representation, still denoted o—,

of the group H (X, H) into the group of of automorphisms of the abelian

sheaf F, which again defines a representatwna/of H°(X, H) by

automorph1sms of the abelian group H (X, F‘» Let now, for any

c€ H (X, F), T(c) stand for the operation c c!'—>> c' + ¢ of translation

by c.
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Proposition 5.4.1, The coboundary operator. J , the repreSenationfD
of HO(X, H) by permutations of the set Hl(X, ]_:"_) considered in 5.3.,

and the representation o— of H(X, H) by automorphisms of the abelian

group HI(X, F) defined just before, are related by
(5.4.1.) plh) = Hd e (b (neHG B

This formula results at once from the definitions and the

formula (gif.ljgj-l) = (gif-ljgi-l)(gigj_l). It shows that f is representation

of the group H%(X, H) by affine transformation in the abelian group

Hl(X, F), the "linear representation“ associated with it being o~ - In
order to simplify the notations, let d '(h) for d (h_l), and write

the composition law in the abelian group Hl(X, ]_:"_) additively as usual, then

using formula (5.4.1. ) and expressing that P is a representation, we get

(5.4.2.) J'nhn= d'b 4+ o—(n). d'n’ Jre=0

(h, b e HAX, H), 4= 4.

Using clas sical notions of the cohomology of groups (see for instance

the forthcoming book "Homological Algebra" by Cartan—Eilenberg),

these formulae mean that d'is a normalized _l__cochain of EKl_C_g_r_g\_l_B

HO(X, I:I_), with coefficients in the abelian group H (X, ]_:'_‘) where

HO(X, I:I_) operates by e~ . - We see on (5. 4.2.) that d is a homomorphism
if and only if 6718 the identity on the image of J , which in general of course
is not the case.

5,5 Case when F is in the center of G.
Case WOE . — — cente: -~

Then of course F is invariant and abelian, so that 5. 4. applies.
Moreover here the representation o of H into the sheaf of germs of
automorphisms of ¥ is trivial, a fortiori the same is true for the
corresponding repraentation of HO(X, I_-I_) by automorphisms of

HI(X. ]i‘_) Hence by formula (5. 4. 2.) and (5.4. 1.) we get:

Proposition 5 5.1, 1fFis in the centeTr of G, the coboundary map d
Proposition - - F is in the 27— — -
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is a homomorphism and the representation F of HO(X H) by permutations
of H (X, F) is obtained by composing the representation d' = -d with the
regular representation of the abelian group H (X F).

Corollary. The kernel of the map Jl H (X G) —>H (X H) is canonically
isomorphic with the quotient group H (X F) /J(H (X, H)).

This results at once from the foregoing, and exactness of the
sequence (5.3, 1.)

Let U = (U, ) be an open covering of X, f = (f ) a cocycle of F and
g = (g. J) a cocycle of G relative to this covering, then we see at once that
fg = (f g ) is again a cocycle, and the class of the 1atter in H (U G)
depends only of the classes ¢ and ¢' of f and g in H (U, F) respectively
H (U, G), and can therefore be denoted by plc).c'. It is obvious then
that p(e) is the identity operation on H (U G) and P(c CZ) = )0(c1) F(c )
so that we get a representation of H (U F) by permutations of the set
H (U, G) If V is an open Covering of X finer than U, and if we identify
H (X. U) with a subset of H (X, V), we see aleo at once that for
c €H (U, F) the operations /D(c ) defined on H (U, G) and H (V, G)
agree, so that we get ain a natural way a representation of the abelian

group Hl(X, F) by permutations of the set Hl(X, G).

Proposition 5. 5.2, Suppose F in the centu of G . In order that two

elements of Hj(x, g) have samr image in H (X, H), it is necessary and
sufficient that they be congruent under the group of permutations
F(Hl(X, F)) defined above; in other words, the cohomology sequence
(5.3.1.) still remains exact (definition 5.2.1.) if we add to its structures
the operations of Hl(X,, F) on HI(X, G).

Of course, both statements are equivalent, for we have of course
(5.5.1.) ic= plehe (e € H(X, F)).

The proof of proposition 5. 5.2. is of the same entirely mechanical

character as in the preceding sections, and therefore left to the reader,

80




As stated already, we can complete here the exact sequence
H (X, H) (at least 1n general cases as: X paracompact) by a second

coboundary map H (X, )---—> H (X, F), ag we will define an analogous

map under more general conditions in section 5. 7. below, the reader is

referred to that section.

5.6. Transformation of the exact sequence of sheaves.

Let again
(5.6.1.) e-————>_E:———1-——>(_§_—L—9}i———>e

be an exact sequence of sheaves, where F and G are sheaves of groups
and i is a homomorphism of sheaves of groups, SO that ¥ can be
identified with a subsheaf of groups of G (not necessarily normal, i.e.

H itself is not assumed to be a sheaf of groups). Now G operates on
itself by interior automorphisms, and this representation of G induces a
representation of ¥ by germs of interior automorphisms of G; let

G(u") be G considered as a group bundle with sheaf of left operators F.
F asa subsheaf is stable under the _operations ofc‘(F), and therefore we
can consider F = F (#—) as group bundle with sheaf of left operators F
(the representation of F thus obtained being of course the "adjoint
representation" by interior automorphisms). Of course, the operations
of ¥ on H obtained by passing to the quotient are trivial, we write however
H(r) for H provided with F acting (trivially) as sheaf of left operators.
(5.6.1.) can now be written as an exact sequence of sheaves with sheaf
of left operators F (the homomorphisms i, j being compatible with these

structures):

(5.6.2.) e ——> Is_“_(az)_-l-——> (_}_(f/)._-J;-» }_{_(zr’)-———> e.

Let now E be any fibre space with structure sheaf F, consider the fibre
spaces associated to E and the different terms of (5.6.2.), (cf. 4. 4.),
then the latter sequence is transformed into an exact sequence:

(5.6.3.) e —> ]f_(a—')E——i———é C_;_(r’)E,.J—-e }i(d"’)}z'-————-%e
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where of course the first two terms are still sheaves of groups and the

first homomorphism a homomorphism of sheaves of groups (cf. 4.5.b.),
the last term being here canonically isomorphic to H (because F operates
trivially on H). Let us now write the exact cohomology sequence relative

to (5.6.3.):
(5.6.4.) e —> ﬁ°(x, r_“_(frv)E)-—-» HO(X, g_(r)E)———> H(X, ﬁ(r)E)

—s vix, F(—F)— 5%, gle)F)

H(X, F)————> H(X, G).

The vertical arrows are the canonical isomorphisms established in
proposition 4.5.2. This of course applies without further comment to

the first arrow; for the second, we simply notice that, in virtue of the
transitivity principle explained at the end of section 4.4., G (a—’)E is
canonically isomorphic to (}_(vf"}E', where now G(os7) stands for G with G
as sheaf of left operators (acting by interior automorphisms) and where E'
is the fibre space with structure sheaf G associated to E. Thus the second
vertical arrow is defined in viriue of the same proposition 4.5.2., and
moreover it is easily checked that the square of homomorphisms thus
obtained is commutative (this being contained in an evid‘ent functor
property of the isomorphism of proposition 4.5, 2.; for obvious reasons,
one never states all functor properties which are actually currently
needed, relying on the somewhat vague but intuitive fact that all maps
defined in a reasonably "canonic" way have the obvious functor properties,
" i.e. that all diagrams constructed with such maps are commutative;
which truth, once admitted, will save a considerable amount of ink in
many an expository work), Therefore, in the exact cohomology sequence,
we may replace the last two terms by Hl(X, F) and Hl(X, G), provided

- we take now, as new unit elements, the class c of E in H(X, F)
respectively its image c' in Hl(X, G), according to proposition 4. 5. 2.
Interpretation of the first three terms of the cohomology sequence is
readily obtained: the first two are the groups Aut(E) and Aut(E') of

automorphisms of E respectively the associated E' with structure sheaf G
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(in virtue of proposition 4. 5.1.), the third is identic to HO(X, I_-I_), so
that we finally get the

Proposition 5.6.1. Given an exact sequence of sheaves (5.6.1.), where

i is a homomorphism of sheaves of groups, and a fihre space E with
structure sheaf F, let E' be the associated fibre space with structure

sheaf C_}_ Then we have a (canonical) exact sequence:

io 3'0 o JE 1
(5.6.5.) e —> Aut(E)—> Aut(E')-————>H (X, Ij)—————>H (X, E‘_)

il 1
——> H (Xs g_)

where we take as unit elements in Hl(X, F) and Hl(X, G) the class c of

E respectively the class c' of E'.

Of course, "exact sequence" involves also the operations of
Aut(E') on HO(X, H) defined in 5. 2., and moreover, if ¥ is normal (and
hence ]_E_‘_(G“)E of course normal in g_(a")E), the operations of HO(X, H) in
Hl(X, F) as defined in 5.3. We let the interpretation of the first
homomorphisms of (5. 6.5.) to the reader; it should be noted that the
coboundary operator in (5. 6.5.) is relative to (5.6.3.) and not to (5.6.1.),
and therefore has been denoted by JE rather than . As a consequence of

exactness in Hl(X, F), we get a result promised in 5.2.:

Corollary. Under the conditions of proposition 5.6.1., the elements of
H(X, E) which have the same image c'in Hl(X, G) as c are exactly those
which are in the image of HO(X, H) by the coboundary operators J E
associated with E. Therefore, the set of these elements is in one-to-one
correspondence with the set of classes of intransitivity of HO(X, H) under

the operations of the group Aut (E').

(The last statement of course results from exactness of (5.6.5.)
in H°(X, H)).
Suppose now that F is normal in G. Let now G( o) stand for G

provided with G as sheaf of left automorphisms (by interior automorphisms),
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then F being normal is stable under the operations of G and we can
consider F as group bundle with G as a sheaf of left automorphisms,
denoted by F(s~). H is now itself a sheaf of groups, and the operations
of (__'}_ on 9 pass to the quotient, so that H can be considered as group
bundle with G as sheaf of left automorphisms, denoted by H(s7). With
these new notations, the exact sequence (5.6.2.) still holds. Let now E'
be a fibre space with structure sheaf G, then (5. 6.2.) gives rise to an

exact sequence of associated sheaves of groups:
v 1o '
(5.6.6.) e —> F(—)Fls Q(O')E——J-%I_-_I_(a—’)g-————} e.

If E" is the fibre space with structure sheaf H associated to E', the last
term in this sequence is canonically isomorphic with I_i'(a’) ', where now
H(o~) stands for H provided with H as sheaf of left automorphisms (H
acting by interior automorphisms). (5.6.6.) now gives rise to an exact

sequence of cohomology (proposition 5.3.1.):
! ' 1
(5.6.7.) e —> HO(X, Fi—)E )= H(X, G(er)"") —> H(X, H(—)")

— Hx, P — B, 6" )— Hix, H)®)
H{X, G) ———H'(X, &

where the two vertical arrows are defined as above and give rise to the
same remarks. If E'is obtained from a fibre space E with structure sheaf
E by extension of the structure sheaf to G, then H(a-’) is of course
canonically isomorphic to H, and F{~ ) to the F(a/) considered in
the beginning, so that (5 6.7.) is noth1ng but (5. 6. 5.) with the
supplementary map H (X G) —H (X H) added. In the general case
however, H (X, F(a—’) ) is in no direct relation with H (X, F), and has
no interpretation other than its definition. The second and third term in
(5.6,7.) are canonically 1somorph1c with Aut(E') respectively Aut(E") in
virtue of proposition 4.5.1. {(making use of the isomorphism H(a-’) H(a")
As to HO(X, I_F_‘_(d")E'), it appears as a privileged normal subgroup of

Aut(E') corresponding to the given normal subsheaf F of the structure
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sheaf G of E'; it can be defined alternatively as the set of those automor= .
phisms of E' which are expressed, when E is given by 2 system (gij) of
coordinate transforms as explained in 4.3,, by a system (gi) (with

8 = gigijgj_l) where g, i8 a section of F (and not only G) on U,. We will

denote this subgroup of- Aut(E') by AutF(E‘) and call it the group of F-

automorphisms of E;j when the structure sheaf can be restricted to ¥,

AutF(E') is nothing else than the group of automorphisms of E' provided
with the structure sheaf F. We thus get the:

Proposition 5. 6.2 Consider an exact sequence (5.1.1.) of sheaves of

groups F, G, H, let E' be a fibre space with structure sheaf G, E" the
associated fibre space with structure sheaf H. Then we have a

canonical exact sequence:
{ ) q
i iy
(5.6.7.) e —> AutF(E‘)—-9—> Aut(E')——> Aut(E")
i j
BB, wix, we B HX, ©—— H'(X, H)

where Aut F(E') is the group of E—automorphisms of E, and where We take
as unit elements in HI(X, g_) and HI(X, H) the class c' of E! respectively

the class c" of E".

Of course the first two maps are group homomorphisms, and the
exactness statement is understood with respect to the structures referred
to in proposition 5.3,1., in particular takes into account the natural
representation, now denoted by }:’E; of Aut(E") by permutations of
HI(X, ]_.7‘_(0~/)E|). Thus we get a result promised in section 5.3.%

Corollary. Under the conditions of proposition 5.6.2., the elements of
H (X, _Ci) which have the same image c" as c' are exactly those which are
in the image of HI(X, F(— )E‘) in (5.6.7.). Therefore, the set of these
elements is in one-to-one correspondence with the set of classes of
intransitivity in HI(X, E(GJ)E‘) under the group of permutations

P (But(E).

85




This gives us the characterization of the inverse image of an
element of HI(X, H) when this inverse image is non-empty. Together
with corollary to proposition 5.6,1., it allows to a certain extent to
reduce the classification of fibre spaces with structure sheaf G to the
classification with structure sheaves F and E-I__ = 9/1_7_‘_

The case F normal abelian is particularly simple. As explained
in 5.4., the representation of G by germs of automorphisms of F is then
induced by a representatlon o~ of H, therefore in v1rtuc of the transitivity
principle F(o’) is canornically isomorphic to F(o™) 'u where now
Flo—) stands for F with H as sheaf of germs of left automorphisms, and
therefore Flo—) r_-depend.s only on the f1bre space E" w1th structure sheaf
H associated to E'. On the other hand, H (X F(a’) ) is an abelian group,

which we will denote by M(E") or simply M,and we saw in 5.4. that the
operations of Aut(E") on M are affine and can be expressed in terms of
the coboundary map JE‘:Au,t(LE") —> M and the representation —of
Aut{(E") by automorphisms of M associated with the exact sequence
(5.6.6.), so that the inverse image of the c]aqs c“ of E" appears as the
quotient of the abelian group M by the group f) Aut(\E"))) of affine
transformations of M. However, though M does depend only on E", the
representation FE' depends in general on the fibre space E' (with
structure sheaf G) we started with. We will rapidly give some precisions
in this direction. First, in virtue of proposition 4.4.1, there is a canonical
representation of Aut (E") by automorphisms of F_({cf/)E"x, and it is checked
at once that this is the same as the representation ¢~ associated with the
exact sequence (5,6.6.), where E‘_(U’)E! = J{'E’_(UJ)E" is abelian invariant.

Therefore the representation o~ of Aut{E") by automorphisms of of the group

M= H (X, F(a”) ) considered above is also the natural representation

H
stemming from the operations of Aut{E")} on F(a") ; it therefore depends

only on E"., As we have (5.4.1. )

(5. 6. 8.) poite) = T(SE (g (g) (g e Aut(E"))

(where T(m) is the translation operator in M corresponding to m € M),
\ :
in order to see how )DE (g) depends on the manner in which E" has been

obtained from a fibre space E' with structure sheaf i, we only need

86




investigate the behavior of the coboundary operator d E'. More precisely,
suppose given a priori a fibre space E" with structure sheaf H (to fix

the ideas, all fibre spaces will be supposed principal sheaves), the class
c" of which is in the image of HI(X, G), i.e. such that there is at least
one fibre space E' with structure sheaf G, such that the associated fibre
space E' with structure sheaf H be isomorphic to E"., For any such E'
and any isomorphism u: E'——> E", the representatmn P of Aut(E")

by automorphisms of M(E') and the map d( : Aut(E')—> M(E') are
transformed into a representation Fu of Aut(E") by automorphisms of
M(E") and a map d v Aut(E")—> M(E") and clearly we have, in
virtue of (5. 6. 8. ):

(5.6.9.) P = T(E Mg () (g € Aut(EM).

As already noticed, if we introduce P'u(g) = /Ou(g-l), f’"u is a
normalized cochain of degree 1 of Aut(E") with coefficients in M(E")
considered as a group with Aut(E") as group of operators (under o).
On the other hand, in virtue of proposition 5, 6.2., and using the
isomorphism of M(E') onto M(E") corresponding to u, we have an

onto isomorphism:

u

(5.6.10.) i M(E")/p“(A,ut(E"))_»jl'l(c")

of the set of classes of intransitivity of M(E") under )Du onto the set of
classes c'e H (X G) such that _]lc' = c"., We now investigate how

S (and hence F ) and i vary with u (for a fixed c" € H (X H)).
First, let CP be an isomorphism of E" onto a second fibre space E'l'

with structure sheaf H, hence a corresponding isomorphism

g —> g CP- of Aut(E") onto Aut(E") and an isomorphism

}_.‘_‘(V)E-l—-—-—> F(—) El defining an isomorphism & ( P ): M(E") —> M(E").
Then it is evident by "transport de structure" that

(5.6.11.) f?u(g) :r(?)fu(c'y—lgcp)r(gﬂ-l (g e Aut(E}))
which implies
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(5.6.12.) & FT =¢ 5'“)50 where | J'“)? (®) = 0~(g) d"“(ff"lg?)
(g éAut(E'l‘)).

In virtue of (5.6.11.) a*(?) transforms f)u(Aut(E")) into "'“(Aut(E'l')),
and hence defines a map on the sets of classes of intransitivity, and of

course the diagram

(5.6.13.)  M(E") //)u(Aut(E”)) —>j, " Hem)

la"(?) I

M(E) [/ p*iautiey) —j, e

is commutative., Let us take now E'l' = E", hence ? € Aut(E'"). Then the
second part of (5.6.12.) defines quite generally operations of the group
[ = Aut(E") on the group of normalized cocycles in M = M(E") (on which
[* operates by gv), 54 € " defining the operation &' —» & defined by
this formula; and it is seen at once that the cocycles homologous to zero
form a stable subgroup, so that [? operates on the quotient Hl( M ,M) - all
this being of course defined whenever a group r operates in an abelian
group M: then M operates in a natural way on all groups Hi( [, M).
However, it is easily checked that these operations are always trivial,

It follows at once that Hl(Aut(E"), M(E")) is a set which is intrinsically
determined by the class c', more precisely: if E'" and E'L' are of the same
class c'', then the bijective maps H' (Aut(E"), M(E")) -)Hl(Aut(E'l'),M(E'l'))
defined by the isomorphisms of E' onto E'l' are all the same, thus the two
quotient-sets above are canonically isomorphic (and these isomorphisms
satisfy of course the obvious transitivity property). So we may denote
this set symbolically by H!(Aut(c"), M(c")). Now formula (5.6.12.)
shows that, given E! and E'" and an isomorphism u of E! onto E'", the
element in Hl(Aut(c”), M(c")) defined by the cocycle g?u does not
depend on E'" or u, but only on E!, and of course even only on the class
c! of E', We will now see that it does not even depend on the choice of
c!, i.e. does not change if we replace E! by another fibre space E'l with

structure sheaf G, class c'1 such that jl(c'l) = ¢, Indeed, in virtue
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of exactness of (5.6.7.), such a fibre space is isomorphic to the fibre
space associated with a fibre space E with structure sheaf F(o-f)E| 80
that we can suppose that E'1 =G (a—’) is this associated fibre space. Then
we have a canonical isomorphism u of Ii(a—-')Ei :Ei onto E" =E', hence a
corresponding cocycle d% Aut{(E") —> M(E") = M; it is seen at once
that this cocycle does only depend on the class c &€ HI(X, F(o— )E) =

of E, and may therefore be written d '°. This is one of the cocycles

which correspond to the different isomorphisms of E'1 onto E", We now
compare d 'c with the ccycle J'E' of (5.6.7.) (i.e. 'cheJ'V corre-
sponding to the identity isomorphism E'——> E"). An easy direct
computation by coordinate transforms, which being entirely mechanical

is left to the reader, shows:
(5.6.14.) (J'C - BN = g).c-c (ge& Aut{E"))

i.e. J'C - J'E' is the "coboundary" of the normaljzed O-cochain

c € M. (It may be remarked that this means also that the affine

representation [ ¢ corresponding to ch is obtained by transforming
P E! by the translation T{c) with c € M). So (5. 6.12.) together with

(5.6.14.) show that for given E", the cocycles J!u corresponding to

all possible isomorphisms u onto E" of fibre spaces E! associated with

1
fibre opaces Ei with structure sheaf G, form exactly one class of the
quotient H (Auf(E"), M(E"}), Wthh class is therefore

canonicaliy determined by the class c"e H (X H) alone. Putting

together the results obtained, we get:

Proposition 5.6.3. Let G be a sheaf of groups, F an abelian normal

subsheaf, H = C_}/_]b; the quotient. Then in virtue of the representation
o-of H by germs of automorphisms of F deduced from the interior

automorphisms of G, each fibre space E" with structure sheaf H gives

rise to an associated abelian sheaf F(O") E! on which the group Aut(E")

of automorphisms of E" operates as group of automorphisms (representa-
tlon still denoted o‘*‘). Lence Aut(E") operates also on the groups

H (X F(o—') ) M (E"), and we can con81der in the usual way the
associated cohomology groups H‘](Aut(E"), M (E" )]
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which are intrinsically determined by the class c" & Hl(X, H) of E". I

now E' is a fibre space with structure sheaf G and u an isomoxrphism of

the as soc1ated fibre space E! with structure sheaf H onto E'", then to the

map J of the sequence (5,6.7.) corresponds a map (9 Aut(E")-—)Ml(E")
~which is a normalized l-cocycle, The set of all such cocycles (for all
possible choices of E and u) is exactly one class in

Hl(Aut(E”), MI(E”)) = Hl(Aut(c”), Ml(c”)), which is thus canonically
determined by the class ¢ € H1 (X, H) and the given extension G of H

by F. Given any u as above, and taking the affine representation /’u of
Aut(E") defined by the corresponding cocycle A"u by formula (5.6.9.),

the inverse image of ¢'' in Hl (X, 9_) is canonically isomorphic to the
quotient set MI(E”) //Ju(Aut(E")),

We intend to give elsewhere a general cohomological interpretation
of the invariant just obtained for a fibre space E'' with structure sheaf
H and an extension of H with abelian kernel F. For the sake of shortness,
we will neither give here the special remarks which apply to the case
when the representation of Aut(E') by automorphisms of M(E'") is trivial
(which generalizes the case when F is in the center of G) or when the
class of I-Il(Aut(E”), M(E")) obtained above is the ''zero''.
5.7. The second coboundary map (F normal abelian in G). *

Suppose still F normal abelian in G, H = G /F, let E'" be any fibre
space with structure sheaf H, consider again the associated abelian sheaf

“H

F(G’) » which we will write shortly F(E"). Under general conditions,

for instance if X is paracompact, we will define an element
A\E” € HZ(X, F(E")), such that this be 0 if and only if E" can be obtained

as fibre space associated with a fibre space E! with structure sheaf G.

* Footnote (added for the second edition): A general definition of the second
coboundary map, without any paracompactness assumptions, and an
application of the latter to a question of a1gebra1c geometry, is given in

A. Grothendieck, Sur quelques points d'Algébre Homologique, Chapter 3,
paragraph 4, Tohoku Math., Journal, 1958, It should be noticed that this
definition is possible only using the ''true cohomology groups of a space
(and not Cech cohomology), as defined by using injective resolutions. See
also Roger Godement: Théorie des Faisceaux, Act. Scient. et Ind. Paris
1958, for the general theory of the cohomology of sheaves,
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However, in order not to let escape the fibre spaces occuring in

algebraic geometry, we will not restrict to the case X paracompact;
this will give rise to some mild technical complications. We follow
closely the exposition of the coboundary map (for the case of abelian

sheaves) given by Serre in the paper cited in 5.1.

We will first define a variant for the set Hl(X H). Let
= (U ) be an open covering of X, let c® (U, H) and El(U H) be the
subsets of C° (U, H) respectlvely C (U, B) images of the sets
C°(U, G) and CH(U, G). Let MU, H)_ = z(U, B)NC (U, H), be the
set of cocycles in C™(U, H) Coming ba.ck to the def1n1t10ns of 5.1., we
see that C (_l_{, _Iri) is a group operating on the set C (U, H) and letting

invariant the subset of cocycles, thus we can consider the quotient
1 51 .0
(5.7.1.) H (U, H)_ =2°(U, H)_ / DC"(U, H)).
Of course, we have a canonical isomorphism
(5.7.2.) H'(U, H), —»H (U, H)_.
On the other hand, if Viea covermg finer than U, we define as in 5.1,

a canonical map H! (U, H) --'PH (v, H) , and the diagram

(5.7.3.) HI(H. H), —*Hl(}l’ H)

| |

vl(v, B —s' (v, B

is commutative, These maps define the system of sets HI(U H)
(U variable covering) as an inductive system of sets, hence we can take
the inductive limit, which we denote by H (X, H) The maps (5.7.2.)

and commutativity of (5.7.3.) define a canomcal map

(5.7.4.) u'(x, B),—> =, H).

Lemma 5.7.1. The map (5.7.4.) is injective., It is bijective in each of

the following two cases: a) X is paracompact b) X is an algebraic

irreductible curve with the Zariski topology.
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Consider two elements of Hl(X, I:I_)o having same image, we will prove

that they are identic. We can find an open covering U = (U, )1 c 18

that both elements be defined by cocycles (h ) and (h' ) in Zl(U H) s

and the hypothesis means that we can find (h )é, G (U, H) such that

h = hih jhj 1. Now it is obvious that we can find a covering
-(V) eJf1ner than U, and a map T J —> 1 such thatV c U’Ti

for any j, and such that for each j, th can be lifted into a section of G

over Vj s it is sufficient to take J = X, and to associate with each j an

element T°j € I such that j € UT ., and then to take an open neighborhood

¥V of j contained in U T ; and small enough that h T can be lifted on

this set. 'I‘hen the cochain ?T((h' ) in Z (V H) is transformed of

the cochain CFT((h .)) by the O- corhaln ?T((h s whuh he1ong‘~ to

C (V, H) , and they therefore define the same element of H {V, H,

and a fort1or1 of Hl(X, }__{_)o, which proves the first statement of the lemma.

In order for (5.7.4. ) to be surjective, it is obviously sufficient to find for

any cocycle (h )6 zZ (U H), a covering V. finer than U and a map

T: J—>1 such that V C U,[/ for each j, and such that for each pair

(i, j') of elements of J the section h Ti, Tjt of H can be lifted into a

section of Gon V.., . Itis easily seen that this condition is satisfied in

the two cases considered in the lemma, the details are left to the reader.

For each U, we have a canonical map H ([ G) —> Hlt(gr_, Ii)o
(derived from the map Z (U, G)—> Z- (U H) ) These maps, for variable
U, are compatible with the restriction maps, so that we get a natural map

o

(5.7.5.bis)  HYX, G)—> H'(X, H)_.

Of course, the composition of this map with {5.7.4.) is nothing but the
functorial map Hl(X,, G)—> Hl(X,, Hj defined in 5. L.

ILet now E" be a fibre space with structure sheaf H the class c" of
which belongs to the subset H (X H) of H]‘(X H), we will define an
element JE" of H (X E"(F)). Let (h ) be a system of coordinate
transforms of E", we can suppose (h )€L zZ (U,, H) We denote by

QP; the natural coordinate maps H[U —> E"|U, and by C? the
coordinate maps F IU —> F(E") IU so we have
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| = -l =
(5.7.5.) hii= Py o () = Py & -

Recall also that h., = h..h, , therefore, if we take for every h.. a
ik ij jk ij

lifting gij € Ho(Uij’ G), we can choose them such that

-1
(5.7.6.) gij = gji
and moreover we must have gijgjk = 8 mod F, i.e. {using (5.7. 6.)) we
have
o
(5.7.7.) fijk = gijgjkgki e H (Uijk’ F).
We now define
1 - - N Oprr 1t

I claim that (f]!jk) is an alternated cocycle of dimension 2 for U and the

abelian sheaf F(E") (see the paper of Serre cited in 5.1. for the definitions}.

Indeed, (5.7.6.) and (5.7.7.) imply fikj = fiik , hence taking the image
by SDi:

Co-l
ijk

}
fik‘]

1

-1 — .1
4 - 1 1 3 3 °
Also f] 517 fij] .7, which means (by transforming with ?i )

g . - .
Pi " P Bigy) = G BTl gy T g e
-1 _ . - . . .
gikgkjgjkgikgik = fikj = gikgkjgji which is of course true. And again we

have £, = f '1)

1 . . —
i , which means {transforming by CF i

.-
ijk

-1 5 f = f _1ie c—(g..)f = f i. e
P Pitiix = g e 8135k T tiky €

. —— : . r
8;585i8i1c 8r; 815 = BikBkjSji which follows indeed from (5.7.6.). Thus

we have proved that (fijk) is an alternating 2-cochain, we now prove that

it is a cocycle, i.e. that we have
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-1 -1
t ] 1 1
Brating fintise

= e in Uijkl'

This is proved as above by transforming with ? i-l, the verification

is only some lines longer (of course, the fact that F is abelian and
invariant has to be used throughout). Therefore, this cochain defines an
element of the cohomology group HZ(I_I_, F(E")), and hence of

Hl(X, F(E"). It is easily checked that this does not depend on the
choice of the system of coordinate transforms defining E", and
therefore may be denoted by d E". It should be noted that in this
general context, however, it is not possible to define the d c" of the
class c" of E" for F(E") is not defined by the mere class of E", and
neither is H (X F(E")). If a map defined on 'rhe set H (X H) itself

is de51red, one can notice that the quotient M (E") /Aut(E") of

M (E") = H (X, F(E")) by the group of automorphisms of E" {acting in
the usual way on M(E")) is intrinsically determined by the class c¢", and
so is the class of ¢ E" in this quotient, so that we may define

symbolically a dc'e Mz(c")/ Aut{c"), and the second coboundary map

is defined on Hl(X, I;I-)o and takes its values on a set depending on the
argument considered.— We now come to an important exactness property

connected with this second coboundary map:

Proposition 5.7.2. Let F be an abelian normal subsheaf of the sheaf of

groups G, let H = G/F let E" be a fibre space with structure sheaf H,
F(E") the associated sheaf (corresponding to the natural operation of
Hon F), Let c" e H (X H) be the class of E". In order that c" be in
the image of H (X, G), it is necessary and sufficient that c"« H (X H)
(as defined in 5. 7.1.) and that the d E" € HZ(X, F(E")) defined above
be equal to 0.

Necessity . We can assume that E" is the fibre space associated to a
fibre space E' with structure sheaf G, let (gij) be a system of coordinate
transforms of E', let hije Ho(Uij' H) be the image of glj' then (hij) is a
system of coordinate transforms for E", In particular this shows

ch G;HI(X, E)o, and by definition d E" is defined by the 2~cocycle of

formula (5. 7. 8.), which is now the unit cocycle, hence d E" = 0.
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G s s

Sufficiency. We can assume that E" is defined by coordinate transforms
(hij), where hij can be lifted into gij’ and following the notations above,
d E" defined by (5. 7. 8.) is supposed zero, which means that there
exists an alternated l-cochain (f'ij) e Cl(I_J_, F(E")) such that

i — 1 [} 1
(5.7.9.) fijk = f jkf kif ij
o= =1 o . P |
Let fij = CPi (fij)€ H (Uij’ F), then the relations fij = fji and
(5.7.9.) yield
-1
(5.7.10.) fij = a--—(gij)fji and fijk = cv-'(gij)fjk a“‘(gik)fkifij

i.e., taking into account that the first relation (by substituting k to j)
v -1 . . .
yields a—’(gik)fki = fik and substituting in the second:

1, -1

81;8ik8ki ~ 8ifik8 ik fij loe

-1 S P |
(gjk fjk)(gij £ = 8 Hixe

. -1
' =
Letting gij fij gij
and taking the inverses of both members of the above formula, we get

1
' = gt go! 3 ' . _
8k gijgjk, which means that (gij) is a l-cocycle € Z°(U, G). The
1
element of Z (U, H) image of (gij) is the same as the image of the

cochain (gij)' i.e. (hij)’ which completes the proof.

Corollary. Under the conditions of lemma 5. 7.1, in particular if X is

paracompact, the element JE" & HZ(X, F(E")) is defined for any fibre
space E" with structure sheaf H, and in order that E" be isomorphic to

a fibre space associated to a fibre space with structure sheaf G, it is

necessary and sufficient that 4 E" = 0.

It should be noted that, H being any sheaf of groups and E" a fibre
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space with structure sheaf H, an element d E" is defined whenever we
are given an extension of H by an abelian sheaf ¥ in which H operates
(so that F(E") is defined and hence HZ(X, F(E")). We intend to give

elsewhere the characterization ofd E'in terms of the cohomological

invariant characterizing the extension G of H by F. In the case the

sheaves involved are defined in terms of structure groups F, G, H, when
either these are discrete of H is connected and G is a covering group,

E" can be expressed in terms of classical cohomological notions.

Particular case: F is in the center of G. This means that H operates

— e—— —— o——— U————————— —— —

trivially on F, so that F(E“) = ¥, therefore the second coboundary map
is a map H (X H) — H (X, ¥), which can be added to the exact

cohomology sequence (5.3.1.) to yield a sequence:

(5.7.1.) .. e—> H°(X, F)—> HYX, G)—> H°(X, H)-L> H'(X, F)

—> 1%, g)—> HYx, B)-L> HY(X, F).

Proposition 5, 7. 2, here means that this new sequ.encre is still exact.
Of course, in the usual cases referred to in lemma 5.7.1., HII)_(- H)
can be replaced by H (X H) itself.

A characterization of the image in H (X, F) of the last homomorphlsm
is lacking. However, if G itself is abelian, then H (X, G) and H (X, H)
are also defined, and (5.7.11,) fits into the classical exact cohomology

sequence for abelian sheaves (see cited paper of Serre):

(5.7.12.) e—> H(X, F)—> ... —> H'(X, H) —> H(X, F)

HY(X, G)—> HA(X, H) —> ... .

5.8. Geometric interpretation 9:1' the first coboundary map. Let G be a

topological group, F a topological subgroup, H the quotient space, f a
subsheaf of groups of the sheaf of germs of continuous maps of H into

F containin the constant germs. G can be considered as a fibre space
over H, all fibers being homeomorphic to F (the projection map being by
definition the canonical map of G onto the quotient G / F). We suppose
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now that we are given on G a structure of fibre space of type H >< F,
structure sheaf f (F operating on the fibre F by left regular representation).

This of course implies that G fibered over H is locally trivial, which here

means also that there exists a germ of a section of G (fibered by F over
H) passing through the unit element (for then by translation, we see that
there is a section over a neighborhood of any point of H, which classically
and trivially implies local triviality). If f is the sheaf of all germs of
continuous maps of H into F, then existence of a local section is also
sufficient for a structure with structure sheaf _f_ on G to exist, and this
is unigue. Other examples: Suppose G is a Lie group and F closed
(hence itself a Lie group) then taking into account the analytic structure
on G and using the well known fact of the existence of analytic local
sections of G over H, we see that G can be considered as analytic

fibre bundle over H with Lie structure group F (fibre F on which F
operates by regular left representation), hence we may take in the
foregoing f = sheaf of germs of analytic maps of H into F. A fortiori

for any sheaf {'.2 f, G is provided with the structure sheaf {' by
"extension of the structure sheaf f"; for instance, we can take for f'
the sheaf of germs of infinitely differentiable maps of H into F etc.
Analogous remarks if G is a complex analytic Lie group and F a complex
subgroup, then G is a complex fibre bundle with complex structure group
F over the complex manifold H; we need only the well known fact of the
existence of complex analytic sections of G over H. As a last example,
suppose that G is an algebraic group over an arbiérary ground field Kk,

F an algebraic subgroup, so that H is an algebraic variety without
singularities; as usual, we take on algebraic varieties the Zariski
topology. Let f be the sheaf of germs of regular (i.e. rational and
"defined" at the given point) maps from H into F. Then G can be
considered as a fibre space of type H >< F, structure sheaf f, provided

there exists a regular section of G over a neighborhood of the neutre

element of H, As such a section is the restriction of a "rational section"
of G over H (i.e. a rational map H —> G which, composed with the
projection G—> H, gives the identity), the preceding hypothesis is

equivalent to the existence of a rational section of G over H. In case F is

discrete or an abelian variety, this appears to be a very strong condition,
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for as easily seen a rational section is even regular, and thus the
fibering should be trivial with respect to the structure sheaf £, which

of courge is seldom the case. However, if F is a connected linear

algebraic group, it seems very likely that there must exist a rational

section of G over Hj; this can at least be checked directly in the most
important cases, and it has been proved by Rosenlicht (forthcoming
paper) in case F is moreover solvable,

Liet us now come back to the general case of a topological group G
fibered by a subgroup F, and provided with a structure of type H >< F,
structure sheaf f. Let moreover X be a topological space, suppose
given sheaves F, G, H of germs of continuous maps of X into F
respectively G, respectively H, Suppose the maps i; F——> G and
j* G=> H compatible with these sheaves, i.e. the composition of i with
a germ in F is in G, and the composition of j with a germ in G is in H.

Then we have a sequence of homomorphisms of sheaves

(5.8.1.) e—> F—> G H e

where F —> G is‘ a homomorphism also for the structures of sheaves of
groups. This sequence is exact if and only if: (i) if a gevm in G is a germ of
maps into F, it belongs to F (ii) any germ in H can be lifted into a germ
in G. We will assume this, and moreover (iii) the composition of a

germ in H and a germ in f is in F. From the exactness of the sequence
(5.8.1.) follows an exact sequence of cohomology (5.2.7.)., From (iii)
follows that for any fibre space E on H with structure sheaf f, and any

map h of X into H belonging to HO(X, H), we can consider on the inverse
image of E under h{which is a fibre space on X) in a natural way a structure
with structure sheaf F {via a general definition of inverse images of-

fibre spaces with structure sheaf, which was not given in 4. 1. and is left

to the reader). Now we supposed G itself a fibre space with structure
sheaf f, hence its inverse image is a fibre space with structure sheaf

F on X, determined canonically by he HO(X, H). Then the p1;oof of the

following statement is straightforward and equally left to the reader:

Proposition 5. 8.1, - Let G be a topological group, F a subgroup,

98




H =G/ F, f a sheaf of germs of continuous maps of H into F, we
suppose given on G, considered as fibre space over H, (fibre F) a
structure of type H >< F, structure sheaf f. Let X be a topological space,
1_7‘_, g_, I:J_ three sheaves of germs of continuous maps of X into F
respectively G respectively H, satisfying conditions (i) (ii) and (iii)
above. Then the sequence (5.8.1.) is exact. Let h be a map X —> H
belonging to H(X, H), and E the fibre space with structure sheaf F
(fibre F') on X inverse image of the fibre space G over H by the map h,
This fibre space is canonically isomorphic with the fibre space defined
by means of h in 5, 2. (F operating on X >< F in the usual way), and
therefore its class in H (X, F) is the image of h under the coboundary

operator associated with (5. 8.1.).

Corollaz_YJ In order that a fibre spaace with structure sheaf F be
trivial in the sheaf G, it is necessary and sufficient that the associated
principal bundle (cf. 4.7.) be isomorphic to the inverse image of the
fibre space G over H by a suitable map h€ H°(X, H) of X into H; this
h determined up to an operation of HO(X, G).

This follows at once from proposition 5. 8.1. and the exactness of
the cohomology sequence.

It could be remarked that the different supplementary structures
involved in the exact cohomology sequence defined in a rather algebraic
way in 5.3., 5.4, and 5.5, namely the operationsp of HO(X H) on
HI(X F) if ¥ is normal in G, the operations o—of H° (X H) on H (X F)
when moreover F is abelian, and the operations /00f H (X F) on

((X G) when F is even in the center of G, could have been dealt with
in a more geometric way, by defining in the first instance, for each
he HO(X, H) and each fibre space E with structure sheaf F, a fibre
spacefP(h).E with structure sheaf F (via the system of all coordinate
maps for E), and proceeding in an analogous way in the other two instances.
Then statements like : (h). c and ¢ have same image in H (X G)
(where ce H (X F)) could be stated in a more geometric and slightly

more precise form: there is a canonical isomorphism between the fibre
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spaces )D(h) .E and E, where E is any fibre space with structure
sheaf F. It does not seem that the exposition would be much heavier

if in each possible instance the geometric point of view were thus taken

into account.
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