CONCENTRATION OF CMC SURFACES IN A 3-MANIFOLD

PAUL LAURAIN

ABSTRACT. We prove that simply connected H-surfaces with small diameter in
a 3-manifold necessarily concentrate at a critical point of the scalar curvature.

INTRODUCTION

Let (N, g) be a compact oriented Riemannian manifold. The aim of this article
is to understand the behaviour of a sequence of surfaces ¥y C N with constant
mean curvature H, refereed to as H-surfaces, when H — +o0.

These H-surfaces naturally appear as boundaries of isoperimetric domains. Their
existence is given by geometric measure theory [25], but we have no information
about their topology or their location in the considered manifold except for some
special manifolds like space forms where we have a classification of compact embed-
ded H-surfaces (this is an extension of Aleksandrov theorem [1], see for instance
[24)).

It would be too ambitious for now to hope for a classification of these H-surfaces
in a general compact manifold. However, in the particular case of minimal surfaces
(H = 0), a rough classification can be obtained thanks to the works of Colding,
Meeks, Minicozzi, Ros and Rosenberg and others. We will find an overview on this
subject in the collective book edited by Hoffman [20] and the papers of Colding and
Minicozzi [11], [12], [13] and [14]. This area of research is still very active motivated
by its close links with the topology of 3-manifolds.

In order to begin the description of the moduli space of H-surfaces, we look to
the case of surfaces with small diameter (or large mean curvature). Up to perform
dilation of the ambient space, we can normalize the mean curvature of these sur-
faces to be 1 and the ambient space becomes quasi-Euclidean. In this setting, an
idea to obtain explicit examples of constant mean curvature surfaces is to pertub
the constant mean curvature surfaces of the Euclidean space (i.e. round spheres but
also connected sums of spheres and Delaunay surfaces) in order to get surfaces with
constant mean curvature in our quasi-Euclidean space. This idea has been very suc-
cessful and has led to many examples, see Ye [38], Butscher [6], Butscher-Mazzeo
[7], Pacard [29] and Pacard-Xu [30]. But each of these constructions requires a
condition on the geometry of the manifold at the point of concentration. A natural
question then is the question of the necessity of this geometric condition. In fact if
we were able to show that these conditions are necessary, we would have a clearer
picture of the moduli space, at least for surfaces of small diameter. A first answer
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was given by Druet [15] in the case of isoperimetric domains. By proving an op-
timal isoperimetric inequality for domains of small volumes, he shows that these
domains concentrate necessarily at a point of maximum scalar curvature. This re-
sult, together with the examples mentioned above, leads naturally to the following
question, already mentioned in [30] : if, for any p > 0, the ball B (p, p) contains a
constant mean curvature surface, is it true that p has to be a critical point of the
scalar curvature 7 All the examples mentioned above are constructed in a neigh-
bourhood of a critical point of the scalar curvature (with various nondegeneracy
assumptions).

For isoperimetric domains, the topology and geometry of the domains become
simple as the volume goes to 0 (that is as the constant mean curvature goes to
+00). Indeed, they asymptotically become round spheres (see [26, 15, 27]). Of
course, without this minimizing property of isoperimetric domains, the geometry
of constant mean curvature surfaces becomes more intricate. Notably, even in the
embedded case, X could be a connected sum of Delaunay surfaces and an arbitrary
number of almost round spheres. Indeed, Pacard and Malchiodi (see [29]) have
constructed sequences of H-surfaces which are perturbations of two small geodesic
spheres connected as a Delaunay surface. Another problem is the topology of the
surface which is a priori unknown, even if the ambient space is Euclidean as shown
by Wente’s tori and then by Kapouleas’s surfaces, see [37] and [22]. In order to
generalize the result of Druet [15], we consider sequences of H-surfaces X which
are embedded spheres with bounded area and small diameter. The assumptions
are precisely the following :

0(Zx) =oll) as H — +oo, (H)
ASH) =0 ()
where §(3p) and A(X ) denote respectively the extrinsic diameter and the area of
Y p. Here, the area is computed with respect to the induced metric. Under these
assumptions, we are able to locate the possible places of concentration of these
sequences :

Theorem 0.1. Let (N, g) be a smooth compact 3-Riemannian manifold and X C
N be a sequence of embedded spheres with constant mean curvature H which satisfies
assumptions (H). Then, ¥y converges uniformly to a critical point of the scalar
curvature.

We can rephrase this theorem as follows : choose any function §(H) such that
0(H) — 0 as H — 4o00. Then for any p > 0, there exists some Hy > 0 such that
any embedded topological sphere with constant mean curvature H > Hj, diameter
§ < §(H) and area A < p~*H 2, has to be in a ball B (p,p) where p is a critical
point of the scalar curvature of (N, g).

Conversely, if p is a nondegenerate critical point of the scalar curvature, then
there are such embedded spheres in any ball B (p, p) (see Ye [38]).

Moreover, as will be seen from the proof of the theorem, we get a precise asymp-
totic description of the surfaces ¥ as H — +00 : roughly speaking, they look like
a connected sum of spheres.

This theorem thus provides a beginning of classification of high constant mean
curvature surfaces in 3-dimensional Riemannian manifolds.
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Note that one could ask the same question for curves in 2-manifolds. And the
answer is simpler than in dimension 3 : curves with high constant geodesic curvature
and small diameter converge to some critical point of the Gauss curvature. This
was proved by Sun [34]. The difference between curves and surfaces is that, for
curves, one has to analyze solutions of some ODE while, here, we have to deal with
solutions of some system of elliptic PDEs.

The rest of the paper is devoted to the proof of theorem 0.1 and is organized as
follows. First, in section 1, we compute the equation satisfied by our H-surfaces in a
general 3-manifold and we recall the classification of solutions of the limit equation
(i.e. when the ambient metric becomes flat) obtained by Brezis and Coron [5]. In
section 2, we set up our proof by reformulating the problem in the framework of
some blow-up analysis for a sequence of solutions of perturbed H-systems. These
systems are systems of elliptic PDEs, critical form the point of view of Sobolev
embeddings, but which enjoy some nice compactness by compensation properties
(see Riviere [31] for a nice and clear explanation of these phenomena). However,
the perturbation due to the presence of some Riemannian metric, instead of the
Euclidean one, breaks most of these properties. In section 3, we start the blow-up
analysis by showing that our sequence of solutions decomposes asymptotically into
a sum of spheres. This is a generalization of the classical result of Brezis and Coron
[5] in our setting. Then comes the key point of the proof : we need to estimate
precisely (and in a pointwise way) the error between our solutions and this sum of
parametrizations of spheres. Roughly speaking, we have to upgrade the theory of
Brezis-Coron which took place in the energy space into a pointwise theory. This is
done in two steps. We first use an estimate obtained thanks to the Green formula
and a classification of decreasing solutions of the linearized equation, see section
C.2. Tt remains to control the interaction between the bubbles, which is postponed
at the end of proof. Finally, this estimate is in section 5 to conclude. The proof
is rather technical and the reader can start by assuming that there is juste one
bubble, like in the construction of Ye. In this case, one can ignore section 6. In the
general case, when there are several bubbles, we must also get a good control on
the interaction between bubbles.

Acknowledgements : I thank my thesis advisor Olivier Druet for his constant
support during the preparation of this paper. I would also like to thank deeply
Tristan Riviere for his valuable comments and remarks on a first draft of the man-
uscript.

1. EQUATION OF MEAN CURVATURE IN A 3-RIEMANNIAN MANIFOLD

Here, we compute the equation satisfied by a conformal immersion with respect
to its mean curvature. The fact that we consider conformal immersion is very natu-
ral when we look at problems concerning mean curvature. Especially in dimension
2 where, thanks to the uniformization theorem, on the sphere every metric is con-
formally equivalent to the standard metric.

Let (N, g) be an oriented 3-Riemanniann manifold, (M, h) be an oriented surface
and f : M — X C N be a conformal immersion, that is to say such that
f*(gz) = €*h, where u € C*°(M). Hence & = f(M) is a surface of mean
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curvature equal to H if

f T Of J .
Tt T3 g =2Vl (P for € (12.3% (1)
In arbitrary coordinates, (1) is transformed into
oft of* _ lglg (f)

U
—— = —2H(f)+"=—=—""for j € {1,2,3 2
Ga s = 2H(N O e (128), @
where A4 is the Laplace-Beltrami operator of (M, h). Here we have to notice the
fundamental fact that this equation is invariant by a conformal diffeomorphism.
That is to say, if u satisfies (2) and ¢ € Conf(M) then w o ¢ still satisfies (2).

AmfI = h*PT, (f)

The fundamental example of the Euclidean case :

If we consider a sphere with mean curvature H immersed in R3, we get the
so-called equation of H-bubbles :

Acu = —2H (u) uy A uy,
(U, uy)e = 0 and [ugle = [luy|le-

3)

Here ¢ is the standard metric of R3. This equation, in particular when H is con-
stant, will play a fundamental role in what follows since this is the limit of the
general equation when the metric becomes flat. Moreover, thanks to Hopf’s the-
orem, we know that the sphere is the only immersed compact simply connected
surface with constant mean curvature in R3. Hence the sphere provides us a funda-
mental solution of (3). Hence we need a conformal parametrization of the sphere:
this is exactly the purpose of the inverse of the stereographic projection.

Let w : R? — R? be defined as follows
wo-—( 2
wi,Y) =775 Yy )
1472 r2—1
where 72 = 22 4+ 32. This exactely the inverse ogf the stereographic projection with
respect to the north pole. Computing the derivatives and their cross product, we
get the following useful formulas

5 1+ (y* —2?) 9 “lry
wz(%y):i” —23719 ) wy(xvy)zigg 1+($ ) )
(1+72) 9 (141r2) 2y
2x
—4 —4W(.’E,y)
z ) = 77 23 2 = 71 .22
el = | (2, ) T ey
Vwl|? Vwl|?
% = \wr|2 = |wy\2 = m and (Vwk,le> = (0p — wkwl)| 5 | . 4)

Then we remind a very important result of Brezis and Coron [5] which states that
the only solution of

Au = —2uy A uy,
with bounded energy are exactly, up to a conformal reparametrization, the inverse
of the stereographic projection. This result can be seen as a variant of the Hopf’s
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theorem, see [21], where the hypothesis of conformality is replaced by a bound on
the area.

Lemma 1.1 (lemma A.1 of [5]). Let u € L}, .(R? R3) which satisfies

loc

Au = —2uyz A uy,
/ |Vu|?dz < +oo0.
R2

Then u has precisely the form
p (Z)>
wz)=w|—=—=|+C,
=505

where P and @ are polynomial, C is a constant. In addition
/ |Vul|? dz = 87k with k = maxz{degP, deg Q},
RQ

provided that g 1s 1rreducible.

It could be useful to remark that, thanks to (4), the gradient of such an w satisfies
the following formula
2V2|P'Q - Q'P|
[Vw| = 5 T
P2 +1Q|
Then we defined a special class of solutions which will be very important in what
follows: the spheres which are parametrized only one time.

Definition 1.1. A solution u of (5) is said to be simple if

m@w<md>+a

Q(2)
with 5 is irreducible and max{degP,deg Q} = 1.

In particular, if w is a simple solution of (5), then we have

vl =0 (G om) o

where u® = u (T)v a® and )\ are respectively a sequence of points in R? and a
sequence of positive numbers.

2. PRELIMINARIES

The aim of this section is to remind some basic facts about embedded surfaces
in the euclidean space and to use them to give an appropriate formulation of the
problem.

First of all, we give some classical relations between the diameter, the area and
the mean curvature of such embedded surfaces. Then we will give an equivalent of
such relations in our Riemannian setting.

The following classical lemma gives a lower bound of the diameter by the inverse
of the mean curvature.
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Lemma 2.1. Let S be a smooth surface of R® with mean curvature H. Then

2 < 6(8)sup [H(z)|,
z€eS

where §(S) is the extrinsic diameter of M.

Proof of lemma 2.1:

Let B(xz,r) be the smallest closed ball that enclose M. Using a classical max-

imum principal at y € B(x,r) NS, we see that |H(y)| > [Hg,mn(y)| = %, which
proves the lemma. O

Then, we remind the Simon’s inequality which relates the diameter to the area
and the mean curvature.

Theorem 2.1. Let S be a closed connected surface immersed in R3, then

§(S) < %A(S)% (/S |H|2da>é : (7)

where A, H and do are respectively the area, the mean curvature and the volume
element of S.

See [33] for the original proof and [36] for the proof with the optimal constant
%. Indeed considering a long cylinder ending by spherical caps we see that the
constant cannot be improved. Then we obtain, as a by product of (7), that

5(5) < 2 A(S) sup | H(z)]|. (®)
s z€S

Such an inequality have been also proved by Bethuel and Rey, see theorem 6.2 of
[4]. By now, we are in position to give a proof, in Riemannian setting, of the fact
that the diameter of an H-surface is controlled by the product of the area by the
mean curvature. In fact, we need the additional assumption that the diameter is
small enough, in order to get a relatively flat geometry. It is false without this
additional assumption as shown by a tubular surface around a closed geodesic of
S3, see [23].

Lemma 2.2. Let (N,g) be a 3-Riemannian manifold whose injectivity radius ad-
mits a positive lower bound and Xy C N a sequence of connected H-surface which
satisfies the following hypothesis

0(Zn) = ol), as H — +oo
AZg) =0 (=) - ’
Then we get the following estimate
1 K
<53y < =
xE <) =g

where K is a positive constant.
Proof of lemma 2.2 :
Let cy € Xy, for H large enough, we can assume that Xy C B(cgy,d) where §

is smaller than the injectivity radius of A/. Then we rescale the exponential chart
centered in cy by a factor i, where 0y = (X ). We get a sequence of surface Yy
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of (R3, gy) with diameter 1, here gy is the rescale metric. The mean curvature
of ¥y, computed with respect to gz, is equal to H = dy H. Remarking that gg
converges uniformly to £ on every compact and that Yy C B (0,2) we get, thanks
to lemma 2.1, for H large enough that

H=0yH>1,

which proves the left hand-side inequality.
In the other hand, thanks to (8), for H large enough, we have

. Sy H)?
Hzaﬂﬂz%,

where C' is the positive constant. This achieves the proof of the lemma. O

Hence, we immediately see that our assumption (H) is equivalent to assuming
that Xy satisfies

1 c
== <0(Xy) < &
{CH <0(Zm) < g as H — +o0, (H)
where C' is a positive constant.

In order to look more precisely at our H-surfaces we need some coordinates. In
particular we have to choose a center of chart. For that purpose we fix an arbitrary
point cg of ¥ as a centre of chart. Up to a subsequence, X g — poo as H — +o0.
Of course cg — poo as H — +00. From now on, we look at ¥ in the exponential
chart centered at cy. Then we rescale this chart by a factor H with respect to 0
and we replace the variable H by % Hence we get a new sequence of immersed
spheres (X.) C (R?, g.) with constant mean curvature 1, where g. is the rescaled
metric: g-(y)(u,v) = g(ey)(eu, ev). Moreover, X, satisfies the following additional
assumption

{A(za <c, ("
Y. C B(0,0),

where C' is a positive constant.

Finally, let u® be a parametrization of . from (52, h) to (R3, g.). Up to a diffeo-
morphism of the sphere we can assume this parametrization to be conformal. In-
deed (u®)*(gex, ) is in the conformal class of the standard metric, since there is only
one conformal class on S*. Hence, let ¢° € Diff(5?) such that (¢°)*((u®)*(gx.)) is
pointwise conformal to h, then uf 0@ is our conformal parametrization from (5?2, h)
to (R3, g.). Up to replace u® by u o ¢°, u® satisfies, in any conformal coordinates,
the following equations

A — (D)o (u)(V (1), V (b)), = —2 e R
VI
[l < © (9)

[Vus]ls < C,
where (ng)e are the Christoffel symbols of g. and C' is a positive constant. This

equation is totally invariant under any conformal diffeomorphism of the sphere. But
as we will remind it, the group of conformal diffeomorphism of the S2, Conf(S5?),
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is not compact. Hence it could be interesting to fix our parametrization once and
for all. Of course, there is no canonical choice. We choose to rescale the highest
bubble around the north pole and so to send the remainder around the south pole.

But before making this rescaling, let us defined a dilatation on the sphere S2.
For any Q € 52, let mgp : S? :— C the associate stereographic projection (here
(RQ)* is identified to C) and for any ¢ € [1,4+oo[. Let 7 : C — C as 74(2) = tz, we
set

Do = 7161 0T OTQ.

Hence, we are in position to fix the parametrization of u®. Let a® and A® be such
that )

Vut(a®)| = — = sup|Vu’|.

Vu(a)] = 3¢ = sup| V|
Up to compose u° with a rotation of S, we can also assume that a® = N. Then we
replace u® by u® o @y y- and we easily check that Vu® is bounded on every compact
subset of S?\ {S}. Moreover, thanks to the conformal invariance of our problem,
u® still satisfies (9). Hence, thanks to standard elliptic theory, see [19], there exist
a subsequence of u® (still denoted u¢) and u® € C%(S?\ {S}) such that

uF o in C2,(S2\ {S}), (10)
If we set w® = u® o ', then w® € C%(R?\ {0}) and satisfies
Aw® = -2 A w2 on R?\ {0}.
Then, thanks to the conformal invariance of ||V .||z, we have
VO < li£n_>i(r)1f [Vus omytlle = lign_jglf VU |2 < 4o0.
Hence w? is a solution of (5) and w? is non trivial since |Vu®(N)| = 1. Moreover

|Vw?| has a maximum in R?, let ag € R? be a point where |Vw?| achieves its max-
imum.

1

Finally, up to replace u® by u® o 7y, u® satisfies

Acuf — (T (o) (V ('), V(uh)e)e = —24/Igel g (u)s A (uF),);
u§ — w® in CZ (R?\ {—ao})

[ulloe < C
[Vue||z < C.

(11)

where u§ = u®(z + ag), ap € R? and w' is a non trivial solution of (5) such that
|Vw?| achieves its maximum at 0.

Now on and until the end, u° is seen as a map from R? to R3.

3. DECOMPOSITION OF u® AS SUM OF BUBBLES.

The aim of this section consists in two steps. First we will show that X. con-
verges to a sum of round spheres. Then we will adjust these round spheres to the
geometry of our manifold. All of this will be sum up at the end of this section.

Such a decomposition has already been observed by Brezis and Coron in [5]
where they notably give an H'-decomposition for approached solution of the mean
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curvature equation on the disk. Here we give a result in the same spirit, replacing
the H' by Clzoc' The method used have been intensively used for the Yamabe
equation and then generalized to critical elliptic systems, see [18], [16] and [17].

Theorem 3.1. Let u® be a sequence of C?-solutions of (11). Then, there exist
p € N and

(i) w, ..., wP simple solutions of (5) such that |Vw'| has a mazimum at 0,
(ii) ai,...,a; sequences of R? which all converge to 0, and
(i) A5, ..., A, sequences of positive numbers such that lin%) A; =0,
e—

such that, for a subsequence of u® (still denoted u® ) the following assertions hold

ui — w' in C2 (R*\'S;) as e — 0 for all 1 <i < p, (A)

aé —as
where ui = uf(XS . +af) and S; = lim{ ])\§ LostojE€ {1,,p}\{z}}

e—0
dE(as)  di(as
z)(\(;J) + ])(\(;Z) — 400 for all i # j, (B)

where d5(z) = \/(A5)2 + |af — z]? for 1 <i < p and do(z) = /1 + |z — ao|?.

With the additional properties that

P
sh—% félﬂg)z (Orélilélpdi (x)) ‘V (u - §Wi) ()| =0 (®)
and
P
HV <u8—2w5> —0ase—0, (D)
=0 2

where W = w; (T_Eaf) and (a§, A§) = (ap,1).

When there is just one bubble, that is to say when p = 0, the conclusion limits
to
u — w” in C%(R?) as e — 0.
Proof of theorem 8.1 :

We are going to extract the bubbles by induction and the process will stop thanks
to our uniform bound on the area of X..

For k > 0 let (P;) be the following assertion :

There exist

(i) w°,...,w" non trivial solutions of (5) such that |Vw?| has its maximum at 0,
(ii) a§,...,as bounded sequences of R? such that liH(l) a; =0for 1 <i<k,and
E—
(iii) A§,..., A5 bounded sequences of positive numbers such that lin%) A; = 0 for
E—r
1<i<k,

such that, for a subsequence of u® (still denoted u®) the following assertions hold

ui — w; in CF (R?\ S;) as € — 0 for all , (Ag)
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€ €
where u$ = u(A; . —a5) and S; = lim {aj /\5% st. j€{0,...,k}\ {z}}

¢ e—0

di(as) | di(a)
XS XS

where dS(z) = \/(X5)2 + [a5 — z[2.

%

— +oo Vi # j, as e — 0, (Bg)

Claim 1: if (P;) holds for some k > 0 then either (Pj;;1) holds or

k
\Y (us - wa) (x)
i=0

lim sup ( min d;(z)
e=0 zer2 \1<i<k

where w{ = w; (%“f)
Proof of Claim 1 :

In order to prove this claim, we assume that (Pj) holds and that there exists

Yo > 0 such that

sup <m1n ds ( )
zeR2 \0<i<k
We need to prove that (Py41) holds. Let af,, € R? be such that
k
: €( € _ _ e _ €
(st 7 (+ Elﬂawl,ﬁ4£%d<)v@ 2

The fact that the supremum is achieved is a consequence of our assumptions. In-
deed, thanks (11), we get

(o) -olrie) e

which proves that the maximum is achieved. Now we define A} ; by the equation

v (oo 3o i) -

Always thanks to (11) and the assumptions about the a and the X¢ , we remark

that
k
\Y (us - Z wg )
i=0

then (aj_ ) converges to 0. Then, if k£ > 1 we have

> 7 for all e > 0. (13)

N———

1

z .
)‘k+1

— 0 on R?\ {0},

Orgliigk di(aj,,) +0ase—0,

and
Ay1 —0ase—0. (14)
In fact, (14) is also true when k£ = 0. Indeed, else u® — w§ would be uniformly

bounded in C*(R?) and hence converge to 0 on the whole plane which contradicts
(13).
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Now there are two cases to consider.

First case : ) o
0r<ni12k d; (ak+1)
lim ————— = +o0. (15)
e—0 /\k-i-l

In this case, (Bgy1) is automatically satisfied. Now, we set uf_, ; = u®(Aj ;. +
axs1). Let z € R?, we get that

IVug i 1(2)] = A1 Vs (Ap 12 + ajiq)|

k
S&HV<mZpﬁumw+@H>
=0 (16)
k
+ X1 |V (wa> (Akg12 +agq)]-
=0
Thanks to (6) and (15), we easily see that
k
k1 |V (szg> (k12 + agy1)| = o(1),
=0
1
and (17)
Eh_% Alt1 ‘Vua(ai+1)| =1
Then using the definition of aj_ ;, (15), (16) and (17) we have
min, d; (af,
Vi (2)] < W) om=1ton. )

1. d€(\E €
min; i (Af 412 + aj14)

Then |Vuj_ | is bounded on every compact subset of R?. Moreover thanks to the
conformal invariance of our problem, uj,, still satisfies (11). Hence, thanks to

standard elliptic theory, see [19], there exist a subsequence of u® (still denotes u*)
and w**! € C?(R?) such that

e k+1 2 (2
Up ] — W in Cf,.(R)

and
APt = -2 w§+1 A wlyHl on R2.

Moreover, thanks to the conformal invariance of ||V.]|2, we have
k41 L. T
94y < lminf [ Vo 2 = lim inf [ V2]l < +oc.

Then, thanks to lemma 1.1, w**! is a solution of (5) on R? and w**! is non-trivial
since |Vw**1(0)| = 1. Finally, thanks to (17) and (18), we easily see that |Vw*+!|
has a maximum at 0. This achieves the proof of the fact that (Px11) holds in the

first case.

Second case : .
min d(a

) 0<i<k z( kJrl)

lim ————

5
e—0 /\k+1

=v>0. (19)

In that case we necessary get k > 0.
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First of all, we need to prove that (By,1) holds. If it doesn’t hold, up to a
subsequence, there exists 1 < ig < k such that
diy1(a3,) = O(A;,) and d7 (aj11) = O(Xiq)- (20)

From the one hand, (20) gives that

)\6
St case = 0 and |af, —af | = O0,), (21)
i0

where c¢ is a positive constant. From the other hand, thanks to (Ay) and (By), we
have

k
v <<u - Zw§> (x5, -+ a§0)> — 0in C}(R*\ {S;,}). (22)
i=0
Then, thanks to (19) and (21), we necessary get that

d (%HA—& s) = o(1).

Then there exists j € {0,...,k} \ {io} such that
Ofy1 — 05
A,
Then, thanks to (19) and (21), for £ small enough, we get

A
i~ 17
-2

= o(1).

€
)‘k+1

and, thanks to (21), for e small enough, we get
e

_J > e

A5 T 4c

But, since 9% = O(1) and that i and j satisfies (By), we have

X;
X = o(X5).

i0
€ €
ap41—0;
€
x5,

Hence for every j such that = 0(1) we have

A5, = o(AF).
In particular, thanks to (6), there exists 6 > 0 such that for every z € B(0,0) we
get that
A5, VWi (af 41 4 2A5,)| = o(1) for every i # ig
Then we easily get that
A5, | Vu®| = O(1) on B(aj,0);,).
Hence thanks to elliptic theory, up to a subsequence, we see that

|V (15, — w™®)(ag11)| = 0,

k
- ( ( _ zwf) <azﬂ>)
1=0

which, thanks to (21), is a contradiction with (19) and proves (Bj41).

which leads to

)\fo — 0,




SURFACES WITH LARGE CONSTANT MEAN CURVATURE 13

Now, we set uf, ; = us(Af,; . +a5,). Let z € R?\ {Sk11}, we get that

|Vui+1(z)| = )\i+1|VuE()\Z+12 + ai+1)|
k
\Y (UE - Z%E) (Arg12 + @y1)
i=0
k
v (Z w§> (Niy12 +a5iq)
i=0

Thanks to (6) and (19), we easily see that

k
€ € a _ 1
v @“) Oher 4| =0 (505 ) @

Then using the definition of aj_ ;, (23) and (24) we have

<N

(23)

+ A1

€
)‘kJrl

min; d5 (a7, ;) 1 1
Vui, (2)] < — +0 =0 . 25
Vi (2)] min; d§ (Af 2 + aj ) (d(z,Sk+1)) (d(z,Sk+1)) (25)

Then |Vug | is bounded on every compact subset of R?\ {S41}. Moreover thanks
to the conformal invariance of our problem, uj_ , still satisfies (11). Hence, thanks
to standard elliptic theory, see [19], there exists a subsequence of u® (still denotes
uf) and Wkl € C?(R?\ Sk11) such that

ui-&-l — Wkt1 in Clloc(R2 \ Sk+1)
and
Awgq1 = —2w§+1 A w!’jﬂ on R?\ Si1.
Moreover, thanks to the conformal invariance of ||V .||2, up to extraction, we have
uf, — Wt in L*(R?)
and
k .. .
[VwF s < hrgg(r}f [Vug1]l2 = hggglf [Vu©s < +o0.

Then, thanks to lemma 1.1, w**! is a solution of (5) on R2. Then we want to
show that w**! is non-trivial. This is obvious if 0 & Sy 1, since in this case we get
|VwFt1(0)| = 1. But for every ig such that

|az§0 - CLi+1|
—_— 1
)\ O( )’

thanks to (19) and (Bg+1), we get
>\l§0 = 0()\2—‘1-1)'
Then mimiking the argument of the proof of (Bg41) we prove that
Vs, — Vot on B(0,0),

where § > 0. Which leads to |[Vw*+1(0)| = 1 and proves that w**! is non-trivial.

€
k+1

Finally |[Vw**1| achieves his maximum at ax;; € R2, then up to replace af 41
by ag, | + Af ar41, the conclusion still holds with a new w**1 such that [Vw**!|
achieves his maximum at 0. This proves (Py11) in the second case. The study of
these two cases ends the proof of claim 1.
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Then, before proving the theorem, we need to prove a claim about the growth
of the energy of such a decomposition.

Claim 2: Let kK € N and

(i) &%, ...,w* non trivial solution of (5),
(ii) a§,...,a5 bounded sequences R? , and
(iii) Aj,..., A5, bounded sequences of positive numbers,

such that, with u®, they satisfy (P;). Then

k
lim inf | Vu|}3 > z; IVw'[|3 > 8 (k +1).
-

Proof of claim 2 :

Indeed let R be a real positive number, then, thanks to (By), for € small enough,
we get

k
/2 |Vuf|?dz > Z/ |Vuf|?dz,
R = Blaz.mA N (R)

where QF (R) = U;j2;B(aj, R)\j). Then, thanks to (Ay), we get

k
vuPizz Y [ [Veo?dz + 8- 5
/Rz ; BO.R\u(R) : (26)

>8n(k+1)+0er

1
where Q;(R) = Uges, B(x, E) and lim limd. g =0. O

R—+o00e—0
Proof of the theorem :
Since u® satisfies (11), we see that (Pp) holds and we set A§ = 1. Then we can

start our extraction. Indeed, thanks to claim 1 and 2 and the fact that ||Vu®||s is
finite, there exists k € N such that (Py) is satisfied and

k
. . = g _ £
i, i, 52 ‘V ( 2 “’z) .

where wf = w; ( ﬁ?s) Which proves that (A), (B) and (C) holds. It remains to
prove (D). Let

=0, (27)

k
R =u® — Z w;
i=0
and let us assume for contradiction that there exists 6 > 0 such that
VR ||z > 6.

Then we are going to extract a new bubble and prove this contradicts (27). Here
we follow the method developed in [5].
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First we introduce the concentration function

Ce(t) = sup / |VR|dz.
B(z,t)

r€R2

In fact this supremum is a maximum, since R¢ is in L?(R?). Moreover, each C*¢ is
continuous, increasing in ¢, C¢(0) = 0 and, thanks to (Py), C¢(1) > % > g, for
€ small enough. We fix v such that

0<v<mi L o

min< —, —

v 20,2
where Cj is the constant involved in lemma E.3. Hence there exists ¢ € R? and
A% > 0 such that
CE(\°) = / |VR®|?dz = v.
B(a&,\¢)
Of course, thanks to (Py), we know that
a® = 0and \* - 0,as e — 0.

Then we rescale at a, setting f = f(A®. +a®), and we get

/ VR Pdz = VR < C,
R2

and }
[VE [l <C,
where C' is a positive constant. Moreover, thanks to (11), R satisfies
k
ARS = -2REARS+0 | Y [Vas| | Y |Vas| + VR
i=0 J#i

+ O(%|Va)?).
From the other hand, we get, thanks to (By), that
[V&§||V@s| — 0 in Lj, (R?)
and, thanks to (27), we get that
IVE||[VRE| — 0 in L, (R?).
Hence we get that 3 . )
AR = -2R, AR, + 1",
where h¥ — 0 in L} (R?) as ¢ — 0. Then, up to a subsequence, we have
R® — R a.e. on R?

and
VR® — VR weakly in L?(R?).
Moreover R is a weak solution of (5). Thanks to our choice of v, we are going to

prove that the weak convergence is in fact a strong convergence. Let v = R¢ — R,
then v® satisfies

Av® = =20 ANy —2(v; A Ry + Ry Avg) + h°.
Thanks to lemma E.1, there exists 1. a the solution in H'(R?) of
Ay = —2(5 A Ry + Ry Av5),
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which satisfies
[VY=ll2 + 19 [loo < [[VO°[l2][ VR (28)
On the other hand,
/ |V |2dz = _2/ (%, v5 A Ry + Ry Av5)dz.
R2 R2

Then, thanks to (28), ¥° A R, and ¢° A R, are bounded in L?*(R?). Hence, since
Vv® — 0 weakly in L2, it follows that

/ |Ve©|?dz — 0.
R2
Finally we have

Av® = =205 Avg + g5,
where g° — 0 in D’(R?).

Finally, let ¢ € C°(R?) such that supp(¢) is contained in a ball of radius 1,
using lemma E.3, we have

[ 19t Pz = =2 [ (0,005 A g5}z +o(0),
R2 R2
< 2 (CollVofuupil2) 1V (007 I + 0(1),

Thanks to our choice of A%, we have Co||Vvf,, s ll2 < 1, and then

/ 1V (60°) Pdz = o(1)
R?

which prove that
VR® — VR strongly in L? (R?).

loc

Then the convergence is strong, since it was already the case far from 0. Moreover
R is not constant since ||[VR||2 = v > 0. But thanks to (27) we get that, for all
2 € R2, there exists i such that

1

2
AS af—af
W) bt o

which leads to a contradiction and proves (D).

VA () = o 2

Finally, in order to finish the proof of the theorem we just need to prove that

maz{degP;,deg Q;} =1 for all 0 < i < N, with w; = 7p, (g) where g{ is irre-
ducible. But this is an easy consequence of the fact that our surfaces are embedded,

(A) and lemma A.1 and this achieves the proof of the theorem. O

In the previous theorem, we showed that u® behaves asymptotically as a sum of
Euclidean bubbles. Hence in this decomposition the curved term doesn’t play any
role. In order to prove our theorem, we have to make appear these terms and to be
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more precise about this decomposition. In this goal, we expand the metric in (11)
thanks to appendix D, which gives

9 )
Auj = =2 (u A UZ)] + &2 (3Rimnj(pe)(ue)m(ua)n<u§ A “Zy

+ %Ricmn(ps)(us)m(ug)"(ui ) (29)
1

43 (a5 + Rogin (02) (6 (T V) ) + O [Tl

where p. is the center of our chart.

Since we want to prove something about the derivatives of the curvature, we
have to eliminate the curvature term. In order to do it we are going to be more
precise on the shape of our bubbles. In fact this bubbles aren’t euclidian once ¢ > 0,
the curvature make them look like ellipsoids. For each ¢ we are going to search a
perturbation of w’ such that when we consider (29) around a$ the curvature term
disappear. A last thing we have to pay attention is that our w’ are a priori not
centered at 0, which is not very convenient when we want to compare w?, A w; and
w®. Then we will consider sometimes @* = w’—p* where p* is the center of mass of w?.

Hence we look for p$ such that @ = &° + ps + pf solves (29) at the first order,
here p§ is a constant we will fix later. That is to say

AW; = =2(wj )z A (@5 )y

2 (3 Ru ) @) @) (@02 A @)

+ gmcmn@a(wfw<wf>"<<w§>x A @)y

43 (Rnnia(p2) + Boni(p2) @) (V@0 V@)™ ) + O

with the relation of almost conformality

(@) (@7)y) + %kanz(pe)(wf)m(wf)"(wf)ﬁ(wf)é = 0(%),

(@) @) + 5 Rt (02) @) @) @) @)L (31)

— @)y, @)y) — ékanl(pg)(wf)m(wf)"(wf)’;(wf); =0(eY).

We look for p5 of the form e2pf. Then, thanks to the expansion of the metric
and (4), then we see that p; must solve

~d ~i e 2 ~ e\mM [~ e\TL (A
A+ 2((pE)s A&} + 55 A () = (=5 Bt ()@ 90 @4 )" (@)

1 : ~ s\ [~ E\NN [~
_gRlcmn(ps)(wi"‘pi) (Wi +p7)" (@i
|V@;|?

]. A, £\Nn AR~
+ (Rmnkl(pa) + lekn(ps)) (wi +pz) (5km - wégwi )) 2

3
(32)
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and

~i ~i 1 - m( n (i Nk (A
((p5)as 0y) + (@2 (P5)y) = =5 Bimnt(Pe) (@i + p5)"™ (@i + pf) (@3)* (@),
~i ~i 1 - m ny~ivk (A
(), 02) = (@y, (PF)y) = g Rivmni (pe) (@i + 7)™ (@i + p7) (@y)* (@)
1 ~ m n (A~ A%
= g frmnt(pe) (@i + p7)™ (@i + p7) (@5)*(@3)"
As for the linearized equation, see proposition C.2, we decompose Vp; on the
orthogonal frame &%, (2;;7 ol /\w; in order to find the solution. After a straitforward
computation, we check that

1 . i 3 N 1 i
=% (Rlcmpgwﬂ - QSCaupE)(w’)") = & Bimnt () (0)™ (95)" (&)
(33)
1 m T L. A TN PN
= 5 Bt (p) ()™ (@) (@ ) - 15 Rick (pe) (@ ) (@)@
provides a solution. Here we used the fact that in dimension 3, we get
Rk:mnl - (gknRIle - gklRiCmn + gmlRiCkn - gmnRiCkl)
Scal
+ T(gklgmn - gkngml)-
Hence we set
W = @' +pf + %
d
an (34)

But, we have to make an adjustment on our bubbles, choosing them such that they
are "tangent” to Y. at its extreme points.

First, let ¢ € {0,...,p} be such that
d5(a5)

lim —Z
e—0 )\f

= 0 for some j # i. (35)

Let us fix b5 € R? such that

b; € B(af, Xj)
and
d (bf;ﬁ,si) >d >0,

and pf € R3 such that
i + @' (0F) = ut(b5).
Then, we consider i € {0,...,p} such that

de(as
lim J( )

e—0 )\f

# 0 for any j # i. (36)

Hence, thanks to theorem 3.1, there exists dg > 0 such that, up to a subsequence,

Vi — Vw' in C%(B(0,6)), (37)
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where 4¢ = u®(AS. + af). In fact the convergence should hold on B(0,dp) \ {S;}.
at — at
But, thanks to (36) and (B), either a;; = lin%) 4 G = #0or A; = 0()A5). Hence, in
E— -
7

every cases, we get that
IVBS| — 0 in C'(B(0,60)), for all j # i
which proves the validity of (37).
Then, thanks to (37) and the fact that |[Vw?| has a strict maximum at 0, for e
small enough, there exists a5 € R? such
|a; —ai| = o(A7) and |Vu®| has a local maximum at a;. (38)
Still thanks to (37), there exists RS € SO(3), 65 € [0,27] and A € R such that
XS~ X, RS — Id,
i (0) = R (w,,(0))

39
and (39)
Veet (it5(0), 5 (0)) = Vect (S (w4(0)), B (w4(0))
where @ = u® (' X5 . 4 a5). Then, we set pS € R? such that
Wf = RE&",
p; = u(a;) — i (0)
B = 0f + 5 + <5,
and
z—a;
Bi(z)=w; | —= |,
-ae ()
where pf is associated to @¢ and p$ thanks to (33).
Moreover, thanks to (37), there exists ¢; € R? such that
|c5] = o(1) and |V@;| has a local maximum at c. (40)

However using the fact that |V&F| has a local maximum at 0 and the fact that
|V(@f —w$)| = O(e?) in a neighborhood of 0, we get that

¢i] = O(e)

and

[Va©(0) — Vi (¢f)| = O(e)
where @ = uf (e’ X5 . 4 a). This implies that there exist RS € SO(3) 65 € [0, 2]
and A € R such that

/; —1| =0(e), |R; — Id| = O(e),
us (af) = R ((Bf)x(a5)) (41)
and

Veet (g (a5), w5 (a5)) = Veet (RE((B)a (@), RE((B), (@)
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z
6
€

where Bf = w¢ ( Zii + cf) Then we replace a’ by a5, A5 by e S\f and B by

RS B:. Thanks to (38), (39) and (41) the conclusions of theorem 3.1 still holds with
our new choice of X{ and a$. Moreover, thanks to(31), (3), (41) and the fact that
we have adjust the tangent plane, for every ¢ that satisfies (36), we have

(@~ B) =00,
]v (as - B;) (0)‘2
and

v (i - B7) (VB 0 =0,

where ff = f(A;. +aj). Then, we give the equations satisfied by our modified
bubbles,

= 0(53),

ABE = <2(B0)2 A (B + 2 (R (0 55" (B (B, A (5,

+ gmcmn@s)(Bf)m(Bf)”«Bf)x A (B, (43)

+% (Rinnij (Pe) + Rumjin(pe)) (B)™(V(B)', V(Bf)"’)) +O0(°|VB; )

and the relation of quasi-conformality

((B)a: (Bf)y) = —%kanz(ps)(Bf)m(Bf)"(Bf)’é(Bf)L +O0(°|VB;[?),

((Bf)y, (Bi)y) = ((Bf)as (Bf)z) = %kanz(pg)(Bf)m(Bf)"(Bf)’;(Bf)i, (44)
- ékanz(ps)(Bf)m(Bf)"(Bf)i(Bf)i +O0(°|VB; ).

Conclusion of the decomposition step :

Finally, let u¢ be a sequence of C?-solutions of (11). Then, there exist p € N and

(i) w°,...,wP simple solutions of (5) such that |Vw’| has a maximum at 0,
(i) af,...,as bounded sequences of R? such that lir% a; =0 for all 1 <4 <p,
e—
(iii) AG,...,A; bounded sequences of complex numbers such that lirr(l) A; = 0 for
e—
all 1 <4 <p,

(iv) R§,..., RS, sequences of SO(3) such that glg% R; =Idforall0<i<2p+1,
(v) PG, ---,p; sequences of points of R3 such that gig%)pf =p; forall 0 <1 < p,
where p; is the center of mass of w’,
such that, for a subsequence of . (still denoted u®) the following assertions hold
u$ — w'in CF (R*\ S;) as e — 0 for all 0 < i < p,

at — af
where u§ = uf(\ . 4 af) and S; = lim { I st.5€40,...,p}\ {z}}
e—0 NS

di(a))  d5(ad)
XS ¢

— +oo for all i # 7, (45)
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where d5(z) = \/(A5)? + |aS — z]2.

With the additional properties that

P
1 1 € € —_— E =
;15(1) Isgﬂg (Oglilgp ds (x)) |V (u ;BZ> ()| =0 (46)
and
P
V(uE—ZBZ—E> —0ase—0,
=0 2
where
wi =w'— Di,
©Of = R5&',
S = Q5 +pf 420,
and
5 € —e (% af
Bi(z) = Rp+1+iwi \e )
where pf is associated to @¢ and p$ thanks to (33).
Moreover, for all i, there exists b5 € R? such that
bj € B(ag, A7)
£ _ qf
d(bi ‘”,Si) >d >0,
A (47)
and
s (b7) — B; (b7)| = O(e),
: . dj(a7) vy
and for all 7 such that lim # 0 for any j # i, we get
e—0 )\f
- 2
v (@ - B5) 0 =0(=),
(48)

‘v? (u - B’f) (Bg)(())f —0 (Y.

Finally, we can replace the A by there absolute value since the argument part can
be in the B;. Moreover, thanks to the method we used to construct our A, up to

reordering, we can assume that

1
IVufloo = 12
Ap

4. STRONG ESTIMATE

2
Let B; defined as in the last section and R® = u® — Z B; be the remainder.

=0
The aim of this step is to prove an estimate on the gradient of the remainder,
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r® = ||VR?||so- Thanks to the previous step R° satisfies the following equations

P
ART==2{ ) (B)s A(Bf)y+ D (B ARG+ LA (BY)y
i#j i=0
P
—2REARS+0 (g <Z lu — Bg|v352>>
= (49)
P
+0 (2D IVBI [ D IVB| + VR | +|VER
i=0 j#i
+ (%|Vus?)
P
D (B )as (B)y) + (RS, Ry) + Y (B, BY) + (B3 (Bf)y)
i#j i=0
P
-0 (52 (Z lu® — Bf||VB§|2>> + (e%|Vuf?)
i=0
p
+O ([ D_IVBI [ D IVB|+ VR | + VR | |, and
=0 j#i
) (50)
D (B )as (B)a) = ((Bf)y, (B5)y) +2) ((B)a, BS) — ((Bf)y, BY)
i#j i=0
P
+(Rg, Ry) — (R, Ry) = O <€2 (Z |u® — Bf||VBf|2>> + (€7 Vur]?)
i=0
P
+O (2D IVBI [ D IVB| + VR | +|VR
i=0 j#i
Then our aim is to show that the remainder is controlled by &3||Vu®|| = f\—z In-

deed if the contrary holds then the last terms of (49) and (50) would be negligible
and we would get a non-trivial solutions of the linearized problem which has only
trivial solution for a good choice of the initial data, see proposition C.2.

But we also need to control the cross terms like Z |VB;||VB;|. Hence, we
i
define, for i # j,
G
€. = J
Y @@+ ()P
which is the trace around a; of VB5. Indeed, thanks to (6), we easily check that
on any compact subset of R?\ {S;}, we have

|VBS (X, .+ a5)| ~ cts

170

where c is a positive constant. Then we define also the maximum of these interac-
tions as

t¢ = t£.).
max(t;)



SURFACES WITH LARGE CONSTANT MEAN CURVATURE 23

In order to get an estimate on R®, the idea is to apply Green identity to (49). This
is possible thanks to lemma D.1. Hence let 2° € R2, we get

VR (2%)] < I7(2°) + I5(2%) + [Vo© ()]

+O | [ SEE) + N+ Y. I5E) | | +0UE () (51)
i=0 0<i<j<p
+O0(J°(2%))

where

1) = [ VG(. VB VR
Ifj(zf)z/ VG(.,2%)||VBE ||V B |d=
)= [ IVG(.. =) — BB
f):&/ VG(. )| VR Pdz
_5/ IVG(. =)V 2dz

and ¢¢ € H'(R?) est une solution de
A¢® = —2RS AR,
First, using lemma E.1 and (D), we deduce that
Vo= ()] = O(IVE[|l2[ VR [loc) = o(r°). (52)
Then, we estimate I7(2), I;(2°) and Jg(2°).
Let R > 0, we set 17 p = gslup |VR®| where Qf p = B(a, \{R) \ {U#iB(a;, f)}

i, R
For € small enough, we get

IF () < 7’6/ IVG(.,2%)||VB;|dz
R2\Q$

+rfyR/ IVG(., 2%)||VB;|dz.
QE

i, R

But, by a simple change of variable we get,

/|VG )| VBE|dz = O [Hg

A&
i

z2¢ —as 1
ve (T )‘1+z|2'd2 ’

(3

where () is any measurable set. Then either 25;1? — +o00 and ,thanks to lemma

D.2, we get
/ IVG(.,2%)||IVB{|dz = o(1)
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2% —a$

or —=+ — zp and

1
lim VG(.,25||VB|dz= O / VG(.,2)|——=|dz
ti [ VGV < o VGG )

where ; g = B(0,R) \ {U.cs,B(z, %) }. Hence in every case we get

Ln (2442
IF(2) <r®épe+ O rf’R Tt ==+
1+

at 7z5\

1

where lim limdp. = 0.
R—400e—0
Then, we estimate I;;. Then, there is two cases to consider. First maz(Af, A5) =
o(|ai — a5|). Then we separate the integral as follow

1= [ VGO IV BV ;s

ij

+/_ IVG(.,2%)||VBf||V BS|dz,

WhereD+—{z5t (z—=myj,z; —2;) > 0} and D;; = {z s.t. (2 —myj, 2 — z;) < 0}

z1+

and m;; = =5-. We are going to estimate the first integral, it would be the same

for the second term. But we easily see that

/+ IVG(.,2°)||VB; ||V B |dz < 5, / IVG(.,2%)||VB5|dz,
D},

and using the lemma D.2; we get

Ln (2+ 55
[ wetAvEsvEsd: = o (4 W_Za‘

Then we examine the second case, that is to say, up to exchange iand j, |a§ —a5| =

J
O(A5) and A = o()A5). Then we easily check that
2

|VBj(z)| < ctj; on R,

where c is a positive constant. Hence, we have
I5<0 (tgj/ VG(.,z€)||VB§|dz) .
R2

and using the lemma D.2, in every case, we have

Ln( L ‘ZE') Ln (2+ '”;_ZE')
I5 =0 | t5, ; +0 |t J . (54)
J J 1+ |a —z¢| J 1+ |a —z¢|

’ J

Finally, we estimate J£(z°). Firstly we remark that thanks to (47) we have

(w® = BY)(2)] < ) IB5(2) — B5(5)| + | RS (2) — RE(B)). (55)
J#i
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But we easily see that

B Bl < [ Bl

j2—af] v (56)
=0 J dt |,
/0 G + Jas + ta: — @]

Hence we get

&
z — a;

|z —af|’

where a§ =

|Bj(2) — B (07)] < t3;(|z — ai| + A7) (57)
Moreover we clearly get

[R°(2) — R (b7)] < r°(|z — ai[ + A7),
which gives, with (55) and (57), that

(" = B)(2)[IVB;| =0 [ > #5417 |, (58)
J#i
and then

T =0 Dt +r° /RZ|VG(.,ZE)||VBZ»E|dz

J#i

=0 | >t +rr
Then we can estimate J¢ with respect to the previous terms and/¢. Indeed

af —=%]
P 3 Ln( + e )

Ias—z |

In (24 221)

J(z°) =0

¥ OV IE). (@)
=0 "7

Hence we just need to estimate I¢(2°). In order to do it, we use the weak estimate
(46) on VR®, then we get

€ 0 ! z
I Z (/Rzz—zel(xwz 6|)§d>'

Then we set y; = af — 2%, Wthh gives

€ E_QTS%pO ! : i
IF(z7) = &°(r%) Z </R Iz—yfl(AHIzl)gd)

=0

Hence we set the new variable z = p$u where p§ = AS + |y5], then

1 & 1 1
I# (2° )8 Z 0 / - — du
= (G )
T
Since the integral are uniformly bounded, we get
P

(=) = >0 (£205) 5 (u) 7).

=0
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Using the Young inequality

F<zf)=io<< preon (14 1) )
Sl () ) e (S

Finally, thanks to (51), (52), (53), (54), (59), (60) and (61) we get, for any R > 0,

6
In (24 21

p
IVE (%)= ) O | i + + t5 —
; R z ; 1+ Li)\j l (62)

(61)

+ 5R,5?”E.

where lim lim ér. = 0.
R—+o00e—0

Now we are going to show that 7§  is controlled by t°. First we prove a stronger
result when another bubble is closed to the one we consider.

d; (a$
Claim 1: Let i fixed. If there exists iy # i such that lim sup LEZ) < +00
e—0
Then for every R > 0, we get
r; r = o(t%).
Proof of claim 1 :
Thanks to the previous section, we have
sup( mm dE( NIVR®| = o(1).
cR2 0<
Now we fix R > 0 and 2° € ) p, we have
VR () =0
min; d5(2¢) |-
Then, up to a subsequence, there exists jo such that
151 € € 151
djo(z )= Ogljlgp d5 (2 (%),
and then
[VR(z%)| = o M (63)
(d5,(29)))?

Moreover, using the fact 2° € () p, we easily get
2, 2 2 2
() +laf — a5, 17 + (A5,)? = O(l2° = a5, 17 + (X5,)?)
5 £\)\2
= O((d5, (7))
From the other hand, we get
d5, (7)) < d;i (2°) = O(X7) (65)
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Finally, thanks to (63), (64) and (65), we get

£ 28 =0 )\i
IVER®(27)| <(d§0(a§))z + (d?(ai)h) ;

which proves claim 1. ([

Now we prove that if the main estimate is not satisfied, i.e. if 7 and t° are not
controlled by $=, then r{  is controlled by ¢°. Indeed, else the reminder will be
P

greater than the interactions and will give a non-constant solution of the linearized
equation.

Claim 2 : Either r* +t* = O (f\—i) or, for any positive number R, we
p

have max 5, = O(t%).
0<i<p i, R ( )

In particular if p = 0 we necessary get t* =0 and r* = O (i—s)

"o

Proof of Claim 2 :

Let us assume for contradiction that
3

£
€
Ap

= o(r® +t%)

and that there exists R such that t* = o (Oma<x rs R). Then, up to a subsequence,
<i<p

we can assume that, there exists iy such that

T p = Max ry

lD’ 0<i<p HnR:

Of course our hypothesis leads to t© = o(r¢). Then we are going to prove that
75, g = o(r®) which, with (62), will give a contradiction and prove the claim.

Thanks to the previous claim we can also assume that for every j # iy we have
( ) = {o0. Then (48) is true and we rescale setting f = FO, - +as,).

i0

lim sup

Then, thanks to (43), (44), (49), (50) and (48), we see that B‘; and R° satisfy
the following equations, on every compact subset of R? \ {S;,}

IVB; | = 0(1),
\VB§| = o(\;,r°) for j # i,
IVR| =0 (X;,r°),

and

k k k
AN BS+R | ==2(> B5+R| A|D B+
=0 j

',;(q‘x

—1—0()\5 rs) ,

0

Som
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and the relation of quasi-conformality

k k
< (BS)s + RS, (B, + RZ> =0 (A;,r%),
=0

= j=0
k _ ~ k _ ~ k ~ ~ k ~ _
<Z(B§)z + R (BS)s + R;> - <Z(B;)y + RS (B, + R;> =0 (\,r%),
J=0 J=0 j=0 =0

and the initial conditions

V> B+ R (0) = o(X,r),
J#io0

V2 DB + B (VB)(0) = o(X5,r).
J#io
Then, thanks to standard elliptic theory, see [19], we get that % converge in
~ /LO
C2 .(R%\ {S;,}) to R which satisfies

loc
AR = —2 (wiﬂ AR, + R, /\wjf) ,

and the relations of conformality ,

(Wi, Ry) + (Ry,wi0) = 0
<w§f’,Rx> - <w,i°,]§y> =0

Y

)

and
VR(0) =0,
V2R(Vw™)(0) = 0.
Moreover, VR is uniformly bounded on R? \ {S;,}, then it can be extended to a

smooth function of R? which satisfies the same equation and whose gradient is still
uniformly bounded. Finally applying proposition C.2, we see that

VR=0,

which proves that r{ p = o(r®). As already said this last estimate contradicts (62)

applied with R big enough, e small enough and 2° such that VR®(z¢) = %, which
finally proves claim 2. O

Finally applying the fundamental estimate (62) with 2 such that VR®(z¢) = %,
R big enough and ¢ small enought, we get thanks to claim 2, that
3

€
r*=0 <t5 + )\E) , (66)
D
In order to get our desired estimate, it suffices to prove that ¢ = O (i—i) This fact
p

is postponed to the last section. Now we will take it as proved while proving the
theorem. We can remark that this estimate is automatically satisfies when there is
only one bubble, since the interaction term vanishes.
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5. PROOF OF THEOREM 0.1

In this section we assume that

3
r5+t5—0<€6).
Ap

We are going to use this estimate looking at the highest bubble, that is to say w?.

We set f = f(A; .+ aj), thanks to (49), Re = a° — B,ﬁ then satisfies, on every
compact set of R2,
p—1
AR® = -2 (Bj). AR, + RS A (By),
i=0

(G Ricun (B (B (B (B7)a A (B),)

+ éRmmJ,n(B;)’“(B;)"L(B;)"«B;)m A(B),) (67)

+ Bijkmn(B;En)m(B;)n <V(B;)i’ V<B§)k>)

P
+ REA RZ +o (Z |VB§||VRE|> + O(e*Va‘|?)

i=0
where Bjjrmn is defined in appendix B. Then, dividing (6?) by €% and thanks to
the standard elliptic theory, see [19], up to a subsequence, f—: converge in C?(R?)
to R solution on R? of

~ ~ ~ 1
AR = —2(0f) ARy + Ry A @5) + gRiCmn,k(‘:}p +pp) " (WP + pp)" (WP + Pp)k(wﬁ A %’)j
1 - - - - ~pyi
3 Risemjin (O + pp) M@ + pp)™ (@F + pp)" (@] A &)
+ Bijimn (& + pp)"™ (&7 + pp)" (V(@P), V(@P)F) .
(68)

Then, up to compose R with an homography, we can assume that wP = w. We also
replace p, by p.

Moreover, we know that w,, w, and x w; +y w, are solution of the linearized op-
erator, then testing (68) against these functions we should find some informations.
From now to the end of the proof we denote w,, w, and xw, + yw, by Y1Y? and
Y3. Let R > 0, then we have

/ Y!ARdz = / —2(Y' wy ARy + Ry Awy) + Cj(poo, 2)(Y!) dz,
B(0,R) B(0,R)
where

Cj (poo; Z) = Bljkmn(poo)(w +p)m(w -l-p)n <Vwi, Vwk>

1 )
+ 3 Rikmin (poo) (w0 + p)" (@ + )™ (0 + p)" (Wi A wy)’

— SR (poc) (@ + ) (0 + 2P (0 4 5) (0 A ).
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Integrating by parts, we get

/ (R, AY' 4+ 2(Y! Awy +w, A Yyl)>dz = / Cj(poo, 2)(Y') dz
B(0,R) B(0,R)
(69)

+0 (/ (IVw|[YY + |w]|[ VY + |R|| VY + |v1%||Yl|)dz> .
OB(0,R)

Thanks to the fact that VR satisfies (62), we get that

{u%; (e
VR =o(1)

as z — +00.

Moreover, thanks to the formulas of section 2, we also get the following estimates

wl=0(1)
{le S
and
|Yk|:0(é) as z — +0o
IVY* =0 (ﬁ) '

Thanks to these estimates, passing to the limit in (69) as R goes to infinity, we get

/Rz Bijim (poc)(w + p)™ (w + p)" (Vw', Vw*) (Y dz =

% / Ricij i (poo) (@ + )" (w + p) (w + p)* (e Awy)(Y') dz
R2
1

_ g /]R<2 Rikmjvn(poo)(w +p)k(w er)m(w er)n(ww A wy)i(Yl)jdz,

Then changing the variable via y = w(z) and using (?7?), we get the following
integral on the sphere

/§2 B’ijlm (poo)(y + p)m(y + p)n(dzk - yiyk)(yl)jdvh =
é / Ricij i (poo) (4 + )" (y + ) (y + p)Fy; (V') oy,
Sz
- % / Ritomjn (Poo)(y + p)"(y + p)™ (y + p)"y' (Y') doy, .
S2

Then we compute Y!(y), thanks to the formulas of section 2, we get that
3

1 -y
we(my) = 0 |+ 0 |—y'y
0 yl
0 0
wy(my) =1 1 |+ —* | — v,
0 y2
0
(Tws +ywy)(w(y) = 0 | =%,
1
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Now taking in account that every integrand with an odd number of y vanishes
and using the symmetry of the Riemannian tensor, we get, after a straitforward
computation, that

/ Bijkmn (Poc)y™y" (6 — y'y*) (67" — yy')dvy, = 0 for all .
SQ

We remark that this expression is independent of p. It is naturual since p de-
pends on the center of chart we have choose at the beginning of our analysis. But
this center of chart has been chosen arbitrary, hence the result mustn’t depend on p.

Finally, replacing B;jrmn by its expression, we get that
/S ARk (oo )+2 Rimn b (Poc) = Rimnk (oo )y ™ y™ (6% —y'y*) (7' =4y )dvn = 0
We have the following standard formulas on the sphere

/52 y"y"duy, = 4%57"” and /52 Y™yl dvy, = %(6’"”&1 + omignt 4 gmignd)

which gives that
Ric,,; " (ps) = 0 for all I.

Finally, thanks to the second Bianchi identity, we have
VScal(poo) = 0.
This achieves the proof of the theorem. |

6. ESTIMATE ON THE BUBBLE INTERACTION
The aim of this section is to prove the following claim.

).

3

Claim : t° = O(

y‘m

"o

Proof of the claim :

We assume for contradiction that i—z = o(t%). First we remark that this implies
P
thanks to (62) that
r® = O(t%).
Before we start the proof , we give some complementary definition on the inter-
action.
Let T = {i|3j s.t. liminf by

te

> 0} be the set of indices whose bubbles receive a

his 0} be the set of indices whose

e
ij
te

maximal interaction and T; = {j s.t. liminf
bubbles give this maximal interaction.

First we prove that each element of I received at least two maximal interaction.

Claim 1 : For all i € I we have

|Ti0| > 1. (70)
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Proof of Claim 1 :

Let us assume for contradiction that T;, = {jo}. Then, we prove that if a
bubble "contains 7 Bf , it can’t receive any maximal interaction. Indeed, else B;

107

would received more than one maximal interaction which contradict our hypothesis.

d; (a
Claim 1.1 : Let i # ig then either limsup )fa ) = 400 or t5, = o(t°) for
e—0
all k # i.
Proof of Claim 1.1 :
5, (af)

Let i # ip and let us assume that limsup, ,, —4=— < +o0o. Then thanks to

(45), we have
|af —aj,| < A7

Let us assume for contradiction assume that there exists k # ¢ such that t* = O(t5,).
Remarking that we necessarily get that ¢, = O(t5,), then we have

dE g
lim sup G
e—0 >\z

= +o0. (72)

Else we have
AL = 0(A7),
la; — aj| = O(XF),

which gives that
k - O (()\5)2) )
)Tf =0 (tiﬂ )

and leads to t5, = o(t5,), which is clearly a contradiction and proves (72).
Then, thanks to (71) and (72), we also get

ik = (x8)2 + (Ag)ﬁ jas —ag?) ~ o ((di(ff))?) -9 (dk(la)> ’

and

1 e .
X~ ((Af )2+ (X5)? + |as, — an) = Otiyy);

K

Then, thanks to (72), we easily get that ¢ = o(t; ;), which is a contradiction and
achieves the proof. [

Now we are going to give a decreasing estimate on VR® around a; . Let R >0
and z° such that |2° —af | = RA; . Thanks to (62) we have

[VE(2%)] < o(t°) + Zzt Ln(2+\ai)\%€\)

i=0 j#i 1+ S

; (73)
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d; (a$
Then there is two cases to consider. Let i # ig, if limsup % = +o0 then we
e—=0 i
easily see that
Ln (2 + 7|a")\_f |)
|a§,zi| =o(1). (74)
1+ T
. d;, (a5) . o,
Else lim sup ——— < +oc0 and thanks to claim 1.1, for all j # ig, we get that

e—0 i
ti; = o(t%). (75)
Finally thanks to (74) and (75) we get

VR ()| < o(t) + O (tEL”(“R)) .

1+R

e . . . VB . .
So we see that thf decreases at infinity, so it cannot compensate —z* which is
constant. But the sum of its two function should goes to a solution of the linearized
equation, that is to say zero which will leads us to a contradiction. The following

is devoted to prove what we have just sketched.

First we prove, for all j # i, that
lim L (a5,)
e=0 A

0
Indeed, thanks to (45), we get that
2 2
Ao NSy = o((d;, (a5,))" + (5, (a5,))7),
if (76) doesn’t hold for some j, then we get that

1
tfojo =0 (}\5) = O(t§i0)7

which is a contradiction and proves (76). Hence it insure that (42) is satisfied.

£ 0. (76)

Then we rescale the bubble 4 setting f = f(X§, 2z +a5,) — f(a5,). Thanks to our
assumption (43), (44), (49) and (50), we see that B and R® satisfy the following
equations, on every compact subset of R? \ {S;,},

IVB;,| = 0(1),
IVBj,| = O(X, 1),
VBF| = o(A,,t°) for i & {io, jo},
IVR*| =0 ()\fota) .
Then, we also get
ABf = —2(B5), A (BS), + O(e%) for all 4,
A(B5, + BE) = —2((B,)a A (BS, + BO), + A(BS, + RO A (BF),) + 00X, 1),
and the relation of quasi-conformality
(B, )a (Bj, + R%)y) + {(B5, + B)a, (B))y)
((Biy)e (B, + B)a) — (B, + E°)y, (B,)y)

o(A5, ),
o(A5,t°).
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Moreover, thanks to (42), we have
V(Bs5, + R)(0) = o(X5, t°),

! 5 5 (77)
V(B5, + R°)(VB;)) = o( X5, t°).

Then, thanks to standard elliptic theory, see [19], we get that % converges in
~ Y
C? (R?\ {S;,}) to S which satisfies

AS = -2 (wff NSy + 8, /\w;'f) ,

with the relations of conformality

(Wi, 8y) + (Sp,wi?) =0,
<w;:07SI> - <Sy7 730> =0,

and the initial data,
vS(0) =0,
V25(Vw™(0)) = 0.
From the other hand, using the fact that ¢5; = O(t; ;,
djo (ag,)

lim ——2 = 400

e—0

) and (45), we see that

i

VB, . . .
Then, we deduce that =2 is uniformly bounded and satisfies
0

Pe 2

ABj, = o((Aj,t%)7)

VB¢
Hence, we easily deduce that =2 converges to a constant vector different from

~ ‘0
zero on R?. Moreover VR is uniformly bounded on R?\ {S;, }, then it can be extend
to a smooth function of R? which satisfies the same equation and whose gradient
is still uniformly bounded. Now we can apply lemma C.2 to S = R + Bj, and we
get that
V(R + Bjo) = 0’

which proves that, for R big enought and ¢ small enough, we have

te
VA ()] > 5.

Then we have a contradiction with (73) which achieves the proof of claim 1. O

Now our aim is to find among all bubbles with a maximal interaction a good
configuration, that is to say one where the bubbles are separated. Then passing
to the limit we will get a contradiction. Indeed, we will get a sum of plane which
will be minimal which can’t be approximate by embedded surfaces. This planes are
what is seen of B from aj asymptoticly, that is to say a tangent plane.

Claim 2 : There exits ip € [ such that, setting d° = min{d5(a5,) s.t. j €
)\E
T;,}, for k € T;, either lim =£ > 0 or d° = o(d5 (af)).

e—=0 \§
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That is to say either a bubble of T;; is at d. from a7 and have a reciprocal
interaction with the bubble B or goes to infinity.

Proof of claim 2 :

We are going to find iy € I which satisfies our claim by induction. In fact let
ig € I, there is two possibilities :

“©
First case, there exists jo € T}, such that lin%) % > 0, that is to say the
E—r

interaction between ig and jg is reciprocal, and we get

G
lim /\;(’ > 0. (78)
0
Then, for every k € T;,, either
A
lim ki) _ —+00,

N (a,)

or, thanks to (78), we get

oo =0 [ o) —0 a
TN @R )\ (dR(ag,)? + (5, (af, )2

-0 ((dfo(ai))z)\jg(di(afo))z) ’

which gives
5.
lim —o
e—0 (¢

>0,

and finally we get

£

Y

Hence, in that cases iy satisfies our claim.

£

e,
we have lim % = 0. Let jo € T}, such that

Second Case, else, for all j € T, 1
E—r

A5, < A for all k € T;,. Then jo satisfies
1< VI}0| <|T;

ol-

In fact, let us prove that 0 < |T},| then the right hand side inequality will follow
from claim 1. Let k € T;, \ {jo}, which is not empty thanks to claim 1. Thanks to
the fact that ¢f; = o(t°), we have

Ajy = 0(AR)- (79)

Moreover, thanks to our hypothesis on jg and k, that is to say
tiok
£

i0Jo

A;O < A% and Ehg(l) > 0,
we have
d5,(a5,) = O(d(as,))- (80)

20
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Then, thanks to (79) and (80), we get
A€
-o{ik)
o (di(ag,))?
)\E
19) k
((dszo))? T <A§0>2>

X
© ((di(aw @, <az>>2> /

which proved that ¢; , = O(t5 ;) and the left hand side of the desired inequality.

In order to show the right hand side inequality, we show that T;, C T;, \ {Jjo}
. Indeed let k in the complementary of Ti, \ {jo}, then d5 (a5 ) = O(d5 (a3)), else

using (79) we easily get that ¢ ; = o(tj; ) which is absurd. Hence we have

A\E
jok =0 A¢)2 S Qk € c|2
(AL +( jo) +|a’j0_ak|
o )
O ()2 +ag, — a5, 2+ a5, — ag

- (prroer Th=ap)
(AL + (A5, )2 + laf, — a5, |?

= O(t5yx)

= o(t%),

which proves the assertion.

Hence if ig doesn’t satisfy the claim we restart with jg, then this induction
achieve since the sequence |T;,| is strictly decreasing and greater than 1, which
proves the claim. [l

Now, we are in position to prove the main claim of this section. Let iy as in
the previous claim, then we rescale the space around a  setting f = %,
where d® = min{|a;, — a| s.t. j € Ti,}. Thanks to (43), (44), (49), (50) then Bf
and Re satisfy the following equations, on every compact subset of R2 \ 5}0, where

e _ gf
G —limd 5% g 1< i<k
0 e—0 de - ’

|VB:| = O0(1) for i € Ty, U {io},
IVB;| = o(1) for i & Ti, U {io},
VR =0 (1),
and
AB; = o(1),
AR® =o(1),
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and the relation of quasi-conformality
((Bf)as (B5)y) = o(1),
((Bf)as (Bf)a) = ((BF)y, (Bf)y) = o(1).

and
<Z(B§ + R%),, Z(Bg + Rf)y> =o(1),
(Sotb 4 0 0B . ) = (S0 0 0B+, ) =),

Then, thanks to standard elliptic theory, see [19], we get that R? and Bf converge
in C2 _(R?\ {S;,}) to R and B; which satisfy

loc
AR =AB; =0,

the relations of conformality

< E (BZ —I-R)JE7 E (BZ +R)m> - < E (BZ +R)y, E (Bz +R)y> =0.
On the one hand, if i € T}, U{io} we easily check that B; is a conformal parametriza-
€ _ at
o

tion of a plane. Then either this parametrization is singular if a; = 1irr(1) ’T is
E—r

finite, or it is an affine map from R? to R3.

On the other hand, thanks to the fact that 7¢ = O(t¢), then VR is uniformly
bounded on R?, hence by the Liouville theorem VR is constant, then R is the stan-
dard parametrization of a plane. Let jo such that |an — a§0| = d®. Then we have
the sum of at least two planes (Bio and Bjo) whose parametrization is singular in
different points, which satisfies the equation of minimal surfaces. But, since this
planes come from the limit of embedded surfaces they must be parallel. Hence up to

change the coordinates we can assume that the third coordinate of V (Zl B; + I:{)

vanishes. Then we have a conformal maps from R? into itself with at least two
singularities, we easily see that the minimal surface parametrized by >, B; +R
necessary get a branched point. Here, the idea come from the Enneper-Weierstrass
representation of minimal surfaces, see [28]. Indeed, let u be a solution of the
minimal surface equation, we set

D = uy + tuy.

Then, ® is holomorphic and ®2 = 0, but applying this to B;, we easily see that ®
is a rational fraction, with a pole if the parametrization is singular. Since we get
at least two different poles, then this proves that (B; + R), + ¢(B; + R), vanishes
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some where. Finally the limit surface can be seen as a rational fraction of C whose
derivative vanishes some where.

But, applying lemma A.1, we get a contradiction on the fact that u® is embed-
ded, which achieves the proof of the claim. O

APPENDIX A. WHY THE BUBBLES ARE SIMPLE?

In this appendix, we give an explanation of the fact that an embedding can’t
converge to a branched surface.

Lemma A.1. Let u® : B(0,1) — R3 a sequence of smooth embedding such that
there exists u® € C'(B(0,1),R?) and
u® — u® in C? (B(0,1)\ {0}.

Then u° can’t be a multiple parametrization, that is to say there is no embedded
Us € CH(B(0,1),R?), ® € O(B(0,1),C) an holomorphic function and an integer
k > 2 such that

W =U%®
and
®(2) = 2" + o(|2|*) as z — 0.
Proof of the lemma A.1 :

First of all, up to a diffeomorphism of a neighborhood of 0, we can assume that
u® — U°(2') in C}.(B(0,6) \ {0}).

where [ > 2 and § > 0. Let As = B (07 %) \B (0, g) and C. be the cylinder of center
U°(0), radius r and orthogonal to TyoyU", the tangent plane to the image of U°
at U%(0). Let 6 > 0 and r > 0 be small enough such that C, N Uy(As) is a simple
curve. Then, for € small enough, we easily see that the intersection of u®(4s) and
C, turn [ times around the cylinder, hence u(As) necessary intersect, which is a
contradiction and proves the lemma. ([l

APPENDIX B. EXPANSION OF THE METRIC AND THE CHRISTOFFEL SYMBOL

Using the classical expansion of the metric in a normal coordinates centered at
p € N, see [32], we get
Rigm; (p Rikmjn(p
where 12 = Y y2. Let ¢°(y) = g(ey) then we get

2

3
& 13
(9<)is(y) = dij + gRikrmj (p)y y™ + gRikmj,n(P)ykymy" + o(e%).

Then we easily gets

2 3
. £ £
9? (y) = 5ij - ?Rikmj (p)ykym - gRikmj,n(p)ykymyn + 0(63)
and
2 53

9 . m. n . m, n R
VIgel(y) = 1= ZRicpn (P)y™y" = ZRiCmn s (P)y™y y* +o(e?).
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Now we are going to compute the expansion of the Christoffel symbol, using its
expression with respect to the metric, that is to say

1
TF = g™ (gjui + gis — 9ija) -

2

Using the above formulas and the second Bianchi identities, we get
2
£

(Fe)fj (y) = 3 (Rjmik(p) + Rimjr(p)) y™

3

€ n

+ 5 (Bjmien(p) + Rimjk.n(p) + Rimin, k() y™y" + 0(%),

where (Fg)fj is the Christoffel symbol of g.. What we re-write it in more digest
form

(Fa)fk(y) = Aijim (P)y"€* + Bijrmn(0)y"y"€® + 0(c) (81)
where A;jim(p) = % (Rimij(p) + Rimi;(p)) and
Bijkmn(P) = 15 (2Rkmijin (D) + 2Rimkjn(P) + Rimnji(p) + Rimnjk (P) — Rimnk.;(P))-

APPENDIX C. LINEARIZED EQUATION

Before to state our main result about the linearized equation, we give a lemma
about the solution of Aa = ch which satisfy a decreasing assumption.

Lemma C.1. Let a be a smooth solution of

Aa = Woz on R?,
a(0) = Va(0) = 0.

If a(z)] < e(1+ |z|)™ for some T € [0,2[ in R?, then a = 0.

(82)

Such a lemma has already be proved by Chen and Lin with 7 € [0, 1], see lemma
2.3 of [10]. This result is not surprising, since the hypothesis of Chen and Lin is
almost equivalent to o € H'(S?) and in that case the main equation is just the
stereographic projection of Ag2a = 2« which has only zero as a solution which
satisfies our initial data.

Proof of lemma C.1:

Here we repeat the proof of Chen and Lin with our additional estimate in order
to get a larger set of admissible functions. In fact we prove first that the Fourier
coefficient decrease more than expected.

Let kK > 2 and
2m
ag + i, = / ae™0dp.
0
Then )
8 k
Aap = —s= — —
Xk <(1 Fr2)2 r2> Qs (83)
where Aqy, = _718T(T8Tak). Then we set v, = < on [1,+oo], and we easily get
that

Aay = —k2rE =2y, — (2k + 1)rF Ly, — rkql (84)
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On the other hand, thanks to our hypothesis and (83), there exists ¢ a positive
constant such that

Aayp < o™ = E*r* 24, on [1, 400|. (85)
Hence, thanks to (84) and (85), we get
—(2k + )P yp — Pyl < er™ 4
PRI L (9 4 1)K > g3
(P2E LY > Tk,

Then we integrate on [1,7] C [1, 400, which gives

1— TT+I€—2

P — ) 2 ey

1 2k+1 c 1
T—k—
'YI/c(T) 2 (7‘) ’Yl/c(l) + T+ k—2 (T2k+1 -r 3) :

Then we integrate on [R, 4o0o[, which gives
—2k
c

1 RT—k—Q
(1) + +
2k T+k—2\(2k)R?*  T—-k—-2

Here we used the fact that v, (r) = O (’I"T72) and 7 < 2. Thanks to last inequality,
there exists C' a positive constant, such that

(R) < CRT+—2

—k(R) >

Then we get

ag(r) < C(r"2+1) on [0, +oo.
Since the equation is linear we can applied the same argument to —a an finally
we get the improved estimate, for every k > 2, there exists C a positive constant,
such that

loag| < Cr(147)772 on [0, +o0.
Of course the same result is true considering 8. Now we can follow the proof of
Chen and Lin.

Let

xT; . 1- |:17|2
(@) = —fori=1,2 =
Y (x) A5 0 or i and o (x) P

We are going to prove that any solution « of (82) witch satisfies |a(z)| < c(1+|z|)”
for some T €]0, 2], is a linear combination of this three elementary solutions of 82,

that is to say
2
a=>ay,
i=0
for some constant a; € R. And then, the initial condition will give the result.

In order to show our result it suffices to show that ap = 0 and B = 0 for k > 2.
We are going to prove this result for the oy, the argument are exactly the same

for the f. Let ¢ = fo% 1c0s(0)df. Then ¢, = O( L ) Now, we suppose that

Tal
ay Z 0 for some k > 2. Since ¢1(r) > 0 on ]0, +o00[, then by comparison with ¢y,
oy, never vanishes on |0, +o0].
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Then, thanks to (83), we get
61 (Pl (r)r — a () (r)r = / (kb1 — b1 Aay)sds
0
2oy [ g
(K- 1) / s

S

Since |ag| = O(1+7)72, then for a given positive content C, there exists a sequence
of r; — +oo such that aj (r;)r; < C’rZ-T_2. Thus

aro1
S

ds.

+oo
0= lim ¢ (r)aj(rori — ar(r) @) (ror; = (K - 1)/0

1—+00

apP1

Note that = O((1+ s)™"?) is integrable. Thus aj; = 0, which is a contradic-

tion and prove the lemma. ([l

Now we show how the study of the linearized problem can be reduce to the study
of the previous equation.

Proposition C.1. Letw a simple solution of (5). Let alsor € C*(R?) be a solution
of
Ar +2(ry Awy +wg Ary) =0 (86)
with
(rz,wa) — (ry,wy> =0, (87)
(rg,wy) + (ry, wy) = 0.

Setting a,b,c,d,e and f smooth functions as
ve(n)-(Eimiials). e

then a,b,c,d,e and f satisfy

e=a

d=-b

Aa = |Vw|?a

Ab = |[Vw|?b

c= ﬁ (—ae +by)
and

2

= —_— —bw —
/= up b~ )
Proof of proposition C.1:

First of all, we easily get, thanks to (87) and (88), that
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Differentiating (88), we get

Vwl|? Vuw|?
Ar:(—aw—i—by—&—c ;u| )ww—i—(—bm—ay—i—f' ;' )wy

(IVo?)e  (Vw]?)y

Vop T wep ) @)
Now using (86) and identifying each coefficient of the equation in our special or-
thogonal frame, we get

—|—<—cm—fy—2a—c

2
—ag + by — c|v;j| =0, (89)
[Vw]?
—by—ay— f 5~ =0 (90)
(IVo?)s  (Vwl?)y
—Cy — 20 — — =0 91
C fy +2a c |VW|2 f |VW|2 ( )
Moreover, thanks to the fact that r;, = ry, we get
v 2
ay + o+ Pl o, (92)
2
b, —am—c|v;)| =0, (93)
(IVol?)y  (Vwl)s
2b — fe — =0. 94
+Cy f +c |VOJ‘2 f |VUJ|2 ( )
Then, summing (89),, —(92), and — <L (91) we get
Aa — |Vw|?a = 0.
Then, summing (90),, —(93), and — ‘V;’IQ (94) we get
Ab — |Vw|*b = 0.
Finally, thanks (89), (90) , we get
2
c= Vol (—az +by)
and
f= oo (b~ a)
Vw2 R
[l

Here is our main result on the linearized problem. This classification is an
improvement of existing results, see Lemma 9.1 of [9] and Corollary 1.8 of [8].

Proposition C.2. let w be a simple solution of (5) and r € C?*(R?) be a solution
of

Ar4+2(ry Awy +wg A1y) =0,

(ro,wy) + (Wa, ) =0,

(ra,wa) = (ry,wy) =0,

Vr(0) = V3r(Vw)(0) = 0.

If |Vr| is bounded then r is a constant function.
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Proof of proposition C.2 :

First of all, up to compose with an homography we can assume that

2x

2y
r2—1

1

w(z,y) = 1+r2

Indeed our equations are invariant with respect to a conformal transformation. Just
the initial condition change in
Vr(a) = V*r(Vw)(a) = 0.

where a is the preimage of 0 by the homography, of course it could be co. Now, up
to compose by an inversion or a translation, our initial condition comes back to zero.

We improve the decreasing assumption using Green function. Indeed Thanks to
lemma D.1 and D.2, we easily get that

L
[Vr(z)] =0 (TT(Z“ZD) when z — 400 (95)
Now, let a,b,c,d,e and f as in the previous proposition. Then they satisfies
Aa = |Vw|?a
Ab = |[Vw|?*b
2
c= Vol (—az + by)
and
2
= — —bz —
f |VLU|2 ( ay)

e—a=d+b=0.
Moreover thanks to our initial condition and (95), we have
a(0) = b(0) = Va(0) = Vb(0) =0,
lal, 6] = O((1 + |21)%)-

Then a and b satisfies the hypothesis of lemma C.1, then ¢ = b = 0 and we easily
prove that r is a constant function . O

APPENDIX D. GREEN FUNCTIONS AND INTEGRAL ESTIMATES
Let G and G be the Green function of the Laplacian respectively on the plane
and on the ball B(0, R), that is to say

1
G(z1,292) = %Lmzl — 29|,

1
Gr(z1,22) = o (Ln|z1 — 23| — Ln

R |21]
T2y — 2

|Zl| R

).



44 PAUL LAURAIN

Lemma D.1. Let u and f two functions in C2(R% R) which satisfies

Au = f,
(IVulloo < +o00,

-0
Then we have
Vu(z) = VG(zo,2)f(z)dz.
R2

Proof of lemma D.1:

Let 20 € R? and R > 0 such that 29 € B(0, R), then thanks to the standard
Green formula, we get

JIGRr
—— (20, 2)Vu(z)do.
s B 027U

Vu(zo) :/B(O,R) G'R(zmz:)Vf(z:)dz+/{9

Then, integrating by part, we get

Vu(zg) = / VGr(20,2)f(2)dz + / GRr(z0,2)f(2)dz

B(0,R) 8B(0,R) (96)

—|—/ aG—R(zo,z)Vu(z)da.
dB(0,R) on

For zq fixed, we get

when z — 400,

|GRr(z0,2)| = O (Ln|z — 2o|)
VGr(20,2)] = O ()

and

(%)

This allows us to take the limit when R goes to infinity in (96) and this gives
the result. g

1
=0 (RQ> when z € 9B(0, R) and R — +0o0.

Lemma D.2. There exits a positive constant C such that, for all zy € R2,

1 Ln(2 + |20])
e, < o==_ "7V
, |VG(z,zo)|1 |Z|2dz C 1+ 20|

Proof of lemma D.2 :
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Applying again standard estimates on Green functions, there exists a positive
constant C, such that

1 C
VG(z, dz < d
/RQ| (= Z°)|1+|z\2 Z_/]Rz [z — zol(L+ %)

—/ ¢ dz
B(z0.158) 12 = 20| (1 +21%)
C
—|—/ dz
B(o0,12¢l) |z — 20| (1 +[2]?)

C
+ > dz
{1212 2580|2012 201} |2 — 20] (1 +2%)

4C 1
<2 LI
4+ |20 Jp (=0, 151) |2 — 20l

1z0
2

n c 2r J
— ——=dr
|ZO‘ 0 1+T‘2

<1

@ T

2|Zo| 1 ( |Zo|2) 8 )

<C|——F—+—Ln(l+ +— 1,
<4+ l201* |20l 4 |20

which proves the lemma. (Il

APPENDIX E. WENTE INEQUALITY AND APPLICATIONS

First of all, we remind us the Wente inequality. Thanks to the work of Bethulel,
Ghigladia and Topping, see [2] and [35], we have the following version of the Wente
inequality.

Theorem E.1 (Wente inequality). Let  be a bounded open set of R?> and v €
HY(Q). Let u € Wy'' (Q) be the solution of
Au = —2v, Avy on Q,
then L
lulloe + [1Vull2 < —[[Vo3.
Which is remarkable here is that the constant is independent of €2. Then using

such a result, Topping as proved a Wente’s inequality for surfaces, see theorem 4
of [35].

Theorem E.2. Let ¥ a compact Riemannian surface and v € H' (X, R?). Then if
u € WH(Z) be the solution of

Au = det(Vv) on X,
then 1
ose(u) + [[Vull2 < —[[Voll3,

where osc(u) = sup |u(z) — u(y)|.
x,Yyex
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Then, assuming that v € H', we extend such an equality to Q = R2.
Corollary E.1. Let v € HY(R?) and u € HY(R?) be a solution of
Au = —2v, Avy on R?
then
2
IVullz < =[Vol3.
™
Proof of corollary E.1 :

Let 7 the standard stereographic projection from S? to R2. Thanks to the
conformal invariance of the equation, v o n~! and v o 7! satisfies the hypothesis
of theorem E.2 when ¥ = S2, hence we get that

1
osc(u) < —|[Vl|3
m

Then testing the equation against w and integrating by parts we get the desired
inequality. (I

Now we are in position to prove the our lemma, which allowed to control the
supremum of the gradient for such solution. This is a new manifestation of the
presence of a strong compensation phenomena in this equation.

Lemma E.1. Let v € HY(R?) and u € HY(R?) be a solution of
Au = vy Avy. (97)
Then there exists a positive constant C, independent of v, such that

IVulloo < ClIVollo|[Vl2-

The proof of this lemma relies on the corollary E.1 and the following interpolation
inequality.

Lemma E.2 (lemma A.2 [3]). Let Q a smooth domain. Assume u satisfies

Au=f on Q)
u =0 on 9N

Then
IVull, < Cllflloo l[ulloo

where C' is a constant depending only on €.

To conclude this appendix, we give an other useful version of the Wente’s in-
equality, see [5] for example.

Lemma E.3. Let Q = B(0,1), u € H*(Q) N L>(Q) and v € HL(Q), then there
exists C, independent of u and v, such that

/Q<u, Vg A Uy)

< C[|Volla[|Vul3-
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