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1 Finite dimensional representations of Uq(ŝl2)

Assume that we are working on the field C, q ∈ C∗ is not a root of unity.

1.1 Definition of Uq(ŝl2)

Jimbo presentation

We call the presentation of quantum affine algebra Uq(ŝl2) by Chevalley generators

a Jimbo presentation and denote it by (Uq(ŝl2), R1).
As an algebra, it is generated by generators e±0 , e

±
1 , K

±
0 , K

±
1 and relations:

K0K1 = K1K0, KiK
−1
i = K−1

i Ki = 1, Kie
±
i = q±2e±i Ki, (i = 0, 1)

Kie
±
j = q∓2e±j Ki, (i 6= j)

e±0 e
∓
1 = e∓1 e

±
0 ,

e+
i e
−
i − e−i e+

i =
Ki −K−1

i

q − q−1
, (i = 0, 1),

and quantized Serre relations:

(e±i )3ej ±−[3](e±i )2e±j e
±
i + [3]e±i e

±
j (e±i )2 − e±j (e±i )3 = 0, (i 6= j).

The Hopf algebra structure over Uq(ŝl2) is given by:

∆(e+
i ) = e+

i ⊗Ki + 1⊗ e+
i , ε(e+

i ) = 0, S(e+
i ) = −e+

i K
−1
i ,

∆(e+
i ) = e−i ⊗ 1 +K−1

i ⊗ e−i , ε(e−i ) = 0, S(e+
i ) = −Kie

−
i ,

∆(K±i ) = K±i ⊗K±i , ε(K±i ) = 1, S(K±i ) = K∓i .
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Drinfel’d presentation

Drinfel’d gave another realization of quantum affine algebra Uq(ŝl2) by generators
and relations. This is essential in the study of representation theory of such algebras
because it gives a finer structure of the ”torus part”, which will offer us more infor-
mation about weight spaces of a representation.

The Drinfel’d realization (Uq(ŝl2), R2) is defined by generators x±m, hr, K
±1, c±1

where m ∈ Z, r ∈ Z− {0}, and relations:

c±1 are in the center,

KK−1 = K−1K = 1, cc−1 = c−1c = 1, [K,hr] = 0,

Kx±k = q±2x±kK,

[hk, x
±
l ] = ±1

k
[2k]c∓|k|x±k+l,

x±k+1x
±
l − q

±2x±l x
±
k+1 = q±2x±k x

±
l+1 − x

±
l+1x

±
k ,

[hk, hl] = δk,−l
1

k
[2k]

ck − c−k

q − q−1
,

[x+
k , x

−
l ] =

1

q − q−1
[ck−lψk+l − φk+l].

where ψk, φk are given by:

∞∑
m=0

ψmz
m = Kexp

(
(q − q−1)

∞∑
s=1

hsz
s

)
,

∞∑
m=0

φ−mz
−m = K−1exp

(
−(q − q−1)

∞∑
s=1

h−sz
−s

)
,

and ψk = 0, φ−k = 0, for k < 0.

Example 1. It is easy to see that ψ0 = K, φ0 = K−1, and in general,

ψs =
(q − q−1)s

s!
K

s∑
l=1

∑
i1+···+il=s

hi1 · · ·hil .

This formula tells that it is possible to write ψs as a polynomial in hk, (k > 0) and
K.

For φs, we may obtain a similar formula, so φs can be written as a polynomial in
h−k (k > 0), and K−1.
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Relation between R1 and R2

1.2 Evaluation representations

Evaluation representation is a particular phenomenon for quantum affine algebras of
type A and is a substantial tool for understanding the finite dimensional irreducible
representations. The main idea is to define a family of surjective algebra morphisms
from Uq(ŝl2) to the quantum group Uq(sl2) and then pull back all irreducible finite
dimensional representations of the latter, which is completely clear.

At first, we define two Uq(sl2) structures in Uq(ŝl2).

Definition 1. We define two algebra morphisms I0, I1 : Uq(sl2)→ (Uq(ŝl2), R1) by:

I0(e±) = e±1 , I0(K±1) = K±1
1 ,

I1(e±) = e∓0 , I1(K±1) = K∓1
0 .

I0 and I1 are both injections, we thus found two copies of Uq(sl2) in (Uq(ŝl2), R1).
Now we define the evaluation representation.

Definition 2. For any a ∈ C∗, define an algebra morphism eva : (Uq(ŝl2), R1) →
Uq(sl2) as follows:

eva(e
±
0 ) = q∓1a±1e∓, eva(e

±
1 ) = e±,

eva(K0) = K−1, eva(K1) = K.

Remark 1. eva ◦ I0 = id, evq ◦ I1 = id. This means that for any a ∈ C∗, eva is
surjective.

Let Uqmod and Ûq
mod be categories of finite dimensional representations of Uq(sl2)

and Uq(ŝl2) respectively, then for any a ∈ C∗, eva induces a functor

ẽva : Uqmod→ Ûq
mod.

Thus we got a family of functors ẽva.
Let Vn be the irreducible representation of Uq(sl2) of dimension n+ 1, we denote

the image of Vn under the functor ẽva by Vn(a), it is also irreducible.

Definition 3. For a ∈ C∗ and n ∈ N, we call these Vn(a) evaluation representations

of quantum affine algebra Uq(ŝl2).
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Now we want to lift the evaluation morphism to (Uq(ŝl2), R2).
Recall that there is an algebra isomorphism

F : (Uq(ŝl2), R1)→ (Uq(ŝl2), R2),

then eva ◦ F−1 gives out the evaluation morphism of (Uq(ŝl2), R2).

Proposition 1. eva : (Uq(ŝl2), R2)→ Uq(sl2) is given by:

eva(c
±1) = 1, eva(K) = K,

eva(x
+
k ) = q−kakKke+, eva(x

−
k ) = q−kake−Kk.

Recall that for the representation Vn of Uq(sl2) of dimension n+ 1, there exists a
basis v0, · · · , vn of Vn such that

K.vi = qn−2ivi, e+.vi = [n− i+ 1]vi−1, e−.vi = [i+ 1]vi+1.

As a vector space, Vn(a) is nothing but Vn, and the action of Uq(ŝl2) is given by:

Proposition 2.
x+
k .vi = akqk(n−2i+1)[n− i+ 1]vi−1,

x−k .vi = akqk(n−2i−1)[i+ 1]vi+1.

1.3 Highest weight representations

In the following sections, Uq(ŝl2) will stand for the Drinfel’d realization if not speci-
fied.

Highest weight modules

Denote H the subalgebra of Uq(ŝl2) generated by c±1, K±1, hk, ψk (k > 0), φk (k < 0).
It is easy to see from relations between ψk, φs and hi that it is also generated by
c±1, φk (k ≤ 0) and ψk (k ≥ 0).

Definition 4. Let V be a representation of Uq(ŝl2), Ω ∈ V is called a highest weight
vector if it satisfies:
(1). Ω is annihilated by all x+

k , k ∈ Z;
(2). Ω is a common eigenvector of H, it is to say, c±1.Ω = εΩ, for some ε ∈ {±1};
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ψk.Ω = d+
k Ω, for k ≥ 0 and some d+

k ∈ C; φk.Ω = d−k Ω, for k ≤ 0 and some d−k ∈ C.
If V is generated by a highest weight vector, we call it a highest weight module. A
highest weight module is called of type 1 if the action of c on the highest weight vector
is give by identity and when restricted to Uq(sl2), it is a representation of type 1.

Remark 2. In general, contract to the Uq(sl2) case, H is not commutative because
there is the following relation:

[hk, h−k] =
1

k
[2k]

ck − c−k

q − q−1
.

But if we consider a highest weight module, the action of c gives ±1, so we always
have ck = c−k, then the action of H on V is commutative, it is to say, the image of
H in End(V ) is a commutative subalgebra.

Example 2. We will show that evaluation representations Vn(a) for a ∈ C∗ are
highest weight representations.

At first, it is easy to see from Proposition 2 that v0 is annihilated by all x+
k .

The action of φk and ψk can be easily computed:

ψ0.v0 = qnv0, φ0.v0 = q−nv0,

d+
k = (q − q−1)akqk(n−1)[n], (k > 0),

d−−k = −(q − q−1)a−kq−k(n−1)[n], (k > 0).

In general, we have:

Proposition 3. All finite dimensional irreducible representations of Uq(ŝl2) are of
highest weight.

Drinfel’d polynomials

From this subsection until the end, suppose that all highest weight modules are of
type 1.

For any type 1 highest weight representation, we know that the weight of the
highest weight vector is determined by a series of complex numbers (d+

k , d
−
−k)k∈N

such that d+
0 d
−
0 = 1. But we really do not want to write down an infinite series

every time because there exists relations between these numbers. For example, as
has calculated in Example 2, for k > 0, the series d+

k is geometric. So forming the
generating function will definitely leads us to a more simple ”moduli”. This is the
following theorem.
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Theorem 1 (Chari-Pressley). (1). Let V be a finite dimensional highest weight

representation of Uq(ŝl2), then there exists a polynomial PV (z) ∈ C[z] such that
PV (0) 6= 0 and

∞∑
k=0

d+
k z

k =
∞∑
k=0

d−−kz
−k = qdegPV

PV (q−2z)

PV (z)
.

(2). For any series of complex numbers d = (d+
k , d

−
−k)k∈N such that d+

0 d
−
0 = 1, there

exists a finite dimensional irreducible highest weight module V (d).

The polynomial P (z) in the theorem is called Drinfel’d polynomial.

Remark 3. After a normalization, we may suppose that PV (0) = 1, which gives a
bijection between the isomorphism class of finite dimensional irreducible representa-
tions V = V (d) and the polynomial P (z) ∈ C[z] such that P (0) = 1.

Example 3. (Drinfel’d polynomial for evaluation representation Vn(a)) We have
already seen that d+

k = (q − q−1)akqk(n−1)[n], then

∞∑
k=0

d+
k z

k = qn +
∞∑
k=1

(q − q−1)akqk(n−1)[n]zk

= qn +
∞∑
k=1

(q − q−1)[n](aqn−1z)k

= qn
1− aq−n−1z

1− aqn−1z

= qn
1− aq−n−1z

1− aq−n+1z

1− aq−n+1z

1− aq−n+3z
· · · 1− aq

n−3z

1− aqn−1z

Taking

P (z) =
n∏
k=1

(1− aqn−2k+1z),

gives?
∞∑
k=0

d+
k z

k = qn
P (q−2z)

P (z)
.

In the same method, it is easy to see that

∞∑
k=0

d−−kz
−k = qn

P (q−2z)

P (z)
.
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Definition 5. Let V be a highest weight representation, PV (z) its Drinfel’d polyno-
mial,
(1). if PV (z) = 1− az for some a ∈ C∗, we call V a fundamental representation;
(2). if PV (z) = (1− aq−n+1z)(1− aq−n+3z) · · · (1− aqn−1z) for some a ∈ C∗, we call
V a Kirillov-Reshetikhin module.

Remark 4. Kirillov-Reshetikhin modules are a generalization of evaluation represen-
tations. As has been remarked, an irreducible representation is uniquely determined
by its Drinfel’d polynomial, but maybe there are many highest weight representations
sharing the same one. So from our computation above, all evaluation representations
are Kirillov-Reshetikhin modules, but not vice-versa.

1.4 q-strings

As we have already seen, an evaluation representation could be uniquely determined
by its Drinfel’d polynomial and then by the inverse of its roots. These roots form a
set of type {aqn−1, aqn−3, · · · , aq−n+1}.

Definition 6. Let S ⊂ C∗ be a non-empty finite set, we call S a q-string if

S = {ζ, q−2ζ, q−4ζ, · · · , q−2rζ}

for some ζ ∈ C∗ and r ∈ Z+.

Example 4. As we have seen, the set of inverse roots of Drinfel’d polynomial for
the evaluation representation is a q-string if we choose ζ = aqn−1 and r = n−1. We
denote this q-string by Σa,n.

Definition 7. Let S1, S2 be two q-strings, we call them in general position if one of
the following conditions holds:
(1). S1 ∪ S2 is not a q-string;
(2). S1 ⊂ S2 or S2 ⊂ S1.
Two q-strings which are not in general position are called in special position.

Example 5. It is easy to see that: q-strings Σa,n and Σb,m are in special position if
and only if

b

a
= qn+m−2k, 0 ≤ k < min(m,n).

Being in general position is a property related to the irreducibility of tensor
product representations.
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Theorem 2. Tensor products of evaluation representations Vn1(a1) ⊗ · · ·Vnr(ar) is
irreducible if and only if any two q-strings among Σa1,n1 , · · · ,Σar,nr are in general
position.

This theorem will simply lead to the classification of finite dimensional irreducible
representations of Uq(ŝl2) of type 1. We have already seen that such representations
have a one-to-one correspondence with Drinfel’d polynomials.

Proposition 4. Any set of complex numbers with multiplicities can be uniquely writ-
ten as a union of q-strings such that any two of them are in general position.

So we can write the inverse roots of Drinfel’d polynomial as a union of q-strings
as in the proposition above, which signifies the following classification theorem:

Theorem 3 (Chari-Pressley). Any finite dimensional irreducible representation of

Uq(ŝl2) of type 1 is isomorphic to a tensor product of evaluation representations. Two
such tensor products are isomorphic if and only if one can be obtained by the other
by permuting the tensor product factors.

2 q-characters on Uq(ŝl2)

In this section, we will introduce q-characters on quantum affine algebras. All mod-
ules are left if not specified. Recall that once a highest weight representation is
mentioned, it is always of type 1.

2.1 Introduction

As in the case of finite groups and compact Lie groups, the aim of character theory
is to recogonize irreducible representations. It is to say, given two irreducible repre-
sentations, whether they are isomorphic?

Essentially, the character theory is a kind of invariant theory. We want to con-
struct a functor from the module category to the category of some algebraic structure
(for example, groups, rings, algebras, etc.).

Recall that Ûq
mod is the category of finite dimensional representations of Uq(ŝl2).

Because Uq(ŝl2) is a Hopf algebra (of course, a bialgebra), Ûqmod is a monoidal cate-

gory, denote Rep(Uq(ŝl2)) its Grothendieck ring. Because we are working under the
finite dimensional assumption, the Jordan-Hölder theorem holds in this category, so
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the Grothendieck ring, as an abelian group, is a free Z-module with a basis formed
by the isomorphism class of irreducible representations.

A character should be a morphism from Rep(Uq(ŝl2)) to a ring. As a character,
it should recognize irreducible representations, so could tell off different evaluation
representations. At first, we will try a näıve idea.

Näıve idea

Whether can we use the character theory of Uq(sl2) directly?

Be more concrete, there is an injection Uq(sl2) → Uq(ŝl2), so it is possible to

restrict the representation of Uq(ŝl2) to Uq(sl2) and then use the character theory on
the latter. But as we will see in the following example, this is indeed näıve.

Example 6. Consider the evaluation representation V1(a). As a Uq(sl2)-module, it
is just V1(a) = Cv0 ⊕ Cv1, v0 is the highest weight vector of weight q, v1 of weight
q−1, so

χ(V1(a)) = e(1) + e(−1),

where e(i) is the formal element. The character is independent with the invertible
complex number a! So even if a′ 6= a, the characters are all the same. But these two
representations are not isomorphic because they have different highest weight!

General idea

To define the character theory on quantum affine algebras, a refined structure should
be explored.

Note that in the above example, we only used the action of elements K and K−1

in H, which is only a tiny part (they are ψ0 and φ0).
A more natural idea is to consider the action of all φk and ψk. Recall that when

considering a highest weight representation, the action of ψk (resp. φk) on the high-
est weight vector v will give out a series (d+

k ) (resp. d−−k). From the Chari-Pressley
theorem, an irreducible representation could be characterized by its Drinfel’d polyno-
mial, which comes from the series d+

k (and so d−−k). So the information contained in
series d+

k is sufficient to recognize irreducible representations. This is the motivation
of the following definition of q-characters.
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2.2 q-characters

Definition and examples

To define q-characters,a result of Jordan decomposition is needed.

Proposition 5. Let V be a finite dimensional representation of Uq(ŝl2), d = (d+
k )k∈N

where d+
k ∈ C,

Vd = {v ∈ V | ∃p,∀k ≥ 0, (ψk − d+
k )p.v = 0},

then
V =

⊕
d

Vd

is a decomposition of the common characteristic spaces of H.

Then we can define q-character as the ordinary character associated to the Jordan
decomposition above.

Definition 8. Let V be a finite dimensional representation of Uq(ŝl2), define

χq(V ) =
∑
d

dim(Vd)e(d),

where e(d) are formal elements. We call χq the q-character of representation V .

Example 7. (Computation of the evaluation representation V1(a)) As a vector space,
it is just Cv0 ⊕ Cv1. We have already seen that

ψ0.v0 = qv0, ψ0.v1 = q−1v1,

ψk.v0 = (q − q−1)akv0, ψk.v1 = −(q − q−1)akv1, · · ·

it is easy to calculate in general, if we denote

d0 = (q, (q − q−1)a, (q − q−1)a2, · · · ), d1 = (q−1,−(q − q−1)a,−(q − q−1)a2, · · · ),

and V = V1(a), then the decomposition in the Frenkel-Reshetikhin theorem is given
by:

Vd0 = Cv0, Vd1 = Cv1, V = Vd0 ⊕ Vd1 .

So χq(V ) = e(d0) + e(d1).
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The same reason as in the remark before Theorem 1, we may rewrite the for-
mal element in a more compact form. Encore une fois, we calculate the generating
function.

Example 8.

d0(z) =
∞∑
i=0

(d0)iz
i

= q +
∞∑
i=1

(q − q−1)aizi

= q + (q − q−1)
az

1− az
= q

1− q−2az

1− az
.

Let R(z) = 1− aq−1z, then

d0(z) = q
R(q−1z)

R(qz)
.

The same calculation tells us that

d1(z) =
∞∑
i=0

(d1)iz
i = q−1 1− aq2z

1− az
,

let Q(z) = 1− aqz, then

d1(z) = q−1 Q(qz)

Q(q−1z)
.

In general, we have the following theorem, it is a generalization of Chari-Pressley
theorem, which concerns only highest weight vector.

Theorem 4 (Frenkel-Reshetikhin). Let V be a finite dimensional representation of

Uq(ŝl2), d = (d0, d1, · · · ) such that Vd 6= {0}, then there exists polynomials R(z), Q(z) ∈
C[z], R(0) = Q(0) = 1, such that

∞∑
i=0

diz
i = qdeg(R)−deg(Q)R(q−1z)

R(qz)

Q(qz)

Q(q−1z)
.

The proof will be given later, after been examined in some examples.

Remark 5. In the theorem, if V is a highest weight module with highest weight vector
v0 and weight (d+

k , d
−
−k)k≥0, then Theorem 1 tells that once the Drinfel’d polynomial

P (z) is normalized by P (0) = 1, polynomials in the theorem will say R(z) = P (qz),
Q(z) = 1.
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Example 9. In the previous example, we have already computed that for d0, R(z) =
1− aq−1z, Q(z) = 1 and for d1, R(z) = 1, Q(z) = 1− aqz.

The generating function of the infinite series d can be determined by two poly-
nomials R(z) and Q(z), so by its roots and multiplicities. An observation to the
formula in the theorem above tells us that only the difference of the multiplicity
contributes. Then we could write the q-character in a more compact form as follows.

Let d be an infinite sequence such that Vd 6= {0} as in the theorem, then we
obtain complex polynomials R(z) and Q(z). These polynomials can be factorized as:

R(z) =
∏
a∈C∗

(1− az)λa , λa ≥ 0,

Q(z) =
∏
a∈C∗

(1− az)µa , µa ≥ 0.

Definition 9. Let Y = Z[Y ±1
a ]a∈C∗. For the series d as above, define

md =
∏
a∈C∗

Y λa−µa
a ∈ Y .

Then for a finite dimensional representation V of Uq(ŝl2), its q-character is defined
by

χq(V ) =
∑
d

dim(Vd)md ∈ Y .

Thus we transformed the moduli space generated by formal elements into a poly-
nomial algebra, which is much easier to manipulate.

Example 10. Again we deal with the case V1(a). It is calculated in the last example
that for d0, R(z) = 1 − aq−1z, Q(z) = 1 and for d1, R(z) = 1, Q(z) = 1 − aqz. So
md0

= Yaq−1, md1
= Y −1

aq and

χq(V1(a)) = Yaq−1 + Y −1
aq .

So if a 6= a′ ∈ C∗, it is quite easy to see that χq(V1(a)) 6= χq(V1(a′)).

Example 11. Now we compute the q-character for all evaluation representations.
For the reason explained in Remark 5, denote Wn(a) = Vn(qa), this will essentially
change nothing but give a direct relation between Theorem 1 and Theorem 5.

Wn(a) admits a linear space decomposition as Uq(sl2)-module:

Wn(a) = Cv0 ⊕ Cv1 ⊕ · · ·Cvn.
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From Proposition 2, the action of elements in Uq(ŝl2) is given by:

x+
k .vi = (aq)kqk(n−2i+1)[n− i+ 1]vi−1,

x−k .vi = (aq)kqk(n−2i−1)[i+ 1]vi+1.

So a direct computation shows that

ψk.vi = (q − q−1)akqk(n−2i)([i+ 1][n− i]− q2k[n− i+ 1][i])vi.

Then

∞∑
k=0

d+
k,iz

k = qn−2i +
∞∑
k=1

(q − q−1)akqk(n−2i)([i+ 1][n− i]− q2k[n− i+ 1][i])

= qn−2i + (q − q−1)

(
[i+ 1][n− i] aqn−2iz

1− aqn−2iz
− [n− i+ 1][i]

aqn−2i+2z

1− aqn−2i+2z

)
= qn−2i (1− aqn+2z)(1− aq−nz)

(1− aqn−2iz)(1− aqn−2i+2z)
.

Denote

Ri(z) = (1− aqn−1z)(1− aqn−3z) · · · (1− aq−n+1z) =
n∏
k=1

(1− aqn−2k+1z),

Qi(z) =
i∏

k=1

(1− aqn−2k+3z)
i∏

k=1

(1− aqn−2k+1z),

then

Ri(q
−1z)

Ri(qz)
=

1− aq−nz
1− aqnz

,
Qi(qz)

Qi(q−1z)
=

(1− aqn+2z)(1− aqnz)

(1− aqn−2iz)(1− aqn−2i+2z)
,

so
∞∑
k=0

d+
k,iz

k = qdeg(Ri)−deg(Qi)
Ri(q

−1z)

Ri(qz)

Qi(qz)

Qi(q−1z)
.

From the definition of q-character, we obtain:

χq(Wn(a)) =
n∑
i=0

n∏
k=1

Yaqn−2k+1

i∏
k=1

Y −1
aqn−2k+3Y

−1
aqn−2k+1

=
n∏
k=1

Yaqn−2k+1

(
1 +

n∑
i=1

i∏
k=1

Y −1
aqn−2k+3Y

−1
aqn−2k+1

)
.
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Once denoting Aa = Yaq−1Yaq and A−1
a = Y −1

aq−1Y
−1
aq , the formula above could be

rewritten as:
n∏
k=1

Yaqn−2k+1

(
1 +

n∑
i=1

i∏
k=1

A−1
aqn−2k+2

)
.

Example 12. We write down explicitely in the case n = 2 and n = 3.
For n = 2, as we computed in the last example,

χq(W2(a)) = Yaq−1Yaq(1 + A−1
aq2 + A−1

a A−1
aq2),

once been expanded,

χq(W2(a)) = Yaq−1Yaq + Yaq−1Y −1
aq3 + Y −1

aq Y
−1
aq3 .

For n = 3,

χq(W3(a)) = Yaq2YaYaq−2(1 + A−1
aq3 + A−1

aq3A
−1
aq + A−1

aq3A
−1
aq A

−1
aq−1),

once been expanded,

χq(W3(a)) = Yaq−2YaYaq2 + Yaq−2YaY
−1
aq4 + Yaq−2Y −1

aq2Y
−1
aq4 + Y −1

a Y −1
aq2Y

−1
aq4 .

Proof of Frenkel-Reshetikhin theorem

(1). At first, note that is has been proved for evaluation representations.
(2). Now we want toattack finite dimensional irreducible representations.

Recall that from Chari-Pressley theorem, every finite dimensional irreducible rep-
resentation of Uq(ŝl2) is isomorphic to a tensor product of evaluation representations.
So what we need is the following technical lemma:

Lemma 1. Let V and W be two finite dimensional representations of Uq(ŝl2), we
identify d = (d0, d1, · · · ) with d(z) =

∑∞
i=0 diz

i, then

Vd(z) ⊗Wd′(z) ⊂ (V ⊗W )d(z)d′(z).

We will not prove this lemma here but remark that it depends on the coproduct
formula of ψk.

Now, suppose that V is a finite dimensional irreducible representation of Uq(ŝl2),
it can be written as V = Vn1(a1) ⊗ · · · ⊗ Vnr(ar). If d = (d0, d1, · · · ) such that
Vd 6= 0 and v ∈ Vd, then there exists vi ∈ (Vni(ai))di(z) for some di(z) such that
v = v1 ⊗ v2 ⊗ · · · ⊗ vr and then d(z) = d1(z) · · · dr(z).
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From the case of evaluation representation, we know that for each di(z), there
exists Ri(z) and Qi(z) such that

di(z) = qdegRi−degQi
Ri(q

−1z)Qi(qz)

Ri(qz)Qi(q−1z)
,

so for d(z), it suffices to consider R(z) = R1(z) · · ·Rr(z) and Q(z) = Q1(z) · · ·Qr(z).
(3). For general V , choose a filtration

0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vm = V,

such that every successive quotient are simple. (Note that we have Jordan-Hölder.)
If Vd(z) 6= 0 for some d(z), there exists some i, such that (Vi/Vi−1)d(z) 6= 0, then use
the result for simple modules.

2.3 Properties of q-characters

Fundamental property

At first, it is easy to see that once given a short exact sequence 0→ L→M → N →
0, we have χq(M) = χq(L)+χq(N), so χq induces a map from the Grothendieck ring
as:

χq : Rep(Uq(ŝl2))→ Y = Z[Y ±1
a ]a∈C∗ .

This section will be devoted to giving some algebraic properties of these charac-
ters.

Proposition 6. χq is an injective ring morphism.

Proof. Additive. This comes from the simple fact that for d(z) =
∑∞

i=0 diz
i,

(V ⊕W )d(z) = Vd(z) ⊕Wd(z).

Multiplicative. Let V,W be two elements in the Grothendieck ring, d(z) and f(z)
are two generating functions of corresponding infinite sequences. Then from Lemma
1,

Vd(z) ⊗Wf(z) ⊂ (V ⊗W )d(z)f(z).

From the definition of md(z), this gives

md(z)f(z) = md(z)mf(z),
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so from the definition of χq,

χq(V ⊗W ) = χq(V )χq(W ).

Injectivity. Because of the existence of the Jordan-Hölder sequence, it suffices to
prove that the q-characters for simple modules are linearly independent.

In the polynomial ring Z[Y ±1
a ]a∈C∗ , let deg(Ya) = 1 and deg(Y −1

a ) = −1. For a
simple representation V = V (P ), where P is Drinfel’d polynomial, it is easy to know
that the monomial mP corresponds to the highest weight vector is determined by the
Drinfel’d polynomial, it is to say, if P 6= P ′, then mP and mP ′ are linearly indepen-
dent. From Chari-Pressley theorem and the formula of q-characters for evaluation
representations, the other monomials in χq(V (P )) have degree strictly less than mP .

Now, if there exists a linear relation between the q-character of irreducible rep-
resentations, a glimpse of the monomial with highest degree in each q-character will
give the result.

Examples

Example 13. We calculate the q-character for W1(a)⊗W1(aq2):

χq(W1(a)⊗W1(aq2)) = χq(W1(a))χq(W1(aq2))

= (Yaq−1 + Y −1
aq )(Yaq + Y −1

aq3 )

= Yaq−1Yaq + Yaq−1Y −1
aq3 + Y −1

aq Y
−1
aq3 + 1

= χq(W2(a)) + χq(W0(a)).

So
χq(W1(a)⊗W1(aq2)) = χq(W2(a)⊕W0(a)).

But it should be pointed out that W1(a)⊗W1(aq2) is not isomorphic to W2(a)⊕W0(a)!
Exercise. Prove the last statement. (Hint: maybe Chevalley generators will help.)

This gives an example for the non-semisimplicity of finite dimensional Uq(ŝl2)-
modules. But the injectivity of χq says that they are equal in the Grothendieck ring,
which means that they have the same simple blocks, but there exists extension between
them.

Note that we always have an exact sequence:

0→ W0(a)→ W1(a)⊗W1(aq2)→ W2(a)→ 0

but it is not split.
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2.4 Monomials

In the calculation of the q-characters of evaluation representations, we have seen
that:

χq(Wn(a)) =
n∏
k=1

Yaqn−2k+1

(
1 +

n∑
i=1

i∏
k=1

A−1
aqn−2k+2

)
.

Observation. (1). Among monomials appear in χq(Wn(a)), there is only one term
which does not contain negative powers of Ya.
(2). This term uniquely corresponds to a Drinfel’d polynomial, thus determines the
original evaluation representation.

In this section, we will consider the relation between some kinds of monomials in
q-characters and irreducible representations themselves.

Definition 10. (1). Let M be the set of all Laurent monomials generated by Ya,
a ∈ C∗ and for m ∈ M, we call m dominant if it contains no negative powers. All
dominant monomials forms a subset M+ ⊂M.
(2). Let S be a finite dimensional irreducible representation, denote M(S) the set of
all monomials appear in χq(S).

Let S be a finite dimensional irreducible representation, its Drinfel’d polynomial
can be written as

PS(z) =
n∏
i=1

(1− αiz).

From Theorem 3, S is a tensor product of evaluation representations which are 2 by
2 in general position. Recall the form of q-character for evaluation representations,
it is easy to be convinced that χq(S) contains a monomial

mS =
n∏
i=1

Yαi .

We want to characterize this element by defining a partial order on M(S).

Definition 11. Define a partial order ≤ on M by: for any m,m′ ∈ M, m ≤ m′ if
and only if m′

m
is a monomial in Aa, (a ∈ C∗).

Then we have

Theorem 5 (Frenkel-Mukhin). Let S be a finite dimensional irreducible representa-
tion, then:
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(1). mS is the maximal element under the partial order ≤ in M(S);
(2).

χq(S) = mS(1 +
∑
p

Mp),

where Mp are monomials in A−1
a .

Proof. Because irreducible representations are tensor products of evaluation ones,
the theorem can be obtained by q-characters for the latter.

Remark 6. This theorem is merely a special case of the general theory. The easiness
of the proof depends heavily on the Theorem 3, which is not true in general. For
general case, the correctness of this theorem is provided by the fact that the irreducible
representation could be obtained from a subrepresentation in the tensor products of
fundamental ones, and then take quotient. We will meet this later.

So in the q-character of irreducible representations, there exists a unique dominant
monomial. But this does not hold for arbitrary ones.

Example 14. We calculate the q-character for W2(a)⊗W2(aq−2).

χq(W2(a)⊗W2(aq−2))

= (Yaq−1Yaq + Yaq−1Y −1
aq3 + Y −1

aq Y
−1
aq3 )(Yaq−3Yaq−1 + Yaq−3Y −1

aq + Y −1
aq−1Y

−1
aq )

= Yaq−3Y 2
aq−1Yaq + Yaq−3Yaq−1 + 1 + · · · .

For a resume, we have a bijection between isomorphism classes of simple modules
in Ûq

mod and the set of dominant monomials M+.
At the end of this section, we describe an easy but useful algorithm, which will

frequently occur in Frankel-Mukhin algorithm later.
Algorithm. Suppose that a dominant monomial is given, denote Λ the set with
multiplicities of roots appear in it:
(1). start from a root in Λ, find the longest q-string pass through it and then take
this q-string away from Λ;
(2). repeat (1) until all q-strings are obtained, it is to say, Λ is empty (so they are
in general position);
(3). correspond these q-strings with evaluation representations;
(4). once multiply q-characters of these evaluation representations, we obtain the
q-character of the irreducible representation associated to this dominant monomial.
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3 Quantum affine algebra Uq(ĝ)

3.1 Definitions

Introduction

Let g be a finite dimensional complex semi-simple Lie algebra. We want to construct
the quantum affine algebra associated to such Lie algebras. This subsection is devoted
to understand the following diagram:

g
Affinization−−−−−−→ ĝyQuantization

yQuantization

Uq(g)
Affinization−−−−−−→ Uq(ĝ)

.

One route means that we do affinization at first then quantization, and the other
one reverse the order.

We should remark that if we adopt the first way, we will get Drinfel’d realization
at last, and the second way leads to Jimbo realization, as have already been seen in
the sl2 case.

Les donneés

Let g be a finite dimensional complex simple Lie algebra, h its Cartan subalgebra
and n = dimh = rankg its rank. From the simplicity, there is a nondegenerate
invariant bilinear form given by the Killing form (·, ·) on h, which identifies h and its
linear dual h∗,let R be the corresponding root system, ∆ = {α1, · · · , αn} be the set
of simple roots, P the weight lattice, P++ the set of dominant weights.

For two roots α, β, we define < α, β >= 2(α, β)/(β, β), let {$1, · · · , $n} be the
set of fundamental weights such that < αi, $j >= δij, where δij is the Kronecker
notation. Let C = (Cij) = (< αj, αi >) be a n × n matrix, it is the Cartan matrix
associated to the root system. Let D = diag(d1, · · · , dn) be a diagonal matrix such
that B = DC is symmetric.

For a simple Lie algebra, we have Chevalley generators {ei, fi, hi}i=1,··· ,n.

Jimbo realization

As we have seen in the beginning of this section, Jimbo realization corresponds to
the procedure ”quantization→affinization”.
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The Jimbo realization for Uq(ĝ) is easy to understand because what we need to
do is just changing the finite type Cartan matrices into affine ones.

Definition 12. An integer matrix C ∈ Mn+1(Z) is called a Cartan matrix of affine
type if it satisfies:
(1). For any i = 0, 1, · · · , n, Cii = 2;
(2). For i 6= j, Cij ≤ 0 and if Cij = 0, then Cji = 0;
(3). det(C) = 0;
(4). det((Cij)1≤i,j≤n′) > 0 for any n′ ≤ n.

Remark 7. Once the 0-th row and column are deleted, we will get a finite type
Cartan matrix.

Let C be an affine type Cartan matrix and C ′ = (Cij)1≤i,j≤n be the finite type
Cartan martix associated to it.

Start from the Cartan matrix C ′, we can construct a semi-simple Lie algebra
g(C ′). In the construction of quantum groups after Drinfel’d-Jimbo, for any semi-
simple Lie algebra g, there exists a quantized enveloping algebra Uq(g) associated to
g defined by generators Ei, Fi and K±i for i = 1, · · · , n and relations

KiKj = KjKi, KiK
−1
i = K−1

i Ki = 1,

KiEjK
−1
i = q

Cij
i Ej, KiFjK

−1
i = q

−Cij
i Fj,

[Ei, Fj] = δij
Ki −K−1

i

qi − q−1
i

,

and quantized Serre relations

1−Cij∑
s=0

(−1)sE
(1−Cij−s)
i EjE

(s)
i = 0, for i 6= j,

1−Cij∑
s=0

(−1)sF
(1−Cij−s)
i FjF

(s)
i = 0, for i 6= j,

where E
(s)
i =

Es
i

[s]qi !
, qi = qdi .

In this construction, we used nothing but a Cartan matrix of finite type, once
changing it into an affine one, the same procedure will offer a quantum affine algebra.
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Definition 13. Let C be a Cartan matrix of affine type, C ′ be the Cartan matrix of
finite type as we denoted above, g = g(C ′) be a semi-simple Lie algebra associated to
C ′. The quantum affine algebra Uq(ĝ) is defined by the procedure above with C the
Cartan matrix.

Remark 8. From a semi-simple Lie algebra to a quantum group, in some extent, we

change the Chevalley generators ei, fi, hi by Ei, Fi, Ki = e
h
2
hi = qhi.

Drinfel’d realization

The Drinfel’d realization comes from the procedure ”affinization→quantization”. We
should remark that this realization only fits for the ”non-tordue” case.

We define Lg = g⊗C[t, t−1] be the loop space of g, then there exists a Lie algebra
structure over Lg given by:

[x⊗ P (t), y ⊗Q(t)] = [x, y]⊗ P (t)Q(t), for x, y ∈ g, P (t), Q(t) ∈ C[t, t−1].

Remark 9. Lg is a infinite dimensional Lie algebra.

Define ĝ as an central extension of Lg by an central element c, it is to say, there
is a short exact sequence

0→ Cc→ ĝ→ Lg→ 0.

Remark 10. There exists a Lie algebra structure on ĝ which comes from the Killing
form on g and the residue map.

The Chevalley generators of g gives those for ĝ. If we denote the former by
{ei, fi, hi}i=1,··· ,n, the latter is given by {ei ⊗ tj, fi ⊗ tj, hi ⊗ tj}i=1,··· ,n;j∈Z.

Denote I = {1, · · · , n}. The Drinfel’d realization of the quantum affine algebra
Uq(ĝ) is given by generators x±i,m, hi,s, K

±1
i , c±1 for m ∈ Z, s ∈ Z∗, i ∈ I, and

relations:

c±1 are in the center,

KiKj = KjKi, Kihj,n = hj,nKi, Kix
±
j,nK

−1
i = q±Cijx±j,n,

[hi,n, x
±
j,m] = ±[nCij]c

∓|n|x±j,n+m,

x±i,n+1x
±
j,m − q±Cijx±j,mx±i,n+1 = q±Cijx±i,nx

±
j,m+1 − x±j,m+1x

±
i,n,

[hi,n, hj,m] = δn,−m
1

n
[nCij]

cn − c−n

q − q−1
,
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[x+
i,n, x

−
j,m] = δij

cn−mψi,n+m − φi,n+m

qi − q−1
i

,

∑
π∈Ss

s∑
k=0

(−1)k
[ s
k

]
qi
x±i,nπ(1) · · ·x

±
i,nπ(k)

xj,mx
±
i,nπ(k+1)

· · · x±i,nπ(s) = 0, (i 6= j),

for s = 1 − Cij and all sequences of integers n1, · · · , ns. The elements ψi,n and φi,n
are defined by:

∞∑
n=0

ψi,nz
n = Kiexp

(
(q − q−1)

∞∑
m=1

hi,mz
m

)
,

∞∑
n=0

ψi,−nz
−n = K−1

i exp

(
−(q − q−1)

∞∑
m=1

hi,−mz
−m

)
,

and for n < 0, ψi,n = φi,−n = 0 for any i ∈ I.
Just like in the quantum group case, we have the following correspondence

ei ⊗ tj 7→ x+
i,j, fi ⊗ tj 7→ x−i,j,

hi ⊗ tj 7→ e
h
2
hi⊗tj = qhi⊗t

j

= hi,j, (j 6= 0),

hi ⊗ 1 7→ e
h
2
hi⊗1 = qhi⊗1 = Ki,

c 7→ e
h
2
c = qc = c.

This explains Drinfel’d realization in a more natural way.

3.2 Highest weight representations

As in the sl2 case, define H ⊂ Uq(ĝ) be the subalgebra of Uq(ĝ) generated by hi,k,
ψi,s, φi,s, K

±1
i and c±1 for k ∈ Z∗, s ∈ Z and i ∈ I. It can also be generated by ψi,s,

φi,s and c±1 as we have already seen in Uq(ŝl2).

Definition 14. Let V be a finite dimensional representation of Uq(ĝ),
(1). we call V of type 1 if the action of central element c is identity and once been
restricted to a representation of Uq(g), it is also of type 1;
In the following discussion, we only consider type 1 representations.
(2). v ∈ V is called a highest weight vector if for any i = 1, · · · , n, s ∈ Z,

x+
i,s.v = 0, ψi,s.v = d+

i,s.v, φi,s.v = d−i,s.v, c.v = v,

23



where d±i,s ∈ C are complex numbers;
(3). V is called a highest weight representation if there exists a highest weight vector
v such that V = Uq(ĝ).v, we call (d±i,r) the highest weight of v.

As in sl2 case, for finite dimensional irreducible representations, there exists cor-
responding Drinfel’d polynomials. But here, the set of Drinfel’d polynomials is a
little different from the sl2 case because we need to consider a family of polynomials
in the general case.

Definition 15. Define P be the set of I-tuples (Pi)i∈I with Pi(z) ∈ C[z], Pi(0) = 1
for any i ∈ I.

Notations.

ψi(z) =
∞∑
n=0

ψi,nz
n, φi(z) =

∞∑
n=0

φi,−nz
−n,

Ψi(z) =
∞∑
n=0

d+
i,nz

n, Φi(z) =
∞∑
n=0

d−i,−nz
−n.

Theorem 6 (Chari-Pressley). (1). Any finite dimensional irreducible representation
of Uq(ĝ) is highest weight.
(2). Let V be a finite dimensional irreducible representation of Uq(ĝ) with highest
weight (d±i,r), then there exists P = (Pi)i∈I ∈ P, such that

Ψi(z) = Φi(z) = qdegPii

Pi(q
−2
i z)

Pi(z)
.

This gives a bijection between P and the isomorphism classes of finite dimensional
irreducible representations of Uq(ĝ), we denote V (P) the representation corresponds
to P ∈ P.
(3). Let P,Q ∈ P, vP and vQ are highest weight vectors in V (P) and V (Q) respec-
tively, denote

P⊗Q = (PiQi)i∈I ,

then V (P⊗Q) is isomorphic to a quotient of the subrepresentation of V (P)⊗V (Q)
generated by vP ⊗ vQ.

In general, we have no evaluation representations, so fundamental representations
become much more important than sl2 case.
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Remark 11. We know that in the sl2 case, the Drinfel’d polynomial of a fundamental
representation is given by 1−az for some a ∈ C∗, so any Drinfel’d polynomial in that
case can be written as a product of fundamental ones. From (3) of Theorem 6, any
irreducible representation can be obtained from the tensor products of fundamental
ones. Contract to the result for evaluation representations, the fundamental one also
holds for any g, as we will see below.

Definition 16. Let k ∈ I, a ∈ C∗, define P
(k)
a be the series of polynomial (Pi(z))i∈I ,

where Pk(z) = 1− az, Pj(z) = 1 for any j 6= k. This is a Drinfel’d polynomial and

the correspondent irreducible representation V (P
(k)
a ) is denoted by V$k(a), called the

k-th fundamental representation of Uq(ĝ).

Remark 12. V$i(a), viewed as a Uq(g)-module, maybe reducible. This induces many
difficulties in the general case.

Theorem 7 (Chari-Pressley). Let V be a finite dimensional irreducible representa-
tion of Uq(ĝ), then V is isomorphic to a quotient of the submodule of V$1(a1)⊗· · ·⊗
V$n(an) generated by the tensor product of highest weight vectors. In particular, the
couples ($i, ai)i=1,··· ,n are uniquely determined by V , up to a permutation.

Because Uq(ĝ) is a Hopf algebra, the category of finite dimensional representations
of Uq(ĝ) is a monoidal category, and the Grothendieck group Rep(Uq(ĝ)) of this
category is a ring. Moreover, the Chari-Pressley theorem can be rewritten in the
language of Grothendieck ring.

Corollary 1. The Grothendieck ring Rep(Uq(ĝ)) is the polynomial ring over Z gen-
erated by isomorphism classes of fundamental representations.

As in the sl2 case, there exists a notion of Kirillov-Reshetikhin modules.

Definition 17. For k ∈ N, a ∈ C∗ and j ∈ I, define P = (Pi(z))i∈I ∈ P be:

Pj(z) =
k∏
i=1

(1− aqj−2i+1z), Pi(z) = 1, for i 6= j.

The highest weight representation corresponds to this Drinfel’d polynomial P is called
a Kirillov-Reshetikhin module. If it is irreducible, denote it by V

(i)
n (a).

As before, denote W
(i)
n (a) = V

(i)
n (qa).

Remark 13. These modules are not as important as in the sl2-case for the reason
of absence of evaluation representations.
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4 q-characters for Uq(ĝ)

We suppose in this section that all representations are of type 1.

4.1 Definition

In some aspects, the definition of q-characters in the general case is a direct general-
ization of the case sl2. Essentially, there is no new idea.

At first, we do the Jordan decomposition related to the ”torus part”.

Proposition 7. Let V be a finite dimensional representation of Uq(ĝ), d = (d+
i,k)i∈I,k∈N,

where d+
i,k ∈ C, denote

Vd = {v ∈ V | ∃p,∀k ≥ 0, ∀i ∈ I, (ψi,k − d+
i,k)

p = 0},

then V =
⊕

d Vd is a decomposition of common characteristic spaces of H.

The second step is finding polynomials which characterize all weights.

Theorem 8 (Frenkel-Reshetikhin). Let V be a finite dimensional representation of
Uq(ĝ), d = (d+

i,k)i∈I,k∈N such that Vd 6= {0}, then there exists polynomials Ri(z),
Qi(z) ∈ C[z], i = 1, · · · , n, such that Ri(0) = Qi(0) = 1 and for any i ∈ I,

∞∑
k=0

d+
i,kz

k = qdegRi−degQii

Ri(q
−1
i z)Qi(qiz)

Ri(qiz)Qi(q
−1
i z)

.

Denote

Ri(z) =

ki∏
j=1

(1− a(i)
j z), Qi(z) =

li∏
j=1

(1− b(i)
j z),

and Y = Z[Y ±1
i,a ]i∈I,a∈C∗ , then we can define the q-character as in the case sl2:

Definition 18. Let d be as in above theorem such that Vd 6= {0}, define

md =
∏
i∈I

ki∏
r=1

Y
i,a

(i)
r

li∏
s=1

Y −1

i,b
(i)
s

,

and
χq(V ) =

∑
d

dim(Vd)md ∈ Y .

χq is called the q-character of V .
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4.2 Properties of q-characters

With the same argument as in sl2 case, once having a short exact sequence 0→ L→
M → N → 0, we have:

χq(M) = χq(L) + χq(N)

and it induces a map
χq : Rep(Uq(ĝ))→ Y .

Proposition 8. χq is an injective ring morphism.

Now we want to show that the q-character introduced here is really a generaliza-
tion of the character theory over quantized enveloping algebra Uq(g).

Define a graduation on Y by requiring the variable Y ±1
i,a being of weight ±$i,

then A±1
i,a is of weight ±αi.

Recall the character on Uq(g): it is a ring morphism χ : Rep(Uq(g))→ Z[y±1
i ]i∈I .

If V =
⊕

µ∈P Vµ is a decomposition of V ∈ Rep(Uq(g)) into its weight spaces, define

χ(V ) =
∑
µ∈P

dim(Vµ)yµ,

where yµ =
∏n

i=1 y
mi
i if µ =

∑n
i=1mi$i.

Define a ring morphism

β : Y = Z[Y ±1
i,a ]i∈I,a∈C∗ → Z[y±1

i ]i∈I , Y ±1
i,a 7→ y±1

i .

As in the sl2 case, we have the restriction functor

res : Ûqmod→ Uqmod,

and it induces a ring morphism

res : Rep(Uq(ĝ))→ Rep(Uq(g)).

The following proposition makes the remark above more precise.

Proposition 9. The following diagram is commutative:

Rep(Uq(ĝ))
χq−−−→ Z[Y ±1

i,a ]i∈I,a∈C∗yres yβ
Rep(Uq(g))

χ−−−→ Z[y±1
i ]i∈I

.
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4.3 Monomials

Similarly, we can define the set of all Laurent monomials M in Z[Y ±1
i,a ]i∈I,a∈C∗ and

the set of all dominant monomials M+. For an irreducible representation S, M(S)
is the set of all monomials appear in χq(S).

Define

Ai,a = Yi,aq−1
i
Yi,aqi

∏
Cji=−1

Y −1
j,a

∏
Cji=−2

Y −1
j,aq−1Y

−1
j,aq

∏
Cji=−3

Y −1
j,aq−2Y

−1
j,a Y

−1
j,aq2 .

This is an analogue of the monomial Aa in the case sl2.

Proposition 10 (Frenkel-Reshetikhin). Let V be a finite dimensional irreducible
representation, V = V (P), P = (Pi)i∈I ,

Pi(z) =

ni∏
k=1

(1− a(i)
k z),

then

χq(V ) =
∏
i∈I

ni∏
k=1

Y
i,a

(i)
k

(1 +
∑
p

Mp),

where Mp are monomials in A±1
j,c . Moreover,

mV =
∏
i∈I

ni∏
k=1

Y
i,a

(i)
k

is the highest weight monomial.

Remark 14. ”Highest weight monomial” means the monomial corresponds to the
highest weight vector in the irreducible representation V .

In their article, E.Frenkel and N.Reshetikhin conjectured that there will be no
positive powers of Aj,c appear in Mp in the formula above. It is solved finally by
E.Frenkel and E.Mukhin.

Theorem 9 (Frenkel-Mukhin). Let V be an irreducible representation of Uq(ĝ), those
Mp in the last proposition are monomials in A−1

j,c for some j ∈ I and c ∈ C∗,
moreover, mV is the maximal monomial in the partial order defined on M(S).
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Proposition 11. Let V,W be two finite dimensional representations of Uq(ĝ), χq(V )
and χq(W ) have the same dominant monomials and multiplicities, then χq(V ) =
χq(W ).

As a summary, we have already got a bijection betweenM+ and the set formed by
isomorphic classes of irreducible representations of Uq(ĝ). For a dominant monomial
m, we associate it to L(m).

4.4 Frenkel-Mukhin Algorithm

In Proposition 11, we have seen that for the property of having the same q-characters,
it suffices to consider the dominant monomials with multiplicities. So it is natural
to ask the following question:
Problem. Whether can we get the q-character by knowing its dominant monomials?

Frenkel-Mukhin algorithm is such a computational method to associate a poly-
nomial FM(m) to a single dominant monomial m. In some cases, this will give the
q-character for the irreducible representation corresponds to m.

In the sl2 case, we have seen an algorithm. The idea for the general case is to
expand the given monomial in all possible sl2 directions until touching the lowest
monomial, it is an analogue of finding all weights with multiplicities in an irreducible
representation of a simple Lie algebra. But here, we have no Weyl character formula.

At first, we recall thatM is the set of all monomials,M+ the set of all dominant
monomials.

Definition 19. Let m ∈M and i ∈ I, we call m is i-dominant if there is no negative
powers of Yi,a in m. The set of all i-dominant monomials is denoted by Mi,+.

Now we describe the Frenkel-Mukhin algorithm.

The algorithm.

Fix a dominant monomial m ∈M+.
(1). If m is i-dominant, we define another Laurent polynomial ϕi(m) in this step.

(1.1). If j 6= i, replace all Yj,a appear in m by 1 and Yi,a by Ya, thus we obtain a
monomial in Z[Ya]a∈C∗ , denote it by m.

(1.2). The monomial m can be treated as a dominant one in the character theory

of Uqi(ŝl2), the algorithm mentioned in sl2 case gives an irreducible representation V
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of Uqi(ŝl2) which has q-character

χq(V ) = m(1 +
∑
p

Mp),

where each Mp is a monomial in A−1
a .

(1.3). Replace every A−1
a by A−1

i,a in all these Mp, we get monomials Mp in A−1
i,a .

(1.4). Define ϕi(m) = m(1 +
∑

pMp).

(2). Define a set of monomials Dm ⊂M for m ∈M+.
A monomial m′ is in Dm if and only if there exists a finite length sequence

m = m0,m1, · · · ,mt = m′ such that for any r = 1, · · · , t, there exists i such that
mr−1 ∈Mi,+ and mr appears as a monomial in ϕi(mr−1).

Proposition 12. Dm is countable, and for any m′ ∈ Dm, m′ ≤ m.

(3). Define inductively some coefficients (s(mr))r≥0 and (si(mr))r≥0.
The initial condition is given by s(m0) = 1, si(m0) = 1 and in general:

si(mt) =
∑

r<t,mr∈Mi,+

(s(mr)− si(mr))[ϕi(mr) : mt],

s(mt) = max{si(mt)| i ∈ I},
where [ϕi(mr) : mt] is the coefficient of mt in ϕi(mr).

(4). Define FM(m) =
∑

r≥0 s(mr)mr and call it Frenkel-Mukhin polynomial.

Example.

Let g = sl3 be of type A2, m = Y1,q2Y2,q−1 be a dominant monomial. This section is
devoted to the calculation of its Frenkel-Mukhin polynomial FM(m).

Recall that

A1,a = Y1,aq−1Y1,aqY
−1

2,a , A2,a = Y −1
1,a Y2,aq−1Y2,aq.

The monomial m is both 1-dominant and 2-dominant, so we need to calculate
ϕ1(m) and ϕ2(m).
(1). For ϕ1(m), we have the following procedure:

Y1,q2Y2,q−1 7→ Yq2 7→ Yq2(1 + A−1
q3 ) 7→ Y1,q2Y2,q−1(1 + A−1

1,q3),
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once expanded,

ϕ1(m) = Y1,q2Y2,q−1 + Y −1
1,q4Y2,q−1Y2,q3 = m+m1,

here m1 = Y −1
1,q4Y2,q−1Y2,q3 is 2-dominant.

(2). For ϕ2(m), we have the following procedure:

Y1,q2Y2,q−1 7→ Yq−1 7→ Yq−1(1 + A−1
1 ) 7→ Y1,q2Y2,q−1(1 + A−1

2,1),

once expanded,

ϕ2(m) = Y1,q2Y2,q−1 + Y1,1Y1,q2Y
−1

2,q = m+m2,

here m2 = Y1,1Y1,q2Y
−1

2,q is 1-dominant.
(3). For ϕ2(m1), we have the following procedure:

Y −1
1,q4Y2,q−1Y2,q3 7→ Yq−1Yq3 7→ Yq−1Yq3(1+A−1

1 )(1+A−1
q4 ) 7→ Y −1

1,q4Y2,q−1Y2,q3(1+A−1
2,1)(1+A−1

2,q4),

once expanded,

ϕ2(m1) = Y −1
1,q4Y2,q−1Y2,q3+Y1,1Y

−1
1,q4Y2,q3Y

−1
2,q +Y2,q−1Y −1

2,q5+Y1,1Y
−1

2,q Y
−1

2,q5 = m1+m3+m4+m5,

here m5 = Y1,1Y
−1

2,q Y
−1

2,q5 is 1-dominant.
(4). For ϕ1(m2), we have the following procedure:

Y1,1Y1,q2Y
−1

2,q 7→ Y1Yq2 7→ Y1Yq2(1+A−1
q3 +A−1

q A−1
q3 ) 7→ Y1,1Y1,q2Y

−1
2,q (1+A−1

1,q3+A
−1
1,qA

−1
1,q3),

once expanded,

ϕ1(m2) = Y1,1Y1,q2Y
−1

2,q + Y1,1Y
−1

1,q4Y2,q3Y
−1

2,q + Y −1
1,q Y

−1
1,q4Y2,q3 = m2 +m3 +m6,

here m6 = Y −1
1,q Y

−1
1,q4Y2,q3 is 2-dominant.

(5). With the same method,

ϕ1(m5) = Y1,1Y
−1

2,q Y
−1

2,q5 + Y −1
1,q2Y

−1
2,q5 = m5 +m7,

ϕ2(m6) = Y −1
1,q2Y

−1
1,q4Y2,q3 + Y −1

1,q2Y
−1

2,q5 = m6 +m7.

As a summary,

m0 = Y1,q2Y2,q−1 , m1 = Y −1
1,q4Y2,q−1Y2,q3 , m2 = Y1,1Y1,q2Y

−1
2,q ,

m3 = Y1,1Y
−1

1,q4Y2,q3Y
−1

2,q , m4 = Y2,q−1Y −1
2,q5 , m5 = Y1,1Y

−1
2,q Y

−1
2,q5 ,

m6 = Y −1
1,q Y

−1
1,q4Y2,q3 , m7 = Y −1

1,q2Y
−1

2,q5 .

Then it is easy to compute that all s(mj) = 1 for j = 0, · · · , 7, and the Frenkel-
Mukhin polynomial

FM(m) = Y1,q2Y2,q−1 + Y −1
1,q4Y2,q−1Y2,q3 + Y1,1Y1,q2Y

−1
2,q + Y1,1Y

−1
1,q4Y2,q3Y

−1
2,q

+ Y2,q−1Y −1
2,q5 + Y1,1Y

−1
2,q Y

−1
2,q5 + Y −1

1,q Y
−1

1,q4Y2,q3 + Y −1
1,q2Y

−1
2,q5 .
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Relations with q-characters

In general, even been restricted to the simple modules, the Frenkel-Mukhin polyno-
mial will not coincide with the q-character. But this is true for some cases we are
interested in.

Definition 20. Let m ∈ M+ and L(m) be the simple module with the highest
weight monomial m, we call L(m) minuscule if m is the only dominant monomial in
χq(L(m)).

Theorem 10 (Frenkel-Mukhin). For m ∈ M+ such that L(m) is minuscule, then
χq(L(m)) = FM(m). Moreover, all fundamental modules are minuscule.

Theorem 11 (Nakajima). All Kirillov-Reshetikhin modules are minuscule.

Example 15. In the example of subsection 4.4, we calculated the Frenkel-Mukhin
polynomial for L = L(Y1,q2Y2,q−1). As proved by D.Hernandez in the framework of
minimal affinization, L is minuscule, so

χq(L) = FM(Y1,q2Y2,q−1).

5 Applications to monoidal categorification

This section is devoted to giving an application of q-characters and Frenkel-Mukhin
algorithm in the monoidal categorification of cluster algebras.

For convenience, denote Vi,a the fundamental representation V$i(a) defined in the
last section.

For the accordance with notations in cluster algebras, denote W
(i)
n,a be the Kirillov-

Reshetikhin module given by W
(i)
n,a = W

(i)
n (aqn−1). So the Drinfel’d polynomial for

the Kirillov-Reshetikhin module Wn,a in the case sl2 is given by

P (z) = (1− az)(1− aq2z) · · · (1− aq2n−2z).

5.1 Categories with level

Definitions

Assume that g is simply laced, it is to say, of type A,D,E. Then the Dynkin diagram
of g is a bipartite graph. A graph is called bipartite if it has an orientation such that
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each vertex is either sink or source.
Let I = {1, · · · , n} be the set of vertexes in Dynkin diagram, then I can be

written into two disjoint subsets I0 and I1 such that each edge connects a vertex of
I0 with one in I1. (For example, we take I0 be the set of sources and I1 sinks.)

For i ∈ I0, define ξi = 0 and for i ∈ I1, define ξi = 1. Denote εi = (−1)ξi . Then
i 7→ ξi is completely determined by a partition of I, we remark that there are only
two possible partitions and the other one can be obtained by changing sinks and
sources.

Definition 21. (1). Define C be the category of finite dimensional representations
of Uq(ĝ).
(2). Define CZ be the full subcategory of C containing objects V such that for any
simple composition factor S of V and i ∈ I, roots of Drinfel’d polynomial for S
belong to the set {q2k+ξi | k ∈ Z}.
(3). For l ∈ N, define Cl be the full subcategory of CZ containing objects V such that
for any simple composition factor S of V and i ∈ I, roots of Drinfel’d polynomial
for S belong to the set {q−2k−ξi | 0 ≤ k ≤ l}.

Remark 15. It is easy to see that CZ is a monoidal subcategory of C and the
Grothendieck ring RZ of CZ is generated by isomorphism classes [Vi,q2k+ξi ] (i ∈ I,
k ∈ Z) as a subring of R-the Grothendieck ring of C.

Proposition 13. For l ∈ N, Cl is a monoidal category, with Grothendieck ring the
polynomial ring generated by isomorphism classes [Vi,q2k+ξi ] for 0 ≤ k ≤ l.

5.2 Examples

In this section, we concentrate on the case sl2, the Dynkin diagram of sl2 has only
one vertex and no edge.

Category C0
At first, we consider the category C0, from the definition, the only possible evaluation
representations appear in it are W0,1 and W1,1. The q-character of them are:

χq(W0,1) = Y1, χq(W1,1) = Y1 + Y −1
q2 .

The Grothendieck ring R0 is generated by [W0,a] and [W1,1]. The representation W0,1

is trivial so of no interest. For W1,1, it is easy to calculate

χq(W1,1 ⊗W1,1) = Y 2
1 + 2Y1Y

−1
q2 + Y −2

q2 ,
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it means that W1,1 ⊗W1,1 is irreducible.
Conclusion. In C0, tensor products of irreducible modules are also irreducible. This
could be also seen from the fact that the admissible q-chains are too short to form a
special position.

Category C1
From definition, l = 1 means that the inverse roots of the Drinfel’d polynomial must
be 1 or q2, so C1 contains three evaluation representations: W0,1, W1,1 and W2,1. The
q-character of W2,1 is:

χq(W2,1) = Y1Yq2 + Y1Y
−1
q4 + Y −1

q2 Y
−1
q4 .

So the dominant monomials appear in q-characters of elements in C1 contain no
variables with parameter except 1, q and q2.

So if we define χq(V )≤2 by keeping monomials in χq(V ) having only variables
with parameters 1, q and q2 and sending another ones to 0, this is a ring morphism
from R1 to Z[Y ±1

1 , Y ±1
q , Y ±1

q2 ]. Moreover, it is injective, as we explained above. This
is why the truncated q-character works well for category C1 in the framework of
Hernandez-Leclerc.
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