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ABSTRACT. We prove certain weak versions of some celebrated results due to Alexander
Vishik comparing rationality of algebraic cycles over the function field of a quadric and
over the base field. The original proofs use Vishik’s symmetric operations in the alge-
braic cobordism theory and work only in characteristic 0. Our proofs use the modulo 2
Steenrod operations in the Chow theory and work in any characteristic # 2. Our weak
versions are still sufficient for all existing applications. In particular, Vishik’s construc-
tion of fields of w-invariant 2" + 1 (for » > 3) is extended to arbitrary characteristic

£9.

The main results of this note are Theorem I (the basic result) with its enhancement
20, Proposition B with its enhancement B implying Theorems B2 and B23 (which go a
little bit beyond the basic result), and (a quite special) Proposition B33 (going in a special
situation even more beyond the basic result). The main application is Theorem Bl

In characteristic 0, all of this has been proved several years ago by Alexander Vishik
in [A] and [@ (exact references are given right before each statement) with a help of
the algebraic cobordism theory and especially symmetric operations of [B]. In fact, the
original versions of the most results are stronger. They do not involve the assumption
that the group CH(Y') (notation introduced in the beginning of Section ) is 2-torsion-free
(and therefore has no 2-primary torsion), made here in Theorem [0 and Proposition B
Our versions with the 2-torsion-free CH(Y) (let us call them very weak) are even weaker
than the weak versions of [B, Remark on Page 370] where, roughly speaking, for Y with
arbitrary CH(Y') the results are obtained up to an element of exponent 2 in CH(Y") and
which (the weak versions) can be obtained (still in characteristic 0 only) with a help of
the Landweber-Novikov operations (still in the algebraic cobordism theory) replacing the
symmetric operations.

Although the very weak versions are already sufficient for all existing applications, we
prove the weak versions as well (see Theorem Z70 and Proposition Bl). The proofs here
are only a bit more complicated (than in the very weak case) and have an advantage: they
avoid induction by dimension of the quadric® and therefore can be adapted to serve for
the proof of Proposition B33 of the last section, where dimension of the quadric is specific.
Proposition B33 is the final step in extending construction of fields of u-invariant 2" + 1
for any > 3 given in [[] for characteristic 0 (the case of r = 3 has been done earlier and
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IThe inductive proofs of the very weak versions do not work for the weak versions because the Steenrod
operations under use do not map the subgroup of the modulo 2 classes of exponent 2 elements to itself
in general.
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for arbitrary characteristic # 2 by Oleg Izhboldin, [B]) to arbitrary characteristic # 2, see
Theorem B

In our proofs (for both weak and very weak versions), the base field is allowed to be of
any characteristic different from 2 because the Landweber-Novikov operations are replaced
here by the Steenrod operations on the modulo 2 Chow groups.

Although the proofs given here are inspired by the original ones, they are not completely
parallel. In particular, our proofs employ essentially less computations. Anyway, it is a
big surprise that the algebraic cobordism theory can be avoided in the proofs of the results
of this paper (the author has been looking for this for many years — since appearance of
the preprint with the original proofs). Techniques of the present paper has been further
developed in more recent [B] and [@, Appendix SC].

We refer to [B] for an introduction into the subject. Notation is introduced in the
beginning of Section 0.
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1. BASIC RESULT: VERY WEAK VERSION

Let I be a field of characteristic # 2, () a smooth projective quadric over F' of dimension
n > 1, Y a smooth quasi-projective F-variety (a variety is a separated scheme of finite
type over a field).

We write CH(Y) for the integral Chow group of Y (see [0, Chapter X]) and we write
Ch(Y) for CH(Y) modulo 2. We fix an algebraic closure F of F and we write Y for
Ys. Given a geometrically integral F-variety X, an element of Ch(Y) (or of CH(Y)) is
called F'(X)-rational, if its image in Ch(Yp(x)) (resp., CH(Yp(x))) belongs to the image
of Ch(Yrex)) — Ch(Yrx)) (resp., CH(Yr(x)) — CH(Yp(x))) (F-rational elements are
sometimes simply called rational).

A stronger version of the following result has been proved in characteristic 0 in [8,
Corollary 3.5(1)]:

Theorem 1.1. Assume that the group CH(Y_) 18 2-torsion-free. Then for any integer
m < n/2, any F(Q)-rational element of Ch™(Y") is F-rational.

Proof. We induct on n and m. The statement being trivial for negative m, we may assume
that m > 0. Let y be an element of Ch" (Yp(g)). We are going to show that the image
y € Ch™(Y) of y is rational.

Let us fix an element z € Ch™(Q x Y') mapped to y under the surjection

Chm<Q X Y) —— Chm(YF(Q))
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given by the pull-back with respect to the generic point of ) times the identity of Y. Since
over some field extension of F' the variety () becomes cellular (with the Chow classes of
the cells in codimensions < m given by the powers of the hyperplane section class, see
e.g. [0, §68]), the image € Ch™(Q x Y) of 2 decomposes as

T=h"xg+h xy™ 4. A xq°

with some y* € Ch'(Y), where ' € Ch’(Q) is the ith power of the hyperplane section
class. By induction, all the elements y’ are rational. Indeed, the element y™ ! is F(Q)(Q’)-
rational, the element y™ 2 is F(Q)(Q’)(Q")-rational, and so on, where @’ is a projective
quadric over F(Q) of dimension n — 2 Witt-equivalent to Qp(g). (The element y™ ! is
F(Q)(Q')-rational, because y™! = pr,(l; - T), where pr is the projection Q x Y — Y and
l; € Chy(Q) is the class of a line which is F(Q)(Q')-rational. Similarly, the element y™ 2
is F(Q)(Q')(Q")-rational, because y™ 2 = pr,(ly - Z), where ly € Chy(Q) is the class of a
plane which is F(Q)(Q’')(Q")-rational. And so on.)
Since moreover all the elements h® are rational, it follows that the element

R x g =[Q] xy€Ch™(Q xY)

is rational. Changing notation, let now x € Ch™(Q x Y') be a representative of h° x .
For every i = 0,1,...,m, let s' be the image in CH™"(Q x Y) of an integral class in
CH™(Q x Y) representing the modulo 2 class Si(z) € Ch™"(Q x Y), where S is the
ith cohomological Steenrod operation [, Definition 61.7]. (This choice of s’ is important
for Lemma [3; in Lemma 2 s’ can be any representative of S*(z).) We also set s’ := 0
for i > m as well as for i < 0. Therefore, for any integer 4, s is the image in CH™ ™ (Q x Y)
of an integral representative (in CH™™(Q x Y)) of Si(z).

From now on we are mostly working with the integral Chow groups and we use the
notation A’ for the ith power of the integral hyperplane section class in CH*(Q) as well.
As before, pr stands for the projection ) x Y — Y and pr, for the corresponding push-
forward homomorphism of Chow groups.

Lemma 1.2. For anyi with 0 <i<n —1, pr,(h's"") =0 (mod 4) in CH™(Y).

n—i

Proof. Since s = 0 for n —4 > m, we may assume that ¢ > n —m in which case
h' =0 (mod 2) in CH(Q) (namely, h* = 2l,_;). Since s"* (mod 2) = S"([Q] x §) =
[Q] x S""¥(y), we are done. O

Let d be any integer satisfying m < d < n. Let P be a smooth subquadric of @) of
dimension d; we write in for the imbedding

(P—Q)xidy : PxXY — @ xY.

Lemma 1.3. For any integer r, the element

pr, S ci(=Tp) - in*s"" € CH™ ™ 4(Y)
i=0
(where Tp is the tangent bundle of P, ¢; are the Chern classes, and pr is the projection
P xY —Y) is twice a rational element.
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Proof. By [0, Proposition 61.10],
pr. > ci(=Tp) - in* S" 'z = S" pr, in* x.
i=0
Since pr, in* 2 € Ch™ %(Y) = 0 (because m — d < 0) the right-hand side of the equality
is 0. Therefore the integral Chow class

r

pr. S ci(—=Tp) - in* s

i=0
is equal to a rational element multiplied by 2. O

We apply Lemma taking as d the maximal integer < n of the shape a power of 2
minus 1 (note that d > n/2 > m) and with r = d. For any i # d, the ith summand of the
sum of the statement of Lemma I3 is a multiple of

pr*(hi it Sdfi) — pr*(hnfdJriSdfi)
(the first pr here is the projection P X Y — Y while the second pris Q@ x Y — Y; the

first h is the hyperplane section class of P, the second — of @), which is 0 modulo 4 by
Lemma [3A. Therefore the remaining (dth) summand
pr, (ca(=Tp) - in* s°)

is congruent modulo 4 to twice a rational element a € CH™(Y). By [0, Lemma 78.1] we
have cy(—Tp) = b- h?, where b is an integer congruent to (7dd72) modulo 2. The binomial
coefficient (_”;_2) = (zdjl) is odd (because d is a power of 2 minus 1, cf. [0, Lemma 78.6]).
Since h¢ € CHY(P) modulo 2 is 0 and in*s® € CH™(P x Y) is congruent modulo 2 to
[P] x y, where y € CH™(Y) is an integral representative of y € Ch™(Y), the product
ca(=Tp) - in* s° is congruent modulo 4 to h? x y. Finally,

pr, (h* x y) =2y,

and we get the congruence 2y = 2a modulo 4 in CH™(Y). Since the group CH™(Y) is
2-torsion-free, it follows dividing by 2 that the element § =y (mod 2) € Ch™(Y) is the

class modulo 2 of the rational element a € CH™(Y"). Thus Theorem [ is proved. u

2. BASIC RESULT: WEAK VERSION

In this section we continue to use notation introduced in the beginning of Section M.
We are going to prove a stronger version of Theorem [ (which is still weaker than the
result proved in characteristic 0 in [B, Corollary 3.5(1)] and is precisely the weak version
mentioned in [B, Remark on Page 370]):

Theorem 2.1. For any integer m < n/2, any F(Q)-rational element of CH™(Y") is
congruent modulo 2 and 2-torsion to an F-rational element.

Proof. We assume that m > 0 in the proof. Let y be an element of CH™ (Yr(g)). We are
going to show that the image 4 € CH™(Y) of y is congruent modulo 2 to the sum of a
rational element and an element of exponent 2.

Let us fix an element z € Ch™(Q x Y') mapped to y mod 2 under the surjection

Chm(Q X Y) — Chm(YF(Q)).
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The image z € Ch™(Q x Y) of z decomposes as

T h[)xym+h1xym—1+_”+hmxy0

with some 3 € Ch'(Y), where y™ = § mod 2.

For every i = 0,1,...,m, let s' be the image in CH™™(Q x Y) of an element in
CH™(Q x Y) representing S*(x) € Ch"™(Q x Y)). We also set s* := 0 for i > m as well
as for ¢ < 0.

We still have Lemma 3 for the elements s° (with the same proof). In particular, for
the maximal integer d < n of the shape a power of 2 minus 1 and a smooth subquadric
P C @ of dimension d, the element

d

pr, S ci(=Tp) - in* 54" € CH™(Y)

i=0
(where in is the imbedding (P — Q) X idy : P XY < @ x Y, Tp is the tangent bundle
of P, ¢; are the Chern classes, and pr is the projection P X Y — Y') is twice a rational
element. Since ¢;(—Tp) = b; - hi, where b; is an integer congruent to (_dl._Q) modulo 2 and
the binomial coefficient (_‘11._2) = (d+§+1) is odd for any ¢+ = 0,1,...,d, we get that the
element

d , _
pr, S Rt in* s € CH™(Y)
i=0

is twice a rational element. Finally, since pr,(h'-in* s7=%) = pr (k"9 . s47%) where pr
on the right hand side is the projection Q X Y — Y, we get that the sum

d A . _

> pro (A" 77 € CH™(Y)

i=0
is twice a rational element.

We would like to compute the sum obtained modulo 4. Since s¢~% = 0 if d — i > m,
the sth summand is 0 for any i < d — m. Otherwise — if i > d — m — the factor h"—4+
is divisible by 2 (because n —d +14 > n —m > n/2) and in order to compute the ith
summand modulo 4 it suffices to compute s%~¢ modulo 2, that is, to compute S?~(z).

We recall that

f:hoxym—l—hlXym_1—|—~~—i—hm><y0.
Therefore S?~(7) is represented by
U k d+k—i—1
DY ] X €k);
=o0i=o \d —1—1

where g, € CH™ (Y is an integral representative of S'(y™*) which in the case of
[ > m — k we choose to be 0. Besides, we choose g9 = ¥.
It follows that for any i > d — m, the summand pr, (h"~ %+ . s=%) is congruent modulo

4 to
m k
2
S (ot i)
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where ¢, := €, ;. Note that ¢, = 0 for £ > m — k, that is for £ > m/2. We get that the

Ssum
R
i:dZ—mkgﬂ (d_z_k>€k

is congruent modulo 4 to twice a rational element a € CH™(Y').

Forevery k = 0,1,...,[m/2], the total coefficient near ¢, is twice the sum of all binomial
coeflicients (k) which (the sum) is equal to 2* and for k > 11is even. It follows that 2gy = 2a
(mod 4). Dividing by 2, we get that gy is congruent modulo 2 to the rational element
a plus an element of exponent 2. Since ¢y = y, we are done with the proof of Theorem
2. O

3. BEYOND BASIC RESULT: VERY WEAK VERSION

In this section we continue to use notation introduced in the beginning of Section [
and we are assuming that the variety Y is geometrically irreducible. The main result
of this section is the following proposition (a stronger version of it has been proved in
characteristic 0 in [B, Proposition 3.3(2)]):

Proposition 3.1. Assume that n = 2m orn = 2m — 1 for some integer m > 1. Assume
that the group CH(Y") is 2-torsion-free. Let x be an element of Ch™(Q x Y'). If the image
of x under the composition

Ch™(Q x Y) — Ch"™(Qrr) — Ch™(Q)
is rational, then the image of x under the composition

Ch™(Q x Y) — Ch™(Yp(g) — Ch™(Y)
s also rational.

The following two theorems are consequences of Proposition Bl. A stronger version of
the first one has been proved in characteristic 0 in [B, Corollary 3.5(2)]:

Theorem 3.2. Assume that n = 2m or n = 2m — 1 for some integer m > 1. Assume
that the group CH(Y") is 2-torsion-free. Assume that the quadric Qpeyy is not completely

split. Then any F(Q)-rational element of Ch™(Y') is F-rational.

Proof. Let y be an arbitrary element of Ch™(Yp(g)). Let « be an element of Ch™(Q x Y')
mapped to y under the surjection

Chm(Q X Y) — Chm(YF(Q)).

Since Qp(y) is not completely split, the group of F(Y')-rational elements in Ch™(Q) is
generated by h™ (where the modulo 2 Chow class h™ is trivial if n = 2m—1). In particular,

any F(Y)-rational element of Ch™(Q) is F-rational. Therefore, by Proposition B, the
image of x under the composition

Ch™(Q x Y) — Ch™(Yp(g) — Ch™(Y)
(which coincides with the image of y € Ch™(Yr(q)) in Ch™(Y)) is rational. O
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To formulate the second theorem (whose stronger version has been proved in charac-
teristic 0 in [, Statement 3.8]), we need an additional notation. Let G be the maximal
orthogonal grassmannian associated to @ as in [0, §85]. Let z € Ch(G) be the class of the
subvariety in G of the maximal linear subspaces in () p(g) passing through a fixed rational
point of Qp(g) (this z is one of the generators of the ring Ch(G) given in [0, §86], namely

the generator of maximal codimension).

Theorem 3.3. Assume that n = 2m orn = 2m — 1 for some integer m > 1. Assume
that the group CH(Y') is 2-torsion-free. Finally, assume that the element z is rational.

Then any F(Q)-rational element of Ch™(Y') is F-rational.

Proof. According to [B, Statement 3.10], the rationality of z ensures that for any element
r € Ch™(Q x Y) there exists an element 2/ € Ch™(Q x Y') such that the image of 2’
under the composition

Ch™(Q x Y) = Ch"™(QrrH) — Ch™(Q)
is rational and the image of 2’ under the composition
Ch™(Q x Y) — Ch™(Yp(g)) — Ch™(Y)

coincides with the image of x. The proof of [B, Statement 3.10] does not use the theory
of algebraic cobordism and is valid over fields of any characteristic (even including 2).
Theorem B3 follows by Proposition B. U

Proof of Proposition B1. We induct on m. We may assume that () is anisotropic. In this
case, the condition on x ensures that

T=h" xy+ht xy™ 4 A" x g0

for some y* € Ch'(Y),i=0,...,m — 1, and some y € Ch™(Y). (Note that h™ = 0 in the
case of n = 2m — 1.) The image of z under the composition

Ch™(Q x V) = Ch™(Yp(g)) — Ch™(Y)

is equal to y, and we will show y is rational.

By induction, all the elements y° are rational. Indeed, applying the incidence corre-
spondence of [M, Lemma 72.3] to the element x5y € Ch™(Q X Y)p(q), we get an element
2’ € Ch"™ Q' x Yp(g)) (where @' is a projective quadric over F(Q) of dimension n — 2
Witt-equivalent to Qp(g)) such that 2/ = h® x y™ Al xy™ 2+ ..+ h™ 1t x y?. It follows
by induction that the elements y™~ !, ... y° are F(Q)-rational. Therefore, by Theorem
[0, they are F-rational.

Since moreover all the elements h are rational, it follows that the element

B x y = Q] x y € Ch™(Q x T)
is rational. Changing notation, let now z € Ch™(Q x Y') be a representative of h° x y.
For every i = 0,1,...,m — 1, let s° be the image in CH™™(Q x Y) of an element in
CH™(Q x Y) representing the modulo 2 class Si(z) € Ch"™(Q x Y). We also set
st := 0 for i > m as well as for i < 0. Finally, we set s™ := (s°)%. Therefore, for any
integer 4, s' is the image in CH™**(Q x Y) of an integral representative (in CH™™(Q xY))
of S%(x).
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Lemma 3.4. For any i with0 <i<n—1, pr,(h's"") =0 (mod 4) in CH™(Y).

Proof. Since s"~* = 0 for n — i > m, we may assume that i > n —m. If i > n —m, then

h' =0 (mod 2) in CH(Q). Since s"~* (mod 2) = S"*([Q] x y) = [Q] x S"(y), we are
done in the case of i > n —m.

To finish the proof, let us consider the case of i = n — m. Since the element s°
is congruent modulo 2 to Q x y, where y € CH™(Y) is an integral representative of
y € Ch™(Y), the element s™ = (s°)? is congruent modulo 4 to Q x y?. Therefore
pr,(h"~™s™) modulo 4 is 0. O

Let d be any integer satisfying m < d < n. Let P be a smooth subquadric of @) of
dimension d; we write in for the imbedding

(P—=>Q)xidy : PXY —QxY.

Lemma 3.5. For any integer r, the element

pr, S ci(=Tp) - in* "' € CH™ ™™ 4(Y)
i=0
(where Tp is the tangent bundle of P, ¢; are the Chern classes, and pr is the projection
P xY —Y) is twice a rational element.

Proof. We almost repeat the proof of Lemma I3, but the case of d = m here is new.
Note that the element pr, in*2z € Ch™ %(Y) is 0. Indeed, if m < d, then the whole
group Ch™ (Y is 0. Otherwise we have m = d. Since the group Ch’(Y’) imbeds into
Ch°(Y), triviality of pr, in* z follows from triviality of pr, in* Z.
By [0, Proposition 61.10], it follows that

pr. > ci(=Tp) - in* S"'x = 0.
i=0
Therefore the integral Chow class

r

pr. > ci(=Tp) - in*s""
i=0

is equal to a rational element multiplied by 2. 0

We apply Lemma B3 taking as d the maximal integer < n of the shape a power of 2
minus 1 (note that d > m) and with r = d. For any i # d, the ith summand of the sum
of the statement of Lemma B3 is a multiple of

p?"*(hz Cin* Sd—i) — p,r,*(hn—d-l-isd—i)

which is 0 modulo 4 by Lemma B4. Therefore the remaining (dth) summand
pr, (ca(=Tp) - in* s°)
is congruent modulo 4 to twice a rational element a € CH™(Y'). We have cy(—Tp) = b-h,

where b is an integer congruent to (_dd_Q) modulo 2. The binomial coefficient (_‘3_2) =

(**F1) is odd. Since h? € CHY(P) modulo 2 is 0 and in* s € CH™(P x Y) is congruent
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modulo 2 to [P] x y, where y € CH™(Y)) is an integral representative of y € Ch™(Y'), the
product cq(—=Tp) - in* s° is congruent modulo 4 to h¢ x y. Finally,

pr. (A x y) =2y,

and we get the congruence 2y = 2a modulo 4 in CH™(Y). Since the group CH™(Y) is
2-torsion-free, it follows dividing by 2 that the element y =y (mod 2) € Ch™(Y) is the

class modulo 2 of the rational element a« € CH™(Y"). Thus Proposition B is proved. O

4. BEYOND BASIC RESULT: WEAK VERSION

In this section we continue to use notation introduced in the beginning of Section [
and we are assuming that the variety Y is geometrically irreducible. The main result of
this section is the following stronger version of Proposition B (which is still weaker than
the result proved in characteristic 0 in [B, Proposition 3.3(2)] and is precisely the weak
version mentioned in [B, Remark on Page 370]):

Proposition 4.1. Assume that n =2m or n = 2m —1 for some integer m > 1. Let x be
an element of Ch™(Q x Y'). If the image of x under the composition

Ch™(Q x ¥) = Ch™ Q) — CH™(Q)
is rational, then the image of x under the composition

Ch™(Q x V) = Ch™(Yp(g)) — Ch™(Y)

differs from a rational element by the modulo 2 class of an exponent 2 element of CH™(Y).

As a consequence of Proposition B, we get the corresponding stronger versions of
Theorems B2 and B33.

Proof of Proposition 1. We may assume that () is anisotropic. In this case, the condition
on z ensures that

a_c:hoxym—l—hlXymfl—l—--wl—hmxyo
for some y* € Ch'(Y), i = 0,1,...,m (where K™ = 0 in the case of n = 2m — 1). The
image of x under the composition

Ch™(Q xY) = Ch"(Ypg)) — Ch™(Y)

is equal to y™, and we will show for an integral representative y € CH™(Y) of y™ that y
modulo 2 and 2-torsion is rational.

The elements 3°,...,y™ ! are the modulo 2 classes of some elements
y? € CHY(Y),...,y™ ' e CH™}(Y).
For every i = 1,...,m — 1, let s° be the image in CH™"(Q x Y) of an element of

CH™(Q x Y) representing the element S*(x) € Ch™™(Q x Y)). We also set s’ := 0 for
1 > m as well as for ¢ < 0. Finally, we set

=R xy+htxy™ 4 4+ B x y? € CH™(Y)

and we set s := (5)2. Therefore, for any integer i, s' is the image in CH™™(Q x Y) of
an integral representative of S*(z).
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Let d be the maximal integer < n of the shape a power of 2 minus 1. Similarly as in
Lemma B3 and in the proof of Theorem B, we get that the sum
d , ) _
Z pr*(hn—d—&-z . Sd—z) c CHm(Y)
i=d—m
is twice a rational element. We are going to compute this sum modulo 4.
For any ¢ > d —m, the factor h"~%*% present in the ith summand is divisible by 2. The
other factor modulo 2 is S?~*(Z) and is represented by

m d—i
Z z ( k )(hdJrkil % 5kl>;
k=0i=o \d — i —1 ’
where €, € CH™ "™ (Y) is an integral representative of S'(y™*) which in the case of
[ > m — k we choose to be 0. Besides, we choose €9y = y. Finally, in the case of even m,
we choose €,,/2, /2 = (y™/?)2.
It follows that for any ¢ > d — m, we have the congruence

N I
(4.2) pr (R 0T =2 30 ( , )ek (mod 4),
- \d—i—k
where €}, 1= €p 1.
For ¢« = d — m we have
pr.(R"7™ - ™) = pr, (h”_m (R x y + Rt x y"Th 4+ o AT X y0)2>

which is 0 modulo 4 in the case of odd m. In the case of even m, this is congruent modulo
4 to 2(y™/?)? = 2¢,,/2. Therefore the congruence (E22) holds for i = d — m as well.

We get that the sum
) d_[m/2] k
i:;m kz::(] (d_i_k)gk

is congruent modulo 4 to twice a rational element a € CH™(Y) and we finish as in the
proof of Theorem ZT: for every k = 0,1,...,[m/2], the total coefficient near g, is 28+1;
it follows that 2¢y = 2a (mod 4) and therefore ¢y is congruent modulo 2 to the rational
element a plus an element of exponent 2. Since 5 = y, we are done with the proof of
Proposition . 0

5. MORE BEYOND BASIC RESULT: u-INVARIANT

The aim of this section is the following result, proved for characteristic 0 in [@, Corollary
5.2]:

Theorem 5.1. For any integer r > 3, any field F' of characteristic # 2 is a subfield of a
field of u-invariant 2" + 1.

As explained in [@], Theorem BT is a consequence of the following result (proved for
characteristic 0 in [@, Theorem 5.1}):
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Theorem 5.2. Let P be a smooth projective quadric over F of dimension 2" — 1 (for
some r > 3). Let G be the mazimal and let G' be the “previous” (the “almost maximal”)
orthogonal grassmannians associated to P. Fori =1,2,...,2""', let ¢; € Ch'(G) be the
standard generators of the ring Ch(G) as defined in [0, §86]. Let ¢’ € Ch2r71+1(@’) be
the class of the subvariety in G' of the linear subspaces in Pppy passing through a fived
rational point. Let () be a smooth projective quadric over F of dimension 2" = dim P+ 1.
If the elements ey, e, ..., e9r—1_1,€" are F-irrational, then they are also F(Q)-irrational.

The statement on ey, ..., ey-1_; being given by Theorem I (note that the groups
CH(G) and CH(G’) are torsion-free), we only need to prove irrationality of ¢’. The
codimension of € is 27! + 1 = (dimQ)/2 + 1 so that even the results of Section B or
@ (where the codimension is (dim @)/2 or (dim @ + 1)/2) are not appropriate. In order
to deal with €/, we prove the following result which constitutes the main content of this
section and replaces [@, Proposition 3.5 and Corollary 3.6] in the proof of Theorem B2:

Proposition 5.3. Let ) be a smooth projective quadric over F' of dimension n = 2" for
some r > 2. Form = 2""1 + 1, let x be an element of Ch™(Q X Y') such that in the
decomposition

T=R"xy"+ht xy™ g A Xyt bl XY g X y? € CH(Q X Y)

with y* € Ch'(Y), i =0,1,...,m , and 3y’ € Ch'(Y), the element y° is trivial. Then the
element

y" Sy + Y™y € Ch(Y)
15 rational modulo the classes modulo 2 of integral elements of exponent 2.

Remark 5.4. The condition on = of Proposition B33 is automatically fulfilled if the

element l,,,_5 € Ch(Q) is F'(Y)-irrational.

Proof of Proposition 3. For everyi =0,1,...,m—1, let s' be the image in CH™(QxY)
of an element of CH™*"(Q x Y') representing the element S*(z) € Ch""(Q x Y'). We also
set s' := 0 for i > m as well as for i < 0. Finally, we set s™ := (s°)%

Note that we have
SO=R0 Xy R Xy e+ BT Xy o XY e x Y € CH(Y)

with some y* € CH(Y), i = 0,1,...,m, y’ € CH'(Y) (such a decomposition exists for
every element of CH™(Q x Y)). Since s° mod 2 = z, y° is divisible by 2. Since the
element 21, o = h™ € CH™(Y)) is rational, we may assume that the last summand in the
above decomposition of s¥ is absent.

Let d be any integer with m < d < n. Similarly as in Lemma B3 and in the proof of
Theorem P, we get that the sum

(5.5) f (_d__ 2) cpr, (R ) e CH™(Y)

i=d—m ?
is twice a rational element. We are going to use this statement for various values of d
(actually, for 2 values). Note that the sum is a linear combination of always the same el-
ements pr,(h""™s™) = pr, (k™ 2s™), pr, ("™ sm ) = pr (hm~Lsm=1) L pr, (R"sY),
only the coefficients vary with d.
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Let us compute the ith element pr,(h"~4*%. s¢7%) modulo 4. For any i > d —m + 2, the
factor h"~9+% is divisible by 2. The other factor modulo 2 is S?~¢(z) and it follows that

A , [m/2]
forany i >d—m+2, pr (b .57 =2 3" ( k >5k (mod 4),
=0 \d—1i—k

where ¢, is an integral representative of S*(y™~*) which in the case of k > m — k we
choose to be 0. Besides, we choose €99 = y™.

For i = d — m, the ith summand is
pro (K2 s™) = pr, (hm’2 RO Xy Ry e AT Xy 4 L X y’)2)

=2pr, (hm_Q (R < y™ ) - (Lo ¥ y')> =2.y" .y

(where the congruence is modulo 4).

We do not compute by now the remaining summand pr,(h™'s™~!) (corresponding to
i=d—m+1).

We are going to consider the sum (B3) for two following values of d: d =2"—1=n—1
(this is the biggest integer of the shape a power of 2 minus 1 non-exceeding n, the choice
we always use) and d = 2" = n. For the first choice of d, since the binomial coefficient
(_‘1_2) is odd for every ¢ = 0,1,...,d, we get that the sum

m—1_.1 m—1_m—1 d /2 k
2y" Ty 4 pr (BTSN 420D > di— )
i=d—m+2 k=0 — 1=

is congruent modulo 4 to twice a rational element a € CH™(Y). For every k with 0 <
k < (m —1)/2, the coefficient near ¢y, is twice the sum of all binomial coefficients (k) and
therefore is divisible by 4. The coefficient near gy is 2 and the coefficient near £(,,—1)/2

is also 2 (in the sum of the binomial coefficients ((m_.l)/ 2) occurring near €(,—_1)/2 the

coefficient (EZ:B?;) = 1 is missing). Therefore the congruence we get with the first choice
of d is
(5.6) 2y 7y + pro (BTN + 260 + 26(m-1)2 = 20 (mod 4).

For the second choice of d, the binomial coefficient (_di_2) with i =0,1,...,d is odd for
even ¢ < d and is even otherwise (that is, for odd ¢ as well as for ¢ = d). Since the integer
d—m =2""1 —1is odd, we get that the sum

m—1_m—1 2 /2] k
—pr (A" ST 42 > , €k
i=d—m+3 k=0 d—i—k

even 1

is congruent modulo 4 to twice a rational element b € CH™(Y').? Note that the coefficient
near €q is 0 here. Since for any k£ > 1, the sum of all binomial coefficients (k) with - of
a fixed parity is equal to 27!, only the coefficients near ; and €(m—1)/2 survive modulo
4, where the coefficient near €(,,_1)/2 survives because the binomial coefficient (EZ:B@) is
missing. Therefore the congruence we get with the second choice of d is

(5.7) — pr (K™ ) 4+ 261 + 22(0-1)2 = 20 (mod 4).
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Adding together the congruences (B8) and (B=), we get that
2y ly +2¢0 + 26, =2(a+b)  (mod 4).

Dividing by 2, we get Proposition B33 because y™! mod 2 = y™ 1,y mod 2 = ¢/, &
mod 2 = y™ mod 2 =y™, and &y mod 2 = S'(y™1). O

Proof of Theorem BEZ3. All parts of the proof of Theorem B3 given in [@, Theorem 5.1] are
free from the algebraic cobordism theory and work in any characteristic # 2 except for
[@, Theorem 3.1] (replaced here by Theorem [ or its stronger version Theorem E), [@,
Proposition 3.12] (replaced here by Theorem B3), and [@, Corollary 3.6] (replaced here
by Proposition B3 with Remark B4).

O

REFERENCES

[1] ELMmAN, R., KARPENKO, N., AND MERKURJEV, A. The algebraic and geometric theory of quadratic
forms, vol. 56 of American Mathematical Society Colloguium Publications. American Mathematical
Society, Providence, RI, 2008.

[2] FiNo, R. Around rationality of cycles. Linear Algebraic Groups and Related Structures (preprint
server) 450 (2011, Nov 16), 11 pages.

(3] IzuBOLDIN, O. T. Fields of u-invariant 9. Ann. of Math. (2) 154, 3 (2001), 529-587.

[4] KARPENKO, N. A.; AND MERKURJEV, A. S. On standard norm varieties. Linear Algebraic Groups
and Related Structures (preprint server) 456 (2012, Jan 4), 37 pages.

[5] VisHIK, A. Generic points of quadrics and Chow groups. Manuscripta Math. 122, 3 (2007), 365-374.

[6] VIsHIK, A. Symmetric operations in algebraic cobordism. Adv. Math. 213, 2 (2007), 489-552.

[7] VisHIK, A. Fields of w-invariant 2" 4+ 1. In Algebra, arithmetic, and geometry: in honor of Yu. I
Manin. Vol. II, vol. 270 of Progr. Math. Birkh&user Boston Inc., Boston, MA, 2009, pp. 661-685.

UNIVERSITE PIERRE ET MARIE CURIE, INSTITUT DE MATHEMATIQUES DE JUSSIEU, PARIS, FRANCE

Web page: www.math. jussieu.fr/ karpenko
E-mail address: karpenko at math.jussieu.fr



