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The computation of the equivariantK-theoryK∗
G(V ) of the Thom space of areal vector

bundle has been done successfully only under some spinoriality conditions [1], thanks to a
clever use of the Atiyah–Singer index theorem (even ifG is a finite group). One purpose
of this paper is to fill this gap, at least for real vector spaces (considered as vector bundles
over a point). For this purpose, we use at the same time the results in [7] (generalizing those
of Atiyah) and the equivariant Chern character (Slominska [10], Baum and Connes [4]).

The interest of such a computation comes from many sources. First, it answers a question
raised recently by Le Gall and Monthubert [9] in their investigations on a suitable index
theorem for manifolds with corners. They have to compute an “indicialK-theory” which
is precisely the equivariantK-theoryK∗

G(V ), whereV = Rn andG=Sn the symmetric
group ofn letters acting naturally by permutation of the coordinates inRn.

Secondly, these topological computations are linked with two natural algebraic ques-
tions. One of them is the determination of the number of conjugacy classes of a subgroup
of the orthogonal groupO(V ) which split in the central extension induced by the pinor-
ial group Pin(V ) (cf. Theorem 2.4). The second question is how to compute the number
of simple factors in the crossed product algebraG � C(V ), whereC(V ) is the Clifford
algebra ofV (cf. Theorem 2.11, Corollary 3.6 and Remark 3.11).

Finally, these methods enable us to determine completely the rank of the group
K∗
G(P(V )), whereP(V ) is the real projective space ofV , in terms of the number of

certain conjugacy classes ofG (cf. Theorems 3.4 and 3.8). As we shall see, Algebra and
Topology are deeply linked in these computations.

The previous results have a pleasant formulation whenG is the symmetric groupSn

acting onV =Rn as above. In this case (cf. Corollary 1.9), the groupsK0
G(V ) andK1

G(V )
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are free of rank1 equal topn and in, respectively. Herepn (respectivelyin) denotes the
number of partitions ofn of the type

n= λ1+ · · · + λ2k

with 1 � λ1 < · · ·< λ2k (respectively of the typen= λ1+· · ·+λ2k+1 with 1 � λ1 < · · ·<
λ2k+1).

Following the above program, we are able to determine completely the number2 of
simple factors in the crossed product algebraSn � C(Rn). We also determine the rank
of the groupsK1

G(P(V )) andK0
G(P(V )): they arepn and 2P(n)− pn − in, respectively,

whereP(n) denotes the total number of partitions ofn.
As an irony of mathematical history, the Euler–Poincaré characteristicpn− in associated

to this equivariantK-theory ofRn happens to have been determined by. . . Euler. It may
be deduced from his well known “pentagonal identity”3

∞∑
n=1

(pn − in)q
n =

∞∏
m=1

(
1− qm

)=
+∞∑

m=−∞
(−1)mqm(3m−1)/2.

In particular,pn − in is always equal to 0, 1 or−1. On the other hand, the integerspn and
in increase very fast withn and satisfy the following asymptotic expansion:

pn ∼ in ∼ e
π
√
n/3

8.31/4.n3/4 .

What we have just said is included in the first three sections of the paper. In the fourth sec-
tion, we work out theR(G)-module structure ofK∗

G(V ), whenG=Sn andV =Rn. This
structure is much simpler if we work overQ, thanks to the Adams operations. WhenG is an
arbitrary finite group, we may also determineK∗

G(V )⊗C as aR(G)⊗C-module, thanks
to the results developed by Slominska [10] and Baum–Connes [4], quoted at the beginning.

1. Equivariant K-theory of real vector spaces

1.1. Let X be a compact space on which a finite groupG acts and letV be areal vector
bundle overX provided with a linear action ofG, compatible with the projection onX.
We can define onV apositivedefinite metric invariant by the action ofG and consider the
associated Clifford bundleC(V ); the groupG also acts naturally onC(V ). We denote by
EV
G(X) the category of real vector bundles whereG andC(V ) act simultaneously; these

two actions are linked together by the formula

g ∗ (a.e)= (g ∗ a).(g ∗ e),
where the symbol∗ (respectively•) denotes the action ofG (respectively ofC(V )). If X
is reduced to a point, this category is simply denoted byEV

G .

1 This rank was already determined in the paper by Le Gall and Monthubert [9]. What we essentially prove here
is the freeness of these two groups.
2 This number ispn + 2in.
3 See for instance the book of G.E. Andrews: The Theory of Partitions (Addison-Wesley, 1976), p. 11 and also
p. 97 for the asymptotic expansion considered in this introduction.
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1.2. The method developped in [8, §1] for instance shows thatEV
G (X) is equivalent to

the category of finitely generated protective modules over the crossed product algebra
G � C̃(V ), whereC̃(V ) is the algebra of continuous sections of the bundleC(V ). On
the other hand, if “1” denotes the trivial bundle of rank one (with the trivial action ofG),
we have a “restriction” functor

ϕ :EV⊕1
G (X)→ EV

G(X).

The following theorem, whereV is considered as a locally compact space, is proved in [7]
for both real and complexK-theory with compact supports:

1.3. Theorem. The groupK∗
G(V ) is naturally isomorphic to the Grothendieck group

K∗(ϕ) of the Banach functorϕ [6]. If ζ ′ denotes the categoryEV⊕1
G (X) andζ the category

EV
G(X), we therefore have the exact sequence

Ki−1(ζ ′)→Ki−1(ζ )→Ki
G(V )→Ki(ζ ′)→Ki(ζ ).

1.4. Let us suppose now thatX is reduced to a point. The categoriesζ andζ ′ are then semi-
simple (all exact sequences are split). Therefore, they are both equivalent to a category of
finitely generated modules over a semi-simple algebra, i.e., a product of matrix algebras
overC (in the complex case), overC, R or H (in the real case). In the complex case, it
follows thatK0(ζ ′) is free of finite type andK1(ζ ) = 0. Therefore,K0

G(V ) = K0(ϕ) =
Ker[K0(ζ ′)→K0(ζ )] is free of finite type. More generally,K−p

G (V ) is the Grothendieck

group of the functorEV⊕p⊕1
G (X)→ E

V⊕p
G (X) where “p” denotes the trivial bundle of

rankp, with the trivial action ofG. Therefore, the groupK1
G(V )=K

−p
G (V ) for p odd (in

the complex case) is also free by the same argument.

1.5. Remark. Let us suppose thatG acts onV via oriented automorphisms and that the
rankn of V is even, sayn = 2r. If e1, . . . , en is an orthonormal basis ofV , the product
(i)re1, . . . , en in the Clifford algebraC(V ) has square+1 and anticommutes with eacheα .
It follows that the categoryEV⊕1

G (X) splits as the productEV
G(X) × EV

G (X), the functor
ϕ :EV⊕1

G (X) → EV
G(X) being identified with the “sum” functor. Therefore, the group

Ki
G(V ) is isomorphic to the groupKi of the Banach categoryEV

G(X). In particular, if
X is reduced to a point,K1

G(V )= 0, in contrast with Corollary 1.9 below. In realK-theory
(withX reduced to a point again), the same argument shows thatKi

G(V )= 0 if i ≡ 1 mod 4
and is free of finite type ifi ≡ 0 mod 4.

1.6. It remains to compute more precisely the rank of the free groupsKi
G(V ) (we consider

now only complexK-theory), for an arbitrary finite groupG. In this direction, we may
use the isomorphism shown by Slominska [10], Baum and Connes [4,9] between the
equivariantK-theory tensored byC and equivariant cohomology. More precisely, let〈G〉
be the set of conjugacy classes of elements ofG andg1, . . . , gp be a set of representatives.
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The vector spaceK∗
G(V )⊗C is then isomorphic to the following direct sum of cohomology

vector spaces

K∗
G(V )⊗C=

⊕
gi∈〈G〉

H ∗
c

(
V gi /Cgi ;C

)
,

whereCgi denotes the centralizer ofgi and∗ denotes the degrees mod 2.

1.7. Let us set the following definitions: a conjugacy class〈gi〉 is calledeven(respectively
odd) if the dimension ofV gi is even4 (respectively odd). It is calledoriented5 if all the
elements ofCgi act onV gi by oriented automorphisms.

1.8. Theorem. Let G be an arbitrary finite group acting linearly on arealvector space
V of finite dimension. The groupK0

G(V ) (respectivelyK1
G(V )) is then a freeZ-module of

rank the number of conjugacy classes〈gi〉 which are oriented and even(respectively odd).

Proof. The freeness of the groups has already been shown in 1.4. On the other hand, the
H ∗
c (V

gi /Cg;C) are thereducedcohomology vector spaces in degreesq = dim(V gi ) of
Sq/Γ , whereΓ = Cgi . It is easy to see that each vector space is isomorphic to the invariant
part ofH̃ q(Sq ;C) under the action ofΓ . Therefore, its dimension is 1 ifgi is an oriented
conjugacy class and 0, otherwise.✷

The following corollary (wherein andpn are defined in the introduction) is an extension
of a theorem of Le Gall and Monthubert [9]. It may be deduced from the preceding theorem
if we decompose the elementsgi of Sn into a product of cycles: the oriented conjugacy
classes are then in bijective correspondence with the products of cycles of different lengths.

1.9. Corollary. LetG=Sn acts naturally onV =Rn. Then we have

K0
G

(
Rn

)∼= Zpn and K1
G

(
Rn

)∼= Zin .

1.10. Let us go back to the notations of 1.1. IfT is a spinorial representation space ofG

of evendimension 2r, the categoriesEW
G and ET⊕W

G are then equivalent. As a matter
of fact, let M be an irreducibleC(T )-module and letσ̄ :G→ Spin(T ) be a lifting of
the homomorphismσ :G→O(T ), whereO(T ) denotes the orthogonal group ofT . The
category equivalenceφ :EW

G → ET⊕W
G is defined by associating to an objectE of EW

G the
objectM⊗E of ET⊕W

G . In this formula,G acts onM via the representation̄σ ; the action of
the Clifford algebraC(T ⊕W) is induced from the homomorphismT ⊕W → End(M⊗E)

defined by

(t,w) �→ t ⊗ 1+ e⊗w,

where ε = ire1 · · ·e2r and where(eα) is an oriented orthonormal basis ofT . We
remark that this equivalenceφ may be extended to the associatedZ/2-graded categories.

4 The dimension 0 is not excluded.
5 We may also saypositively oriented, if we wish to follow the conventions used further in the paper (cf. 3.3).
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Therefore, we also have the isomorphismsK0
G(W)∼=K0

G(T ⊕W) andK1
G(W)∼=K1

G(T ⊕
W), according to Theorem 1.3. Here is an algebraic consequence:

1.11. Theorem. For any realG-vector spaceW , let us denote bya0(W) (respectively
a1(W)) the number of conjugacy classes ofG which are even(respectively odd) with the
notations of1.7. Let us now consider twoG-modulesV andV ′ of the same dimension such
thatw1(V )=w1(V

′) andw2(V )=w2(V
′), wherew1 andw2 denote the first two Stiefel–

Whitney classes.6 Then we havea0(V ) = a0(V
′) and a1(V ) = a1(V

′). In particular, if
w1(V

′)=w2(V
′)= 0, ai(V )= |〈G〉| andai+1(V )= 0 wherei = dimV mod 2and where

〈G〉 denotes the number of conjugacy classes ofG.

Proof. According to 1.10, it is enough to find two spinorial representation spacesT andT ′
of even dimension such thatV ⊕ T is isomorphic toV ′ ⊕ T ′. We choose

T = V ⊕ V ⊕ V ′ ⊕ V ′ and T ′ = V ⊕ V ⊕ V ⊕ V ′.

The vector spacesT andT ′ are spinorial, since their first two Stiefel–Whitney classes are
reduced to 0. ✷
1.12. Remark. TheR(G)-module structure ofK∗

G(V ) is determined in Section 4 of the
paper.

2. Relation with the conjugacy classes of the Schur group

2.1. Let us consider the 2-fold covering7 Pin(n) of O(n), and the associated covering̃G
of G⊂O(n), via the pull-back diagram:

G̃ Pin(n)

G O(n)

The kernel of the homomorphism̃G→G is identified with the multiplicative group±1 in
the Clifford algebraC(Rn). If G is the symmetric groupSn, G̃ is the classical Schur
group8 which is well known in representation theory [5]. To this extension ofG we
associate a cocycle which is defined as follows. Letg andh be two elements ofG which
commute and let̃g, h̃ be two elements of̃G above them. The commutator[g̃, h̃] = ±1 is
not trivial in general. More generally, ifkα andhα are finite families of elements ofG such
that the product of the commutators[kα,hα] is equal to 1, the sign of the product[k̃α, h̃α]
defines the required cocycle. We would like to relate this sign to the “orientation” of the
elementsg = gi defined in 1.7.

6 Belonging therefore toHi(G;Z/2) with i = 1,2.
7 In contrast with the conventions in [3], we consider here the Pin group associated to the Clifford algebra ofRn

provided with the standard definitepositivequadratic form (see also [6]).
8 We keep this terminology for an arbitrary finite subgroup of the orthogonal group.
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2.2. Let Vλ be the eigenspaces (of dimension 1 or 2) ofg acting onV and leth ∈ Cg . We
may put aside the non real eigenvalues, since we see by deformation of these eigenvalues
to 1 (Vλ being stable byh) that the commutator[g̃, h̃] only depends on the eigenspaces
of g and h associated to the eigenvalues+1 and−1. Let V + (respectivelyV−) be
the eigenspace ofg associated to the eigenvalue+1 (respectively−1) which is of
dimensionn+ (respectivelyn−). We may notice that the element of the orthogonal group
associated to the producte1 · · ·ep in Pin(n), p � n, is the symmetryei �→ ±ei , where the
sign is+1 if i > p and−1 if i � p, a fact which enables us to compute the commutator
[g̃, h̃] easily. The argument of deformation and “crossing” of the eigenvalues quoted above
reduces the discussion to one of the following four cases:

det(g) det(h) [g̃, h̃] det(h|V+)
(−1)n

− +1 +1 +1

(−1)n
− −1 (−1)n

− −1

(−1)n
− −1 (−1)n

−+1 +1

(−1)n
− +1 −1 −1

2.3. From this table we can decide easily for a giveng whether there exists, or not, an
elementh ∈ Cg such that the commutator[g̃, h̃] is equal to−1 (which means that̃g is
conjugate to−g̃). Following the terminology of [5], we say that a conjugacy class〈g〉
of G is decomposed iñG if g̃ is not conjugate to−g̃ in the Schur group̃G. The following
theorem is then a consequence of the previous worksheet; it is proved in [5, p. 29] when
G=Sn. We here use the following notations:h+ = h|V+ , with V + = Ker(ρ(g)− 1).

2.4. Theorem. The conjugacy classes〈g〉 ofG decomposed iñG may be divided into two
categories:

(a) The permutationg is even. Then∀h ∈ Cg , we havedet(h)= det(h+). In particular,
if G=Sn, g may be decomposed into a product of cycles of odd lengths.

(b) The permutationg is odd. Then∀h ∈ Cg , we havedet(h+) = 1. In particular, if
G=Sn, g is decomposed into a product of cycles of different lengths.

2.5. Definition–Theorem. Letσ : G̃→GL(W) be a representation of the group̃G. We say
thatσ is of linear type if it satisfies the additional assumptionσ(−g̃)=−σ(g̃). The(finite)
set of isomorphism classes of irreducible representations of linear type is then in bijective
correspondence with the conjugacy classes of elements inG which are decomposed iñG.

Proof. Since−1 is in the centre of̃G, it is clear that the irreducible representations ofG̃

are divided into two categories: those of linear type and those which satisfy the property
σ(−g̃) = σ(g̃) for all g̃, i.e., coming from representations ofG. According to character
theory, the first ones are in duality with the conjugacy classes of elements inG which are
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not decomposed iñG, while the second ones are in duality with two copies of the set of
conjugacy classes ofG which are decomposed iñG. Therefore, we have the identity∣∣〈G̃〉∣∣= ∣∣〈G〉∣∣+ ∣∣〈G〉déc

∣∣
where〈G〉déc denotes the set of conjugacy classes of elements inG which are decomposed
in G̃. ✷
2.6. Theorem. LetV be a vector space of even dimension provided with a positive definite
quadratic form. Then the rank of the free group9 K(EV

G) is the number of conjugacy classes
of elements inG which are decomposed iñG.

Proof. Let V = R2r , ε = i(r+1)e1 · · ·e2r and j be the canonical inclusion of Pin(V ) in
C(V )∗, the group of invertible elements in the Clifford algebraC(V ). We defineanother
homomorphismφ from Pin(V ) to C(V )∗ by puttingφ(u) = j (u) if u is of even degree
andφ(u) = j (u).ε if u is of odd degree. Since(ε)2 = −1 andε anticommutes with the
generators of the Clifford algebra,φ is a group homomorphism. On the other hand, we
have a commutative diagram

Pin(V )

θ

φ
C(V )∗

Θ

O(V ) Aut(C(V ))

In this diagram,θ is the standard covering of the orthogonal group by the Pin group andθ

associates tou ∈C(V )∗ the inner automorphisms �→ u.s.u−1. Therefore, we also have the
commutative diagram

G̃
φ

C(V )∗

Θ

G Aut(C(V ))

which we shall use to “untwist” the action ofG onC(V ). More precisely, we are going to
show that the categoryEV

G is equivalent to the categoryE (V )

G̃
of finite vector spaces with

an action ofG̃ of linear typeand an action of the Clifford algebraC(V ) commuting with
it. SinceC(V ) is isomorphic to a matrix algebra, it will follow (by Morita equivalence)
that the categoryEV

G is equivalent to the category of finite vector spaces provided with an
action ofG̃ which is of linear type.

In order to carry out this program, let us consider an objectM of EV
G , with an action ofG

denoted by(g,m) �→ g ∗m and an action ofC(V ) denoted by(λ,m) �→ λ.m, as in 1.1.
We may associate toM an object of the categoryE (V )

G̃
by keeping the same action of the

Clifford algebra, but with a new action� of G̃, defined by the following formula

g̃�m= φ
(
g̃
)−1

.(g ∗m), (F)

9 The definition of the categoryEV
G is given in 1.1. Note that the rank ofK(EV

G) is also the number of simple
factors in the crossed product algebraG�C(V ) which is semi-simple.
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whereg denotes the projection of̃g onG. According to the definitions in 1.1, we have the
identity g ∗ (φ(g̃)−1.m) = φ(g̃)−1.(g ∗ m). On the other hand, ifλ is an element of the
Clifford algebra, we havẽg� (λ.m)= g ∗ (φ(g̃)−1λm)= φ(g̃)(φ(g̃)−1λ)φ(g̃)−1g ∗m=
λ.(g̃�m), which shows that the actions of̃G andC(V ) commute. Finally, if−1 is the non
trivial central element of̃G above 1 inG, we have(−1)�m= φ(−1)−1. (1∗m)=−m,
which shows that the action of̃G on M is of linear type. The previous considerations
enable us to define a functor fromEV

G to E (V )

G̃
. The functor in the other direction is defined

in the same way. This concludes the proof of the theorem.✷
2.7. The previous proof may be adapted to the categoryEV⊕1

G , if V is even dimensional
as before, regarding the objects ofEV⊕1

G as gradedobjects of the categoryEV
G . More

precisely, with the notations as in Theorem 2.6, we give ourselves an involutionη of the
objectM such thatη.v = −v.η for v ∈ V and g.η = η.g for g ∈ G. According to the
formula (F) above, the equivalence between the categoriesEV

G et E (V )

G̃
changes the action

of G into an action of̃G such thatη.g̃ = g̃.η if det(g)= 1 andη.g̃ =−g̃.η if det(g)=−1.
On the other hand, by changingη into η.ε, we note thatη.ε commutes with the action
of C(V ) and is still an involution. In other terms, the categoryEV⊕1

G is equivalent to the
category of finite vector spacesE with an action ofZ/2� G̃ of linear type, if we view this
last group as the “Schur group”̃G′ associated to the subgroupG′ = Z/2×G of O(n+ 1).

Finally, we notice that the case whereV is odd dimensional follows from the even case,
thanks to the category equivalenceEV

G ≈ E (V⊕1)⊕1
G described in 1.10. Hence, we have the

following theorem:

2.8. Theorem. Let G be a subgroup ofO(n) and letV = Rn. The ranksRV
G andRV⊕1

G

of the groupsK(EV
G) andK(EV⊕1

G ) respectively are determined as the following functions
of n:

(1) If n is even(respectively odd), RV
G (respectivelyRV⊕1

G ) is the number of conjugacy
classes ofG which are decomposed iñG.

(2) If n est odd(respectively even),RV
G (respectivelyRV⊕1

G ) is the number of conjugacy
classes of the subgroupG′ = Z/2 × G of O(n + 1) which are decomposed in
G̃′ = Z/2� G̃.

2.9. Corollary (compare with 1.11).Let ρ :G → O(n) and ρ′ :G → O(n) be two
representations ofG into the orthogonal groupO(n). Let wi (respectivelyw′i ) be the
Stiefel–Whitney classes ofρ andρ′, respectively. We assume thatw1= w′1 andw2 =w′2.
Finally, letG̃ andG̃′ be the associated Schur groups. Then the number of conjugacy classes
ofG which are decomposed iñG is equal to the number of conjugacy classes ofG′ which
are decomposed iñG′.

Proof. Let us assume first thatn is even and let us denote byV andV ′ the representation
spaces ofρ andρ′, respectively. According to Theorem 2.6, it is enough to prove that the
categoriesEV

G andEV ′
G are equivalent. To that effect, we apply the method in 1.10. IfT

is a space of spinorial representations of even dimension, the categoriesEW
G andET⊕W

G
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are equivalent. Moreover, we haveV ⊕ T ∼= V ′ ⊕ T ′, with T = V ⊕ V ⊕ V ′ ⊕ V ′ and
T ′ = V ⊕ V ⊕ V ⊕ V ′ of a Spin type. The case wheren is odd is deduced from the even
case if we replaceV andV ′ by V ⊕ 1 andV ′ ⊕ 1, respectively. ✷
2.10. The number of conjugacy classes ofG or Z/2 � G which are decomposed iñG
or Z/2 � G̃ is determined explicitly by Theorem 2.4. IfG is the symmetric group onn
letters, these numbers may be computed in terms of suitable partitions ofn. More precisely,
in addition to the numberspn and in of the introduction, we definejn as the number of
partitions ofn of the typen = λ1 + · · · + λs , 1 � λ1 � · · · � λs , with odd λi ’ s. It is
a classical fact thatjn = pn + in. The reason is the following: the generating series of
pn + in is the product

∏∞
m=1(1+ xm), while the generating series ofjn is the product∏∞

r=1(1− x2r−1)−1. Therefore, we only have to check the identity

∞∏
m=1

(
1+ xm

)(
1− x2m−1)= 1

which is quite obvious by a straightforward computation. From Definition–Theorem 2.5
and this discussion, we deduce the following statement which is an extension of
Theorem 1.9 (see also Theorem 3.10):

2.11. Theorem. LetG be the symmetric groupSn andV =Rn. Then
• K(EV

G) is a free group of rankpn + 2in, and
• K(EV⊕1

G ) is a free group of rank2pn + in.

Proof. With the notations of the table at the end of this paper, where we look at all
types of partitions ofn, we havepn = B0 + B2 + D4; in = D0 + D2 + B4; jn =
A0+B0+C3+D0 (= pn+ in according to 2.10). Note that the rowsD (respectivelyB)
are zero ifn is even (respectively odd).✷
2.12. Generalization. Let A be a central simple algebra over a fieldk and letG be a
finite group acting onA with an order invertible inA (which implies that the crossed
product algebraG � A is semi-simple). According to the Skolem–Noether theorem, the
homomorphismΘ from A∗ to Aut(A) associating tos ∈ A∗ the inner automorphism
x �→ s.x.s−1 is surjective with kernelk∗. With notations slightly different from the
previous ones, we define the “linear Schur group” G by the following pull-back diagram

 G A∗

G Aut(A)

In this situation, a representation of G of linear type is defined as an ordinary representation
of  G such thatρ(λ) is the multiplication by the scalarλ, for λ ∈ k∗ ⊂  G. With the same
argument as in Theorem 2.6, we can show that the number of simple factors of the crossed
product algebraG � A is the number of irreducible representations of G of linear type.
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In our context,A is the Clifford algebraC(V ), whereV is of even dimension (over the
complex fieldC). In this situation the irreducible representations of G of linear type are in
bijective correspondence with those ofG̃⊂  G (as in 2.5).

3. Equivariant K-theory of real projective spaces

3.1. We may go further in the relation between Algebra and Topology by considering
real projective bundles instead of Thom spaces. In so doing, we shall prove the result in
Theorem 2.11 in a topological way. The following general theorem is valid in complex
K-theory AND realK-theory: it is a natural extension of the results in [6,7].

3.2. Theorem. Let V be an equivariant realG-vector bundle with baseX andP(V ) its
associated real projective bundle. The equivariantK-theoryK∗

G(P(V )) is then naturally
isomorphic to the Grothendieck groupK∗+1(φ), whereφ is the restriction functor

φ :EV⊕1
G (X)→ E1

G(X)

with “1” denoting as always the trivial vector bundle ofrank1. More generally, ifW is
an equivariant subbundle ofV , the relative equivariantK-theoryK∗

G(P(V ),P (W)) is
isomorphic to the Grothendieck groupK∗+1(ψ), whereψ is the functor

ψ :EV⊕1
G (X)→ EW⊕1

G (X).

Proof. This theorem is proved in [6, p. 242], whenG is the trivial group. Unfortunately,
this proof does not generalize to the equivariant situation. We shall give here a more
conceptual argument based on the following remark: the groupK∗

G(P(V )) is naturally
isomorphic toK∗

G×Z/2(S(V )), S(V ) being the sphere bundle with the usual antipodal
action ofZ/2. In order to simplify the notations, let us putH = G × Z/2. We have the
cohomology exact sequence

→Ki
H

(
B(V ),S(V )

)→Ki
H

(
B(V )

)→Ki
H

(
S(V )

)→Ki+1
H

(
B(V ),S(V )

)→
In homotopical terms, this means that the groupKi

H (S(V )) may be identified with the
Ki+1-group of the following diagram of Banach categories (cf. [6, p. 192]):

EV⊕1
H (X) E•H(X)

EV
H (X) 0

which is also theKi+1-group of the obvious functorEV⊕1
H (X)→ EH(X)× EV

H (X) (this
general fact is true for any groupH acting linearly onV ). Let us examine now the
specific case whereH = G × Z/2. SinceZ/2 acts onV by the involutionε :v �→ −v,
the categoryEV

H (X) is identified withEV⊕1
G (X). On the other hand, one may describe

the categoryEV⊕1
H (X) by noticing that if the quadruple(g, v, ε, η) describes the action

of G, V , Z/2 and 1, respectively, we may associate to it bijectively the quadruple
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(g, v, ε, εη), with an involutionεη commuting with the three other actions: this shows
that the categoryEV⊕1

H (X) is equivalent to the productEV⊕1
G (X)× EV⊕1

G (X). Therefore,
the groupKi

H (S(V )) is isomorphic to theKi+1-group of the functor

EV⊕1
G (X)× EV⊕1

G (X)→ EV⊕1
G (X)× E1

G(X).

If we “eliminate” EV⊕1
G (X), we recover the functorφ of the theorem.

The groupK∗
G(P(V ),P (W)) is determined in an analogous way: it is theK∗+1-group

of the diagram

EV⊕1
G (X) E1

G(X)

EW⊕1
G (X) E1

G(X)

which is also theK∗+1-group of the functorψ in the theorem. ✷
3.3. Let us suppose now thatX is reduced to a point.10 We are going to determine the
dimension of the vector spaceKG(P(V ))⊗C, thanks to computations of the same nature
as those of the first section. Making the terminology of 1.7 more precise, we say that
a conjugacy class11 〈g〉 is strictly positive(respectivelynegative)if Ker(ρ(g) − 1) != 0
(respectively Ker(ρ(g)+ 1) != 0). Now let{gi} be the set of conjugacy classes of elements
in G. If we putX = P(V ), the subvector spaceXgi is the disjoint union ofP(V +gi ) and
of P(V −gi ), where

V +gi = Ker
(
ρ(gi)− 1

)
and V−gi = Ker

(
ρ(gi)+ 1

)
.

Therefore, we see that a conjugacy class which is counted strictly positive or negative12

contributes one extra dimension in the groupK0.
In the same way, a conjugacy class which is even oriented, counted positively or

negatively contributes for one dimension in theK1-group (because the corresponding
projective space is of odd dimension). From this discussion, we deduce the following
theorem:

3.4. Theorem. Let AG (respectivelyOG) be the number of conjugacy classes which
are strictly positive or negative(respectively strictly positive or negative and even
oriented). Then, the rank of the groupK0

G(P(V )) (respectivelyK1
G(P(V ))) is equal to

AG (respectivelyOG).

3.5. Corollary. LetCG be the number of conjugacy classes ofG. Then the rankRV⊕1
G of

the free groupK(EV⊕1
G ) satisfies the equation

RV⊕1
G − 2CG =OG −AG.

10We should notice thatK∗
G
(P (V )) is not free in general, in contrast with the groupK∗

G
(V ).

11A conjugacy class may be positive AND negative.
12A conjugacy class which is counted at the same time positive and negative contributes 2 dimensions in the
associatedK-group.
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Therefore, ifV is odd dimensional(respectively even dimensional), 2CG +OG − AG is
the number of conjugacy classes ofG (respectivelyZ/2×G) which are decomposed iñG
(respectivelyZ/2� G̃).

Proof. It is a direct consequence of 2.8 et 3.3, since the categoryE1
G is the product

EG × EG. ✷
In the same way, we prove the following general statement:

3.6. Corollary. Let PG (respectivelyNG) be the number of strictly positive oriented
conjugacy classes which are even(respectively odd). Then, according to1.8, the rankRV

G

of the free groupK(EV
G ) satisfies the equationRV⊕1

G −RV
G = PG−NG, which may be also

written

RV
G = 2CG +OG −AG − PG +NG.

Therefore, if the dimension ofV is even(respectively odd), 2CG +OG −AG − PG +NG

is the number of conjugacy classes ofG (respectivelyZ/2×G) which are decomposed
in G̃ (respectivelyZ/2� G̃).

3.7. Let us apply the previous considerations to the symmetric groupG = Sn acting
naturally onRn. As we said before, the conjugacy class ofg is associated to a partition
1� λ1 � · · ·� λs with n= λ1+· · ·+λs . In Table 1, we describe all the types of partitions
which are relevant and deduce from it and Theorem 3.4 the following result.13

3.8. Theorem. LetG=Sn acting naturally onV = Rn. Then the rank ofK0
G(P(V )) is

2P(n)− jn and the rank ofK1
G(P(V )) is pn, whereP(n) is the total number of partitions

ofn,pn is defined in the introduction, andjn is the number of partitions ofn= λ1+· · ·+λs

of type1 � λ1 � · · ·� λs with oddλ′is (note thatjn = pn + in according to2.10).

3.9. On the other hand, we haveP(n) = R0
G, the rank ofK(E0

G) which is the classical
representation ring ofG. In the same way, the rankR1

G of K(E1
G)=K(E0

G×E0
G) is 2P(n).

As a consequence of Theorem 3.2, we therefore get the following result which gives a more
direct14 topological proof of Theorem 2.11:

3.10. Theorem. The rankRV⊕1
G of the free groupK(EV⊕1

G ) is the solution of the equation

RV⊕1
G − 2P(n)= rank

(
K1
G

(
P(V )

))− rank
(
K0
G

(
P(V )

))= pn −
(
2P(n)− jn

)
,

and therefore

RV⊕1
G = pn + jn = 2pn + in.

13We recall the notations of Table 1:pn = B0+ B2+D4, in = D0+D2+ B4, jn = A0+ B0+ C3+D0
(= pn + in according to 2.10).
14 It is a more “direct” proof, since we do not distinguish between the even case from the odd.
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On the other hand, according to1.1 and1.3, therankRV
G of the free groupK(EV

G ) is the
solution of the equationRV⊕1

G −RV
G = pn − in, and therefore

RV
G = pn + 2in.

3.11. Remark. Theorem 3.10 has an equivalent formulation in terms of theK-theory of
crossed product algebras. Let us denote byC(Rn) the Clifford algebra ofRn provided with
a positive definite quadratic form. IfAn is the crossed product algebraSn � C(Rn) and
Bn the crossed product algebraSn �C(Rn+1), we have the following formulas

K(An)∼= Z2pn+in and K(Bn)∼= Zpn+2in .

4. Relation with operations in complex K-theory. Multiplicative structures

4.1. Let R(Sn) be the representation ring of the symmetric groupG = Sn. As Atiyah
has shown in [2], every group homomorphismR(G) → Z gives rise to an operation
in (complex)K-theory. It is defined by the compositionK(X)→ KG(X) ∼= K(X) ⊗
R(G)→ K(X), where the first map isE �→ E⊗n, the groupG acting trivially onX

and by permutation of the factors inE⊗n. Let us putR(G)∗ = Hom(R(G),Z); the idea
(due again to Atiyah) is to provide the direct sum

⊕
n R(S)∗ with an algebra structure

(denoted by�): it is induced by the obvious compositionR(Sm)
∗ ⊗R(Sn)

∗ ∼= R(Sm ×
Sn)

∗ → R(Sm+n)∗. As a key example, one might consider the elementλn of R(Sn)
∗ =

Hom(R(Sn)→ Z) defined byλn(π) = 1 if π is the dimension 1 representation ofSn

associated to the signature and byλn(π)= 0 for the other irreducible representations.

4.2. Theorem (Atiyah [2]). The coalgebraR(Sk)
∗ is a freeZ-module with basis the�-

productsλi1 � · · · � λir with i1 � i2 � · · ·� ir andi1+ · · · + ir = k.

4.3. We wish to make the coproductm :R(Sk)
∗ → R(Sk)

∗⊗R(Sk)
∗ more explicit. With

obvious definitions, it is easy to see thatm(u� v)=m(u)�m(v). Therefore, it is enough
to computem(λn), which amounts to computingλn(xy) in terms of theλi(x) andλj (y)
in theλ-ringK(X). For instance, we have

λ2(xy)= λ2(x)
(
λ1(y)

)2+ (
λ1(x)

)2
λ2(x)− 2λ2(x)λ2(y)

and therefore

m
(
λ2)= λ2⊗ (

λ1� λ1)+ (
λ1� λ1)⊗ λ2− 2λ2⊗ λ2

a formula which we may write in the condensed form

m
(
λ2)= λ2⊗ (

λ1)2+ (
λ1)2⊗ λ2− 2λ2⊗ λ2.

4.4. By tensoring all the previous modules byQ, we get much simpler formulas
thanks to the Adams operations (cf. Remark 4.6). More precisely, ifλ1, λ2, . . . , λk are
indeterminates, we denote byψi the Newton polynomial in theλ1, λ2, . . . , λk (k � i)
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which gives the fundamental symmetric functionSi =∑
(xr)

i in terms of the elementary
symmetric functionsσ1, . . . , σi . If I = (i1, . . . , ik) is such thatii � i2 � · · ·� ik , we denote
by λI (respectivelyψI ) the productλi1 · · ·λik (respectivelyψi1 · · ·ψik ). We have formulas
giving theψI in terms of theλI and vice-versa:

ψJ =
∑
I

θJI λ
I , λI =

∑
J

ωI
Jψ

J .

HereθJI (respectivelyωI
J ) is a “triangular” matrix with integral coefficients (respectively

rational coefficients). If we put|I | = i1+ i2+ · · · + ik, the previous theorem has a “dual”
formulation:

4.5. Theorem. The representation ringR(Sk) is a freeZ-module with basis the“dual”
symbolsλI with |I | = k. The productλI .λJ is given by the following formula∑

K,L

θKI θKJ ωL
KλL.

In particular, the coefficientcLIJ =
∑

K θKI θKJ ωL
K is an integer. This is the coefficientcLIJ

in the universal formula forλ-rings when we writeλL(xy) in terms of products of exterior
powersλI (x) andλJ (y):

λL(xy)=
∑
I,J

cLIJ λ
I (x)λJ (y).

4.6. Remark. It will be more convenient later on to consider the operationsγi defined
by Grothendieck [8, p. 253] instead of theλi ’s. The structural equationsγ L(xy) =∑

I,J u
L
IJ γ

I (x)γ I (y) in generalλ-rings enable us to compute in the same way the
multiplicative structure ofR(Sn) in terms of the basis given by theγ I .

4.7. The same considerations apply to theR(G)-moduleK∗
G(R

n). More precisely, to each
homomorphismK∗

G(R
n)→ Z, whereG=Sn, we may associate an operation inK-theory

by the composition of the following maps

K1(X)=K(X×R)→KG

(
X×Rn

)∼= ⊕
r+s=0

Kr(X)⊗Ks
G

(
Rn

)→K∗(X).

More precisely, an element of Hom(K0
G(R

n),Z) (respectively Hom(K1
G(R

n),Z)) gives
rise to an operationK1(X)→K0(X) (respectivelyK1(X)→K1(X)). These operations
are classical and determined by theK-theory of the infinite unitary group: we obtain a
free Z-module with basis the symbolsγ S = γ s1γ s2 · · ·γ sr with s1 < s2 < · · · < sr and
s1+ · · · + sr = n, the parity ofr being equal to the degree of the operation. On the other
hand, if we consider an elementxy, wherex ∈Hom(R(G),Z) andy ∈Hom(K∗

G(R
n),Z),

with the identification Hom(R(G)⊗K∗
G(R

n),Z)∼= Hom(R(G),Z)⊗Hom(K∗
G(R

n),Z),
we have the same formula as above

γ S(xy)=
∑
I,J

uSIJ γ
I (x)γ J (y).
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Table 1
Description of the equivariantK-theory of real projective spaces in terms of the decomposition of a conjugacy class into a product of cycles (whenG is
the symmetric group)

A B C D

p � 0, q > 0 2p cycles even (=) 2p cycles odd( !=) (2p+ 1) cycles odd(=) (2p+ 1) cycles odd( !=)
0 0 cycle even K0= 1; K1= 0 K0= 1; K1= 1 K0= 1; K1= 0 K0= 1; K1= 0

1 2q cycles even(=) K0= 2; K1= 0 K0= 2; K1= 0 K0= 2; K1= 0 K0= 2; K1= 0

2 2q cycles even( !=) K0= 2; K1= 0 K0= 2; K1= 1 K0= 2; K1= 0 K0= 2; K1= 0

3 (2q − 1) cycles even(=) K0= 2; K1= 0 K0= 2; K1= 0 K0= 2; K1= 0 K0= 2; K1= 0

4 (2q − 1) cycles even( !=) K0= 2; K1= 0 K0= 2; K1= 0 K0= 2; K1= 0 K0= 2; K1= 1

Comments: a conjugacy class of the symmetric group is decomposed into a product of cycles of even and odd length (denoted simply by even or odd
cycles).

The symbol(=) means a decomposition into cycles where there exist two cycles of the same nature (even or odd) which have the same length.

The symbol( !=) means a decomposition into cycles where all the cycles of the same nature (even or odd) have different lengths.

In each case, the identityK0= x (respectivelyK1= y) means the contributionx (respectivelyy) of the conjugacy class considered to the equivariant
K0 group (respectivelyK1 group) of the real projective spaceP(V ).

jn =A0+B0+C0+D0 (= pn + in according to 2.13)
pn = B0+B2+D4
in =D0+D2+B4.

The number of conjugacy classes in the symmetric group which are decomposed in the Schur group is equal toA0+B0+ C0+D0+B4+D4 (cf.
Theorem 2.4).



546 M. Karoubi / Topology and its Applications 122 (2002) 531–546

However, we have to replaceuSIJ by 0 if J is a partition with non distincts integers (because
the squares of elements inK1 are equal to 0) and we therefore obtain the following
theorem:

4.8. Theorem. The groupK∗
G(R

n) is a freeZ-module with basis the “dual” symbolsγS ,
whereS is a partition ofn into distinct integers and where the degree is determined by the
parity of the number of terms in the partition. TheR(G)-module structure ofK∗

G(R
n) is

given by the following relation:

γ
I
γ
S
=

∑
I,J

uSIJ γJ

where the integersuSIJ are defined above and whereS andJ are partitions ofn into distinct
integers.

4.9. Remark. As in 4.4, we may take the tensor products of theseR(G)-modules byQ.
That way,K∗

G(R
n) ⊗ Q is identified with the sum of the ideals inR(G) ⊗ Q given by

the idempotentsψS , S running through the set of partitions ofn into distinct integers.
If G is an arbitrary finite group, the same argument may be applied to theR(G)-module
K∗
G(V ) ⊗ C, thanks to the equivariant Chern character [4,10]. It gives an isomorphism

between the followingR(G)-modules

K∗
G(V )⊗C∼=

⊕
gi∈〈G〉

H ∗
c

(
V gi /Cgi ;C

)
.

Note that theR(G)-module structure of the second factor comes from the fact that
R(G)⊗C is isomorphic to the ring of complex valued functions on the set of conjugacy
classes ofG.
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