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The computation of the equivariakttheoryK (V) of the Thom space of @al vector
bundle has been done successfully only under some spinoriality conditions [1], thanks to a
clever use of the Atiyah—Singer index theorem (eveg iis a finite group). One purpose
of this paper is to fill this gap, at least for real vector spaces (considered as vector bundles
over a point). For this purpose, we use at the same time the results in [7] (generalizing those
of Atiyah) and the equivariant Chern character (Slominska [10], Baum and Connes [4]).

The interest of such a computation comes from many sources. First, it answers a question
raised recently by Le Gall and Monthubert [9] in their investigations on a suitable index
theorem for manifolds with corners. They have to compute an “indi€idheory” which
is precisely the equivariark -theory K, (V), whereV = R" andG = &,, the symmetric
group ofn letters acting naturally by permutation of the coordinate®’in

Secondly, these topological computations are linked with two natural algebraic ques-
tions. One of them is the determination of the number of conjugacy classes of a subgroup
of the orthogonal grou® (V) which split in the central extension induced by the pinor-
ial group Pin(V) (cf. Theorem 2.4). The second question is how to compute the number
of simple factors in the crossed product alge6ra C(V), whereC (V) is the Clifford
algebra ofV (cf. Theorem 2.11, Corollary 3.6 and Remark 3.11).

Finally, these methods enable us to determine completely the rank of the group
K (P(V)), where P(V) is thereal projective space o¥/, in terms of the number of
certain conjugacy classes 6f (cf. Theorems 3.4 and 3.8). As we shall see, Algebra and
Topology are deeply linked in these computations.

The previous results have a pleasant formulation wiieis the symmetric grou®,,
acting onV = R" as above. In this case (cf. Corollary 1.9), the groK@s{V) andKé(V)
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arefree of rank! equal top, andi,, respectively. Here, (respectivelyi,) denotes the
number of partitions of of the type

n=~ir+---+Arx%

with 1 < A1 < -+ < Ay (respectively ofthetype = A1+ -+ Agpawith1l< < - <
A2k41)-

Following the above program, we are able to determine completely the nérolber
simple factors in the crossed product algeBrax C(R"). We also determine the rank
of the groupsKé(P(V)) anng(P(V)): they arep, and 2P (n) — p, — in, respectively,
whereP (n) denotes the total number of partitionsmof

As an irony of mathematical history, the Euler—Poincaré charactepistia,, associated
to this equivariank -theory of R” happens to have been determined byEuler. It may
be deduced from his well known “pentagonal identity”

o o “+00

Y pn—ing"=]](1-q")= > (~pmgmE V2

n=1 m=1 m=—00
In particular,p,, — i,, is always equal to 0, 1 or1. On the other hand, the integers and
i, increase very fast with and satisfy the following asymptotic expansion:

. eVn/3

P g A
What we have just said is included in the first three sections of the paper. In the fourth sec-
tion, we work out theR(G)-module structure ok /,(V), whenG = &, andV =R". This
structure is much simpler if we work ov@r, thanks to the Adams operations. Whgis an
arbitrary finite group, we may also determik¢ (V) ® C as aR(G) ® C-module, thanks
to the results developed by Slominska [10] and Baum—Connes [4], quoted at the beginning.

1. Equivariant K-theory of real vector spaces

1.1. Let X be a compact space on which a finite graz@cts and let be areal vector
bundle overX provided with a linear action of;, compatible with the projection oX.
We can define oi¥ a positivedefinite metric invariant by the action 6f and consider the
associated Clifford bundl€ (V); the groupG also acts naturally o' (V). We denote by
8(‘;’ (X) the category of real vector bundles wheFfeand C (V) act simultaneously; these
two actions are linked together by the formula

gx*(a.e)=(gx*a).(gxe),

where the symbok (respectivelys) denotes the action af (respectively ofC(V)). If X
is reduced to a point, this category is simply denote@gy

1 This rank was already determined in the paper by Le Gall and Monthubert [9]. What we essentially prove here
is the freeness of these two groups.

2 This number isp;, + 2i,.

3 See for instance the book of G.E. Andrews: The Theory of Partitions (Addison-Wesley, 1976), p. 11 and also
p. 97 for the asymptotic expansion considered in this introduction.
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1.2. The method developped in [8, 81] for instance shows el‘é(LX) is equivalent to

the category of finitely generated protective modules over the crossed product algebra
G x C(V), whereC(V) is the algebra of continuous sections of the bur@di{&). On

the other hand, if “1” denotes the trivial bundle of rank one (with the trivial actio& f

we have a “restriction” functor

9 E5P(X) - €L (X).

The following theorem, wher¥ is considered as a locally compact space, is proved in [7]
for both real and complek -theory with compact supports:

1.3. Theorem. The groupK (V) is naturally isomorphic to the Grothendieck group
K*(¢p) of the Banach functap [6]. If ¢’ denotes the catego g@l(X) and¢ the category

&5 (X), we therefore have the exact sequence

K=Y - KN — KL(V) = Ki(¢) — K'(2).

1.4. Letus suppose now thatis reduced to a point. The categorieand¢’ are then semi-
simple (all exact sequences are split). Therefore, they are both equivalent to a category of
finitely generated modules over a semi-simple algebra, i.e., a product of matrix algebras
overC (in the complex case), ovét, R or H (in the real case). In the complex case, it
follows thatk°(¢") is free of finite type and(¢) = 0. Therefore K2(V) = K%(¢p) =
KerlK9(¢") — K9(¢)] is free of finite type. More generally(g;”(V) is the Grothendieck
group of the functorg; 7®*(X) — &,%”(X) where “p” denotes the trivial bundle of
rank p, with the trivial action ofG. Therefore, the grouﬁé(V) = KE”(V) for p odd (in
the complex case) is also free by the same argument.

1.5. Remark. Let us suppose that acts onV via oriented automorphisms and that the
rankn of V is even, say: = 2r. If e, ..., e, is an orthonormal basis df, the product
(i) e1, ..., ey inthe Clifford algebraC (V) has square-1 and anticommutes with eael.

It follows that the categong,; ®*(X) splits as the produdt); (X) x &} (X), the functor
¢:€(‘;/@1(X) — 8(‘;’(X) being identified with the “sum” functor. Therefore, the group
KL(V) is isomorphic to the groug’ of the Banach categor§/ (X). In particular, if

X isreducedto a poinK(l;(V) =0, in contrast with Corollary 1.9 below. In re&l-theory
(with X reduced to a point again), the same argument show&that) = 0if i = 1 mod 4
and is free of finite type if = O0mod 4.

1.6. Itremains to compute more precisely the rank of the free grmgn(sl/) (we consider

now only complexk -theory), for an arbitrary finite groug. In this direction, we may

use the isomorphism shown by Slominska [10], Baum and Connes [4,9] between the
equivariantk -theory tensored b and equivariant cohomology. More precisely, (€t

be the set of conjugacy classes of elements ahdgs, .. ., g, be a set of representatives.
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The vector spack ; (V) ® C is then isomorphic to the following direct sum of cohomology
vector spaces

K;(V)®C= @ H}(V¥/C,:C),
8i€(G)

whereC,, denotes the centralizer gf andx denotes the degrees mod 2.

1.7. Letus set the following definitions: a conjugacy clégs is calledeven(respectively
odd) if the dimension ofV ¢ is everf* (respectively odd). It is calledriented® if all the
elements olC,, act onV#: by oriented automorphisms.

1.8. Theorem. Let G be an arbitrary finite group acting linearly on geal vector space
V of finite dimension. The grouﬁg(V) (respectiverKcl;(V)) is then a fre€Z-module of
rank the number of conjugacy clasggs) which are oriented and evegmnespectively odd

Proof. The freeness of the groups has already been shown in 1.4. On the other hand, the
H}(V8i/Cg; C) are thereducedcohomology vector spaces in degrees: dim(V i) of

S9/I", wherel” = Cg,. Itis easy to see that each vector space is isomorphic to the invariant
part of H4(54; C) under the action of . Therefore, its dimension is 1 i is an oriented
conjugacy class and 0, otherwisex

The following corollary (where, andp, are defined in the introduction) is an extension
of atheorem of Le Gall and Monthubert [9]. It may be deduced from the preceding theorem
if we decompose the elemengs of G, into a product of cycles: the oriented conjugacy
classes are then in bijective correspondence with the products of cycles of different lengths.

1.9.Corollary. LetG = &, acts naturally onV = R". Then we have
K2(R") =7l and KE(R")=Zn.

1.10. Let us go back to the notations of 1.1.7Ifis a spinorial representation space®f
of evendimension 2, the categorie€? and 8569‘” are then equivalent. As a matter
of fact, let M be an irreducibleC(T)-module and letr : G — Spin(T) be a lifting of
the homomorphism : G — O(T), whereO(T) denotes the orthogonal group Bf The
category equivalencg: g(v;" — gg@w is defined by associating to an objeciof E;CV;V the
objectM ® E of SCT;@W. In this formula,G acts onM via the representatian; the action of
the Clifford algebraC (T & W) is induced from the homomorphisids W — End M Q E)
defined by

W rl+e®w,
where ¢ = i"e1---e3 and where(e,) is an oriented orthonormal basis ofl'. We

remark that this equivalenege may be extended to the associatet?-graded categories.

4The dimension 0 is not excluded.
Swe may also sapositively orientedif we wish to follow the conventions used further in the paper (cf. 3.3).
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Therefore, we also have the isomorphiskifs(W) = K3(T & W) andKL(W) = KA (T @
W), according to Theorem 1.3. Here is an algebraic consequence:

1.11. Theorem. For any real G-vector spaceW, let us denote byio(W) (respectively
a1(W)) the number of conjugacy classes@fwhich are ever{respectively odgwith the
notations ofl.7. Let us now consider tw6-modulesV andV’ of the same dimension such
thatw1(V) = w1 (V') andw2(V) = w2(V’), wherew; andw; denote the first two Stiefel—-
Whitney classe§. Then we haveig(V) = ag(V') anda1(V) = a1(V’). In particular, if
w1(V) =w2(V)=0,a;(V) = |(G)| anda;+1(V) = 0 wherei = dimV mod 2and where
(G) denotes the number of conjugacy classes of

Proof. Accordingto 1.10, itis enough to find two spinorial representation speesl 7’
of even dimension such th&t & T is isomorphic toV’ & T'. We choose

T=VeVeV eV and T'=VeVeVeV.

The vector spaceE and7’ are spinorial, since their first two Stiefel-Whitney classes are
reducedto 0. O

1.12. Remark. The R(G)-module structure oK, (V) is determined in Section 4 of the
paper.

2. Relation with the conjugacy classes of the Schur group

2.1. Let us consider the 2-fold coveriddPin(n) of O(n), and the associated coveri@
of G C O(n), via the pull-back diagram:

G ——Pin(n)

|

G——0(n)

The kernel of the homomorphisCNh—> G is identified with the multiplicative grougt1 in

the Clifford algebraC (R"). If G is the symmetric grougs,,, G is the classical Schur
group? which is well known in representation theory [5]. To this extensionGofve
associate a cocycle which is defined as follows. g @ind/s be two elements off which
commute and leg, i be two elements o6 above them. The commutaty, h] = +1 is

not trivial in general. More generally, &, andh, are finite families of elements @f such

that the product of the commutatd¥s,, 4, is equal to 1, the sign of the prodyeét,, /1]
defines the required cocycle. We would like to relate this sign to the “orientation” of the
elementy = g; defined in 1.7.

6 Belonging therefore a7/ (G; Z/2) with i =1, 2.

7 In contrast with the conventions in [3], we consider here the Pin group associated to the Clifford algébra of
provided with the standard definipositivequadratic form (see also [6]).

8We keep this terminology for an arbitrary finite subgroup of the orthogonal group.
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2.2. Let V, be the eigenspaces (of dimension 1 or 2§ @fcting onV and leth € C,. We

may put aside the non real eigenvalues, since we see by deformation of these eigenvalues
to 1 (V; being stable by:) that the commutatofg, /] only depends on the eigenspaces

of g and i associated to the eigenvalues and —1. Let V' (respectivelyV~) be

the eigenspace of associated to the eigenvaluel (respectively—1) which is of
dimensionm™ (respectively: ™). We may notice that the element of the orthogonal group
associated to the produei- - - e, in Pin(n), p < n, is the symmetry; — +e;, where the
signis+1ifi > p and—1if i < p, a fact which enables us to compute the commutator

(g, h] easily. The argument of deformation and “crossing” of the eigenvalues quoted above
reduces the discussion to one of the following four cases:

de(g)  deth) (8, h] det(hly+)
(=" +1 +1 +1
=" -1 (=" -1
D" -1 (—pr +1
(=" +1 -1 -1

2.3. From this table we can decide easily for a givemhether there exists, or not, an
elementi € C, such that the commutatgg, h) is equal to—1 (which means tha§ is
conjugate to—g). Following the terminology of [5], we say that a conjugacy class

of G is decomposed i if g is notconjugate to-g in the Schur grou;f;. The following
theorem is then a consequence of the previous worksheet; it is proved in [5, p. 29] when
G = &,,. We here use the following notationist = i+, with VT =Ker(p(g) — 1).

2.4. Theorem. The conjugacy classeg) of G decomposed i may be divided into two
categories
(@) The permutatiorg is even. TheWh € C,, We havedeth) = det(h™). In particular,
if G =6, g may be decomposed into a product of cycles of odd lengths.
(b) The permutatiorg is odd. Thenvh € C,, we havedeta™) = 1. In particular, if
G =G, g is decomposed into a product of cycles of different lengths.

2.5. Definition-Theorem. Leto : G — GL(W) bea representation of the grouifl We say
thato is of linear type if it satisfies the additional assumptiofr-g) = —o (g). The(finite)

set of isomorphism classes of irreducible representations of linear type is then in bijective
correspondence with the conjugacy classes of elemeidtsiwhich are decomposed .

Proof. Since—1 is in the centre of5, it is clear that the irreducible representationﬁof

are divided into two categories: those of linear type and those which satisfy the property
o(—g) =o(g) for all g, i.e., coming from representations 6f According to character
theory, the first ones are in duality with the conjugacy classes of eleme@tsivinich are
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not decomposed iv, while the second ones are in duality with two copies of the set of
conjugacy classes @ which are decomposed ii. Therefore, we have the identity

(G)] = [(G)] + [{G)aed]

where(G)qsc denotes the set of conjugacy classes of elemer@siirtich are decomposed
inG. O

2.6. Theorem. LetV be a vector space of even dimension provided with a positive definite
quadratic form. Then the rank of the free gro%ﬁ(é’(‘;’) is the number of conjugacy classes
of elements irG which are decomposed (.

Proof. Let V = R%, ¢ = i"tDe;... 5. and j be the canonical inclusion of Rik) in
C(V)*, the group of invertible elements in the Clifford algelir&V). We defineanother
homomorphismp from Pin(V) to C(V)* by putting¢ (1) = j(u) if u is of even degree
and¢(u) = j(u).c if u is of odd degree. Since)? = —1 ande anticommutes with the
generators of the Clifford algebra, is a group homomorphism. On the other hand, we
have a commutative diagram

Pin(V)—2 = Cc(v)*

Pk
O(V)——=Aut(C(V))

In this diagramg is the standard covering of the orthogonal group by the Pin group and
associates to € C(V)* the inner automorphism— u.s.u~L. Therefore, we also have the
commutative diagram

G—L~cwy

©]

G ——=Aut(C(V))
which we shall use to “untwist” the action ¢f on C(V). More precisely, we are going to
show that the categor@(‘;’ is equivalent to the catego@év) of finite vector spaces with
an action ofG of linear typeand an action of the Clifford algebx&(V) commuting with
it. Since C(V) is isomorphic to a matrix algebra, it will follow (by Morita equivalence)
that the cgtegor;%’(‘;’ is equivalent to the category of finite vector spaces provided with an
action of G which is of linear type.

In order to carry out this program, let us consider an objécif €, with an action ofG
denoted by(g, m) — g * m and an action o (V) denoted by(x, m) > A.m, as in 1.1.
We may associate tdf an object of the categor&év) by keeping the same action of the
Clifford algebra, but with a new actiop of G, defined by the following formula

gom=¢(3) “(gxm), (F)

9 The definition of the categorﬁg is given in 1.1. Note that the rank (ﬁ(é’g) is also the number of simple
factors in the crossed product algeléfax C (V) which is semi-simple.
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whereg denotes the projection gfon G. According to the definitions in 1.1, we have the
identity g % (¢(2)"L.m) = ¢(g§)~1.(g * m). On the other hand, it is an element of the
Clifford algebra, we havé © (A.m) = g x (¢(8) " tam) = ¢(3) (¢ (3) )P (8) g xm =
A.(g ©®m), which shows that the actions 6fandC (V) commute. Finally, if~1 is the non
trivial central element of; above 1 inG, we have(—1) O m = ¢(—1)~L. (Lsxm) = —m,
which shows that the action @ on M is of linear type. The previous considerations
enable us to define a functor fro@rj}f to 8(%‘/). The functor in the other direction is defined
in the same way. This concludes the proof of the theorem.

2.7. The previous proof may be adapted to the categli’r?l, if V is even dimensional
as before, regarding the objects @é’@l as graded objects of the categorﬁg . More
precisely, with the notations as in Theorem 2.6, we give ourselves an involutidthe
object M such thaty.v = —v.np for v € V andg.n = n.g for g € G. According to the
formula (F) above, the equivalence between the categ6jjest E:g/) changes the action
of G into an action oG such that).g = g.n if det(g) = 1 andn.g = —g.n if det(g) = —1.
On the other hand, by changinginto n.e, we note that).e commutes with the action
of C(V) and is still an involution. In other terms, the categeﬁ“qg/EDl is equivalent to the
category of finite vector spacdswith an action ofZ/2 x G of linear type, if we view this
last group as the “Schur groupN}"/ associated to the subgrotp =7Z/2 x G of O(n +1).

Finally, we notice that the case wheveis odd dimensional follows from the even case,
thanks to the category equivalen@g R 8&‘/@1)@1 described in 1.10. Hence, we have the
following theorem:

2.8. Theorem. Let G be a subgroup oD (n) and letV = R". The ranksR}; and R};®*
of the groupsK(é‘g) andK(é’C‘;/eal) respectively are determined as the following functions
ofn:
(1) If n is even(respectively odg Rg (resgectiverRXGﬂ) is the number of conjugacy
classes of; which are decomposed (.
(2) If n est oddrespectively evenRg (respectivelwg@l) is the number of conjugacy
classes of the subgrou@’ = Z/2 x G of O(n + 1) which are decomposed in
G =7/2%G.

2.9. Corollary (compare with 1.11)Let p:G — O(n) and p':G — O(n) be two
representations oG into the orthogonal groupO (n). Let w; (respectivelyw!) be the
StiefeI—WhNitney cilasses pfandp’, respectively. We assume thet = w; andwz = w5,
Finally, letG andG’ be the associated Schur groups. Then the number of conjugacy classes
of G which are decomposed @ is equal to the number of conjugacy classe&bfvhich

are decomposed i6'.

Proof. Let us assume first thatis even and let us denote ByandV’ the representation
spaces op andp’, respectively. According to Theorem 2.6, it is enough to prove that the
categorie£g and SC‘;’ are equivalent. To that effect, we apply the method in 1.1@. If

is a space of spinorial representations of even dimension, the cate@é’riaﬂd E:g@w
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are equivalent. Moreover, we have® 7T = V' @ T',withT=Vo Ve V' &V’ and
T'=Va&VaVaeV ofaSpintype. The case whetds odd is deduced from the even
case if we replac& andV’ by V @ 1 andV’ @ 1, respectively. O

2.10. The number of conjugacy classes @Gfor Z/2 x G which are decomposed ia
orz/2 x G is determined explicitly by Theorem 2.4. @ is the symmetric group on
letters, these numbers may be computed in terms of suitable partitianslofe precisely,

in addition to the numberg, andi, of the introduction, we defing, as the number of
partitions ofn of the typen = A1+ -+ + Ag, 1< A1 < --- < Ay, With odd A;’s. It is

a classical fact thaf, = p, + i,. The reason is the following: the generating series of
pn + iy is the produc]7"_; (1 + x™), while the generating series ¢f is the product
[122,(1 — x¥ 1)~ Therefore, we only have to check the identity

o0

[[a+xm)(@a—x""t)=1

m=1
which is quite obvious by a straightforward computation. From Definition—Theorem 2.5
and this discussion, we deduce the following statement which is an extension of
Theorem 1.9 (see also Theorem 3.10):

2.11. Theorem. Let G be the symmetric grou@, andV = R”". Then
e K(&%) is afree group of ranlp, + 2i,, and
o K(8,%Y) is afree group of ranRp, + i.

Proof. With the notations of the table at the end of this paper, where we look at all
types of partitions ofz, we havep, = BO+ B2+ D4; i, = DO+ D2 + B4; j, =
AO0+ BO+ C3+ DO (= p, + i, according to 2.10). Note that the roMs(respectivelyB)

are zero ifn is even (respectively odd).O

2.12. Generalization. Let A be a central simple algebra over a fidldand letG be a
finite group acting onA with an order invertible inA (which implies that the crossed
product algebraG x A is semi-simple). According to the Skolem—Noether theorem, the
homomorphism® from A* to Aut(A) associating tas € A* the inner automorphism

x — s.x.s~1 is surjective with kernelk*. With notations slightly different from the
previous ones, we define the “linear Schur grogpby the following pull-back diagram

G— A"

|

G —— Aut(A)

In this situation, a representation@fof linear type is defined as an ordinary representation

of G such thato () is the multiplication by the scalay, for A € k* C G. With the same
argument as in Theorem 2.6, we can show that the number of simple factors of the crossed
product algebraG x A is the number of irreducible representationsbf linear type.
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In our context,A is the Clifford algebraC(V), whereV is of even dimension (over the
complex fieldC). In this situation the irreducible representationgo6f linear type are in
bijective correspondence with those@fc G (as in 2.5).

3. Equivariant K-theory of real projective spaces

3.1. We may go further in the relation between Algebra and Topology by considering
real projective bundles instead of Thom spaces. In so doing, we shall prove the result in
Theorem 2.11 in a topological way. The following general theorem is valid in complex
K -theory AND realK -theory: it is a natural extension of the results in [6,7].

3.2. Theorem. Let V be an equivariant reaG-vector bundle with bas& and P(V) its
associated real projective bundle. The equivari&ntheory K (P(V)) is then naturally
isomorphic to the Grothendieck groug**1(¢), whereg is the restriction functor

¢85 (X) — €5(X)

with “1” denoting as always the trivial vector bundleraihk L More generally, ifW is
an equivariant subbundle df, the relative equivarian& -theory K7, (P(V), P(W)) is
isomorphic to the Grothendieck groug**1(y), wherey is the functor

¥ 650N (X) - e PL(X).

Proof. This theorem is proved in [6, p. 242], whé&his the trivial group. Unfortunately,

this proof does not generalize to the equivariant situation. We shall give here a more
conceptual argument based on the following remark: the giogpP (V)) is naturally
isomorphic tngxzﬂ(S(V)), S(V) being the sphere bundle with the usual antipodal
action ofZ/2. In order to simplify the notations, let us pit= G x Z/2. We have the
cohomology exact sequence

— KL (B(V), S(V)) = Ky (B(V)) = Ky (S(V)) = K1Y (B(V), S(V)) —

In homotopical terms, this means that the grdﬂp(S(V)) may be identified with the
K*+1-group of the following diagram of Banach categories (cf. [6, p. 192]):

ey (x) —=&5(X)

|

&h(X)—0

which is also thek**-group of the obvious functcg),®*(X) — &x(X) x &);(X) (this
general fact is true for any groupf acting linearly onV). Let us examine now the
specific case wher® = G x Z/2. SinceZ/2 acts onV by the involutione:v > —v,
the categorﬁg(X) is identified with E:(‘;’@l(X). On the other hand, one may describe
the categorﬁgeal(X) by noticing that if the quadruplég, v, ¢, n) describes the action

of G, V, Z/2 and 1, respectively, we may associate to it bijectively the quadruple
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(g, v, &, ¢en), with an involutionen commuting with the three other actions: this shows
that the categorg,,®(X) is equivalent to the produ&);®*(X) x &4 (X). Therefore,
the groupK},(S(V)) is isomorphic to the&k “+1-group of the functor

ELFL(X) x €181 (X) — 1P (X) x €X(X).

If we “eliminate” 86‘;’@1(X), we recover the functap of the theorem.
The groupK i (P(V), P(W)) is determined in an analogous way: it is tkiéT1-group
of the diagram

6. (x) —=8L(X)

L

EXFHX) —=E5(X)
which is also thek *+1-group of the functory in the theorem. o

3.3. Let us suppose now that is reduced to a point® We are going to determine the
dimension of the vector spadé; (P(V)) ® C, thanks to computations of the same nature
as those of the first section. Making the terminology of 1.7 more precise, we say that
a conjugacy class (g) is strictly positive(respectivelynegative)if Ker(p(g) — 1) # 0
(respectively Keto(g) + 1) # 0). Now let{g;} be the set of conjugacy classes of elements
in G. If we putX = P(V), the subvector spaces is the disjoint union ofP (V+8/) and

of P(V~8i), where

vVt =Ker(p(gi) —1) and V& =Ker(p(gi) +1).

Therefore, we see that a conjugacy class which is counted strictly positive or nédative
contributes one extra dimension in the gratip.

In the same way, a conjugacy class which is even oriented, counted positively or
negatively contributes for one dimension in tié-group (because the corresponding
projective space is of odd dimension). From this discussion, we deduce the following
theorem:

3.4. Theorem. Let A (respectivelyOg) be the number of conjugacy classes which
are strictly positive or negativerespectively strictly positive or negative and even
oriented. Then, the rank of the grouﬁg(P(V)) (respectiverKcl;(P(V))) is equal to
Ag (respectivelyOg).

3.5. Corallary. Let Cs be the number of conjugacy classesfThen the ranmg@l of
the free groud((é’c‘;/aal) satisfies the equation

RE®T —2C6 = 06 — Ag.

10\ve should notice thaKE(P(V)) is notfree in general, in contrast with the groqu:E(V).

11a conjugacy class may be positive AND negative.

125 conjugacy class which is counted at the same time positive and negative contributes 2 dimensions in the
associated -group.
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Therefore, ifV is odd dimensionafrespectively even dimensiong2Cs + Og — Ag is
the number of conjugacy classes®i{respectivelyZ/2 x G) which are decomposed &
(respectivelyZ/2 x G).

Proof. It is a direct consequence of 2.8 et 3.3, since the cate@’ér)'rs the product
&G x &z. O

In the same way, we prove the following general statement:

3.6. Corollary. Let P; (respectivelyNg) be the number of strictly positive oriented
conjugacy classes which are ev@gaspectively odd Then, according td.8, the rankR};’

of the free grougk (&) satisfies the equatioR’,®* — R}, = PG — Ng, which may be also
written

Rg:ZCG+0G—AG—PG+NG.

Therefore, if the dimension &f is even(respectively odd 2Cs + Og — Ag — Pg + Ng
is the number of conjugacy classes®f(respectivelyZ/2 x G) which are decomposed
in G (respectivelyZ/2 x G).

3.7. Let us apply the previous considerations to the symmetric g@up S, acting
naturally onR”. As we said before, the conjugacy classgois associated to a partition
1< << Aswithn=Ai1+4---+As. In Table 1, we describe all the types of partitions
which are relevant and deduce from it and Theorem 3.4 the following ré3ult.

3.8. Theorem. Let G = &,, acting naturally onV = R". Then the rank of(g(P(V)) is
2P(n) — j, and the rank oiKcl;(P(V)) is pn, WhereP (n) is the total number of partitions
ofn, p, is defined in the introduction, angl is the number of partitions af =114 - -+ A
of typel < A1 < -+ - < Ay With oddA;s (note thatj,, = p, + i, according t02.10).

3.9. On the other hand, we have(n) = R, the rank ofK (2) which is the classical
representation ring af. In the same way, the rank’, of K (6%) = K (€2 x €2) is 2P (n).

As a consequence of Theorem 3.2, we therefore get the following result which gives a more
direct!* topological proof of Theorem 2.11:

3.10. Theorem. The rankRg691 of the free groupf((é‘g@l) is the solution of the equation
RGP —2P(n) =rank K& (P(V))) —rank K& (P(V))) = pu — (2P(1) — jn),
and therefore

Rg@l =pn+ jn=2pn +in.

13\We recall the notations of Table b, = BO+ B2+ D4, i, = DO+ D2+ B4, j, = AO+ BO+ C3 + DO
(= pn + i, according to 2.10).
141t is a more “direct” proof, since we do not distinguish between the even case from the odd.
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On the other hand, according thl and 1.3, therankRg of the free groud((é’c‘;’) is the
solution of the equatiori?gEDl — R} = pp — in, and therefore

Rg = pn + 2iy.

3.11. Remark. Theorem 3.10 has an equivalent formulation in terms ofKhtheory of
crossed product algebras. Let us denot€lg®") the Clifford algebra oR” provided with
a positive definite quadratic form. K, is the crossed product algebg&g, x C(R") and
B, the crossed product algebeg, x C(R"+1), we have the following formulas

K(Ap) Z7Z2PFin and K (B,) = ZPr+2in,

4. Relation with operationsin complex K-theory. Multiplicative structures

4.1. Let R(S6,) be the representation ring of the symmetric graup= &,,. As Atiyah
has shown in [2], every group homomorphisRiG) — Z gives rise to an operation
in (complex) K -theory. It is defined by the compositicki(X) - Kg(X) = K(X) ®
R(G) — K(X), where the first map i — E®", the groupG acting trivially on X
and by permutation of the factors i®". Let us putR(G)* = Hom(R(G), Z); the idea
(due again to Atiyah) is to provide the direct s, R(S)* with an algebra structure
(denoted byo): it is induced by the obvious compositiat(&,,)* ® R(5,)* = R(G,, x
&,)* — R(G,4n)*. As a key example, one might consider the eleméntf R(G,)* =
Hom(R(S,) — Z) defined byA"(w) = 1 if = is the dimension 1 representation &f,
associated to the signature and¥yr) = O for the other irreducible representations.

4.2. Theorem (Atiyah [2]). The coalgebraR(&y)* is a freeZ-module with basis the-
productsiit @ --- @ A with iy <ip <--- <i, andip + -+ i, =k.

4.3. We wish to make the coproduet: R(G)* — R(Sx)* ® R(Sk)* more explicit. With
obvious definitions, it is easy to see thatu © v) = m(u) © m(v). Therefore, it is enough
to computen (1), which amounts to computing’ (xy) in terms of thex’ (x) and/ (y)
in the A-ring K (X). For instance, we have

32(xy) = 3200 (A2() + (A100)222() — 2220 %(y)
and therefore
m(x?) =22@ A ort)+ (W ort)@r?-222®a?
a formula which we may write in the condensed form
m(32) =220 (W1 + (1) @12 - 22 @2
4.4. By tensoring all the previous modules i, we get much simpler formulas

thanks to the Adams operations (cf. Remark 4.6). More preciseht,if?, ..., AF are
indeterminates, we denote hy' the Newton polynomial in thel, 22, ..., 2K (k > i)
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which gives the fundamental symmetric functi§in= Y "(x,)" in terms of the elementary
symmetric functionsr, ..., 0;. If I = (i1, ..., i) issuch that; <iz < --- < ik, we denote

by A (respectivelyy’) the product/t - - - A/ (respectivelys® - - - k). We have formulas
giving they! in terms of thex! and vice-versa:

I//JZZQIJA[, }‘IZZ“’W’J'
1 J

Here@,’ (respectivelya)g) is a “triangular” matrix with integral coefficients (respectively
rational coefficients). If we putf| = i1 + i2 + - - - + i, the previous theorem has a “dual”
formulation:

4.5. Theorem. The representation rin®R(Sy) is a freeZ-module with basis thedual’
symbolsi; with |1| = k. The produch;.A; is given by the following formula

> 0f0f oL,
K,L

In particular, the coefficient!, = >, 0X6X wk is an integer. This is the coefficient,
in the universal formula fok-rings when we write.” (xy) in terms of products of exterior
powersi! (x) andA” (y):

My =D @ ().
1,J

4.6. Remark. It will be more convenient later on to consider the operatigndefined

by Grothendieck [8, p. 253] instead of the’s. The structural equationg’(xy) =

Y ruf,; v (x)y!(y) in generali-rings enable us to compute in the same way the
multiplicative structure oR(&,,) in terms of the basis given by the .

4.7. The same considerations apply to tReG)-modulek /; (R"). More precisely, to each
homomorphisnk §, (R") — Z, whereG = &,,, we may associate an operatiorkintheory
by the composition of the following maps

K'(X)=K(X xR) - Kg(X xR") = EB K'(X)® K§(R") — K*(X).
r+s=0

More precisely, an element of qug(R”),Z) (respectively HorﬂKé(R"),Z)) gives
rise to an operatiok 1(X) — K°(X) (respectivelyk 1(X) — K1(X)). These operations
are classical and determined by tRetheory of the infinite unitary group: we obtain a
free Z-module with basis the symbols’ = ys1y%2...y% with sy <s» < --- <5, and
s1+ ---+ s, = n, the parity ofr being equal to the degree of the operation. On the other
hand, if we consider an element, wherex e Hom(R(G), Z) andy e Hom(K /;(R"), Z),
with the identification HomiR(G) ® K(;(R"), Z) = HOM(R(G), Z) ® HOM(K §;(R"), Z),
we have the same formula as above

ySay) = ui v 0y’ ().
1,J



Table 1
Description of the equivariank -theory of real projective spaces in terms of the decomposition of a conjugacy class into a product of cycles (@hen
the symmetric group)

A B C D

p=>0,g>0 2p cycles even=£) 2p cycles odd#) (2p + 1) cycles odd =) (2p + 1) cycles odd#) i
0 0 cycle even kK0=1 k1=0 K0=1 kl=1 kK0=1 kl=0 kK0=1 kl=0 é
1 24 cycles ever(=) kK9=2 k1=0 kK9=2; k1=0 K%9=2 kl=0 K0=2 kl=0 3
2 24 cycles ever(£) K0=2 k1=0 K0=2 k1=1 kK0=2, k1=0 kK0=2, k1=0 g
3 (29 — 1) cycles ever=) K0=2 k1=0 K0=2 k1=0 K09=2 kl=0 K0=2 kl=0 %
4 (2q — 1) cycles ever() K9=2, k1=0 kK9=2;, k1=0 K0=2 k1=0 K0=2 kl=1 %

Commentsa conjugacy class of the symmetric group is decomposed into a product of cycles of even and odd length (denoted simply by even@r odd

cycles). :

11ed

The symbol(=) means a decomposition into cycles where there exist two cycles of the same nature (even or odd) which have the same length.

The symbol(£) means a decomposition into cycles where all the cycles of the same nature (even or odd) have different lengths.

=

9¥S-T€S (2002) 22T suo

In each case, the identit}ijO =x (respectiverK1 = y) means the contribution (respectivelyy) of the conjugacy class considered to the equivarian
KO group (respectively 1 group) of the real projective spagg V).

Jn =A0+ B0+ CO+ DO (= py + in according to 2.13)
pn = B0+ B2+ D4
in =D0+ D2+ BA4.

The number of conjugacy classes in the symmetric group which are decomposed in the Schur group isAyaB®+ CO + DO+ B4+ D4 (cf.
Theorem 2.4).

S¥S
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However, we have to replaaé ; by 0if J is a partition with non distincts integers (because
the squares of elements kil are equal to 0) and we therefore obtain the following
theorem:

4.8. Theorem. The groupK;(R") is a freeZ-module with basis the “dual” symbolgs,
wheresS is a partition ofn into distinctintegers and where the degree is determined by the
parity of the number of terms in the partition. TiR&G)-module structure oK (R") is
given by the following relatian

s
VY= D_uisY,
1J

where the integers; , are defined above and wheSeandJ are partitions ofz into distinct
integers.

4.9. Remark. As in 4.4, we may take the tensor products of th8$€)-modules byQ.

That way, K/, (R") ® Q is identified with the sum of the ideals iR(G) ® Q given by

the idempotents/g, S running through the set of partitions efinto distinct integers.

If G is an arbitrary finite group, the same argument may be applied t& t6¢-module

K (V) ® C, thanks to the equivariant Chern character [4,10]. It gives an isomorphism
between the followingR(G)-modules

K;(Vy®C= @ H;(VE/C,:C).
8i€(G)

Note that theR(G)-module structure of the second factor comes from the fact that
R(G) ® C is isomorphic to the ring of complex valued functions on the set of conjugacy
classes of;.
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