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1. Let A,B,T € B(H) with T'=T"*. We suppose that AT =TB and TA = BT.
(a) Let g € C(R) be an even function. Show that ¢g(7") commutes with A and B.
(b) Let f € C(R) be an odd function. Show that Af(T") = f(T)B.

Answer — We first show by recursion on n the property :
Pn . T2’I’LA — AT?n T2nB — BTQn T2n+1A — T2n+1B T2n+1B — AT2n+1.

For n = 0, Py is a straightforward consequence of the hypotheses AT =TB and TA = BT.
Now assume that P, has been proved. Then we write :

T21’L+2A _ T2n+1TA _ T2n+1BT _ AT2n+1T _ AT2n+2
and we obtain by a similar computation that 72"2B = AT?"*+2_ Similarly we obtain
T2n+3A — T2n+2TA — T2n+2BT — BT2n+2T — BT2n+3

and also T?"+t3B = AT?"*+3. Hence P,41 holds. It follows that, for any odd polynomial P,
we have AP(T') = P(T')B and, for any even polynomial @, [4, Q(T)] = [B,Q(T)] = 0. Now
we use the fact that 1" is self-adjoint, so that we can define a continuous functional calculus
C(SpT,C) > f — f(T) € B(H), which satisfies in particular ||f(T)||gm) < ”fHCO(SpT)’
Moreover by the Stone—Weierstrass theorem the set of restrictions of polynomial functions
on SpT is dense in C(SpT,C). Hence for any, say, even function g € C°(SpT, C), there
exists a sequence of polynomials (@), s.t. Qn’SpT converges to g. Then one proves easily

that if we set : Qn(z) = +(Qn(z) + Qn(—x)), then Qy is obviously even and @n|SpT

converges to g also in CO(SpT, C) and hence Q,(T) converges to g(T) in B(H). Since
[Qn(T), Al = [Qn(T), B] =0, (a) follows. The proof of (b) is similar.

2. Let U be the bilateral shift on £2(Z) ie, Ue,, = e,+1 where (e,)nez is the canonical basis.
We recall that the spectrum of U is the unit circle. Let k € Z. Show that ey is a cyclic
vector for U and compute the associated spectral measure.

Answer — The vector ey, is cyclic iff the vector subspace spanned by (U™(U*)™eg)n,men
is dense in ¢2(Z). Since U* = U~! (this can be seen from the very definition of U or as
a consequence of the fact that U is unitary because its spectrum is a subset of the unit
circle), we have U™(U*)™ = U™, so that this amounts to show that the vector subspace
spanned by (U"eg)nez is dense in £2(Z). But this is clearly the fact, for (e, )nez being



a Hilbert basis of (?(Z).
The spectral measure dy,, on the circle ST C C is defined by the relation

Vf € CO<Slﬁ C)v o1 f(eia)d/’tek (0) = <eka f(U>ek>

By using a Fourier series decomposition f(e?) = Y onez ﬁLeme and the fact that U* = U1,
we obtain f(U) =", fnU". Hence

(e f(Oer) = (en, FuUer) = > Falers entr) = fo = ! / f(e)de,

o
nez neZ

so that

1
djie, (0) = 5 -do.

. Let a = (an)nen be a sequence of complex numbers and M, be the following operator on
?(N)

(a)

D(M,) ={x = (xp)n € EZ(N) : Z |an\2|xn|2 < o0}, Mgz = (apzy)n.

Show that M, is densely defined and closed.

Answer — The fact that D(M,) is dense in ¢?(N) is a consequence of the fact that
D(M,) contains all finite sequences and that finite sequences are dense in £2(N). We
now need to show that Gr, is a closed subspace of £2(N) x £2(N). Consider a sequence
(2%, My2¥)pen with values in GrM, and assume that (¥, M,z*) converges to some
(z,y) € £2(N)x£2(N), when k — +oo. Setting 2¥ = (2}, 2%,---) and z = (¢, 21, - - ),
this implies immediately that, for any fixed n € N, limg_, :L'k = x, in C and hence
that limp_ o0 anaﬁk = apx, in C. Hence since we also have limy_, o anw = Y, this
implies that a,zn = yn, Vn € N. Hence, since y € (2(N), 3, o |an|?|zn|? < 400 and
we deduce that x € D(M,) and y = M,x, i.e. (z,y) € GrM,. Hence GrM, is closed.
Show that sp(M,) = {a, : n € N}.

Answer — We first observe that any value a, is an eigenvalue of M, for at least
the eigenvector e,. Hence {a, : n € N} C SppMa C SpM,. Since we know from the

course that the spectrum of any operator is closed, this implies that {a, : n € N} C
SpM,. Now let b € C\ {ay, : n € N}. Then, since {a, : n € N} is closed, there exists
some € > 0 s.t. B(b,e) N{a, : n € N} = (. We will then first show that M, — b is
a bijection between D(M,) and ¢2(N) : given some y € £2(N) we need to prove that
there exists an unique = € D(M,) s.t. (M, — b)xz = y. If such an = would exist, it
would be the unique solution of the equation (a, — b)z, = y, <= xn = yn/(an —b),
Vn € N. Lastly one needs to prove that (b — M,)~! : £?(N) — ¢2(N) is bounded, a
consequence of :

H(b - M )—ly’|2 — Z |yn Z | HyHQ
' neN |b an|2 ‘

Hence the resolvent set of M, contains C \ {a,, : n € N}, which is equivalent to say
that SpM, C {a, : n € N}.




4. Let a = (ap)nez be a sequence of complex numbers indexed by Z and T}, be the operator

defined on ¢?(Z) by

(a)
(b)

D(T,) = {z = (zn)nez € (*(Z) : Z |an*lz-n|? < 00}, Tut = (an@—n)nez-
nez

Show that T, is densely defined and closed.

Answer — Use the same method as in question 3 — (a).

Compute T .

Answer — We first compute its domain D(T) : this is the set of y € £%(Z) s.t. the
linear form

D(T,) — C
r o (y,Tox)

admits a continuous extension on ¢?(Z) (which is then unique since D(T,) is dense

in 2(Z)). By Riesz’ theorem this property is equivalent to say that there exists some
z € 12(Z) st. {y, T,z) = (z,2), Vo € D(T,). But

Hence such a z exists, its satisfies 2, = a_ny—n. Thusy € D(T}) iff Y, o/ [a—ny—n|? <
400, i.e.

D(T;) ={y € *(Z): Y _lanyn|* < +00} and Vy € D(T}), Tiy= (@ nyn)nez-
nez

Find a necessary and sufficient condition on a for T, to be normal.
Answer — For any € D(T,T)) :={x € D(T): Tz € D(T,)},

ToT = To ((@=pz—n),) = (an (@zn),) = (|an|2mn)n»
wheras for any x € D(T)T,),
Ty Tox =T, ((anz—n),) = (=5 (a—nzp),) = (‘a—n|2xn)n’

Whatever D(T,T,) and D(T;T,) are, they contain the space of finite sequences. Hence
a necessary condition for 7, to be normal is that, for any finite sequence z = (z,)n,
lan|>7y, = |a_p|*Tn, VN € Z, which implies that :

lan| = la—p|, Vn € Z.

Conversely it is clear from the preceding computation that, if the above condition
holds, then D(T,T}) = D(T;1,) and T, T, = T;T, i.e. T, is normal.

Find a necessary and sufficient condition on a for T, to be bounded.

Answer — The operator T}, is bounded iff D(T,) = £%(Z) and there exists a constant
C € [0,+00) s.t. Vo € £2(Z), ||Tux|| < C||z||. Testing this condition with = = e,
for any n € Z implies that |a,| < C. Conversely, it is easy to check that the latter
condition implies that T, is bounded. Hence the necessary and sufficient condition
is : the sequence (ay,)nez is bounded.



(e) Compute sp(7;T,) and sp(T,T;).
Answer — We have seen in question c) that T*T, has the domain {z € (*(Z) :
> nez la—nl*zn|? < +oo} and is defined by T;T,(z) = (la—n|*zn)n. Hence by a
reasoning similar to the question 3 — (b), we deduce that the spectrum of 7T,
is {la_n|?: n€Z} = {|ay|? : n € Z}. Similarly T, T has the domain {x € (*(Z) :
> nez lan]*|zn|? < +o00} and is defined by T;; T, (z) = (|an|*zy)n. Hence the spectrum
of T, T is also {|a,|?: n € Z}.

(f) Find a necessary and sufficient condition on a for T T, (resp. T,T.') to be compact.
Answer — Assume that 7,5, is compact. Note also that this operator is self-adjoint.
Then it follows from the course that the spectrum of T,;T, is equal to {0} U A,
where A is a subset of C\ {0} which is at most countable and has no accumulation
point, excepted may be 0. In particular, for any r > 0, SpT*T, N (C\ B(0,7?)) is
finite. Moreover A is composed of eigenvalues \ associated with finite dimensional
vector eigenspaces. However we have seen in the preceding question that Sp7T,; 7T, =
{lan|? : n € Z} and the dimension of the eigenspace corresponding to any value A € A
is the cardinal of {n € Z : |a,|?> = A\}. We hence deduce that the number of values
n € Zs.t. |a,|? > r? is finite. In particular, if we set N(r) := sup{|n| € Z : |an|* > r},
we have Vn € Z s.t. |n| > N(r), |a,| < r. Hence lim,_,o an = 0.

Conversely if lim|,,| o @ = 0, then we define for any 7 > 0 the operator K; on 2(7)
by

K,z = Z \a_n|2:cnen.

neZ;a, [22r2

Then ||T}T, — K,|| < 72, so that lim,_0 ||T}T, — K,|| = 0 and each K, is a finite
rank operator. Hence 7T, is compact.
A similar reasonning shows that 7,7 is compact iff the same condition holds, i.e.

lim a, =0.
[n|—o0

5. Let H be a complex separable Hilbert space. Let A be a non bounded self-adjoint operator
such that its domain D(A) is dense in H. We assume that A is positive, i.e. that Vo € D(A),

(@, Ap) > 0.

(a) recall the spectral decomposition theorem for A;
Answer — There exists a topological space X endowed with a Borelian measure
w, an unitary operator U : H — L?(X, u;C) and a real-valued Borelian! function
f: X — C s.t., for any function ¢ € U(D(A)),

(UAU ) (z) = f(x)p(x), for p—ae zc X.

In the following we will write L?(X) = L?(X,u;C) for shortness. Note that the
positivity condition translates here as Vo € U(D(A)), [y f(2)lo()*du(z) > 0.
Moreover since D(A) is dense in H, U(D(A)) is dense in L?(X) and hence the latter
condition implies that f is real and f > 0, y—a.e.

1. not necessarily bounded



t4 and that this operator is

(b) Prove that, for any ¢ > 0, one can define the operator e~
bounded on H ;
Answer — Since the function z —» e~*/(#) is Borelian and bounded, it suffices to

define e~ by : Vp € L*(X),
(Ue U o) (@) = e W p(x), for p—ae o€ X.

This operator is bounded and its norm is equal to the supremum of z —s e tf(®)
over X.
Beware : it is not possible to use the series ) -, (—tA)"™/n!, which does not converge
since A is not bounded.

(c) Prove that Vt,s > 0, e 54 = ¢~ ()4,
Answer — This follows from the definition of e *4 and the fact that e ~t/(#)e¢=5/(z) =
e~ (t+s)f(z)

(d) Prove that Vtg > 0, lim~q 0 et = gtoA .
Answer — We need to evaluate the limit of ||e=*4 —e~%04||3;, when t — t5. Without
loss of generality we can assume that to/2 < t < 3tg/2. For any u € H, let ¢ := Uu €
L?(X), so that u = U~ 'p. Then

(™ — e Nullf = |l(e™ — e )g||2. = /X e — =IO Rlp(2) Pdux).

By the mean value theorem, for any x € X, there exists some 7 between tg and ¢
st e @) el @) = | = f(2)e @ (t —tg)| = |f(2)|e S @)/2|t —to| < Clt —to),
where C' := sup,~q ze~0%/2 (actually C' = 2/ety). Hence

[(e™ e Nul}, < C2(t—to)? /X () Pdp(x) = C*(t—t0)?||¢ll72 = C*(t=to)?[|ul 3,

and ||e*4 — e~t04||3;, < C|t — to|, which implies the result.

(e) Prove that Vu € D(A),
. ety —u
lim ————
t>0,t—0 t

= —Au

Answer — For any u € D(A) and ¢ := Uu € L?(X), so that u = U~ 'y, we have,

fort >0 :
_tA—]_ 2 _tf_l 2
(=), - (=)
H L22
e_tf(x)_l 2
= [ [+ @) et Pduto)

Using the mean value theorem, we know that, for any x € X, there exists some
T € (0,t) s.t.

—— + f(@) = —f@)eT 4 fo) = f(2)(1 - 7T,



and hence

(=),

The function |1 — e~ 77®)2f(x)|p(z)? is dominated by f(z)|¢(x)|?, which is pu-
integrable and it converges pointwise to 0 when ¢ (and hence 7) converges to 0.
Hence we can apply Lebesgue’s dominated convergence theorem to conclude that
eu=u _ Ay converges to 0.

(f) We define D(A") for all n € N recursively by : D(A%) := H and Vn € N, D(A"*!) .=
{u € D(A™)| A"u € D(A)}. Prove that Vt > 0, Vn € N, Vu € H, e *u € D(A").
Answer — This is just a consequence of the fact that, for any n € N, z —
f(z)"e~/(*) is bounded on X, since f is a nonnegative function.

- / 11— e @2 () o) Pp().
X

Supplementary questions (an application) 2

(g) Let  C R™ be a bounded domain with smooth boundary. Let A be the non bounded
operator on L?(€2, C) with domain D(A) = H?(Q,C) N H}(?,C) and such that Yu €
D(A), Au = —Awu. Show that A is symmetric.

Answer — We must show that D(A) C D(A*) and that A and A* coincides on
D(A). In other words it suffices to check that, for any u € D(A), the linear form

DA) — C
v — (u, Av)

admits a continuous extension on L?(£2), which coincides with v — (Au,v). But,
since u and v belongs to H?(, C) N H} (2, C), we have

Av) = — [ wAv=— [ vA ou 29 _ | yAu= (A
(u, Av) /Qu v /v u—i—/anan 871 /Qv u = (Au,v),

where we have used the fact that the boundary integral cancels because u and v
vanish on 99 (u,v € H}(Q,C)).

In the following we will admit that A is self-adjoint ;
(h) Prove that, for any f € L?(€2,C), there exists3 a C! map

u: (0,400) — D(A)
t — u(t, )

such that :

2. One could use the following formula, valid for f,g € H*(Q,C)

dg  Of /
At - Ag — gAf,
/mfan I Qf g—gAf

where % denotes the derivatives with respect to the exterior normal vector to the boundary 9f2 .
3. Sorry, there were a slight mistake in the subject : the equation was %(m z) = Au(t,z) (and not =

—Au(t, x)).



- U(O, ) =r;
-Vt >0, u(t,-) € C*(Q) and u(t,-) vanishes on 09 ;
-Vt >0, Vz €,

ou
— =A )
(1) = Aut,2)

Answer — We just take u(t,z) = (e'*f) (z) = (e7f) (), V¢t > 0, Vz € X, with
the convention that, for ¢t = 0, e=%4 = 1 is the identity map.

We first note that, V¢ > 0, e maps L?(Q) to NuenHE (2, C), because of the result
of question (f) (where HZ(€2,C) is the space of functions f in L?*(Q2,C) such that
all derivatives of f of order less than or equal to n are in L?(Q2,C) and such that f
vanishes on 02). But this space is contained in the space of C*° functions on 2 which
vanish on 0f).

The map w is clearly continuous on (0, 400), as a consequence of question (d). It is
moreover continuous at ¢ = 0 : this can be proved by starting the same computation
as in question (d), which gives

et — ul|2, = /X e~ — 12 p(2) Pdpu(a)

and by using Lebesgue’s dominated convergence theorem as in question (e). However
u is not C' at 0 : we can only prove that, for any f € D(A), the map t — e!™f
is derivable at 0, with a derivative equal to Af, as a straightforward consequence of
question (e). Lastly u is continuously derivable on (0, +00), since, we can write, for
any f € L*(Q,C) and for any t > 0 :

u(t+s,-) — ult,") B 6(t+s)Af _ etAf B eSO (emf) _ et

f

S S S

and we remark that ef € D(A) because of question (f). Hence we can apply
question (e) with the function e!®f to prove that this quotient has a limit when s
goes to 0, which is equal to A (emf) = Au(t,-). Hence %(t,x) = Au(t,z), Vt > 0,
Vx € X. The fact that ¢t — %(t, -) = Au(t, -) is continuous can be seen by writing

Au(t,") = A (etAf) = elt=m)A (AeTAf) ,
for some fixed 7 such that 0 < 7 < t : question (f) says us again that, for any

f € L*(Q,C), Ae™ f belongs to L?(2, C) and question (d) says us that its image by
e(t=7)2A depends continuously on ¢.



