Complement to: Willmore immersions and Loop groups

Frédéric Hélein

The Euler-Lagrange equation of the Willmore functional

The derivation of the Euler-Lagrange equation of the Willmore functional was done in [1].
However I found this proof difficult to follow and I present here an alternative redaction.

Proof — Using the notations of [2] we know that we may write the Willmore functional

as
W(X):/—wé/\wgz/ Qx,
U U

which is precisely minus the area covered by . We start from an immersion X : U — S3,
not necessarily conformal, and we consider some section e of the associated bundle F )((7 ),

We perform a variation of X induced by
eo(t) = e + thes, (1)

where A : U — R is some smooth map with compact support in U. We can construct
for each ¢ sufficiently small the associated conformal Gauss map 7(t) = e3(t), and the
orthonormal frame (e;(t), e2(t)) for instance by the Gram-Schmitt orthonormalisation of

(% (t), %—?(t)). By completing by an adequate vector e4(t) in C, we construct a section

e(t) of ff}@ for ¢ sufficiently small. We now introduce the matrix of elements X’ depending
smoothly on z such that if the dot denotes the derivatives with respect to t at t = 0, we
have
We have B, A\ + B¢ = 0 and by (1)
MN=XA=X=0; A=\ (3)
We wish to compute the first variation of fU Q) x by this deformation.
First step. Brutal computation of Qx: Using (2) we get that
w3 = (dés,er) + (des, ér)
= d\} + ANwh + Ajws + Ajw) + Ajw3
wy = (dés,eq) + (des, és)
= d\3+ NJwd + AMw? + A3w) + Aws.
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Thus

—Qx = (A AW+ Agwg A w3+ wi AdN2+ Nwl Aw?)
+ AW A w? + wi Awd) (4)
+ A(wg Awi +wi Awd).

We then use (?7) and the fact that hq; + hee = 0 to cancel the last term in the right hand
side of (4). Moreover using the structure equations

dwi + wi Aw) + wy Aw; =

2 20 0,0 L 21
dws +wi ANws +wi Awz =

0
0
we can transform the first term in the right hand side of (4) as
dX3 A wi — Na(dws + wi A ws) +wg AdA3 + A (dws + wi A w))
= d(A3w3 — Ajw;) + (Agwi — Ajwp) A ws-
Thus we obtain that

—Qx = d(Muj - )‘3W3) + (Agwg — Ajwg) A ws (5)
+ AW Aw?+wi Aw).

Second step. We compute the last term in the right hand side of (5). We set w) =
hiw} + how?, and we differentiate this expression. This gives

dwy = dhy A wy + dhy A wi + hidwy + hadwy.
We develop this relation using the structure equations and (?7) as

(dhl + 2&)8]11 - u)%hg - hnu)? - hlgwg) VAN wg (6)
+(dh2 + 2&)8]12 - w%hl - hglw(f - hggu)g) VAN wé = 0.

And using Cartan lemma this implies that there exist smooth functions pi1, p12 = p21 and
oo such that

dhl + nghl = w%hg -+ hnw(l) + hlgwg —+ pnwé +p12w(2] (a) (7)
dhg + 2w8h2 = w%hl + hglu)(l) + hggwg + p21u)(1] + pggu)g (b)

And a computation of (a) A w3 — (b) A w} gives
dhy A wi — dhy A wh + 2w A (hawi — haw}) (8)
= WA (howd + hiw]) — (Wi A w + W Awd) + (p11 + pao)wi A Wi.

Relation (8) gives us an expression for wi A w§ + w) A w3, which we can again transform
using the structure relations

dwd + wh Awd + wi A wd 0 ()
dwd + Wi Awi +wiAw) = 0



as

WA+ W AWE = d(hwd — howf) + wi A (hiwE — how)
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—(put +p22)wé A wg. (10)

Third step. We inject the result of step 2 summarized in (10) in the formula for Qx given
by (5). It leads to

—Qx = d(\w; — Aws) + (Mwf — )‘3“’0) A wy
+A3d(hywd — how}) + )\owo (hywi — haw})
=g (P11 + pa2)wh A wh (11)
= d(M\jw3 — ANw3) + Ajd(hiwi — haw})
+H(AJw) — Ajwp — /\3%) (hwg — haw)
—A5(P11 + pa2)wy A Wi,

where we used wi = hiwl + how?.
Lastly we exploit a relation between the coefficients )\3'- which we did not use before.
Since we impose the constraint wi = 0, for small ¢, we have

0 = (déy, e3) + (dey, é3),
which leads to
dNy = Adwld) — Adwg — A3ws. (12)
We insert this relation in (11) to get

Qx = N} o(p11 +p22)w0 Awd (13)
+d[Mw? — Mwd + A3 (hw? — haw})].

Conclusion. We obtain that

/ QX = / A(pn +p22)w(1) N wg, (14)
U U
and this implies that any Willmore immersion satisfies the equation

P11+ p22 = 0. (15)
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