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Abstract

Given a solution of a nonlinear wave equation on the flat space-time (with a
real analytic nonlinearity), we relate its Cauchy data at two different times by
nonlinear representation formulas in terms of asymptotic series. We first show how
to construct formally these series by mean of generating functions based on an
algebraic framework inspired by the construction of Fock spaces in quantum field
theory. Then we build an analytic setting in which all these constructions really
make sense and give rise to convergent series.

It is well-known that, for hyperbolic wave equations like, for instance, the linear Klein—
Gordon equation on the space-time R x R":

82

Eoh Au +m?u = 0, (1)
one can construct first integrals ie. Conserved quantities. One of the most important
example is the energy Eyfu] := 3 [, ( 24 \Vu]Q +m?u ) |;o—¢ dZ, which is particularly
useful in the analysis of the solutions of (1). (Here we denote by x = (2°,Z) € R x R™ a
point in space-time, % = 88"0 and Vu = (%, e ,(%—lﬁl).) By claiming that the family

of functionals (E}),. is a first integral we mean that, for any given solution u of (1),
the value of F;[u] does not depend on t. Equation (1) possesses however other conserved

quantities such as
ou Op S
If[u] := /Rn <ESO —Ua) o=t dT, (2)

where ¢ is a fixed solution of (1). One interpretation of these functionals is based on
Noether’s theorem: solutions to (1) are the critical points of the functional Ly[u] :=

Jemn 3 ((%)2 — | Vul? — m2u2) dr and hence a first integral is associated to each sym-
metry. The conservation of the energy F, is then a consequence of the invariance of this
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problem by translations in time, whereas the conservation of functionals I} is due to the
fact that the Lagrangian functional £ is invariant up to a boundary term by the substi-
tution u — u + se. Another point of view, which is closer to differential Geometry, is
to consider the set & of all solutions to (1) as a manifold (here we stay vague about the
choice of the topology). Then to each time ¢t we associate a system of coordinates on &
which is nothing but the Cauchy data [u]; := (u(t,-), 2%(t,-)) and the conservation of, say
I7, means that a functional I¥ can be consistently constructed on & by using, for each
time ¢, the expression I} on the coordinate system u — [u];. Note that the functionals
I? play an important role in the quantization of equation (1), since if ¢ is a (complex)
solution of (1) of the form e then the quantization of I¥ leads to creation and anni-
hilation operators (see [15], the resulting quantum fields are then of course free). In this
paper we are interested in finding analogous conserved quantities for a more general, non
linear Klein—-Gordon equation:

9w
w—Au—i—mu—i—W(uVu)—O (3)
where W : RxR""! — R and Vu := (%, %, cee 693”) We denote by &y the set of so-

lutions of the non linear Klein—Gordon equation (3). For instance if W (y, zo, 21, -+ , 2,) =
V'(y), where V' : R — R is a real analytic function, solutions of (3) are the critical

points of Ev[u = fomns ((@)2 — | Vul> — m2u? — V(u)) dr and in this case the en-

ergy EY [u] == 3 [on ( 24 |\ Vul2 + m*u? + V(u )) |z0—; dZ is still a conserved quantity.
However, as soon as W is not linear, there is no way to find non trivial functions ¢ such
the functionals I} be first integrals of (3), as observed in [9, 11]. This is the reason why
it was proposed in [16] to look at more general functionals, of the form

uly = th,p Y, (4)

where [u]; denotes the Cauchy data at time ¢ and, letting H to be the set of all possible
values of Cauchy data at some time, each F;, is a linear functional on the p-th tensor
product H®? := H ® ---® H and [u];? := [u]; ® - - - @ [u]; € H®P. Hence each functional
u— Fip[u]? is a homogeneous polynomial of degree p and F; is a series in u. In [13], the
first Author proved that such series can be constructed in the case where W (u, Vu) = u?.
In the following we recall the content of this paper.

We start with some ¢ € & (i.e. a solution to the linear equation (1)) and we use its
Cauchy data [p]o at time 0 to obtain a functional I on €. Then the first result is that it
is possible to build a formal series F;” of the type (4) s.t. formally F/[u], = I§[u] for all

time ¢. The first term in the series is

Fl Fl
‘pu::/ dgj/ dZ u(y)=—G(y — ) =——¢(x),
= [ [ a6 - ) pete)



where GG is the unique tempered distribution on R x R™ which is the solution of %QTQG -

AG + m?G = 0 and such that G|,0—o = 0 and %—f|$o:0 = Jp, the Dirac mass at the origin
in R™. Moreover we have introduced the notation 8%0 meaning that

>
9, \._ da b

= a—yo(y)b(y) - a(y)a—yo(y),

for any functions a and b. However since ¢ € &, ¢(y) = f{o}an diG(y — ) z0p(x), s0
that .
0
Flu :/ dy u(y)=——o(y) = I/ ]u].
A= [ a5 e = Il

The second term F/5[u]; @ [u] is equal to

9 gl
dg]dg]/ dz/ dz u(y)u(y2) == =—G(y1—2)G(ys—2)G(z—x) =—p(x).
J R R B P e e CE P

These terms can alternatively be described through diagrams, more precisely trees, by
using adapted Feynman rules:

Folle= —y——, FHul* =

Z/l\z/yZ

T

The variable x at the bottom horizontal line is associated with the insertion on the right

hand side in the integral of %gp(x) and with an integration over Z at time 2° = 0.
Similarly each variable y at the top horizontal line is associated with the insertion on the
left hand side in the integral of u(y)aiyo and with an integration over ¥ at time y° = ¢. The
intermediate vertex z represents an integration over [0,¢] x R” and each intermediate edge
is associated to the insertion of G(‘up’ — ‘down’), where ‘up’ and ‘down’ are the variables
at the ends of the corresponding edge.

The second content of the result in [13] (still for W (u, Vu) = u?) is that one can choose
suitable function spaces for respectively ¢ and u such that the preceding series converges
and defines a first integral. More precisely we let H*(R™) be the Hilbert space of tempered
distributions v € &'(R™) such that €0 € L*(R™), where ¥ is the Fourier transform of v
and €(&) = /m2+|¢2. If s > n/2, ¢ is in C°(R, H*(R")) N C*(R, H*"'(R")) and u
is a solution to (3) which belongs to C°([0, T, H*(R")) N C([0, T], H***(R™)) for some
T, then, under a reasonable smallness assumption on 7" and ||u||, the functional F; is
defined for all ¢ € [0, 7] and the value of F/[u]; does not depend on t € [0,T].

The proof in [13], which uses a lot of combinatorics, can be extended without diffi-
culties to nonlinearities of the type W(u, Vu) = uP~1, for all integer p > 3, by replacing



binary trees by (p — 1)-nary trees. However it seems difficult to extend it to deal with
more general nonlinearities or to systems of hyperbolic wave equations. The purpose of
our paper is precisely to present a new principle which allows both to construct and to
prove the convergence of functionals of the type (4) for more general nonlinearities. It is
based on the following heuristic construction.

We let (¢”(2)) ,epypn a0d (¢(2)), cpirn De respectively families of ‘creation’ and ‘an-
nihilation’ linear operators, acting on some infinite dimensional vector space FF, a classical
analogue of Fock spaces used in quantum fields theories. They are formally solutions of
the linear Klein-Gordon equation (1), i.e. @™ + m2¢” = O¢ + m?¢? = 0. The space
F contains a particular vector |0) and its dual space F* another vector (0|, such that
(0]0) = 1. Operators ¢"(x) and ¢%(x) obey to commutation relations [¢”(z), ¢ (y)] =
[¢%(x),¢%(y)] = 0 and [¢*(z), #"(y)] = G(x — y) and their action on F and F* are such
that ¢“(2)|0) = 0 and (0]|¢”(xz) = 0. Using these rules, for any ¢ € & and u € &y, one
can define formally the following expression

Foli= e (- [ W@ ve@e@E) 1L, 6
where we have set

([l = (O]exp <_ /Otu(y)a%w(y)dg) and | f,) = / y & () g ol@)dz0) (6)

and the symbol T in (5) forces the exponential on his right to be time ordered. Hence if
we write

o :Z/{ WEEIEEFEE = | W69, 96606, (0

]Rn

then

Texp <— /0 W) v¢>(z))¢<(z)dz> ~ Texp <— /0 t Dsds)
= i(—nk/ Dy, - - - Dy, ds; - - - dsy.

k=0 0<s1< <5<t
It is clear that, if the expression (5) has some meaning, then it depends only on [u]; and
should be of the form (4). We will see that actually, under some hypothesis, it defines a
time independant functional.

For s > n/2 we define &' to be the set of pairs ((t,7),u), where t < 0 < £ and
u € CO(L,t), H¥TH(R™)) N CH((¢, 1), H*(R™)) is a weak solution of the non linear Klein—
Gordon equation (3). (Note that the condition s > n/2 implies that u is C! on (¢,t) x R".)
For all time ¢ € (¢,1) we note ||[u]¢||s41 := [[u(t, )| |1 + [|24(L, )| |r=. Our main result is




Theorem 0.1 Assume that W : R x R"" — R is an entire real analytic function and
let s > n/2. Then there exists an entire complex analytic vector field X = X(z)d% on C,
such that Vz € C, X(z) = > ;2 arz", with ay > 0, Vk € N, which depends only on W
and s such that the following holds. Let ((t,t),u) € E5f' such that

sup e ([[[uli/|s+1) < +o0,
0<t<t

then, for any weak solution ¢ € C°(R, H*(R")) NC*(R, H*"Y(R"™)) of the linear Klein—
Gordon equation (1), there exists a continuous functional Ff on H*T1(R™) x H*(R"™) of
the form (4), which satisfies

Vit € [0,t), F[ul, = I [ulo. (8)
Moreover F7[u], is given by the expression (5).

Actually a large part of this paper is devoted to the construction of a framework in which
(5) really makes sense. Once this is done Theorem 0.1 will follow relatively easily. Fur-

thermore we prove a more general result which apply to nonlinear equations of the type
Ou 4+ m?u + V(u, 2%) = 0, where s is arbitrary and V : H**!(R") x H*(R") — H*(R")
is a real analytic functional on a neighbourhood of 0 in H*™(R") x H*(R™) (if V is a
local functional on u and its space-time derivative, i.e. of the form u — W o (u, Vu),
where W : R"™? — R is real analytic, and if s > n/2, this implies Theorem 0.1). Note
that, as particular examples of applications of Theorem 0.1, we can choose ¢ such that
[¢lo = (0,—0z), for some x = (0,Z), then it turns out that F/[u], = w(x). Similarly
by choosing [plo = (z,0) we obtain F/[u]; = 2%(x). Furthermore one can develop the
expression given in (5) by using a ‘Wick theorem’ (as explained in Section 1 on a simple
example) and then recover an expansion where each term is constructed by using adapted

Feynman rules from a Feynman diagram modelled on a tree.

The paper is organized as follows. In the first section we expound heuristically the ba-
sic ideas behind the construction of the formula (5) and we prove formally that it gives us
a conserved quantities. We also explain how to recover the series of [13] described previ-
ously by a kind of Wick theorem. Roughly speaking our Fock space I is composed of real
analytic functionals on the infinite dimensional space €57, |0) is the constant functional
which takes the value 1 on each ¢ € £, (0] is the ‘Dirac mass’ at the origin in £;*, ¢ is
the multiplication by a linear functional and ¢ is a derivation on it. In the second section
we introduce the analytic setting and the consistent definitions. The major difficulty is
that the operators built from ¢ cannot be bounded and hence their exponentials or time
ordered exponentials cannot make sense as bounded operators from a function space to

itself. This is the reason why by [F we actually mean a family (Fr, F,(})> of normed

0<r<oo
spaces linked together by the dense inclusions Fp C Fg) CcF,. C FY if » < R and each
symbol D (as defined in (7)) represents actually a family of bounded operators from F
to IF,.. In particular, for any r € (0,00), X (r) (where X is the vector field in Theorem 0.1)



controls the norm of the operator D, from Fﬁl) to IF,.. Once these required constructions
are done we conclude the fourth section by the proof of Theorem 0.1. In the last section
we discuss briefly how to extend Theorem 0.1 to nonlinear systems of hyperbolic equations.

Some comments on our method: series expansions of solution to nonlinear ordinary
differential equations (ODE) have a long history and they have different formulations
which are of course related, depending on their use. We can mention Lie series defined by
K.T. Chen [5], the Chen-Fliess series [7] introduced in the framework of control theory
by M. Fliess (or some variants like Volterra series or Magnus expansion [17]) which are
extensively used in control theory [1, 18, 8] but also in the study of dynamical systems
and in numerical analysis. Other major tools are Butcher series which explain the struc-
ture of Runge-Kutta methods of approximation of the solution of an ODE. They have
been introduced by J.C. Butcher [4] and developped by E. Hairer and G. Wanner [12]
which explain that Runge-Kutta methods are gouverned by trees. Later on C. Brouder
2, 3] realized that the structure which underlies the original Butcher’s computation is
exactly the Hopf algebra defined by D. Kreimer in his paper about the renormalization
theory [10]. Concerning analogous results on nonlinear partial differential equations, it
seems that the fact that one can represent solutions or functionals on the set of solu-
tions by series indexed by trees is known to physicists since the work of J. Schwinger
and R. Feynman (and Butcher was also aware of that in his original work), although it
is difficult to find precise references in the litterature (however for instance a formal se-
ries expansion is presented in [6]). However, to our knowledge, the only previous rigorous
result (i.e. with a proof of convergence of the series) is the result in [13] already discussed.

Notations — In the following we will denote by M := R"*! the Minkowski space. We
fix a space-time splitting M = R x R™ and we note t = 2° € R the time coordinate

and ¥ = (2',---,2") € R™ the space coordinates. We denote by [ := at2 — A the
d’Alembertian, where A = Y7 (a‘zf)Q is the Laplace operator. We define the Fourier
transform on smooth fastly decreasing functions f € S(R™) by

r 1 _fo —

f(&) = f( r)e "Rl

N

And we extend it to the Schwartz class S'(R™) of tempered distributions by the standard
duality argument. Then, for s € R, we let

H*(R") == {p € S'(R")| G € L*(R")},

where €(£) := 1/|£]2 + m? and we set ||p||gs := ||e¥P||r2. We denote by G the distribution
in C*(R, §'(R™)) whose spatial Fourier transform is given by

1 siny/[§[2+m?t 1 sin(e(§)1)
VT R L (S R

G(t,&) =



Note that G € C4(R, H=**'=¥(R")) (for s > n/2) is nothing but the fundamental solution
of
0OG + m?*G = 0,

with the initial conditions G(0,) = 0 and Z¢(0,-) = d, that we already encountered.

1 A formal description of the classical Fock space

This part is essentially heuristic and provides the basic ideas which will become rigorous
in the following sections.

1.1 A formal algebra

We first define a formal algebra A which helps us to define the generating function (5)
(leaving aside the delicate question whether such an algebra exists). We let A be the
algebra spanned over R by the symbols:

(0" (), 9°(¥))ayenr »

where we assume the following properties.

(i) Vz,y € M, [¢°(y), & ()] = G(y — 2)

(ii) Vz,y € M, [¢"(y), ¢"(2)] = [¢"(y), ¢*(x)] = 0

(iii) ¢(z) and ¢”(z) depend smoothly on z and O¢” + m?¢” = 0 and 0@ + m2¢° = 0.

We further require the existence of representations of A on two vector spaces F and F*
with the following properties. We denote by |f) elements in F and (v| elements in F* and,
for any ¢ € A we write |f) — | f) its action on F and (v| — (v|t) its action on F*.
We assume that there exists a pairing F* x F 3 ((v|, |f)) — (v|f) € R such that for any
element ¢ € A on F* we have Y(v| € F*, V|f) € F, ((v|¥)|f) = (v| (@|f)) =: (w|¢|f).
Lastly we assume that there exist particular vectors |0) € F\ {0} and (0| € F*\ {0}, such
that

(iv) Yy € M, ¢°(y)[0) =0
(v) Yz e M, (0[¢"(x) =0
(vi) (0[0) = 1.

A simple consequence of properties (i) and (ii) is the following result, analogous to a
special case of the ‘Wick theorem’ used in quantum field theory.



Lemma 1.1 Forall k e N*, Yy,,--- ;yp € M, Vx € M,

(6°(yn) - (), & (2)] = 3 Glyy — 2)6%(ya) - 6°(y) - (), (9)

j=1

o —

where ¢<(y1) - ¢(y;) -+ - ¢ () == ¢ (Y1) -+ & (Jj-1) @ (Gj1) - 9" (Y)-

Proof — We prove (9) by recursion on k. For k = 1 this identity is nothing but (i).
Assume that (9) has been proved for k points y;’s, then, Yy, - -+, yp+1 € M, Vo € M, (by
denoting ¢5 := ¢%(y;) and ¢” := ¢"(z) for short)

k+1
G din = 07 (83 di ) = 7 |05 dp + > Gly; — )5 65 iy
j=2

k+1

= 615 b+ Gy — D)5 by + 07D Gly; — 2)d3 0TG-
j=2

and the result follows for k£ + 1 points. |

1.2 Time invariance of the functional defined by (5)

We will see that, formally, the functional defined by (5) is time independent. We first
introduce more concise notations, setting

«— 0
0 ¢ = — ¢ (y)dy.
/t ud ¢ /y O:tU(y) 8y0¢> (y)dy,

[we v = [ wee.ve e
0 0<29<t
and -
o 7
f) = /Odf 7' l0) = /00 8 (1) pogp(a)d ),
so that we may write

Fluly = —(0] exp (— / u‘?af) Texp (— / twwiww) £ (10)

As a preliminary we derive some relations which are consequences of (9). It first implies
that for all £ € N,

[(/t“?)w)kﬁ”(x)] = k/yot“(y)azyo (y —x) <[u7¢<)k_l. (11)



This follows from (9) by writing

A i S ‘S a4 3= —
/ua¢ :/ Uy up Oy e O S 68 dify -+ i,
¢ {y==y2=t}

1==

with the convention that u; := u(y;) and ¢ := ¢%(y;). Then (11) implies that for any
analytic function of one variable f,

([i7) @) - [ Hu(y%c:(y o7 ([uTe).

But assuming that 2° = ¢ and that f(¢) = e, this gives

{exp (— /t u?w) ,¢>(x)] — u(z) exp (— /t u?af) if 20 — ¢, (13)

because of the Cauchy conditions on G at time 0. Lastly we deduce from (13) that

{exp( /uadﬁ) /W (8", V™) } /W u, Vi) exp (—/tu?w), (14)

where W(U,Vu) = W(u,Vu) — W(0,0). Now assuming that the expression in (10) is
differentiable with respect to time t,

R ( / U%Q) exp (— / ﬁof‘) Texp (— / Wi, WW) £o)
0] exp (— / u‘?w) ( Jwe, WW) Texp (— / W WW) 5.

We can use (14) and the fact that (0| [, W(¢”, V¢”)¢® = (0] [, W(0,0)¢* to transform the

d]—'[}
dt

(0 (% ( / u?af) -/ W(u,ww) exp (— / ﬁaf) Texp (— / tW(eﬁiww) 5.

But by using the fact that ¢ is a solution of the linear Klein-Gordon equation and an
integration by parts in space variables we obtain

d S a) T2 a . 32¢<1_ . ) )
@(/tuaqf))—/tua?d) = RnatQQf) Uy = Rnat2¢ (A¢ —m2¢)
- /Rn @t2¢q (Au_mU)W:/n(Du—i—mQu)d)q.

second term in the right hand side and get that is equal to

dFf [ule

L= is equal to

Hence

01 [(@u s mus W Va)orexs (— / u‘?af) Texp (— / W w)df) 52,

which vanishes if Ou + m?u + W (u, Vu) = 0.



1.3 Expanding the generating functions F;|u;

The ‘Wick theorem’ (9) together with rules (iv) and (v) allow us also to recover an
expansion of the functional F/[u], defined by (5) in terms of finite integrals defined by
trees by using Feynman rules. To illustrate this we consider the simplest case, i.e. when
W (u, Vu) = Au?, for some A € R, and consider

Felul = —(0] exp (— / u%ﬂ) Texp (— / t A<¢D>2¢<) / FTel0).  (15)

First note that all expressions of the form (0|¢7--- @57 - - - ¢7]|0) (where ¢7, ¢ denote
respectively ¢(y;), ¢"(z;) for some points y;, z; € M) vanish unless p = ¢, as can be shown
by repeated applications of (9) and of (iv) and (v). Hence for instance the coefficient of
the Oth power of A in the series (15) is

FAluls = — (0] exp (— /t u?gzﬁ) | /0 &3 /0y = (0] /t 4, 3, /0 & 5,00,

where we set u, := u(y), <8—y> = 8—;, by = ¢°(y), ¢ = ¢ (x), etc. However it follows
from (i), (iv) and (v) that (0[¢;¢5|0) = (0|Gys + ¢565|0) = Gye (Where Gy, == G(y — 7).
Hence

© S 9 ©
]:t,l[u]t = / / Uy Oy Gyo Op 0 = I ;.
yO=t J20=0

The coefficient of the first power of \ is

Feli? = e (- [uTs) (= [(@ror) [6T o)

t

= Ol [ [ oo [ @z [ 58 0)

where, for a = 1,2, u, = u(y,), 8#: = &, o5 = ¢%(y,) and ¢ := ¢"(z), etc. Denoting
also by G, := G(y, — 2), for a = 1,2, we have by (9) [¢{¢5, #7] = G1.¢35 + G2.¢7, which
implies by (v) that (0]|¢{¢p5¢7 = G1.(0]¢3 + G2.(0|¢7. A second application of (9) and (v)
gives then

(016795 (62)" = Gr(0@3¢% + G (01679 = (GG + G2.G12) (0],

We hence deduce that

© ®2 ——<— ¢ 4 D(—)
Floluly™ = g 0y Oy | G1.Go-(0]07 [ ¢ 0 0[0),
tJt 0 0

e [T <
= //U1U2 81 82 / GlzGQz /Gzzr a;r 2
tJt 0 0

where we set G, := G(z —x) and we further use (9) and (iv). We hence recover the same
expression for Ff,[u]{?” as the one obtained in [13] and expounded in the introduction.

10



1.4 How to construct the representation of A on F and F*

The heuristic idea to construct A and its representation I is the following. We still denote
by & the space of solutions of the linear Klein-Gordon equation (1) Q¢ 4+ m?*p = 0 on
M and we let F to be the set of analytic functionals |f) : & — R, i.e. such that

Vo e, 1) =D 1)o@ ap)=> |f) (%), (16)

where we can view each |f,) as a symmetric p-multilinear functional on (&))" or, alterna-
tively, as a linear form on (50)®p . Lastly we let A to be the algebra of linear operators
acting on F and F* the dual space of F.

e The definition of ¢”(x) — To any point # € M we associate a particular (linear)
functional on &, the evaluation at x:

lz) : & — R
o — |z)(p) = p(z).

And we let ¢”(z) to be the operator of multiplication of functionals in F by the

functional |z):
¢®(x)y: F — F

ie. Vo e &, (¢7(2)[f) (#) = @(z) (1F) ().

e The definition of ¢“(y) — We remark that, for any y € M, the distribution
Iy : 2 —— G(y — z) is a weak solution of the linear Klein-Gordon equation, hence
an element of &. Thus, for any |f) € F, we can formally define the variational

derivative S1.) He+eTy) - 1H()
1 @ € y) 2
(5—Fy((’0) T llg(l) € '
and we let
¢<‘(y) F — F
) — 2

An alternative, more algebraic definition of ¢(y) for |f) given by (16) is
@ WIMN ) =D Pl @e® - ®p).
p=1

Then we observe that by using the Leibniz rule

S ) — 6<¢>§1§3|f>> _ 5(\2:%\5» _ ?r)

et \x>§Llfj.

11



But since |z) is a linear functional |x = |z)(I'y) = G(y — x), hence

¢*(y)¢"(2)|f) = Gly —-1ﬂ!f>-+-¢”(x)%%§z =Gy —2)[f) + ¢ (@) (Y)If)-

Y

We thus deduce that

[9°(y), ¢" ()] = G(y — 2).
Moreover it is obvious that (still at a formal level) [¢%(y), p*(v)] = [¢"(x), " (2")] = 0.
Lastly we let |0) € F to be the constant functional & > ¢ — 1 and (0| € F* to be

©: F — R
1f) — 11)(0),

i.e. (0| plays the role of the Dirac mass at 0 € &. Then obviously (iv), (v) and (vi)
are satisfied. In this representation we remark that an interpretation of ([ul;| in (5) is

“—
possible. Indeed if we think the operator ft u 0 ¢ as a constant vector field on the infinite

<~
dimensional space &, then the exponential exp (— ftu 0 ¢<> acts on [ by translation,

i.e. through <exp (—Lu?ﬁ) \f>> (@) = |f)(¥ + @), where ¢, € & is actually
the solution of (1) which has the same Cauchy data at time ¢ as u (in the notations of
Paragraph 2.2.2, ¢y, := —U(EG). Hence we deduce that ([u];| := (0]exp ( Jiud gf)q)
is the Dirac mass at o), € &. These facts will be proved in Corollary 3.3.

1.5 Towards a well-defined theory

All the preceding constructions are completely formal, as long as we do not precise any
topology on F, F* and A. Moreover we would like to find topologies in such a way that
the operators ¢” and ¢ are simultaneously well-defined. Here the main difficulty occurs,
indeed:

(a) on the one hand, in order to define ¢”(x), we need to make sense of |z) : ¢ — ¢(x)
as a continuous operator and this requires the functions ¢ in & to be continuous.
Actually a careful inspection of the formal computations done in section 1.2 reveals
that one also needs to define 2 o 99" which means that we actually need that ¢ be of
class C! with respect to time;

(b) on the other hand the definition of ¢“(y) is consistent if we can differentiate with
respect to I'y, i.e. if I'y € &. However I'y is only a distribution and hence this is in
conflict with the first requirement.

The key observation to avoid these difficulties is that, in the definition of (5) and in the
formal computations done in section 1.2 we only need to define

U(t) = [ W, V() = /t (Ou + m*u)¢® and D(t / W(¢", V™) o*
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as continuous maps of the time ¢, with values in a set of continuous operators and to
assume that U is derivable with respect to time, with %J = V. Hence we will assume that
functions in & are sufficiently smooth, so that operators ¢~ and %D will be well-defined.
However we will be able to make sense of U and V if u is sufficiently smooth and to define
D again if functions in & of sufficiently smooth functions ¢. Note that, on the infinite
dimensional manifold &), U and V can be viewed as tangent vector fields with constant
coefficients, whereas 1D is a tangent vector field with non constant analytic coefficients.

2 The analytic setting

In this section we define precisely the ‘Fock space’ F and introduce the operators U, V
and D as well as the exponential of these operators in order to make sense of (5).

2.1 Functions spaces

First we define more precisely the space & of solution of the linear Klein—-Gordon equation
(1), in particular we describe the topology of this space. For s € R we define £ by

Est = {p € COUR, H*(R™)) NCH(R, H*(R™))| Oy +m?p = 0},

Each map ¢ € &1 is characterized by its Cauchy data [¢]o = (@0, 1) € H*TH(R?) x
H*(R") at time t = 0. Indeed one recovers ¢ from (o, 1) through the relation

R R R sine(&)t

H06) = aol©) eos et + (O (ele) = VI )
where ¢y and ¢; are the spatial Fourier transform of respectively ¢y and ¢;. Note that
the quantity

2
Hs

Oy
gor1 = ||o(t, )| |3ess + Ha(t, ol

]
is independant of t € R.

Definition 2.1 For eachp € N we let (R E5T)* be the space of linear applications | f,) :
RPET =M@ -5 — R which are continuous, i.e. such that there exists a con-
stant C' > 0 such that Vou, -+, ¢, € E7 || fo)(0r1©- - @ pp)| < Cllonllgesr - [0y
We denote by [ f,] the optimal value of C' in this inequality, so that we have:

s+1.
gO

o) (1 @ - @ @)l < [fp] [l n] g Ve, €T (17)

el

We let S(QP EST)* be the subspace of | f,) € (QF E5T)* which are symmetric, i.e. for
all permutation o € &,

| o) (o) @ @ @o) = |fo) (01 @ - @ @,), V1, -+, 0, € EFTL (18)

We can now define our ‘Fock space’

13



Definition 2.2 For any s € R and r € (0, +00), we let F, be the space of formal series

BEDISE

where each | f,) € S(QF EST)* and such that the quantity

No(If)) = Y T fplt? (19)

p=0
is finite. Then (F,, N,.) is a Banach space.
Actually we can identify any |f,) € S(®" £5™)* with a continuous homogeneous polyno-

mial map of degree p from ;! to R by the relation |f,)(¢) == | f,) (9@ - -@p) = | f,) (p®P)
and hence series |f) € F, with convergent analytic series on ngﬂ (0,7), the ball of radius

rin &1L, by the relation
o

L1(@) =D 1) (7).

p=0

Let us define |0) to be the constant functional over £*" which is equal to 1:
0y : p e & — 1.
Then |0) belongs to F, for all » > 0 and N,(|0)) = 1.

We will also extend the definition (19) to a complex variable z:

N.(f)) == Z(fpjzp, Vz such that |z| <7,

=0

3

which gives us, for any fixed |f) € F,, a holomorphic function on the ball B¢(0,r) C C.
We define, for k € N,

k
NO(f) = SN f)ler and B = {17} € By NO()) < +oo,

so that for instance N{V(|f)) = Do Pl Ll We set Fop i= My, and Fpy o=

{1f) = 25:0 If)l N €N, |f,) € S(QRPE;T)*}. Note that, using in particular the obvious
inequality » < R = N,(¢) < Ng(p), we have the dense inclusions

Vr,R € (0,00), s.t. r < RVk €N, F,y CFy CFIY CF® cFpCF,.

Since the space F, is an (infinite dimensional) topological vector space for all > 0, we
can consider its topological dual space, denoted by (F,)*. For example we can consider
the linear form (0| over F, defined by

(O - I 3 [f) =— (O[f) = [/)(0),

14



Then one can easily see that (0| belongs to N,~o(F,)* and that we have (0/0) = 1. More
generally if u belongs to M=o 1C*((¢, ), H*T74(R™)) then for ¢ € (¢,f) we can consider ),
the (unique) element of ;1! such that [pp,,]: = [u]; (i-e. ¢y, is the solution of the linear
Klein-Gordon equation (1) with the same Cauchy data at time ¢ as [u];). Then since
|lepug.|lgz+1 = [|[u)ells+1, We can consider |f)(¢p,) to be the evaluation of the functional
|f) on ¢y, for all » > 0 such that r > ||[ul||s41 and, for all | f) € IF,. This define a linear
form ([u];| over F, :

Vr > |[ulellsyrs ([ulel - Fr 3 1F) = ([ulel £) = 1F) (op.)-
Then ([u];| belongs to Mysjjuy)),s. Fr)*

s+l(

Definition 2.3 For any rq € (0,00] and any k,¢ € N a continuous operator T from
IF( ) to IFEOT ) is a family (T,) where, for any r € (0,r9), T, : F® 5 Y s g

0<r<rg’
co(ntzgwous linear operator with norm ||T,|| and such that, ¥r,r" € (0,7¢), if r < r’, then
the restriction of T, to Fgf) coincides with T,.. Moreover, if X : (0,79) — (0,00) is a
locally bounded function, we say that the norm of T is controlled by X if, Vr € (0, 1),
T, || < X (1),
For simplicity we systematically denote each operator T, by T in the following. ]n the
case where 1o = 0o, we will just write that T s a continuous operator from F

F®©.

The following result concerns an example of a continuous operator from F() to F with a
norm controlled by the constant function |||

£S+1'

Lemma 2.1 Let s € R and ¢ € E'. Then for any r € (0,00) and |f) € F the
Junctional > ‘f defined by

olih

Yo € ngﬂ(o,?“), 50

) =Y plh) (W @™

belongs to F, and
et N (1)) (20)

v () <lw

Proof — For any ¢ € £ we have

VpeN, |plfy) (v @ )| < plfplllv|

ggr ol

gs+1

Hence if we denote |g) := ‘f we deduce that [g,—1| < p||¥]

gx+1[fp) and so

N (%‘—3) =D lgpa)rt < Zpuww et [ Lol = [0l NV (L))
p=1
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2.2 Definition of the operators

Now we define the creation and annihilation operators and derive some basic properties
from the definitions.

2.2.1 Creation operators

For any t € R, ¢ € H°"'(R") we define [, |2)¢1(x) € Fpo to be the (linear) functional

/ Du(z) . E — R

@ — o(t, )1 (7)dT,
Rn

which is obviously continuous with N, ([, |z)¢1(x)) = 7|[¢1]|g-s-1, ¥r > 0. For example,
if s >n/2 and ¢, = 0z, then [, |x)¢1(2) = |z) : ¢ — @(x), where z = (¢, Z) (see Lemma
A.1). Similarly we define, for ¢9 € H*(R"),

d|z)

/tﬁ o(z): & — R

Oy

o — | GBI

with N,.(/, at D bo(z)) = 7||po|l-s, Vr > 0. If we take s > n/2 and ¢y = 0z, then

) 8('; o1(z) = M D — %—f(x), where x = (t,Z). This leads us to the definition of the

operators

Jeoin— ([aw)in ma [Go:in— ([Fla@) i,

which are clearly continuous operators from F to F with norm controlled by 7||¢1||g-s-1
and 7||¢o|| s respectively. Hence, for any ¢ € &' and r > 0, we can define

/t¢><5>¢::/0¢> /¢>090 F o F,.

2.2.2 Annihilation operators

For any ¢ € R, k € N, ¢t € R and for any function v € HY(R") we denote by vf,G*) the
distribution on R x R™ defined by

0 = n+1 (k) akG
Ve = (2°,7) e R"™,  of,GW(x) := ( J) = BTG (t —2°, 5 — &)dy. (21)

The various properties of vf,G*) are derived in Lemma A.3. They imply that, if u €
CL((t,T), H+14(R™)), then Vi € (t.7), (W )]:ltG(k) € E£5+2-K-4R™) with the identity

o'u
I (Gole) s

Hs+1— L. (22)

riane = 122
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Now, for u € M=o 1C (¢, 1), HST1HR™)), we let
— ou
WBGi= (G 56 - ()G € &5

Thus we can define operator [, u<5>gf>4 (also denoted by U(t)) by the following

e 1
U(t) = /tu 0 ¢ = 7{5 <u<ﬁ—t)G> : (23)

This operator satisfies the :

Lemma 2.2 Letu belong to Ny—o1C*((t, ), H*T'74(R™)) then for allt € (,t), the operator
U(t) = |, u?ﬁ given by (23) is a continuous operator from FY) to F. Moreover the norm
of U(t) is controlled by the constant ||[ul||s+1 (we recall that we have set ||[ul¢||s+1 =
[lul] 1)

Proof — By using (22) we get || (Z];) $:G g and || (ul,) 8,GD
||| rs+1, so that HUE)G] gs+1 = ||[t]¢||s+1. Thus it follows from Lemma 2.1 that, for all

t € (t,t) and for all r > 0, [, u?qbq :FY 5 T, is a well defined bounded operator and
for all t € (¢, 1)

mer + |15

—_ || Ou _
e = |24 g =

W) eFO; N, ( / u%ﬂﬁ) < Nl N () (24)

which completes the proof. |

We now look in which circumstances one can define

V(t) = /t(Du +mPu)p = 0

0 ((Ou + m?u)|:4:G)

and show that 22 (¢) = V().

Lemma 2.3 Let u € C°((¢,t), H*T'(R™)) N C*((¢,t), H*(R™)), assume that there exists
some J € C°((L, 1), H¥(R™)) such that

Ou +m*u=J in the distribution sense on (t,t) x R" (25)

and set

)
Jo = ——————. 26
[ = s 20
Then the map t — ’LLE)G from (t, 1) to E is of class C* and

E(Eb}ﬂmwﬂ in €51, (27)

dt
% ( /t u?af) - /t T (28)

As a consequence we have
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Proof — We only need to show (27) in the distribution sense: this will imply that (27)
holds also strongly since [t — (J|;)#;G] is a continuous map into . Thus let x €
Cs°((t,t)) and x € R™*! and let us compute

[0 (456) @ = [av [ ar(Grepee-ai-o
. ‘ ' e }
= [ ) (Grwc - - <>%—G< -).

- 7)

where we have set y = (y°,%) = (¢,7). Now we observe that, by denoting G,(y) :=

Gy — ),
X'(y) <8uG - an) (y) = (%a(xGw) _ Sxw) aG’E) (y)-

ot ot ot oyP 90 ot

Thus by setting ¥ (y) := x(y°)Gx(y) and v(y) := x(y°)u(y), we obtain

¢ — oudy  OvdG
/ —_ x 2
[ dix'(?) <“ i G) (z) énﬂ dy (at ot ot ot )(y) (29)
Now by using (25) and the fact that Vy = 0, we deduce
u 3¢ SRy, 2 _ NIy, 2
/IR = (w V) + m2ug Jw) - /R dyx (vu VG, +m2uG, JGI) .

Similarly since G, € & '

oG, e 9 B - = 9 B
/Rn+1 dya 5 = /Rn+1 dy <Vv VG, +m le,) = /Rn+1 dyx (Vu VG, —m uGg:) =0.

Hence we deduce from (29) that

, 1.e. G, is a weak solution of (1), we have

7 . ;

[ave) (u56) @0 = [ a6 =~ [ d | diaw6ls-o)
t R™ t "

Hence (27) follows. Next, since (J|;) #;G € £;*' we deduce from Lemma 2.1 that [, J¢®

defined by (26) is a bounded operator from F(!) to IF and that relation (27) implies (28). B

Let us focus now on the definition of D(¢) = — ft (@7, d¢™ )¢ . We will actually consider
a more general situation and consider, for s € R an analytical function V

V:Qc H(RY) x H*(R") — H*(R™)

on a neighbourhood Q C H**1(R") x H*(R™) of the origin. More precisely we assume that
there exists a family (V,)yen of continuous linear maps V, : @ (H*™(R") x H*(R")) —
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H*(R™). We suppose that each V, is symmetric, i.e. satisfies (18). We denote by
[V,] the usual norm of V,, i.e. the optimal constant in the inequality |[|V,(®; ® -+ ®
|

q)p Hs S [VpJ|‘(I)1| Hs+tlx Hs ||<I>p| Hs+tlx Hs (Where, for & = (¢07¢1) c HSJrl(Rn) X
HY R, ||®|gs+1xms = (||@ol|%ess + || 1] %{5)1/2). We suppose further that the power
series [V] defined by

VI(z) =) V=

q=>0

has a positive radius of convergence ry > 0. Then V® € H*™(R") x H*(R") such that
||| zrs+1xms < 710 the power series V(@) 1= 37 V,($P) converges with respect to the
H*(R™) topology and we have

[V(@)[rs < [V] (]| @]

Remark 2.1 For s > n/2, since H*(R") is a Banach algebra (see Lemma A.2), the
previous hypothesis is satisfied by any functional V such that there exists a polynomial
function or an analytic function W : w C R"™2 — R on an open neighborhood of 0 in

R such that V& = (¢g, ¢1) € HTH(R™) x H*(R™), V(®) = W (¢, 220, ... 2% ).

xl ) ™)

Hs+1XH5) .

Given such a functional V, for all t € R and ¢ € £ such that ||| g+1 < 1o the function
V([¢]t) is well defined and belongs to H*(R™). So by using Lemma A.3 we deduce that
V([¢]:)4:G belongs to 5 and we can define

>y 4L 0
[W = SRG)

which means that, for all for all r € (0,79) and |f) € F,, ([, V(¢”)¢") |f) is defined by

o|f)
Vi € Best1(0,7), (/qubgbq)fgo: ©).
VA R TV ERETE A
Lemma 2.4 The operator ft (¢")9* is a continuous operator from F ) to Fo,ro) and

its norm is controlled by [V|(r) i.e.

re ), V) eFD, N, ( /tv<¢>>¢<|f>)swrw;”uf». (30)

Pmof — Consider r € (0,7p) and let |f) € F,, and write |f)(p) = Z;V:l | fp) (¢®P) and
= [,V(¢")¢7| f). Then, Vo € 5" such that ||| g+t <1 we know that V([¢];) is well

deﬁned and
_ A, »
9= S ZWP 4G @ )
- Z plf) (Vallel))1G) @ 9*P71) = ng(@(@k)’
ot k=0
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where we have set k =q¢+p—1 and

sup(N,k+1)
9™ = 3 plh) (Ve (P 7H0G) 2657
p=1
However
sup(N,k+1)
9N < Y0 PV ([0l DG e ol s (31)
p=1

and since, by using Lemma A.3,

Wipir ([l T D8G e < [Vipia (D7) 0
< [Veps]lllele] ZﬂiHs
= WeprlllellsB,

we deduce from (31) that
sup(N,k+1)
96N < > Pl Wepra]llol[Eo-
p=1
Hence, by posing ¢ =k —p+ 1,
o0 oo sup(N,k+1)
N.(lg) = Z(gkjrk SZ Z p[/fp] D}kﬂﬂrljrk
k=0 k=0  p=1
© N
= DD ol [Valrt?™t = VIrND(£))

q
Thus we obtain (30) for |f) € F,,. It implies the result by using the density of F,y in
F. u

3 Time ordered and ordinary exponentials of opera-
tors

The goal of this section is, given ¢ > 0, to define rigorously the time ordered exponential
Texp <f0t dsD(s ) for a family (D(s))secjo,q of continuous operators D(s) from FEO) . to

F(0,r5). Our motivation is to use later on this construction with D(s) = — [ V(¢”)¢. We
introduce the following notation:

t
for all t > 0, %dsl"‘dsk::/ dsy - - - dsy
0 0<s1< <5<t
and we write

T exp (/O dsD(s ) Zj[ dsy - - - dspD(s1)D(s3) - - - D(sp). (32)

k>0
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3.1 The main result

(1)
(0,m0
such that for any r € (0,7) and any |f) € F, [s — D(s)|f)] belongs to L'(]0,1],T,).
Assume that there exists an analytic function X (z) on the disc B¢(0,7g) of the complex
plane which satisfies %\zzo > 0 for all k € N and which controls the norm of D(s) for

all s € [0,t]. In other words assume that ¥r € (0,rg),

Theorem 3.1 Let (ID(s))scpo,q be a family of continuous operators from F ) to F(0,r0)

Vs € (0,1, YIf) e BV, No(D(s)[f)) < X(ND (1)), (33)
Let (t,2) — e " (2) := v(t, 2) be the solution of

ot

{%,z) = X((t2)
v(0,2) = =z

Then for all t > 0 and r € (0,70) such that e **(r) > 0, the operator T exp (fot ds]D)(s))
defined by (32) is a bounded operator from F, to F.-ix(,y with norm less than 1 i.e.

) e B Ny {Tew ([ as009) 19} < 3. (34)

Moreover the map [0,t] — Fo-ix(,), 7+ T exp (fOT ds]D)(s)) is continuous.

Proof —(of theorem 3.1)

Since F,y is dense in F, it suffices to show the result of |f) € Fpy, then the result for
|f) € F, will be a consequence of (34). The proof is divided in several steps which are
proved in the following.

Step 1 — We estimate the norm in F, of

j€ dsy -+ ds, D(s1)D(ss) ---D(se)| ), i |f) € Py

Lemma 3.1 Let r > 0 and k € N* and assume that, for each a = 1,--- , k, there exists
a linear operator D, : F,,; — [, and an analytic vector field on B¢(0,ry) with o > r

d <« d
X, = Xa(z)% = ;Xa,pzpa, for z € C

(so the power series > | Xo,2” converges for all z € C s.t. |z| <o), such that X,, > 0,
Vp € N and

f) € Fporr Ne(Dalf)) < X No(If))]o=r = Xa(r)NV (1)), (35)

Then
V[f) € Fpors  Ne(Dr---Dylf)) < [ Xy Xpp - No([f))] o= (36)
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Proof —(of lemma 3.1)

We first observe that, by linearity, it suffices to prove the (36) for an arbitrary monomial
functional |f) € Foy of degree j € N, ie. a functional of the type |f;)(¢) = |f;)(¢®7)
where |f;) € S(®’ £5)*. Then

Vo € EM st ||yl

o0
gt <r; D, |f] Z D, ‘fg j+p— 1 90®]+p71)7
p=0

where, Vp € N, (Do|f;))j4p-1 € S(®Q’ ™ EF1)* and (35) reads

[(Da| f5))j4p-1] < 3 Xaplf;],  for Xop > 0. (37)
However, still by linearity, we can further reduce the proof of (37) = (36) for | f) = | f;) to
the case where, Va = 1,--- | k, there exists some p, € N such that X,(z) = Xa,pazp“jz =

AozPe L, with Ay > 0, ie. Dolfy) © ¢ — (Dalfj))jip.1(¢®P71), with the estimate
[(Dalfi))j4pa—1] < JAalf;]. Then, by writing p, == p, — 1,

(DDl ) () = DDl f5)) st gy, (6%7F1),

for some (D - - .Dk|fj>)j+p’1+---+p;€ € S(@' Tk g5+1)* - On the one hand one proves

recursively that

(D Dulfi)jprssy ) S MG+ By 4 Do Del £

INIA A

A Ae(F Py D) (G DI i
On the other hand we have also

(2P L) oo e L) NL( ) =[] ae L) e (e ) 29 N |
= A (g +P2+~--+p§€)---(j+p;€)jza+p1+---+pk‘

Hence Inequality (36) follows directly from a comparison of the two results. [

We consider the holomorphic vector field on the disc B¢(0, g) of the complex plane defined
by X (2)-L which we denote by X. Then condition (33) of the theorem reads

s € (0,1, V|f) € FY, N(D(s)If)) < [X - No(1f)]]o=r

We can now apply the previous lemma to operator D(s) and, by using ﬁg’ dsy---dsg = k,,
we complete our first step with the:

Corollary 3.1 Assume that the hypotheses of theorem 3.1 are satisfied. ThenV|f) € Fpo,

w0 N (f dsieds D)D) D0 ) £ XN (38)

0

Proof — Indeed Inequality (38) is a straightforward consequence of Lemma 3.1 with

D, = D(s,) and X, = X. (Note that (38) can then extended to |f) € F* by density of

F,o in B u
por 10 )
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Step 2 — We prove some results on the vector field X on the complex plane. In the
following, for T, R > 0, we denote by B(0,T) := {7 € C| |7| < T} and B(0,R) := {z €
Cl |z| < R}.

Lemma 3.2 Let X : B¢(0,79) — C be an holomorphic vector field different from 0.

Assume that

X(z) = Zszk, where X;, > 0,Vk € N.

Let R € (0,79) and T > 0 such that eT*(R) exists. Then the flow map

B(0,T)x B(O,R) — C

(7, 2) — €7 (2)
is defined on B(0,T) x B(0, R) and in particular
¥(r,2) € BO,T) x BO,R), [e™X(2)] < eX(|2]) < X (R). (39)

Proof —(of lemma 3.2)
We will first show that (7, 2) —— €7X(2) is defined and satisfies (39) over B(0,T) x B(0, R),
where B(0,7) := {7 € C| |7| < T} and B(0,R) := {z € C| |z2|] < R}. Fix some
z € B(0,R) and 7 € B(0,T). Then Jeo > 0 s.t. Ve € (0,¢0),

T
l+e

We also let A € S* C C such that 7 = ||\, where 0 < |7| < T.. We introduce the
notations:

2] <R—¢ and |t|<T.:=

f-(t) = eUFX(|z] +¢) Vte[0,Ty
y(t) = e (2) vt € [O,?)
g@t) = (1) vt € [0,1)

where ¢ is the positive maximal existence time for 7. Note that f. is defined on [0, 7]
because of the assumption that 7~ (R) exists. Our first task is to show that the set:

Ac = {t € [0, ] N[0, 7)] g(t) — f(t) = 0}

is actually empty. Let us prove it by contradiction and assume that A, # (). Then there
exists tp := inf A.. Note that g(0) — f.(0) = —e < 0, hence we deduce from the continuity
of g — f. that to # 0 and g(tg) = f-(ty). Moreover since f.(0) = ¢ and f. is increasing
because X (r) > 0 for r > 0 we certainly have g(to) = f-(to) > 0. We now observe that

vz € C, </\X‘ </\2sz T ‘> S ZXHZ\k (I2]).

Hence for all ¢ > 0 s.t. g(t) # 0,
AX(y(1)),~
t

g(t) =
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and hence in particular, since g(t) # 0,
fi(to)
1+¢

Thus since f! — ¢’ is continuous 3t; € (0,to) s.t. YVt € [t1, o], fL(t) — g’ (t) > 0. Integrating
this inequality over [tq,%y] we obtain

g'(to) < X(g(to)) = X(f:(to)) =

< fL(to).

9(t1) = fe(t1) = (fe(to) — g(to)) — (fe(t) — g(t1)) = /O (fi(t) = ¢'(t)) dt = 0,

t1

ie. t; € A., a contradiction.

Hence A. = (). Note that this implies automatically that ¢ > T.. Indeed if we had ¢ < T,
this would imply that ¢ is not bounded in [0,¢) C [0, 7%], but since f. is bounded on [0, T.]
we could then find some time ¢ € [0,%) s.t. g(t) > f-(¢), which would contradict the fact
that A. = (). Thus we deduce that Vt € [0,T.], g(t) < f-(¢), i.e.

vt € [0,T], |e)‘tX(z)| < e(1+5)tX(\z| +e).

In other words for all 7 = At € B(0,7) and all z € B(0, R) we found that Ve € (0,¢),
e™X(2)] < eUHITIX (|2 + ). Letting € goes to 0, we deduce the estimate (39) for (7, 2) €
B(0,T) x B(0, R). Lastly this estimate forbids the flow to blow up on B(0,T) x B(0, R).
Hence the result and (39) can be extended to this domain by continuity. [

We now consider any r € (0,79) and we let 6(r) to be the maximal positive time of
existence for t — e X (r). (We remark that, if X(0) = 0, then 6(r) = +o0, Vr > 0.)
Then we have obviously that V¢ € [0,0(r)), e'* ((e7**(r)) exists since it is nothing but
r. Hence we can apply Lemma 3.2 with (T, R) = (t,e *(r)). It implies that, for any
holomorphic function A on the closed disc B(0,7) of the complex plane, the map

B(0,¢) x B(0,eX(r)) — C

(7.2 — ()
is well defined and is analytic. Hence the following expansion holds:
o0 dk ,7_k

V(r,2) € B(0,t) x B(0,eX(r)), h(¥(2)) =

2 g (7 (@) oz (40)

However because of the following identity

<js>k [h (e ()] = (X" h) (e (2)

(which can be proved by recursion over k), we deduce from (40) that

00
Tk

V(7. 2) € B(0,t) x B(0,e"X(r)), h(e*(2)) = Z(Xk : h)(z)y
k=0
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By specializing this relation to (7,z) = (t,e ™ (r)) we deduce that the power series
o B(X¥ - h)(e7¥(r)) is absolutely convergent and satisfies the identity

W) = 30 (X B (), (41)

k=0

Step 3 — We complete the proof of the Theorem. We prove the estimate (34). By first
applying (38) for some |f) € F,,, we have

) t Lk
>~ Newsip [ s dse DsuBLss) Do) A] £ 30 H O Nl vy
k=0 0 k=0
But using then (41) with h(z) = N.(|f)) we obtain
Lk
V) € Pt 3 (X NP ey = NelF))
k=0

IN

Hence the series Texp ( fot ds]D)(s)) | f) converges in F.-ix(, and we have the estimate
t t

Ne—tX(T) |:T6Xp (/ dS]D(S)) |f>:| Z N, —tX (1) |:f dsy -+ -dsy ]D(Sl)]D)(SQ) .. ]D(Sk)‘f>
0 0

< NA5).

So (34) follows by density of F,, in F,. Let us prove the last part of the theorem. Let
7 € [0, ], then for all s € [0,¢] we have

Telo doD(o) If) — Telo doD(o) 1f) = Z / doD(o j[ dty -+ - dtpgD(ty) - - - D(tg)| f)-
k>0"7S 0
Hence using the same computations as above we get
T a. g s a. g tk
Teli 42| f) — Teli 472@)| )| < |s — 7] 7 2 X1 N(1F)] |
k>0

which tends to 0 when s — 7. [ ]

As a direct consequence of theorem 3.1 a similar result holds for the ordinary expo-
nential of a linear operator from FEO)T ) to F(o,ry) as follows.

Corollary 3.2 Let T be a continuous operator from FEO)T ) to F0,r0) wz’th norm controlled

by an holomorphic function X on Bc(0,7¢) such that for all k > 0 .—0 > 0. Then

) d k
for all r € (0,70) and o > 0 such that e°*(r) > 0 the operator

o0

: IFT — FB_GX(T)
k=0



1s well-defined, continuous and satisfies

v|f> € FT? Ne—"X(r) (eUT‘f>) < Nr(‘f>)

Proof — Just take D(s) = T for all s € [0,0] in theorem 3.1, then in this case the
times order exponential reduces to the usual exponential since for all £ € N we have
dsy---ds, = %Uk. |

f0<81<~"<8k<0'

3.2 Applications of the main result

Let u belong to M=o 1C*((¢,7), H***={(R")) then we can apply Corollary 3.2 to U(t) :=
—>

J,u 0 ¢® and we obtain the:

Corollary 3.3 Let t € (t,t) and k = ||ul
operator is well-defined and bounded

et + || 24| |i= then the following linear

e VO F, —F,_ .. forr>k;
and satisfies the estimate
v|f) € F,, Nr*ﬁ(eiU(t)‘ﬁ) < No(]f)). (42)

Moreover, V|f) € F,, we have the identity: Yo € E5T s.t. ||

58+1<7“—K,

("019) (0) = 1f) (0 - w5 G) (43)

In particular if we take ¢ = 0 in (43) we get
> V) €Fs (0O = 1f) (—uEG), (44)

which is exactly ([ul];|f) since —uE)G is the element ), of &1 such that [y, ] = [ul:.
Hence we finally get
(0le™"® = ([uls] € ()(F)".
r>K

Proof — Let U denote temporarily the operator U(¢) (here ¢ is fixed). The existence
of e7V and the estimate (42) follow from Theorem 3.2 with respectively T = —U and
X(r) =k (because of (24)). To prove the identities (43) for (eV|f)) (¢) let us consider
1) =1f,) € S(QFEST)*, then using the definition of U we have Vi € £

e = S e PR, g g o) (a5)
k=0 )
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which is exactly |f,) <(<p - UWG)@’) since |f,) is symmetric. Then let r > &, if one

takes ¢ € &5 such that ||¢|
d

|l — utle G

«—>
gt < T =K, then using properties of u fi; G we have

ot < 7. So if |f) =>_,|fp) belongs to F, then thanks to (45) we have

e VIf) = Zefu‘fﬁ = Z [fo) <((’0 N UE)G)@)

p>0

which leads to (43) since ||p — uHG\

gt <rand |f) €F,. |

As a conclusion of this section we apply Theorem 3.1 to the family of operator D(s) :=
[ V()67 s € [0.0) with X(2) = [V](2) = SpalVal#t Lt (t,2) — Xz
denotes the solution of

Iy
7(0,2) = =z
Then for all 7 € (0,79) such that e=*(r) > 0 the time ordered exponential

t
T exp <—/ ds]D(s)) :Fp — Feixqy
0
is a bounded operator with norm less than 1.

Now we can inspect in which circumstances it is possible to define F;°[u]; through formula
(10), i.e. to make sense of

(ke ( [ t 1)) [T olo)

we recall that we have set ([u],| = (0]e"Y®. For all r € (0,7() such that e7*X(r) > 0,
Texp f(f dsD(s) maps F, to F.-ex(, and, if furthermore e=**(r) — x > 0 (where & is the
same as in Corollary 3.3), e"U®) maps Fe-tx () to Feix(y_,. Hence we deduce that

t
if e X(r) >k, e " oTexp dsD(s) | maps continuously F, to Fo—ixy_.. (46
; (r)

Now recall that |, ¢><5>g0|0) € Foot C NpsolF,. Thus its image by the operator in (46)
makes sense and belongs to My(0,rg)Fe-tx () if there exists r € (0, o) such that e~** (r) >
k. Then F[u]; is obtained by evaluating this image on (0|. Hence a necessary and
sufficient condition to define F;’[u], through our construction is is that there exists some
r € (0,79) such that e7™*(r) > &, which, since e'* is monotone increasing on (0, 00), is
equivalent to the condition eX (k) < oo.
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4 Conserved quantities

In this section we show that F/[u], given by (5) does not depends on ¢ if u satisfies
(O + m?)u + V(u, 8t) = 0 in the distribution sense. Actually we prove a more general
result: assuming some condition on u and r we show that for any |f) € [, the quantity

(ks ( [ aspis)) 19

does not depend on time. We recover F;’[u], by taking |f) = |f,) € F,y defined by (6).
Theorem 4.1 Consider u € C°((¢,1), H*™(R™)) NC*((L, ), H*(R™)) and suppose that
sup e (||[ulel]s+1) < ro. (47)

te(t,t)

Let 1 € (0,70) be such that supye ;5 e (||[ulel|sr1) < 7, then for all |f) € F, the quantity

e /m«)mp( [as o615

is well defined and, if u satisfies (O + m?)u+V(u, 2) = 0 in the distribution sense, then
it does not depend ont € (t,t).

Proof — Let |f) belong to F, and consider the function « : (¢,) — R defined by

a(t);=<0\exp( /uadf)Texp( /ds/ ()6 )

Since we have supposed condition (47) it is clear that « is well defined. Now we will show
that, if 3J € C((¢, 1), H***(R™)) such that Tu + m?u = J in the distribution sense, «
admits derivative and Vt € (¢, )

0\/ [(J + V([u ¢<'exp( /uﬁdﬁ)Texp (- /Otds/swf)dﬁ) ). (48)

Hence if J 4+ V([u];) = 0 we deduce ’(t) = 0 which completes the proof of the theorem.
Let us recall some notations : for all 7 € R we denote by D(7), U(7) and V() the
operators

D(7) := —/V(qu)qbd; U(r) := /uﬁqﬁ‘; V(r) := /J¢<1; ([u],| == <0|€—U(7—).

Then thanks to Lemma 2.3 we know that dg(:) V(7), and Corollary 3.3 shows that
([u]g) = ]g)(—uE)G). Using these notations «(t) just reads ([u];|T exp (fg ds]D)(s)) |f).

For all ¢ € (¢,t) and for all » > 0 we denote by R, (r) the quantity

Rm@%ZT—HMMwh

so if r € (0,79) satisfies supc(, 3 € (|[[u]¢|[s+1) < r then we have R, (e~**(r)) > 0 for all
t € (t,1). Let fix t € (£,¢) then using continuity of (¢,7) — R, (r) and e~**(r) we get :
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e There exists ' > 0 such that 0 < 7’ < r and R, (e"**(1')) > 0.

e Since 0 < 1’ < r we have e ¥ (r) > 7" (1/) hence we can find &) > 0 such that for
all h € R s.t. |h| < &) we have e~ (WX () > e=tX(y),

e We have R, ;(e7**(r")) > 0, so we can take 7/ > 0 satisfying 0 < 7/ < e~ (') and
R, (") > 0 and then there exists ¢ > 0 such that for all h € R s.t. |h| < g we
have Ry, 1n(7') > 0.

Finally we set 9 = min(e), ) and we have for all |h| < gy, e~ X(r) > X (') > +/

and R, 4+1(7") > 0 which ensures that for all |h| < g

t+h
T exp (/ ds]D)(s)) |f) € Fe-timx(py C Fe-txry CFy,
0

and ([u];| belongs to F*,. So for all [h| < gy we can decompose (a(t + h) — a(t))/h in the
following way

Holt +h) — a(t) = (D + (I

where (1), and (I1)} is defined by

(D= okl = bl T ([ a5 ) 1

(1) :@]4% {Texp (/OM ds]D)(s)) _ Texp (/Ot ds]D)(s))} )

Lemma 4.1 Let " >« then we have the following limit with respect to the F, topology

tim (o] — {[ul]) = — ([l V(D).

h—0 h

Proof —Let |g) belong to F., and we write |g) :== >_ -, |g,) where for all p € N, |g,) €
S(QP &) . We denote temporarily by A(t) and B(t) the functions defined by

<~
A(t) =Uu ﬂt G and B(t) = (J’t)tltG
Then using identity (43) we get for all p € N*
(CTufesn] = ([u]el) [9p) =

p—1

(1) Z 9p) (% [A(t+h) — A(t)] ® A(t + h)®l ® A(t)®(pll)> '
=

S
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On the other hand we have ([ul,|V(t)|g,) = (—=1)"p|g,) (B(t) ® A(t)®*®=V). So since |g,)
is symmetric we can write

p—1

([l V(D)lgp) = (=10 D lap) (B(1) © At + ) © A(1)*C ")

1=
l—

= o

+(=1)° 19,) (B(t) ® (A(t + h) — A(t)) ® A(t + h)®F @ A(t)2P=29),
=0 k=0

Then these two identities lead to the following estimation

| (Ol = )+ (V0 )| <
12 e Z Gl 1A+ D) LA
-1 7-1
AW gei [ BO)goo (90 [1AG + B)l[feer |A@ |12 27"

where A(h) denotes the function A(h) := A(t + h) — A(t). But for all |h| < gy we know
that R, ¢n(7') > 0 hence we have ||A(t + h) g+t < ~'. So by summing the previous
estimation for all p € N and using the fact that |g) € F., we finally get

H% (sl = ) + (V00 \g>] <12 g

NG

59+1N (’9))

g [1B(1)]

e 1N (19)).

Consider v > «' then we have the continuous injection st) C F.,» for all k£ € N. Hence

there exists p, v > 0 such that Nﬁg/l) < N, and Nv(?) < vN,». Moreover since F.,/ is dense
in F.» we finally get that for all |h| < &g

Alk)

-~ B()

+V|A(R)

H { o] = (lulel) + <[U]tW(t)]

|

T

+1
F, £

where v/ denotes v/ := V|| B(t)[|gz+1. But u € Ne=0,12C5((t, ), H¥T27Y(R™)), so lemma A.3

ensures that we have the following limits with respect to 5" topology :

A(h) .
lim — = = lim  [A(t + k) — A($)] = B(1),
which completes the proof. [ |

30



Let us take v/ = e ™ (r') > 4/ in lemma 4.1, then thanks to theorem 3.1 we know that
h — T exp <f0t+h ds]D)(s)) |f) is continuous from (t — o, + &) to F-ex (1), sO we get

%ggﬂh=—%WHV@ﬂ¥mp(AZkD®0!ﬁ- (19)

Lemma 4.2 Consider ¢ € E;* be such that ||y g+ <7 then T exp (fy dsD(s)) | f) ()
admits derivative with respect to T for T =t and we have

4 (Texp ( /0 ' ds]D)(s)) | f>(¢>) _ =DWTew ( /0 t dsD(s)) 1))

Proof — Notice that we have chosen 7' such that T'exp ([, dsD(s)) | f) belongs to ., for
all 7 € (t —eo,t + o). Let |v(7)) denotes [v(7)) := Texp (fy dsD(s))|f) € F,. Then
using definition of the ordered exponential we have for all |h| < &g

%(\v(t—i—h» — () (p) = %/t drD(7)[v(7)) ().

Let us write [v(7)) = 3 - |vp(7)) where for all p € N, |v,(7)) € S(Q” EMY*. Then for
all p € N* we have

[ aERE)@ =5 [ i) (A6 @ o).

But we know that 7 — [p|, € H*™' x H® and V are continuous so that the map
7 +— V([p],) € H? is continuous. Finally lemma A.3 and theorem 3.1 gives respectively
that 7 — V([¢],)1.G € & and 7 — |v(7)) are continous. So we finally get that for

all p € N* "
tim = [ drD(nlv(r)) () = DH) (1)

h—0 ¢

On the other hand, using properties of operator D(7) we have
plop(7)) (V([#)-)8-G) @ ==Y | < V(¥ )plvn(r)] ] ¢l

so since ||| g1 < 7" and |v,(7)) is continuous from (t — gy, t + €¢) to F,, we can apply
Lebesgue theorem in order to conclude. |

p—1
s+1
&

Using identity (43) we get the following expression for (I1),

(IT)y = % {T exp (/OM ds]D)(s)) ~ Texp (/Ot ds]D)(s))] 1) (—u't Q).

Thus since we have ||uf,G

g+t < ~" we can take ¢ = —uf;G in lemma 4.2 and we get

lim (17), = D(£)T exp ( /0 t ds]DD(s)) A (—uFa).

h—0
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Let us denote by [w) = > - |w,) the element |w) := T'exp (fot ds]D)(s)) |f) of F.py as

usual we assume that for all p € N, |w,) belongs to S(®” £1')*. Then using definition
of D(t) the previous limit reads

D(Ohw)(~u ' G) = = D pluy) ([V (~[u'h L) | 4G @ (a5 G)*0).

p>0

But directly from the definition of G we see that —[uﬁG]t = (uls, 24];) =: [u]s. So the
right hand side of the previous identity reads

— Zp\wp> <[V <—[U(EG]t)} $HG ® (—u th /V ) |w)( u<Jj—t>G)

So using (43), we finally get

lim (1), = UV df} T exp (/Ot dsD(S)) )

which together with (49) and lemma 2.3 leads to (48). |

5 Generalization to systems of PDEs

The previous construction can be adapted without difficulty for systems of PDE. More
precisely, given g € N* we consider a system of PDE which reads
82

w—Au%—mu—i—W(u Vu)=0 (50)

where u = (ul, u?) denotes a function v : M — R? and F an analytic function

W=W?H...,W?: (R xR"™)? — RY9. Then we want to define an analogue of (5) for
(50).

In the heuristic presentation of Section 1 it suffices to replace the formal algebra A
by A, spanned over R by the symbols (¢7(z), ¢5(y))e.yens; i jef1,q Which satisfy properties
analogous to (i), (ii) and (iii). More precisely we suppose that these symbols satisfy

Ve,ye M, Vijelql; [¢7(y), dj(x)] = Gy — ), (51)
Ve,y € M, Viit € [l [¢7(y), 00 ()] = [¢7(y), ¢ ()] =0, (52)

and ¢7(z), ¢5(z) depend smoothly on z and O¢} + m*¢; = 0 and O¢5 + m?¢5 = 0.
Moreover we suppose the existence of two representations F and F* and two elements
|0) and (0| belonging respectively to F and F* such that Yy € M, Vj € [1,q], Vo € M,
Vi e [1,4],

¢5())0) =0 : (0[¢7(z) =0 ; (0]0)=1.
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So in the case where ¢ = 1 we just recover the algebra A considered previously. Then,
given an element |f) of F we consider the quantity F;[u], equal to

(Olexp <— /O:t {U(y)aiyo

where

¢<<y>} dg) teo (< [ AF@ ) ) 1,
(53

{a(@%

{F(¢"(2)]¢°(2)} =D F'(6"(2))7(2).

df‘(y)} = Zul(y)aiyod)f(y)

=1

Then (53) is the analogue of (5) for system (50). Indeed using the formal computations
we have done for the case ¢ = 1, it is very easy to see that formally F;[u], given by (53)
does not depend on ¢ if u satisfies (50).

In order to give a rigorous meaning to (53), we let, for s > n/2, H*(R", R?) to be the
space of vector valued functions f : R — RY such that (m?2 + |¢[2)%/2|F(£)| belongs to
L*(R™). Then we set

EM = {p € COR, H*T(R",RY)) N CH(R, H*(R™,R?))| Op +m?*p = 0}.

The definition of the ‘Fock space’ [F, follows then the same line as in Section 2. The
creation operators ¢} (z) acting on I, for x € M and j € [1,q] are just defined as:

@;(2) : |f) € Fr— |2)’|f) € Fr

where |z)7 denote the functional |z)7 : ¢ € 5! +—— I (x) which is well defined since
s > n/2 (here ¢!, ..., p? denote the components of ). The idea for defining the
annihiliation operators ¢7(y) is to set, for [f) =>_ . [f,) € Fr,

Vo € &7 (67() (0) =D _plfy) (Tye)) @ o @ -+~ @ )

p=1

where e; denotes the j—th vector of the canonical basis of R?. Again this definition is
inconsistant since we know that I', does not belong to &' if s > n/2. However by
using the same constructions as in Section 2 there are no difficulties to define the smeared
versions of these operators:

f@)6 W)y or /0< W ()62

y0=0
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One can adapt the previous results in order to make sense of (53) and to extend Theorem
0.1 to this situation.

An example of application is the wave equation for maps u from R""! to the sphere

S C R7M!. These are the maps into R?™! which satisfy the pointwise contraint |u|? = 1
and the wave map equation

0 -
Ou + (|8—§f|2 — \VUP) u=0,

and our result applies to it with W (u, Vu) = <\%\2 — |§u!2) u — m*u.

A Appendix

A.1 Some results about the space H*(R"), for s > n/2
Lemma A.1 Assume that s > n/2. Then for any function ¢ € H*(R"),

1 N 1
o]z < WH@HU < Wl(n,m, s)|||| e, (54)

where @ is the Fourier transform of ¢ and
5 1/2 0 00 tnfldt 1/2
I = T =m2"°y/|S"1 — .
(n>ma 8) </n 6(6) dé‘) m? ’S ‘ (/O (1 + t2)s)
Moreover H*(R™) C CO(R™).

Note that I(n,m,s) < m2"°y/|S"1|,/—2—. Moreover |S"!| = 2 m/2

n(2s—n) T'(n/2)"
Proof — The inequality ||¢||r~ < ﬁH@H 11 is straightforward, hence it suffices to

estimate ||@||z1 in terms of ||¢||gs. This follows by using the Cauchy—Schwarz inequality

18l = [ (€120 s < eBlliny | [ e(ey=2de = Il T m. )

But by using spherical coordinates on R":

" 1d o rldt
(n m, S Sn 1‘/ T ‘Sn1|mn28/ 7
o (141¢t?)s

where we have posed ¢t = r/m. So (54) follows. Then one can deduce that all functions
in H*(R™) are continuous by using the density of smooth maps in H*(R") and (54).

Lemma A.2 Assume that s > n/2. Then for any functions ¢, € H*(R") the product
o belongs to H*(R™) and

el s < 2°1(n, m, s)||g] (55)
Hence (H*(R"),+, ) is an algebra. |

Hs
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Proof — Since g;;b = Q% @, we have

—

|€(€)* e (§)] = €(§)’

| #te = witman| < ey [ 18—l [Foan. 50
But by the triangular inequality:

€(€) = v/ (m+ 02 +](€ —n) +nP < vV/m? +[€ = 0> + V0 + [n]> < e(€ — 1) +€(n)

and hence

e(€)” <277 (e(€ —n)* +e(n)).
By using this in (56) we obtain

€(©)*@0(E)| < 2" oo 006 ) )] (e(§ = m)* +e<n>>dn
= 27 (o el€ = )R =Wl [B0)] + [ em)*[2(E = )] 100)])

= 27 (€12 * 1916) + 181+ (12)(©))

We now deduce by using Young’s inequality ||f * g||z2 < ||f||z2||g||r: that

= lle'wdllee

< 27 (B * 1] 1= + 11181 % (€[22
< 27 (el Bl + 1Bl lledll:)

= 271 (||l eI ).

But because of Lemma A.1 we deduce that

lollzs < 277" (lllla=I(n, m, 5)| || 0

Hence Lemma A.2 is proved. |

ms + I(n,m, s)|[ol|ms ||V s) = 2°1(n,m, s)||o|| s

A.2 About the operator v — v,G*)

For any r € R, k € N, ¢t € R and for any function v € H"(R") the definition of v#,G*
given by (21) is equivalent to: V(2°,%) € R vt,G®(2°,7) = v(F) * gt(f)xo, where
gt(k)(*) = atk G(t,#). This is indeed a consequence of gt(k)(—f) = gt(k) (). Alternatively,

since the spatial Fourier transform of eae; SiE 1S

G 1 k=1 \k—1 ie(E)t
Gk (t,€) = mnRe (Fe(&)Fte @) |
v#;G*) can be defined through its spatial Fourier transform v * gt(f)xo = 27?”69&)1,0:
VRGP0, €) = Re (#1e() e (@) 5i(¢), (57)
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Lemma A.3 Letr € R, k,{ € N and v € H"(R"™). Then
(i) Vt,2° € R, vf, G® (20, ) € H"*Y(R") and ||vd,G® (2°, )||gr-rs1 < ||v||mr;
(ii) ¥t € R, v§,G® € CY (R, H"**1(R")) and, if 0 < j < ¢,

o7
O(x0)7

(1 GO = (—1) o, GOH);

(i1i) v8,G® is a weak solution of (1), i.e. v{,G®) € & and

H’UﬂtG(k)ng—k-‘—l = H/U‘ ‘H’“'

(iv) The map t — v, G*®) belongs to CH(R, E™"F+1) and for all j € [0,/]

o4 -
oti ( ﬁtG(’“)) — UﬁtG(k“)
Proof — All these properties are consequences of (57) and of the obvious observations
that, if we denote Hy(t — 2°,&) := Re <ik’1e(f)k’1e"6(5)(t’xo)) then Hj, is smooth and
|Hy(t — 2°,8)| < €(&)*L. The proof of (ii) and (iv) requires furthermore the use of

Lebesgue’s theorem. The proof of (iii) follows from 25 (vjj/t@)) = —ezvlj/t@). |
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