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HARMONIC MAPS

Frédéric Hélein and John C. Wood

Introduction

The subject of harmonic maps is vast and has found many applis, and it would require a very long book to
cover all aspects, even superficially. Hence, we have matieiaeg in particular, highlighting the key questions
of existenceuniguenesandregularity of harmonic maps between given manifolds. Thus we shallesusame of
the main methods of global analysis for answering thesetpunss

We first consider relevant aspects of harmonic functions wuclilean space; then we give a general introduc-
tion to harmonic maps. The core of our work is in Chapters 3héne we present the analytical methods. We
round of the article by describing how twistor theory ancgrable systems can be used to construct many more
harmonic maps. On the way, we mention harmonic morphismgsrhatween Riemannian manifolds which pre-
serve Laplace’s equation; these turn out to be a particldas©f harmonic maps and exhibit some properties dual
to those of harmonic maps.

More information on harmonic maps can be found in the folluyvarticles and books; for generalities: [61,
62, 63, 219], analytical aspects: [21, 88, 103, 118, 131, 135, 189, 204, 194], integrable systems methods:
[73, 94, 117], applications to complex and Kahler geomd&$, 135], harmonic morphisms: [7], and other topics:
[64, 231].
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1 Harmonic functions on Euclidean spaces

Harmonic functions on an open domd&bof R™ are solutions of th&aplace equation

0? 0? 1 m
Af:o, WhereA:W—F"’W ((I,,I )GQ) (1)
The operatorA is called theLaplace operatoror Laplacianafter P.-S. Laplace. Equation (1) and thReisson
equatiot —Af = ¢ play a fundamental role in mathematical physics: the Lapataoccurs inNewton’s law of

1we prefer to put a minus sign in front df, since the operator A has many positivity properties.



gravitation (the gravitational potentidl’ obeys the law-AU = —47Gp, wherep is the mass densityglectro-
magnetisnithe electric potential” is a solution of—o AV = p, wherep is the electric charge distributiorfjuid
3u dp

507 T 9t = vAu' models the effect

mechanicgthe right hand side term in the Navier—Stokes sys%m + u?
of

of the viscosity), and thkeat equation=>- = Af.

Thefundamental solutiods = G,,, of the Laplacian is the solution of the Poisson equatiakG = §j onR™,
whered is the Dirac mass at the origin, that has the mildest growihfatity, i.e. Go(z) = (27)!log(1/r) if
m = 2andG,,(z) = 1/{(m —2) |S™ | rm=2} if2m > 1 andm # 2.

1.1 The Dirichlet principle

The harmonic functions are critical points (also cakledremal} of the Dirichlet functional

-3/ Z (axa )d%z% [ .,

whered™z := dx' - - - dz™. This comes from the fact that, for any smooth functiomith compact support if,
thefirst variation (6 Eq) ¢ (g) := lim.o{ Ea(f + €9) — Ea(f)}/c reads

Of 99 m _ m
(0Eq); /Qzaxa o _/Q(—Af)gd z. (2)

This variational formulation (G. Green, 1833; K.F. Gaus$32; W. Thomson, 1847; B. Riemann, 1853) reveals
that the Laplace operator depends on the (canonical) meetiic”, since|df,| is nothing but the Euclidean norm
of df, € (R™)*.

This leads to a strategy to solve tBéichlet problem: given an open bounded subsebf R™ with smooth
boundan®f) and a continuous function: 92 — R, find a continuous functiofi : & — R, smooth inf2, such
that

Af=0 inQ, and f=+v ondN. 3)

The idea to solve (3), named tiarichlet principle by Riemann or thelirect method of the calculus of vari-
ations, is the following: we consider the class of functioRs(Q2) := {f € C2(2) N C°(Q)| f = yondN} and

we look for a mapf € D.,(Q2) which minimizesE, among all maps iD.,(Q2). If we can prove the existence of a
such a minimizep“_in D ( ), then by (2),f is a critical point ofE, and is a solution of the Dirichlet problem (3).
The difficulty was to provéhe existencef a minimizer. Riemann was confident that there was such amizer,
although K. Weierstrass proved that the method proposédatitne had a gap and many people had given up with
this formal idea. Then D. Hilbert proposed in 1900 to replacg()) by a larger class and this led to a definitive
solution formulated by H. Weyl in 1940 [223].

1.2 Existence of solutions to the Dirichlet problem

Several methods may be used to solve the Dirichlet probletading the ‘balayage’ method by H. Poincaré [173],
and the use of sub- and super-solutions by O. Perron [166]9%68. But the variational approach seems to be the
most robust one to generalize to finding harmonic maps betwemifolds.

The modern variational proof for the existence of solutitmg3) uses theéSobolev spac&l/’!2(2): the set
of (classes of) functiong in L2(2) whose derivative® f /927 in the distribution sense are ib?(Q2). When
endowed with the inner produ¢f, g) w12 == [, (fg+ (df,dg))d™z and norm| f||3,. . := (f, f)w.2, the space
W12(Q) is a Hilbert space. An important technical point is that(12) is dense in¥ 1:2(2). Assuming that the

2Here|S™~1| = 22™/2 / T'(m/2) is the (m — 1)-dimensional Hausdorff measure of the unit sphgfe—1.



boundany®f? is smooth, there is a unique linear continuous operator eéfimi¥’1:2(Q) which extends the trace
operatorf — f|aq from C>(Q) to C>(892). Its image is the Hilbert spad& z:2(99) of (classes of) functions
v in L*(09) such thatf,, [, (v(z) — 7(y))2/|x — y|™dp(z)du(y) < +oo, wheredu denotes the measure on
092. So the Dirichlet problem makes sense if the boundary ¢ldtalongs toW%@(aQ), and if we look forf in
W2(€). Inspired by the Dirichlet principle we define the cla$§*(Q) := {f € W"?(Q)|u|so = 7} and we
look for a mapf € WWW(Q) which minimizesEq: it will be aweak solutiorof the Dirichlet problem.

The solution of this problem whefl is boundedcomes from the following. First one chooses a myape
W12(Q), so that'f € W12(Q), f — f, € Wy (). But sinceQ is bounded, functiong in W, '*(2) obey the
Poinca inequality||g||y1.2 < Cpl|dg||z. This implies the bound| f||w.2 < ||f,]|w1.2 + Cp\/2Eq(f,) for
any f € W;-%(Q). A consequence is th@tf||y1.> is bounded as soon & f) is bounded Now we are ready
to study a minimizing sequencg}.) ..y i-€. a sequence i)*(Q) such that

lim EQ(fk) = inf EQ. (4)

ko0 w2 (o)
BecauseFq ( fx) is obviously bounded| fx||w1.2 is also bounded, so thd} takes values in a compact subset of
W212(Q) for the weaki?’!2-topology. Hence, because of the compacthesthe embeddingl*-2(€2) c L2(1),
we can assume that, after extracting a subsequence if megeteere existy < W1 2(Q) such thatf, — f
weaklyin W12, strongly inL? and a.e. o). We write f;, = f + g, S0 thatg;, — 0 weaklyin wb2, and from
the identityEQ(fk) = Eq(f) + Ea(gr) + J,(df, dgi) we obtain

lim sup Eo(fx) = Ea(f) + lim Sup Ea(gk)- )

k—oo

Hencelimsup,,_, ., Eo(fx) > Ea(f), i.e. Eq islower semi-continuousComparing (4) and (5) we obtain

(Eﬂ(i) — inf EQ) + lim sup EQ(gk) =0.
W‘iwz(ﬂ) k—o0

Both terms in this equation are non-negative, hence mudshvanhis tells us thaff is a minimizer of Eq in
W.*(Q) anda posteriorithatg, — 0 stronglyin W2, i.e. f, — f stronglyin W2,

Hence we have obtainedveeak solutiorto the D|r|chlet problem. It remains to show that this sautis
classical i.e. thatf is smooth i and that, ify is continuous, therf is continuous o2 and agrees with ono52.
This is theregularity problem Several methods are possible: one may for instance deHadaterior regularity
from the identityf = f * x, which holds on{z € Q| B(z,p) C Q}, wherey, € C*(R™) is rotationally
symmetrlc has support iB(0, p) and SatISerSme X, = 1 andx denotes theonvolutionoperator given by

me x — y)g(y)d™y. This identity is actually a version of the mean value propésee the next
paragraph) valid for weak solutions.

1.3 The mean value property and the maximum principle

Let f be a harmonic function on an open sutﬁetxo € Qandp > 0 such thatB(zg, p) C Q. Stokes’ theorem
gives: Vr € (0, pl, f@B(m ) (0f/0r) du(x fB(IO o Afdmz =0, wherer = |z — xo]. It implies that
fonon f = 1/(15™" L pm=1) ) JoBzom) fd/r( ) is independent of. Hence, since is continuous atrg, we
havef (x0) J%B(zg " f. By averaging further over all spheré%3(z,r) with 0 < r < p, one deduces that
)CB(mo,r) f

A simiIar argument works for superharmonic or subharmoniuctions: a smooth functiofi : Q& — R is
superharmonigresp. subharmonitif and only if —Af > 0 (resp.—Af < 0). Then, if f superharmonic (resp.
subharmonic) and(zo, p) C €, we havef (zo) > JCB(IO o [ (resp.f(zo) < JCB(IO )

3By the Rellich-Kondrakov theorem, valid here becafise bounded.



The mean value property implies tmeaximumand minimum principles assume thaf) is open, bounded
and connected and thgtis harmonic on2, continuous orf2 and thatz, € Q is aninterior(!) point wheref
is maximal, i.e.Vz € Q, f(z) < f(z¢). Then we choosé(zg,p) C  and, by the mean value property,
fx) = J‘"—B(zo_’p) for, equivalently,fB(mp)(f(xo) — f(z))d™x = 0. But sincef is maximal atz, the integrand
in this last integral is non-negative and hence must vani$tus f (z) = f(zo) on B(xo, p). So we have shown
that(f|a)~t(supg f) := {z € Q| f(x) = supg, f} is open. Itis also closed becauses continuous. Hence since
Q) is connectedeither (f|o) ! (supg, f) = Q and f is constant, or (f|a) ! (supg, f) = @, which means that
supg, f is achieved on the boundary(2 (since( is compact). This is théstrong) maximum principle

One sees that the preceding argument still works if we replae propertyf (zq) = fB(IU,p) f by f(zg) <

fB(zo_p) f.i.e. if we only assume thgtis subharmonicSimilarly theminimum principlevorks forsuperharmonic
functions.

1.4 Unigueness and minimality

The uniqueness of solutions to the Dirichlet problem canlitained as a consequence of the maximum principle:
let f1 and f> be two solutions of the Dirichlet problem and Iet= f; — f1. Sincef; agrees withfs on 99, the
trace of f on 0f2 vanishes. Buff is also harmonic, and hence satisfies the maximum principls:iimplies that
supq f = supgq f = 0, s0f < 0 onQ. Similarly, the minimum principle implieg > 0 onQ). Hencef = 0,
which means thaf; coincides withfs.

A straightforward consequence of this uniqueness restlitisany solutiory of (3) actually coincides witthe
minimizer of Eq in WWM(Q). One can recover this minimality property directly from identity

Vg e WI3(Q), Ealg) = Ealg - f)+ / (df. dg) — Ea(f).

On using Stokes’ theorem twicé, f = 0 and the fact thaf |sn = g|oq, we obtain

B ) Y LT S P
[ .dg) = [ aigvr) = [ 15 = [ awtrvs) = 2Ea (). ©

g— =
o on o9

HenceEq(g) = Ea(g — f) + Ea(f), which implies thatf minimizesEq in W.-2(Q).

1.5 Relation with holomorphic functions

In dimension 2, harmonic functions are closely linked witiidmorphic functions. Throughout this article, we
shall use the identificatioR? ~ C, (z,y) — = + iy and the operators

o 1[0 .0 g 1[0 .0

&‘_5(%_26_;;)’ %-—5(£+Za—y)-
If 2 is an open subset @i, recall that a smooth functiop : & — C is holomorphic(rep. antiholomorphi¢
if and only if 9p/0z = 0 (resp. d¢/dz = 0). Then because of the identifif /020z = §%/0z0z = (1/4)A
it is clear that, ifp : Q@ — C is holomorphic or antiholomorphic, then Reand Imy are harmonic functions.
Conversely, if we are given a harmonic functipn Q@ — R, thend f /9= is holomorphic. Moreover if2 is simply

connected the holomorphic functigndefined byp(z) = 2/ ?(C) d¢ satisfiesg—(p = 2% andf = Rep+C,

2o 0% z z
whereC € R is a constant. The imaginary part @fprovides us with another harmonic functign:= Im ¢,
the harmonic conjugate functioof f. Note that some representation formulas for harmonic fanstin terms of
holomorphic data have been found in dimension three (E.TitAlker [224]) and in dimension four (H. Bateman

and R. Penrose [8, 165]).



2 Harmonic maps between Riemannian manifolds

2.1 Definition

Throughout the rest of this articleyt = (M, g) and N = (N, k) will denote smooth Riemannian manifolds,
without boundary unless otherwise indicated, of arbitrdiyite) dimensionsn andn respectively. We denote
their Levi-Civita connnections by% and”V respectively. By ar{fopen) domairof M we mean a non-empty
connected open subset.0f; if a domain has compact closure, we shall call that closuwrerapact domainWe
use theEinstein summation conventiarhere summation over repeated subscript-superscripg gaimderstood.
We define harmonic maps as the solution to a variational prolvhich generalizes that in Chapter 1 as follows.

Leto : (M,g) — (N, h) be a smooth map. L& be a domain of\ with a piecewiseC* boundarydf2. The
energyor Dirichlet integral of ¢ over() is defined by

Pa(o) = 5 [ 10w, @

Herew, is the volume measure o defined by the metrig, and|d¢| is the Hilbert-Schmidt norm ai¢ given
at each point € M by

i=1
where{e;} is an orthonormal basis fdr, M. In local coordinate¢z!, ..., 2™) on M, (y',...,y™) onN,
|déu|? = g7 (@)has(6(@)) 67 0] and wy = \/lg|da’---da™; ©)

here¢® denotes the partial derivativey®/9z* whereg® := y® o ¢, (g;;) denotes the metric tensor owl with
determinantg| and inverség®/), and(h.s) denotes the metric tensor ovi.

By a smooth (one-parameter) variatioh = {¢;} of ¢ we mean a smooth map : M x (—¢,e) — N,
D(x,t) = ¢¢(x), wheree > 0 andgy = ¢. We say that it isupported i) if ¢, = ¢ V¢ on the complement of
the interior ofQ. A smooth mapy : (M, g) — (N, h) is calledharmonicif it is a critical point (or extrema) of
the energy integral, i.e., for all compact domaidand all smooth one-parameter variatidns } of ¢ supported
in Q, thefirst variation 4 Eq ()|, _, is zero. The first variation is given by

(3Fn)(v) = < Fa(@)

o /M <T(¢),v> Wy - (20)

Herev denotes theariation vector fieldof {¢;} defined byv = 9¢:/0t|1—¢ , (-, -) denotes the inner product on
¢~ TN induced from the metric o/, andr(¢) denotes théension field ofy defined by

T(¢) = Trace"Vdp => "Vdg(e; e;) = Z{‘i’vei(m(ei)) —dp(Ve,e)} (11)
=1

i=1

Here ?V the pull-back of the Levi-Civita connection ol to the bundlep—'T N, and"'V the tensor product
connection on the bundld” = T*M ® ¢~ 'TN induced from these connections. We see that the tension field
is the trace of thesecond fundamental forwf ¢ defined by3(¢) = "Vdg, more explicitly, 3(¢)(X,Y) =

N x(dp(Y)) — dp(9V xY') for any vector fieldsX, Y on M. In local coordinates,

g [ 0% 09" d¢™ dp°

Yo U _ gk 27 4 BpY .
@) = g <8:Ci8:vj T Oxk + Tas®) Oxt OxJ ) (12)
= Ay¢" +g(gradey®, grade”’) "T7 ;. (13)



Here ¥, and ’Tlﬁ denote the Christoffel symbols oM, g) and (N, h), respectively, and\, denotes the
Laplace—Beltrami operator on functiofis M — R given by

A!]f = TraceWVdf = i{ez (ez(f)) - (gveyz ei)f}7 (14)

=1
or, in local coordinates,
1 9 - Of - O*f e Of
—_ _ / g _—J — q¥ _ v __ T

Note thatr(¢) can be interpreted as the negative of the gradiestaitthe energy functionak' on a suitable
space of mappings, i.e., it points in the direction in whi¢cbecreases most rapidly [61, (3.5)]. In local coordinates,
theharmonic equation

7(¢) =0 (16)

is asemilinearsecond-order elliptic system of partial differential etjoas.

2.2 Examples

We list some important examples of harmonic maps. See, famelke, [66, 61, 63, 7] for many more.

1. Constant maps¢ : (M,g) — (N, h) andidentity maps Id : (M,g) — (M, g) are clearly always
harmonic maps

2. Isometries are harmonic maps. Further, composing a harmonic map witis@metry on its domain or
codomain preserves harmonicity.

3. Harmonic maps between Euclidean space#\ smooth mapp : A — R"™ from an open subset of R™ is
harmonic if and only if each component is a harmonic functasdiscussed in the first Chapter.

4. Harmonic maps to a Euclidean spaceA smooth mapp : (M, g) — R™ is harmonic if and only if each of
its components is harmonic functioron (M, g), as in first chapter. See [46] for recent references.

5. Harmonic maps to the circle S! are given by integrating harmonieforms with integral periods. Hence,
when the domain\ is compact, there are non-constant harmonic maps to thie d@irand only if the first Betti
number ofM is non-zero. In fact, there is a harmonic map in every homptdgss (see, [7, Example 3.3.8]).

6. Geodesics For a smooth curve, i.e. smooth map. A — N from an open subset of R or from the
circle S*, the tension field is just the acceleration vector of the euhencep is harmonic if and only if it defines
a geodesiparametrized linearly (i.e., parametrized by a constaritipie of arc length). More generally, a map
¢ : M — N is calledtotally geodesidf it maps linearly parametrized geodesics./ef to linearly parametrized
geodesics ofV, such maps are characterized by the vanishing of their sefiomdamental form. Since (11)
exhibits the tension field as the trace of the second fundtatienm, totally geodesic maps are harmonic

7. Isometric immersions Let ¢ : (N,h) — (P,k) be an isometric immersion. Then its second funda-
mental form3(¢) of ¢ has values in the normal space and coincides with the usoahde€fundamental form
A € T(S*’T*N @ NN) of N as an (immersed) submanifold & defined on vector fields(, Y on M by
A(X,Y) = — normal component ofVxY .4 (Here, byS?T*N we denote the symmetrized tensor product of
T*N with itself and VN is the normal bundle oV in P.) In particular, the tension field(¢) is m times the mean
curvature ofM in V so thatg is harmonic if and only ifM is a minimal submanifold ol

8. CompositionsThe composition of two harmonic maps is not, in general, lnim In fact, the tension field
of the composition of two smooth maps (M, g) — (N, h) andf : (N, h) — (P, k) is given by

7(f 0 ¢) = df (7(9)) + B(f)(d¢, dp) = df (7(9)) + Y B(f)(dd(e:), do(e)) (17)
=1

4The minus sign is often omitted



where{e;} is an orthonormal frame oV. From this we see that ¢ is harmonic andf totally geodesic, then
f o ¢ is harmonic

9. Maps into submanifolds Suppose that : (N, h) — (P, k) is an isometric immersion. Then, as above,
its second fundamental fortd has values in the normal space/&fin P and so from the composition law just
discussedy : (M, g) — (N, h) is harmonic if and only ifr(j o ¢) is normal toM, and this holds if and only if

7(j o ) + TraceA(d¢p,d¢p) =0 (18)

10. Holomorphic maps. By writing the tension field in complex coordinates, it isg#0 see thatolomorphic
(or antiholomorphic) maps : (M, g, JM) — (N, h, JV) between Khler manifolds are harmoni66].°

11. Maps between surfaces Let M = (M?, g) be asurface i.e., two-dimensional Riemannian manifold.
Assume it is oriented and lef™ be rotation by+7/2 on each tangent space. Thew?2, g, JM) defines a
complex structure oM so that it becomes Riemann surfagehis structure is automatically Kahler. L&f be
another oriented surface. Then from the last paragraphea/éhatny holomorphic or antiholomorphic map from
M to NV is harmonic

A smooth mapp : (M, g) — (N, h) between Riemannian manifolds is calledakly conformaif its differ-
ential preserves anglesragular points—points where the differential is non-zero. Points wheerediferential is
zero are calletbranch points In local coordinates, a smooth maps weakly conformal if and only if there exists
a function) : M — [0, o) such that

hapdd] = Ngi; (19)

Weakly conformal maps between surfaces are locally the sssrtelomorphic maps and seeakly conformal
maps of surfaces are harmonic

12. Maps from surfaces (i) Let M = (M?,g) be a surface and let : M — N be a smooth map to an
arbitrary Riemannian manifold. Then the energy integraligzlearly invariant under conformal changes of the
metric, and thus so is harmonicity @¢f To see this last invariance another way, (lefy) be conformal local
coordinatesi.e., coordinates on an open set/of in which g = ;2(dx? + dy?) for some real-valued functiop.
Write z = x + iy. Then the harmonic equation reads

Wa/az% = Wa/az% =0 (20)
If M is oriented, then we may take;, y) to be oriented; the the coordinates= x + iy give M the complex
structure of the last paragraph. Hence, harmonicity of a friap a Riemann surface is well defined.
Alternatively, from (17) we obtain the slightly more genlstatement thathe composition of a weakly confor-
mal mapg : M — N of surfaces with a harmonic mgp: N/ — P from a surface to an arbitrary Riemannian
manifold is harmonic
For any smooth map : M? — (N, h) from an oriented surface, define the Hopf differential by

M= @B = h(G2 G = ] {h(% 50 (5 50) +2n(5 ) } dz? (1)

Here we use the complex eigenspace decompositibn= (¢*h) > + (¢*h)D + (¢*h)(©:2) under the action
of J™ on quadratic forms off M. Note that (i) if¢ is harmonic, ther is a holomorphic quadratic differential
i.e., a holomorphic section 077 (M;°

(ii) ¢ is conformal if and only if{ vanishes It follows thatany harmonic map from th2-sphere is weakly
conformal[144, 88, 117]. Indeed, wheM is the2-sphere®?T} . M has negative degree so that any holomorphic
section of it is zero. '

5A. Lichnerowicz relaxes the conditions owt and A for which this is true; see, for example, [61] or [7, Chaptkr 8
5This is an example of eonservation lawsee§3.1 for more details and the generalization to higher diruerss



13. Minimal branched immersions. For a weakly conformal map from a surfa¢é12, g), comparing def-
initions shows that the tension field is a multiple of its meanvature vector, so that weakly conformal map
¢ : (M2, g) — (N, h) is harmonic if and only if its image is minimal at regular ptérsuch maps are calledini-
mal branched immersionn suitable coordinates, the branch points have the form (2% + O(2*1), O(zF11))
for somek € {2,3,...} [95].

Note also that (ii) the energy of a weakly conformal map (M2, g) — (N, k) from a compact surface is
equal to itsarea

Ap) = / |dp(er) A dg(ea)| wy ({e1, e2} orthonormal framg (22)
M
14.Harmonic morphisms are a special sort of harmonic map; we turn to those now.

2.3 Harmonic morphisms

A continuous map : (M, g) — (N, h) is called eharmonic morphisnif, for every harmonic functiorf : V. — R
defined on an open subskEtof A/ with ¢~1(V) non-empty, the compositiofi o ¢ is harmonic onp=1(V). It
follows that¢ is smooth, since harmonic functions have that property, lojaasical result of Schwartz [195,
Chapter VI, Théoreme XXIX]. Further, since any harmoniaétion on a real-analytic manifold is real analytic
[168], harmonic morphisms between real-analytic Riemammaanifolds are, in fact, real analytic.

The subject of harmonic morphisms began with a paper of C. Gacbbi [125], published in 1848. Jacobi
investigated when complex-valued solutions to Laplacgisation on domains of Euclidea@aspace remain solu-
tions under post-composition with holomorphic functionghie plane. It follows quickly that such solutions pull
back locally defined harmonic functions to harmonic funesipi.e., are harmonic morphisms. A hundred years
later came the axiomatic formulation Bfelot harmonic spaceThis is a topological space endowed with a sheaf
of ‘tharmonic’ functions characterized by a number of axioifise morphisms of such spaces, i.e. mappings which
pull back germs of harmonic functions to germs of harmonitctions, were confusingly calldshrmonic maps
[48]; the termharmonic morphismeas coined by B. Fuglede [77].

To keep the number of references manageable, in the sequsalleoften refer to the book [7] which gives a
systematic account of the subject, and which may be combsidte list of original references.

A smooth mapp : (M, g) — (N, h) is calledhorizontally (weakly) conformdbr semiconformalif, for each
p € M, either, (i) dp, = 0, in which case we calb a critical point, or, (ii) d¢, maps thehorizontal space
H, = {ker(dg,)}+ conformally ontdl,(,,) N, i.e.,dg, is surjective and there exists a numbép) # 0 such that

h(dgy(X),dgp(Y)) = Ap)? g(X,Y)  (X,Y €H,),

in which case we calp aregular point On setting\ = 0 at critical points, we obtain a continuous function
A : M — [0, 00) called thedilation of ¢ ; note that\? is smooth since it equaldé|?/n. In local coordinates, the
condition for horizontal weak conformality is

97606 = A2ht (23)

Note that this condition is dual to condition (19) weak canfality, see also [7]. We have the following character-
ization [77, 124]:a smooth map : M — N between Riemannian manifolds is a harmonic morphism if arhyl o
if it is both harmonic and horizontally weakly conformdlhis is proved by (i) showing that there is a harmonic
function f : N O V — R with any prescribed (tracelesg)jet; see [7,§4.2]; (ii) applying the formula (17) for
the tension field of the composition eéfwith such harmonic functiong. It follows thata non-constant harmonic
morphism ifi) an open mappingji) a submersion on a dense open-sefn fact the complement of this, the set
of critical points, is golar set

Regarding the behaviour of a harmonic morphism at a crippcét, thesymbo] i.e. the first non-zero term of
the Taylor expansion is a harmonic morphism between Eualidgaces given by homogeneous polynomials; by
studying these it follows that (if dim M < 2dim N — 2, the harmonic morphism has no critical points, i.e.,



is submersive(ii) if dim M = 2dim N — 2, the symbol is the cone on a Hopf m@p Theorem 5.7.3]. When
dimM = 3 anddim N = 2, locally [7, Proposition 6.1.5], and often globally [7, Lem 6.6.3], a harmonic
morphism looks like a submersion followed by a holomorphigpnof surfaces; the critical set is the union of
geodesics. Whedim M = 4 anddim N = 3, critical points are isolated and the harmonic morphisnkéolike
the cone on the Hopf maf® — S2 [7, §12.1]. In both these cases, there glebal factorization theoremsin
other cases, little is known about the critical points.

The system (16, 23) for a harmonic morphism is, in generadydeterminegdso there are no general existence
results. However, in many cases, we can establish existarmoan-existence as we now detail.

1. Whendim AV = 1, the equation (23) is automatic, so tla@tarmonic morphism is exactly a harmonic map
If N =R, itis thus a harmonic function; fok” = S*, see Example 5 df2.2.

2. When dim M = dim N = 2, the equation (16) is implied by the equation (23), so thatharmonic
morphisms are precisely the weakly conformal maps Example 9 df2.2 for a discussion of such maps.

3. Whendim N = 2 and dim M is arbitrary , we have a number of special properties which are dual teethos
for (weakly conformal) harmonic maggm surfaces: (iconformal invariance in the codomaiif we replace the
metric on the codomain by a conformally equivalent metrigpast-compose the map with a (weakly) conformal
map of surfaces, then it remains a harmonic morphism; @@@ational characterizationharmonic morphisms
are the critical points of the energy when both the map andrthgic on the horizontal space are varied, see
[7, Corollary 4.3.14]; (iii) a non-constant map is a harmoniorphism if and only if it is horizontally weakly
conformal and, at regular points, its fibres are minimal |&,, at regular points, the fibres formcanformal
foliation by minimal submanifolds

4. When dim N = 2 and dim M = 3, if M has constant curvature, there are many harmonic morphisms
locally given by a sort o¥Veierstrass formulfZ, Chapter 6]. Globally, there are few, for example, whieh= R?,
only orthogonal projection fronR3 to R? followed by a weakly conformal map. I does not have constant
curvature, the presence of a harmonic morphism implies seymanetry of the Ricci tensor and, locally, there
can be at most two non-constant harmonic morphisms (up tequusposition with weakly conformal maps), and,
none for most metrics including that of the Lie grofpl. As for global topological obstructions, a harmonic
morphism from a compad&manifold gives it the structure of @eifert fibre spacgr, §10.3].

5. When dim N = 2 and dim M = 4, if M is Einstein, there is awistor correspondendeetween harmonic
morphisms to surfaces amtermitian structures oM. There are curvature obstructions for the local existerice o
such Hermitian structures. See [7, Chapter 7].

6. Whendim A = 2 and M is a symmetric spaceby finding suitably orthogonal families of complex-valued
harmonic functions and composing these with holomorphipsn&udmundsson and collaborators construct har-
monic morphisms from many compact and non-compact cldssicametric spaces [93], see also §8,2].

7. Riemannian submersionsare harmonic, and so are harmonic morphisms, if and only éifrtfibres are
minimal TheHopf mapsrom S% — §2, §7 — 84, §15 — §8 &§2n+l _, Cpn §4n+3 _ HP™ are examples
of such harmonic morphisms. See alsog#.5].

8. The natural projection of warped product M = F x ;= N' — N onto its second factor is a horizontally
conformal map with grad vertical, totally geodesic fibres and integrable horizbdistribution; in particular is a
harmonic morphism. Theadial projectionsR™ \ {0} — S™~! (m = 2,3,...), given byx — x/|x/, are such
maps. See also [12.4]

9. Whendim M — dim N = 1, i.e., the mapp : M — N hasone-dimensional fibres R. Bryant [29] gives
the followingnormal formfor the metricg on the domain of a submersive harmonic morphisin terms of the
pull-back¢*h of the metric on the codomain and the dilativof the map, namely,

g= )\72(;5*}1 4 A2n7492

where § is a connectionl-form; thuslocally such a harmonic morphism is @incipal S!-bundle withS*-
connectionthis holdsgloballyif the fibres are all compact, see [4,0.5].



10. Itfollows that given Killing field V' (or isometric action) oM, ¢), there are locally harmonic morphisms
with fibres tangent td/.

By analysing the overdetermined system (16, 23) usixtgrior differential systemd$Bryant [29] shows that
there any harmonic morphism with one-dimensional fibresfeospace form is of warped product type or comes
from a Killing field (this has been generalized to Einsteimif@ds by R. Pantilie and Pantilie & Wood, see [7,
Chapter 12]). It follows thathe only harmonic morphisms from Euclidean spheres withdimensional fibres are
the Hopf mapss?"+! — CP".

11. There argopological restrictions on the existence of harmonic morphisms, for example, siacmbnic
morphisms preserve the harmonicity bforms, Eells and Lemare showed thhe Betti number of the domain
cannot be less than that of the codomasee [7, Proposition 4.3.11]. Pantilie and Wood show that&hler
characteristicmust vanish for a harmonic morphism with fibres of dimensioe érom a compact domain of
dimension not equal td. In particularthere is no non-constant harmonic morphism from a splsére(n # 2)
to a Riemannian manifold of dimensi@n — 1, whatever the metricsFurther the Pontryagin numbers and the
signature vanish, see [712.1].

12. When dim M = 4, the Euler characteristic is even and equals the the critjpaints of the harmonic
morphism so that we cannot rule out the existence of a harmonic mempfiomS*. By Bryant's result in item
8 above, there is no harmonic morphism from Eweclideard-sphere with one-dimensional fibres; however, there
is one if the metric or5* is changed by a suitable conformal factor. This map is givesuspending the Hopf
map, first finding a suspension which is horizontally confaknthen changing the metric conformally on the
domain to ‘render’ it harmonic. At both stages, the problemeduced to solving an ordinary differential equation
for the suspension function with suitable boundary valaes] the method applies to find many more harmonic
morphisms, see [7, Chapter 13].

13. Finally note that J.-Y. Chen shows tisééible harmonic mapsfrom compact Riemannian manifolds$
are all harmonic morphismsThis is shown by calculating the second variation and shgwhat its non-negativity
forces the map to be horizontally weakly conformal, se&877].

3 Weakly harmonic maps and Sobolev spaces between manifolds

3.1 Weakly harmonic maps

An extension of the Dirichlet principle or, more generathg use of variational methods requires the introduction
of a class of distributional maps endowed with a topologychtis sufficiently coarse to ensure tbempactness
of sequences of maps which we hope will converge to a solu@mthe other hand, the energy functional should
be defined on this class and we should be able to make sensekdldér—Lagrange equation (16). These two
requirements are somewhat in conflict, and will lead us toehtit class of maps on the Sobolev spece? (M).

But that will force us to work with weak solutions of (16), ..eveakly harmonic mapsHowever, as soon as
m :=dim M > 2, amapf € W12(M) is not continuous in general. Hence, eve#lif-2(M, ') makes sense,
there is no reason for a mape W2(M, N) to take values in any open subset, in general. This makef§ictdi

to study¢ by using local charts on tharget manifold\/. Today most authors avoid these difficulties by using
the Nash—Moser embedding theorem (see, for example, [81pl@ws. In the followingwe shall assume that
N is compact Then there exist aisometric embbeding: (N, g) — (RY, (-,-)). And we define (temporarily),
for any open subsé? C M,

WIAQA) = fu e WH(Q,RY)] ulx) € j(V) ae). @9

On this set thenergyor Dirichlet functionaldefined by (7) now reads

1 ii ou Ou
Eq(u) 1—5/993(50)<@7%>W9-

7In his 1948 paper [156], C. B. Morrey had to woslithoutthe Nash—Moser theorem which was not yet proved.

10



But, if we assume tha# is also compact, then for any two isometric embeddingg., the spaceﬂ/jll"Q(M,N)
andW,;*(M, N) are homeomorphic anBlo(j o ji * o u) = Eq(u). Hence we simp§write W12(M, N) :=
W2 (M, N).

Weakly harmonic maps

In order to define weakly harmonic maps as extremals of we have to specify which infinitesimal deformations
of a mapu € W12(M, N') we will consider. Consider a neighbourhobcf A/ in RY such that the projection
mapP : V — N which sends each < V to the nearest point iV is well defined and smooth Now let

u € WE2(M,N). Forany map € WH2(M,RV) N L=(M,RY) we observe that, for sufficiently small,
u+ev €V, sothaw? := P(u +ev) € WH2(M, N). We seti§ := lim. o (u¥ — u)/e = dP,(v) a.e. and

(B (i8) o= 1y Pr0) = Bra)

(What is important in this definition is that — u? is a differentiable curve intdV2(M,R”) such that
Ve, ut € WH2(M,N), dul/de € WH2(M,RY) anduy = u.) And u is weakly harmonic if and only if
(6Em)u(ugy) = 0forallv € Wh2 0 L°(M,RY). Equivalentlyu is asolution in the distribution sensef a
system ofV coupled scalar elliptic PDES.e. anR” -valued elliptic PDE

Ou Ou
Oz’ OzJ

Agu+ g (x) Au(z)( =0 (25)
whereA € T'(S?T*N @ NN) is the second fundamental form of the embeddireg in§2.2 (VA" now denotes
the normal bundle ofV" in RV);%° one can check that this condition is independent of the edibgd [118].
Indeed, it is just the equation (18).

Example. (V' = S, the unit sphereThe n-dimensional spheré™ is the submanifoldy € R**!||y| = 1},

its metric is the pull-back of the standard Euclidean metgiche embedding : S* — R"*!. The second
fundamental form ofj is given by A4,(X,Y) = (X,Y)y, so that the weakly harmonic maps are the maps in
Wh2(M, S™) such that

Agu+ |dul*v =0 in adistribution sense. (26)

Remarks (i) In (25), A,u € W—12(M,RY) is defined in the distribution sense, the coefficientsipf,) are in
L> because\ is compact and 9"/ () A, (Ou/dz", du/0x7) € L'(M,RN).

(i) The system (25) is an example osamilinear elliptic system with a nonlinearity which is guatic in the
first derivativesfor which a general regularity theory has been developed [$43, 229, 121, 83]). This nonlin-
earity is the reason why most of analytical properties vldicharmonic functions are losexistenceregularity,
uniguenesandminimalitymay fail in general, unless some extra hypotheses are added.

(iii) A difficulty particular to this theory is that¥2(M, N) is not aC!-manifold. One can only say that
Wh2(M,N) is a Banach manifold, which is not separablerif> 2, and thatC® N W12(M, N) is a closed
separable submanifold 6% -2(M, N) (see [31]). MoreoverlV!:2(M, ') does not have the same topology as
CY(M,N) in general (se€3.2 and 3.3).

8In the case wherd is not compact, we may not hale’Q(M,N) ~ lez)’Q(M,N) because thé&? norms ofj; o ¢ andjz o may be
different (indeed, one of the two norms may be bounded Wisettemother one may be infinite). This suggests that perhaps@satisfactory
(but less used) definition dﬂ/}’Q(M,N) would be: the set of measurable distributions gt with values inR™ such thatdu € L?(M)
andu(z) € j(N) a.e.

9We may use other projection maps, not necessarily Eucligeziactions, see [118].

19An equivalent formula ford is, as follows: if for anyy € N, we denote by?;- : RN — N, A/ the orthonormal projection, thea
can be defined by, (X,Y) := (Dx Pyl)(Y), VX,Y € T(TN), whereD is the (flat) Levi-Civita connection oR™ .
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Minimizing maps

A mapu € WH2(M, N) is called anenergy minimizing map if any mapv € W*2(M, N') which coincides
with u outside a compact subskt C M has an energy greater than or equal to that,@fe. Exq(v) > Eaq(u). A
weaker notion is that € W12(M, N) is calledlocally energy minimizing if, for any pointz € M, there exists
a neighbourhood C M of z such that any map € W'2(M,\') which coincides with: outside a compact
subsetK’ C U has an energy greater than or equal to that.of

Stationary maps

The family {u?| v € WE2(M,RY) N L (M, RM)} of infinitesimal deformations used for the definition of a
weakly harmonic map does not contain some significant deformations. For exaroplesideradial projection
ue € WH2(B3,S%) defined by*

ue(x) = x/|z|; 27)

it seems natural tmovethe singularity of this map along some smooth path. For exameleta € C1((—1,1), B?)
parametrize such a path > such thatz(0) = 0 and we consider the family of maps € W'2?(B?, $?) de-
fined byu.(z) = (z — a(¢))/|r — a(e)|. Thendu./de is notin W12(B3,R?), and hence we cannot take this
infinitesimal variation ofu, into account for weakly harmonic maps. This is the reasorcémsidering a second
type of variation: we lefy;):;c; (Wherel C R is some open interval which contaifsbe aC! family of smooth
diffeomorphismsp; : M — M such thaty, is the identity. Then for any € W2(M, N), (u o ©;)ies is @
C* family of maps inW12(M, N) such thatu o ¢y = u. Following [189] we say that: is stationary if (i) u is
weakly harmonic, and (ii) for any family of diffeomorphisms (¢;):er With o = Id a4,

tim (Ei (w0 @1) = Baa(w)) /1 = 0. (28)

Note that, without loss of generality, we can assume thadiffeomorphismsy; have of the formp; = !X, where

X is asmooth tangent vector field with compact suppordénMapsu which satisfies (28) can be characterized by
the following local condition derived by P. Baird and J. Eglind by A. I. Pluzhnikov independently [6, 170, 118].
Let us stress temporarily the dependence of the Dirichletggnon the metrig on M by writing Ex = E( 4, g)-
Then we remark that, by the change of variable !X () in the Dirichlet integral, we have:

tX o eftX)

E(M,g) (U o etX) = E(M7(e—tX)*g) (u oe = E(M7(e—tX)*g) (U),

where(e~'X)* g is the pull-back of the metrig by e~*X. But we compute:

B (e-1%)g) (1) = E(pm,g)(w) +1 /M (Lxg") Sij(u) wy + o(t),

where
1 . 1 Oou Ou du  du
Sij(u) = Sldulgi; — (uwh)i; = 5™ () <@’ @>gij B <@’ @>’

where|du|? = g% (z) (Ou/dx", du/dx’), is called thestress-energy tensar If v € W?(M,N), then its
components are ih! (M). Hence condition (28) is equivalent to the fact thiaf (Lx g"/) Si;(u) wy = 0, for all
smooth tangent vector fields with compact support oM. Moreover, since the stress-energy tensor is symmetric
we have the identity2¢"*V;, X7 + Lx g"/) S;;(u) = 0, from which we can deduce by an integration by parts that
u satisfies(28)if and only if .S;;(u) is covariantly divergence-fregi.e.

Vj, ViSi(u) = 0 in the distribution senséwhereS: (u) := g"*Sy;(u) andV; := V5, ). (29)

UFora € R™ andr > 0 we write B™(a, r) := {z € R™| |z — a| < r}; also, for brevity writeB™ := B™(0, 1).
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Remarks (i) If the metricg on M is Euclidean, i.e. if we can writg;; = ¢;; in some coordinate system, then the
covariant conservation law (29) becomes a system abnservations laws.

(ii) if m = 2thensS;; is trace free. Furthermore we can use conformal local coatés: = ' + iz? on M.
Then if we identifyS;; with the quadratic forn® := S;;dz'dxz7, we easily compute:

—28 = Re{ (‘%’2 - %’2 - 2i<%, %» (dz)2} = 4N,

where is the Hopf differential ofu as defined in (21). We note that: (i)is conformal if and only if H or
equivalently S vanishesand (ii) the stress-energy tensor is divergence free, i.€29) holds, if and only if H is
holomorphic.

Relationship between the different notions of critical ponts

Itis easy to prove the inclusions:
{minimizing map$ C {locally minimizing map$ C {stationary mapsC {weakly harmonic mags

these inclusions are strict in general. For example, thetiemap Id: S — 52 is locally minimizing(see§6.2)
butnot globally minimizingsee§3.3). The map(? € W'2(B3, §2), defined byu® (z) = P~'0 Z?0 P(z/|z|),
whereP : $? — CP = CU {oo} = R? U {oo} defined by

P(y' 2 y°) = (v +iy?) /(1 +y°) (30)

is the stereographic projection atid (z) = 22 is stationarybut not locally minimizing(see§4.3 and [24]). The
mapuv, :€ WhH2(B3,5?), defined by, () = P~ o Ao P(x/|z|), where) is the multiplication by soma € C*
is weakly harmonidutnot stationary if\| # 1 (see [118]§1.4). Howeversmooth harmonic mape stationary:
one can check by a direct computation that, i§ a map of clas€?, (25) implies (29).

3.2 The density of smooth maps ifV1?(M, N)

In this section and the following, it may clarify the disciggsto consider the more general family of spaces
WEP(M,N) = {u € WHP(M,RN)| u(z) € N a.e},

WEP(M) := {u € LP(M)| du € LP(M)} andWLP(M,RY) := WP(M) @ RN, wherel < p < co. An
interesting functional oV’ *? (M, ) is thep-energy

p/2
= [ (0 (g )) @ (31)

For any Riemannian manifoldt of dimensionm and for any compact manifold/ of dimensionn, let us
define

o HP(M,N):=the closure o€' (M, N) N W1P(M,N) in thestrongWW -P-topology;

e HLP(M,N):=the closure o} (M, N) N WHP(M, N) in the sequential weak WP-topology: a map
u € W'P(M,N) belongs toH,,;*(M,N) if and only if there exists a sequencey,), .y of maps in
CHM,N)nWtP(M,N) such that, converges weakly ta ask — oo.

12The spacdfllu’p(/\/l,/\f) plays an important role when using variational methods. ds@mple, if we minimize the-energyamong
smooth mapshe minimizing sequence converges weakly. Hence the walakian that we obtain is naturally iH}U’p(MJ\/).
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Note that we have always the inclusions
HYY(M,N) C HYP(M,N) € WEHP(M,N). (32)

The easy casen < p. We first observe thatif p > m, the Sobolev embedding theorem implies that
WhrP(M,N) c C°(M,N), so that by a standard regularizationin!-» (M, R ) followed by a projection onto
N, one can prove easily that!? (M, N) is dense ilV/ 1 (M, N). This result has been extended in [1&ithe
critical expon(_entp = m, by using tht_a P0|_ncaré |nequall%§7:_3_‘me(mjr) lo — jme(m) o™ < Cme(m) |dep|™.

In conclusionjf p € [m, o), all inclusions in (32) are equalities.

The hard casel < p < m. One of the more instructive example is radial projectign: B™ — S™~! given
by (27). This map has a point singularity at 0, but igit?(B™, S™~1) if p < m. We shall see later that.,
cannot be approximated by smooth maps with valuesin! for m — 1 < p < m. Variants ofu., are the maps
uf : B™ — S™~~1 fors € Nsuchthat < s < m—1, defined byu$ (z,y) = z/|z], for (z,y) € R™ ™5 xR*:
this map is singular along thedimensional subspace= 0.

Approximation by smooth maps with singularities. The following result by F. Bethuel [12, 102] shows that
the structure of the singularities of the magsis somehow generic. Let

RPF(M,N): the setof mapas € W1?(M,N) such thal £, C M withu € C¥(M \ ,,N),
Y. = U,_, ¥, % is a subset of a manifold of dimensien— [p] — 1, 9%; is C*

(note that, ifm — 1 < p < m, eachX; is a point). Then
if 1<p<m, thenRP*(M,N)isdenseidV'?(M,N). (33)

Moreover, F. B. Hang and F. H. Lin [102] proved that the siegskt:,, can be chosen as tlie1— [p] —1)-skeleton
of a smooth rectilinear cell decomposition.

The case of maps into the sphereThe idea of the proof of (33) in the case whafe= S™ andn < p < n+1
is the following (see also [17, 88]). Latc W?(M, S™). Then by convolution with mollifiers we first produce a
sequence of smooth mafs,),, which converges strongly te asp — 0, buthas values ilB™ (0, 1). However,
for anye > 0 the measure o := u,'(B"*'(0,1 — ¢)) tends to 0 ap — 0. The main task is to compose
the restriction(u,)|v: of u, to V7 with a projection map fronB™*1(0,1 — ¢) to its boundary in order to obtain
a map intoB™*1 \ B"*1(0,1 — ¢). The naive projection — (1 — £)z/|z| fails because:,/|u,| has infinite
Wlr-norm in general. The trick, inspired by [107], consists sfng a different projection mafl, : = —
(1 —¢)(z —a)/|z — a|, wherea € B"1(0, 3): by averaging over, € B"*1(0, 1) and using Fubini's theorem
one finds that there exists somsuch that théV *?-norm of (II,, o up)|ve is bounded in terms of thd/>P-norm
of (u,)|v:. Moreover, Sard’s theorem ensures us that for a generic ' (a), i.e. the singular set dff, o u, is a
smooth submanifold of codimensiart 1 = [p] + 1.

The property (33) shows that questions of density rely onr@gmating maps irfR?:¥ (M, A') by smooth
maps. Again it is instructive to look at the example of the mape W1?(B™, S™~1): a way to approximate,
is to move the topological singularity through a path joinifgtorigin O to the boundarg B™. Consider such a
path (for examplej—1,0] x {0}™~! c R™), then by modifyingu, inside a small tube around this path in such
a way that the topological degree on each spisgte ! := 9B™(0,r) cancels, we obtain a continuous map into
the sphere. For instance, fer> 0 sufficiently small, we construct a map by replacing, for any- € [0, 1], the

13 Note that similar arguments show thagps such thatim, .o Fy »(u) = 0 for all = € M can be approximated by smooth mgpee
§4.3 for a definition ofE; ). This result is a key ingredient in the regularity theory fiarmonic maps by R. Schoen and K. Uhlenbeck [190],
see agairg4.3. All these results fit in the framework of a theory of map®imanifolds withvanishing mean oscillatigrdeveloped by H.
Brezis and L. Nirenberg [27]: for any locally integrable fition f onRR™, for anyx € R™ and anyr > 0, setfy , := me(wm) f, then let
[|fllBrMO = supgerm supr>0(jf5m(w " |f = fa,»|P)/P, for somep € [1, c0). Then the space of functions béunded mean oscillation
(BMO) onR™ is the set of locally integrable functiorfsonR™ such that| f|| s aro is bounded and this definition doestdepend omp [128].
The subspace of functions @dnishing mean oscillatiofVMO) on R™ is composed of maps such thahr.ﬂo(jme (@) |f = forr |P)L/p =
0 foranyz € R™ (see [128, 118])
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restrictionu@|57m71 of ue to ST~ by its left composition with the maﬂ/\*(i o ° UoTyire): gm—1 __, gm-1
whereU (y) = (Jy*|,4?%,---,y™) andT»(y) = (cosh A + y' sinh A\) 7! (sinh A + y' cosh A, ¥, - - -, y™) (A € R)
and we choose(r, ¢) in such a way that.. coincides withus outside the tubular neighbourhood of the path of
radiuss. Then, inside the small tubglu.| < (C/e)|du| so that the extra cost i 1:P-norm of this modification

is of ordere™~! /&P (note that"*~! controls the volume of the tube). We see that

i) if 1 <p< m—1,thisp-energy cost can be as small as we want;

qy
(i) if p =m — 1, thep-energy costs does not tend to zereas 0 but is bounded;
(i) if m — 1 < p < m, the cost tends too ase — 0.

These heuristic considerations are behind a series oftsegrdved by F. Bethuel [12] and summarized in the
following table:

Inclusions | HI.P(B™, S™~1)
1<p<m-—-1
p=m-—1
m—-1<p<m

HLP(B™, 5" 1) C W&P(B™, 57 1)

pApnin

1N I

In particular, we see that= m — 1 is another critical exponent.;, can be approximated by smooth maps weakly
in W1m=1 but not strongly.

The fact thati}-»(B™, S™~1) £ WhP(B™, S™1) form — 1 < p < m can be checked by using a degree
argument. Here is a proof fon = 3 and2 < p < 3. Letwgs := j* (y'dy? A dy® + y2dy® A dy* + y3dy* A dy?)
be the volume form o$? (j is the embedding? C R3). Lety € C>°(B?3,R) be a function which depends only
onr = |z|, such thaty(1) = 0 (i.e. x = 0 ondB?) andx(0) = —1. Assume that there exists a sequeqgg),, .
of functions inC?(B3, 5?) such thatu;, — ug strongly inW12(B3, 5?). Then sinceujws: is quadratic in the
first derivatives of, [, dx Aujws> convergestq, dy Aubwg> = fol 47(dx/dr)dr = 4. On the other hand,
sinceuy, is smoothd (ujwg2) = uj(dws2) = 0 and so

Oz/ xu};wszz/ d(xu,’;wgz):/ dx Nujwgz.
aB3 B3 B3

Hence we also deduce thﬁé3 dx AN ujwg2 — 0, a contradiction. 11§5.4 another proof is given fgr = 2.

In fact, a nice characterization @ 2(B?3,S?) was given by Bethuel [10] in terms of the pull-back of the
volume formwg: on S%: a mapu € Wh2(B3, S?) can be approximated by smooth maps in the strong *-2-
topology if and only if d(u*wg2) = 0 (see alsd5.4 for more results about*wg=.) This may be generalized to
some situations (see [11]) but not all: indeed it is not clehether such a cohomological criterion can be found
to recognize maps i/} 3(B*, $*) — for example, the singular map defined b (z) = HC(x/|x|), where
HC : 83 — S?is the Hopf fibration, is if¥1:3(B*, 52) but not in H!:3(B*, $?) — see [110] for more details
on this delicate situation.

The role of the topology of M and A'. We have seen that, whe¥i = S, the topology ofAV" may cause
obstructions to the density of smooth mapstit-* (M, N). The first general statement in this direction is due to
F. Bethuel and X. Zheng [17] and Bethuel [12] in terms of filjeth homotopy group afV'; namely, forM = B™
we have

if 1 <p<m,then HP(B™ N)=W"(B"N) <= x,WN)=0.

However, for ararbitrary manifold M, the condition that,; (A) = 0is not sufficiento ensure thall} * (M, N') =
WtP(M,N), in general. This was pointed out in [102]. An example is th@pm., € W1 2(RP* RP?) de-
fined by vg[z0: 2t : 2% : 2% 2% = [2!: 2% 2% : 2], with a singularity at[1 : 0 : 0 : 0 : 0]; there is no
way to remove this singularit§, so, there is no sequence of smooth maps converging weakly, to Hence

14In contrast with the maps, € W1-2(B*, S3) where the topological singularity can be moved to the bogndéth an arbitrary low
energy cost.
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HL2(RP* RP3) # WL2(RP* RP3), althoughmy (RP3) = 0. A result due to P. Hajtasz [96] is valid for an
arbitrary manifoldM:

if 1<p<m,then mW)=-=myN)=0 = H""(M,N)=W"PMN)

The general result is due to F. B. Hang and F. H. Lin [102] andhe case wheréd1 has no boundary, is the
following. First we say thatM satisfies thek-extension property with respect #g if, for any CW complex
structure(X7) ey on M and for anyf € CO(X*+1 N), the restrictionf|y» of f on X* has a continuous
extension onM. Then, if1 < p < m, we have [102]:

T (V) = 0 and M satisfies

1,p . 1,p
HyP(MN) =WEPMN) - = { the[p — 1]-extension property with respect Ad.

The case wherp is not an integer. The identity betweed }»(B™, S™~1) and H,P(B™, S™1) for p #
m — 1 is actually a particular case of a general phenomenon, agnshy Bethuel [12]for any domain\t ¢ M
and for any compact manifolty’,

if p > 1isnot an integer, then H?(M,N) = H-?(M,N).

The case wherp is an integer. The question left open is, in cases whéfé? (M, N) € WP(M, N), to
characterize the intermediate spa¢g? (M, N). A first answer was given in [12] for maps into the sphere:

if p € N satisfiepp < m, then HP(B™, SP) C HLP(B™,SP) = WhP(B™, SP).
A generalization was proved by P. Hajtasz in [96]:

if p € N satisfiep < m, then m(N)=---=m, 1 (N) =0 = HIP(M,N)=W'P(M,N).
And the following further result was obtained by M. R. Pakzad T. Riviere [162]:

forp=2 mWN)=0 = HPM,N)=W"2MN).

For more general situations, assuming théhas no boundary,i@ecessargondition for a map to be itf ;? (M, N)
was found by F. B. Hang and F. H. Linin [102]: they proved thate H;?(M,N) thenuy ), (h) is extendible
to M with respect to V. The precise definition ofi; ) 1 (h) is delicate: roughly speaking, by using ideas of
B. White (see [226, 227] angB.3), it is possible to define the homotopy clags, (k) of the restriction of a
mapu € HLP(M,N) to ageneric([p] — 1)-skeleton of a rectilinear cell decompositibrof M. Furthermore
Hang and Lin in [102]conjectured® that this condition is also a sufficient aniee., thatif v € W? (M, N)
anduy 1 (h) is extendible toM with respect toV, thenu € H?(M,N). In [101] Hang proved thathis
conjecture is true for p = 2.

Note that in the special cage= 1, Hang proved thaf/ ' (M, N') = HL' (M, N) [100].

3.3 The topology ofiW’ 1P(M, N)

The motivation for understanding the topology1df?(M, \) is to adapt thelirect methodof the calculus of
variations to find a harmonic map in a homotopy class of mapsden M andV, i.e., by minimizing the energy
in this homotopy class.

Some difficulties are illustrated by the following questi®fi66]: What is the infimum of the energy in the
homotopy class of the identity mégp: S™ — S™ ?

e if m =1, Id is minimizing and all minimizers in its homotopy clasg aotations.

15They proved this conjecture for mapsRi;? (M, N).
16The displayed facts were noticed by C. B. Morrey.
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e if m > 3, the infimum of the energy is0. Indeed, consider, for example, the family of conformal
Mobius mapsTy : S™ — S™ for A € R defined byT\(y) = (coshX + y'sinh A\)~!(sinh A +
ylcosh \, 4%, ---,y™); forall A € R, T is homotopic to the identity (actuall§, equals the identity map)
but asA goes to+oco, Esm (T ) tends to zero and@, convergestronglyto a constant map.

¢ the intermediate case = 2 corresponds to theritical dimension thenall the mapsT’, have the same
energy, are conformal harmonic, and minimize the energléir homotopy class, bat, convergesveakly
to a constant mald as A — +oo. One then speaks oflaibblingphenomenon, séb.3.

Prescribing the action on the first homotopy group The first positive result in these directions was in the
casem = dim M = 2 andoM = () studied by R. Schoen and S.T. Yau [193]. bdbe a smooth immersed path
in M andu € W2(M, N); in general the ‘restrictioni: o v of u to ~y is not continuous (just iﬂﬂ/%?) but one
can prove that, if we changeto agenericpath~ which is homotopic tey, thenu o 5 is continuous.

(i) First, we use the following observatigh for any mapf € W1t2(St x (0,1),RY), the map(f, s) —
|df (0, s)|?isin L*(S* x (0,1)); hence by using the Fubini-Study theorem%Inx (0, 1) one deduces that,
fora.e.s € (0,1), the map) — |df (0, s)|? belongs taL'(S1), so that the restriction of to S* x {s} is
in Wh2(sh) c CO(Sh). We apply this result tf = u o I', wherel' € C1(S! x (0,1), M) parametrizes a
strip composed of parallel paths := I'(-, s) homotopic to the same path

(i) Second, ifs; < sy are two values in0,1) such thatu o 7,5, andu o 7,, are continuous, then we can
use the existence theorem of Morrey [156] to prove that tlesists a smooth minimizing harmonic map
U : S x (s1,82) — N which agree withu o T on 95! x (s1,s2) = (S* x {s2}) U (St x {s1}). We
deduce that: o v5, andu o 7,, are homotopic

This leads to the definition of the image hyf the homotopy class of: it is the homotopy class af o v, where
~s is @ path in the same homotopy classyawhich is generic in the above sense. We can thus define thedadd
conjugacy class of homorphisms

Ug1 :7T1(./\/l) — 7T1(N).

One can check, moreover, thiéiis homomorphism is preserved by weak convergend®irf(M,N), i.e., if
vy, converges weakly ta in Wh? whenk — +oo, andVk € N, (vx)yn = vy for somev € CO(M,N),
thenuy; = vy Eventually this leads to the followingxistence resultof Schoen and Yau [193Jassume that
M is surface without boundary. Then, for any family, - - - , v, of loops in M and for any continuous map
v : M — M, there exists a locally energy-minimizing harmonic maphia tlass of maps € W12(M, N)
such thatuy; ([v:]) = vs1 ([v:]), Vi = 1, - - -, k. This result has been generalized to the case where the siiomeof
M is arbitrary by F. Burstall [30] and B. White [225].

Remarks (i) Note that, ifr;(N) = 0 for j > 2, then the homotopy class of a continuous mafpom M to A/
is completely characterized by the induced conjugacy @as®momorphismsy; : 71 (M) — w1 (N); thus,
whenm = 2, the existence result of Schoen and Yau amounts to minigithie@ energy in a given homotopy class
of continuous maps betweevt and\ (recall that continuous maps are then densg/ih?(M, N)).

(ii) The definition ofuy; : m (M) — m(N) does not make sensé u € W' P(M,N) forl < p < 2.
Indeed, as in step (i), we still have that~, is continuous for a generig but step (ii) does not work: the homotopy
class ofu o v, can vary as changes (see B. White [227] or J. Rubinstein and P. Sterrih86j).

Defining the d-homotopy class For anyd € N, we say thatwo mapsu,v € C°(M, ') are d-homotopic
and we writeu ~4 v if their restrictions to thei-skeleton of a triangulation oM are homotopic For any map
u € C°(M,N) we thus can define thé-homotopy clas$u, := {v € CO(M,N)| u ~4 v}. Observe thaif

1This is a consequence of the following observations: on tleetand by using the standard compactness arguments we taotex
subsequence @by ),y which converges weakly W12 and a.e. to some limit, but on the other hand it is clear thai, converges a.e.
(and more precisely pointwise o™ \ {(-1,0,---,0)}) to (1,0,---,0), so thatv = (1,0,---,0). Since this argument works fany
subsequencthe full sequencév, ) , -, converges weakly to this constant.

18which itself is the key ingredient of the classical Courdmisesgue lemma, see, for example, [88, 3.3.1]
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u ~q v then the induced homomorphismsuy;, v; : m;(M) — m;(N) coincide for eachl < j < d, so that
this notion extends the previous one. Actually A.l. Plukoni[171] and B. White [227] showed thdtis possible

to define thel-homotopy class of a mapin H!'?, HL? or W1? (M, N) for certain ranges of values of andp.
The following table summarizes the results proved in [2X@ives, for each spacl!?, H.? or W», the values

of d for which one can define thé&-homotopy class of a map in this space, and it specifies natural topologies
which preserve thig-homotopy class:

Spaces HIP(M,N) | HLP(MON) | WEP(M,N)
Values ofd for which [u]q makes sensg: NN [1,p] NNn[l,p) |NNn[,p—1]
Topology which preservels), strongWi? | weakW'? | weakW P

The definition of[u], for u € HLP(M,N) whend < p follows from the following result [171, 226]if d €

N andd < p, thenvK > 0, 3¢ > 0, such that ifu; and uy are two Lipschitz continuous maps such that
[lut|lwre, [Juzllwie < K and|lu; —ug||zr < €, thenu; ~4 us. Hence one can define tiehomotopy class of
agivenu € H;?(M,N) by using any sequence of Lipschitz continuous map$, ., which converges weakly
to u in WP and settinqu]q := [vx]q for k large enough. Fou € H!P(M,N), the previous argument applies
also when definindu), if d < p; if d = p we must use a further approximation argument.

In constrast, the definition dfi], for u € W?(M, N') andd < p — 1 cannot be obtained by using approxi-
mations by smooth maps, but must be done directly. Here #eeddnsists of proving that the restrictionwobn
agenericd-skeleton is continuous and that the homotopy class of &siiction is independent of thkeskeleton,
following a strategy similar to the result of Schoen and Y&le details of the proof are, however, more involved.

Thek-homotopy type helps to characterize the topology of thesgé 1 -» andW* (M, N), as follows.

Connected components of{!?(M, ). For anyu € H!?(M,N') denote bYu] ;1.0 its connected compo-
nentinH? (M, N) for the strongV !-P-topology. The class€s] 1., have been characterized by A.1. Pluzhnikov
[171] and B. White [226] as followsthe connected components Bt ?(M, ') are exactly thep]-homotopy
classes insidé?? (M, N). In other words, for any. € H; P (M, N), [u] 1.0 = [u]p)-

This has the following important consequentze:any smooth map € C' (M, N), the infimum of the-energy
among smooth maps in the homotopy class @épends uniquely on thg]-homotopy type of. A further result
is: for a smooth map, v ~, C (whereC is a constant map) if and only if the infimum of thenergy in[v],
is 0 [171, 226]. Note that the limit of a minimizing sequence af thenergy in ap]-homotopy classv],) may
not be infv],), but only in its closure for the sequential weak topologyiof? in general. See the example with
M =N = 5™, v = Id discussed at the beginning of this section.

Connected components ofV ' (M, N). Foru € W?(M, N') denote byfu]y1.» its connected component.
The study of the connected componentsiét-? (M, ') was initiated by H. Brezis and Y. Li [25]. Complete
answers were obtained by F. B. Hang and F. H. Lin [102] asvialo

(i) The connected components Bf!:»(M, ) are path-connected This is a consequence of the follow-
ing: Yu € WH?(M,N), Je > 0 such thatto € WHP (M, N), if ||u — v||w1» < &, then there exists
U € C°([0,1], WHP(M, N)) such that/ (0, ) = wandU(1,-) = v. We writeu ~y1,» v for this property.

(ii) the connected components dfi’1:» (M, N) are exactly the([p]—1)-homotopy classes insid&/ ** (M, N),
i.e.Vu,v,€ WHP(M,N), u ~y v if and only if u ~pl—1 V-

(iii) asp varies, the quotient spadd’ (M, N)/~y1.» changes only for integer values pf i.e. if [pi] =
[p2] < p1 < p2 < [p1] + 1, themap,, ,, : WHP2(M,N) j~prm, — WEHPL(M,N) feye, induced by
the inclusionw P2 (M, N') ¢ WP1 (M, N) is a bijection (this was conjectured in [25]).

Result (i) has the following corollarya mapu € W1?(M,N) is connected to a smooth map by a path if and
only if uy ,—1 is extendible toV with respect toV. This implies, in particular, the results (also proved i6])2

e if Vj € Nsuchthatl < j < [p] — 1 we haver,;(N) = 0, thenW? (M, N) is path-connected;
o if p < m,thenWP(S™ N)is path-connected.
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Concerning (iii), the change in the number of connected aomepts ofiV 1» (M, ') whenp varies can occur in
two ways. Indeedasp decreaseseitherconnected components coalesce together — this is, for deathp case
for Whr(S™ S™): this space has different connected components classifitiueltopological degree jf > m
and is connected j§ < m; or, contradicting a conjecture in [25], new connected comptsiean appear — this
is the case foi¥/1'P(RP3 RP?): for p € (2,3) connected components appear, forming a subset of maps which
cannot be connected by a path to a smooth map (and which hannetde approximated by smooth maps), see
[21, 102].

The degree If dim M = dim NV, the homotopy classes of mapd — N can sometimes be classified by
the topological degree. This is the case if, for instantejs connected, orientéd and without boundary and
if N = S™ (by a theorem of H. Hopff. The degree for a map € C'(M, S™) is then given by the formula
degu = (1/]5™) [, detdu)wr = (1/|S™]) me u*wgm. We give this formula explicitly for the cage= 2:

degU——/uwszz—/< Bu >d:10aly7

where(z, y) are local conformal coordinates ovi. This functional, being quadratic in the first derivativés
has the following continuity properties:

(i) itis continuous orC* (M, S?) for the strongand theweakWW !-» topology for allp > 2, hence fop > 2 we
can extend deg o }P(M, S?) = W1P(M, S?);

(ii) it is continuous onC! (M, S?) for the strongbut not for the weak W topology forp = 2, hence since
H!2(M,8?) = W2(M, S?) we can extend deg o !:?(M, S?), but this functional is not continuous
with respect to the weak topology;

(iii) itis not continuous orC! (M, S?) for the strongor theweakV *-» topology for allp < 2.

In cases (i) and (i) > 2), the degree functional takes integer values atidc N, deg ! (k) is a connected
component ofi1:»(M, S?) for its strong topology. In case (i), the continuity for theak topology follows
from the fact that, on the one hand, for a sequegg, ., which converges weakly to somein W7 (M, 52),
fr = (Opug) % (0,uy) converges weakly il?/? to f := (0,u)x (0,u), because of a phenomenorcoimpensated
compactnesdased on writing, = 9, (uk(Oyur)) — 0y (ur(9zuk)) (see [159, 211]). On the other hand, by the
Rellich-Kondrakov theorem, we can assume that— u strongly in L?/?~2 and hence irL?/?=2 = (L?/?)".

It follows that the integralf, ,(u, fr)wrt converges tofM u, f)\wr. This delicate argument breaks dattn
for p = 2: we still have thatf;, converges in the weak-topology of L', but we cannot fing in general, a
subsequence af,, which converges strongly if>° (otherwise we would have an embeddingl&f-2(M) in
C°(M) C L*(M)!). Indeed, in the case where! = S?, the family of (degree 1) Mobius magd)), .
converges weakly to a constant magint-2(S?, 5%) asA — +oo (abubblingphenomenon, se.3). Lastly (iii)
can seen by considering the family of me(ps) 0,1 from S? to S? defined byu,(z) = (z —ta)/|z — tal, where

a € R? hasla| = 2; for1 < p < 2, this deﬁnes a continuous pathlii'?(S2, 52), which connects the smooth
mapue = ug of degree 1 to the smooth map of degree 0 (see [27, 21]).

Lastly, in [26] H. Brezis, Y. Li, P. Mironescu and L. Nirenlgedefined a notion oflegree for maps: €
Whr(§n x Am=—" Sn), wherem > n andA™~" is an open connected subseffdf —", assuming thap > n + 1
(note that, in the special case = n, the conditiorp > n is enough). In the case = 1, we recover from this
result the conclusions of [30, 227, 186]. Furthermdvey mapsu andv in WhHP(S™ x A™~" S") are in the
same connected component if and only if degdegg (see [26, 21]). See [27] for further results concerning the
degree.

191f M is connected, without boundary buot oriented the homotopy classes are classified by the degree mod 2.

20But if M andA are spheres with different dimensions, this is not so, faneple, maps frons to S2 are classified according to their
Hopf degree, see [110].

21A rich interplay between cohomology and compensated cotnpsas theory occurs here: for any smooth funcios C'(M) and any
2-form 3 on S2 which isexact i.e., 3 = da for some 1-formo, the functionahs — fM + u* B is continuous for the weak’ -2 topology
because of the relation* 3 = d(u*«), so that a compensated compactness argument is possiblevérif 3 is closed but not exacthis
argument does not work. See [98] for a detailed study of thesmomena.
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3.4 The trace of Sobolev maps

For any domairf2 C R™ with smooth boundary and for anye [1, +), the trace operator trC*(Q, RY) —
C1(99, RN can be extended to a continuous and surjective operatdtr?(Q, RY) —s W'~ #?(9Q,RY) :=

p N H .
{g € LP(0Q,RY)| ||g||W1,%,p(am < 400} if p > 1, where:

|p 1/p
+ dxd .
160l gy = ollzniomy + ([ [ D80 o)

(If p = 1, the image of the trace operator ig (02, R"V).) This definition can be extended to the case of a
manifold M with a smooth boundary, by using local charts to deWé*%"p(aM,RN) and the trace operator
r: WhP(M,RY) — W 5P(OM,RY). Similarly the trace tu of a mapu € W1P(M,N) is always
contained in:

W5 P(OM,N) = {g € W5 P(OM,RY)| g(z) € N, fora.e.x € IM}.

However, the map triW (M, N) — Wlﬁ"p(a/\/l,j\/) is not onto in general, i.e., itis not true in general that
any mapg € Wl_%”’(aj\/l,]\/) is the trace of a map i’ **(M, N'). Obstructions occur even for continuous
maps: for instance, the trace operator &' (B™,N') — C'(9B™, N) is onto if and only ifr,,,_1 (N) = 0. In
the following we defind?(OM, N) := {g € W5 P(OM,N)| Fu € WP(M,N) such thatu|op = g}. The
question whethef? (OM, N) = Wl_%”’(aj\/l,]\/) for given M, N andp is largely open. Here are some results:

e If p > m, F. Bethuel and F. Demengel [16] proved tH&{OM,N) = Wl_%’p(aM,N) if and only if
any continuous mapg € C°(0M, N) can be extended to a map € C°(M, N).

e Forl < p < m,R. Hardtand F. H. Lin [107] proved that
it m(N) = =mp 1 (N) =0, then TP(AM,N) =W 5P(OM,N).

¢ Conversely Bethuel and Demengel [16] proved tlifat, < p < m, thenmy,_;(N) = 0 is a necessary
condition for havingl™?(OM, N) = Wlﬁ"p(aj\/l,]\/). Moreover, they proved thaff, 1 < p < m, then,
for any /' such thatr; (N') # 0 for some intege)j < [p] — 1, one can construct a manifold with boundary
M such thatl’? (OM, N') # W'~ 5P (M, N).

Furthermore it is proved in [16] that, in the case whev¢ = B™ and N = S!,if 3 < p < m then

TP(OB™,SY) # Wlﬁ”’(aBm, S1). For more results on fractional Sobolev spaces ifito see the report of
P. Mironescu [155] or the papers [20, 183].

4 Regularity

4.1 Regularity of continuousweakly harmonic maps

Note thatas soon as we know that a (weakly) harmonic mapcontinuousthen we cafocalizeits image, i.e. by
restrictinge to a sufficiently small ball inM we can assume that the imagesas contained in an arbitrary small
subset of\V" with good convexity properties or with a convenient cocatirsystemThus the main results concern
thehigher regularity of continuous weakly harmonic mapghe hard step here is to prove that the weak solution
¢ is Lischiptz continuous, i.e. thaly is bounded a.&. This was proved by O. Ladyzhenskaya, N. Ural'tseva in

220nce we know thatlg € Lpe it then follows from (25) thatlg € L7S , which implies by standard estlmates on the inverse of the

Laplacian (see [157], 6.2.5) thate W, loc for allp < 0. Hence we deduce théto € W1 'P and hence thap € W p forallp > 0. We
can then repeat this argument to show that W,” Vvr and so the smoothness of the solutlon follows (it is callwtatstrapargument)

loc ’
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[143] in a more general context, by using contributions oBCMorrey [157], a proof can be found in [135]. In
[189], a proof is given in the case when the weakly harmonip m#lodlder continuous. Estimates of the Holder
norms of higher derivatives @f in terms of|d¢| were obtained by J. Jost and H. Karcher [136] for harmonicanap
with values in a geodesically convex ball: on such balls tbegstruct and usalmost linear functiongwhich
are based oharmonic coordinatesn which the Holder norm of Christoffel symbols are bouddeterms of the
curvature).

4.2 Regularity results in dimension two

If dim M = 2 and N can be embedded isometrically in some Euclidean sgdkwieakly harmonic maps in
W12(M,N) are continuousand hence, by the results$f.1, smooth. This was proved first fiorinimizing maps
by C. B. Morrey [156] (see also [88, p. 304] for an expositidh® original proof of Morrey).

This was extended toonformal weakly harmonic magsyy M. Griiter [92] (see also [133]). Griter's proof
works also for conformal weak solutions of ti&-systemA ju + A(u)(du, du) = 2H (u)(du/dx' x du/dz?)
in an oriented 3-dimensional manifold, where H (u) is a L> bounded function otV. Conformal solutions
to this problem parametrize surfaces with prescribed meavatureH. The proof in [92] uses the conformality
assumption in an essential way. Then R. Schoen [189] prdwa@li stationary maps on a surface are smooth
The proof is based on the following trick. Lete W'?(M, N) be a stationary map; since the Hopf differential
is holomorphic (se€3.1), eitherit vanishes everywhere and theris conformal and we apply directly the result
of Griter,or H = h(dz)? vanishes only at isolated points. If so, outside the zerdswé can locally define the
harmonic functionf(z) := Re(2i f;o Vh(¢)d¢). Then the maf/ := (u, f) with values in\ x R is weakly
harmonic and conformal and hence is smooth. Thus smooth outside the zeros af and hence is smooth
everywhere by the result of J. Sacks and K. Uhlenbeck [1&#5.3).

The regularity of weakly harmonic maps on a surfacéhie general casevas proved by F. Hélein, first in the
special case whet® = S™ [113], and then in the case wheké is an arbitrary compact Riemannian manifold
without boundary [116]. The proof fo¥” = S™ is simpler and relies on a previous work by H. Wente [221] an th
solutionsX € W12(B2 R?) on the unit baf® of R? of the H-system

0X 0X
AX =2H o < 9y (34)
fora constan#{ # 0. Wente proved that any weak solution of this system is cootirs and hence, thanks again to
the general theory of quasilinear elliptic systems, smolitis based on the special structure of (34) which reads,
for example for the first component &f, AX! = 2H{X? X3}, where we introduce the notation

{a,b} := %g—z - 2—3% fora,b € W'2(Q), whereQ C R%
Since{a, b} is quadratic in the first derivatives afandb, it sits naturally inL'(B?). Also, we know from the
standard theory of singular integrals that, for any funttfoc L!(B?), a solutiony of —Av = f is necessarily

in all spaced.? (B?), for1 < p < oo, but fails to be inL>°(B?). Here the key result is that a solutignof the
equation-Ay = {a, b} on B? is slightly more regular; in particular, we can locally estite theL.> norm of in
terms off|a||y-1.2 @and||b||w1.2. This is due to the special structure{af, b}, which is aJacobian determinanand

is connected to the theory of compensated compactnessg15p, These properties were expressed by H. Brezis

and J.-M. Coron [23] as Wente inequality
ol + lldoll2 < Cllallw.2lallw 2, (35)

valid for any solutiony of —A¢ = {a, b} on B2 which satisfies, = 0 on9B2. This inequality was subsequently
extended to arbitrary surfaces and the best constantstforamg||o|| .- or ||dp||2 were found, see [118]. The

23since the regularity problem is local, and every ball in arfRa@nian surface is conformally equivalent to the Euclidealh B2, there is
no loss of generality in working of82.
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point here is that, once we have (35), we can easily deducappsoximating by smooth maps, ttsalutions to
—Ay = {a, b} are continuous.Hence the result of Wente follows.

For harmonic maps the key observation is thatia weakly harmonic if and only if the following conservation
laws hold

d (x(u'du’ —w/du’)) =0 Vi, j suchthat 1<i,j<n-+1, (36)

wherex is the Hodge operator aR?. This was remarked and exploited for evolution problems J4I7]. One can
either check (36) directly by using (26) or derive it as a @ngence of Noether’'s theorem, due to the invariance
of the Dirichlet functional under the action 80O(n + 1) on W12(2, S™) [118]. From (36) we deduce that there
exist mapd’ € W'2(Q) such thatlb} = — x (u'du’ — u/du’). Then we note thalbidz A dy = d(x(db’)) =
d(u'du? — vl du’) = 2{u’,u’ }dx A dy so that, by a Hodge decompositiondif, and by using Wente inequality,
we can deduce the continuity af This was the approach in [113]. A more direct prdfa the following: since
2(u, du) = d(Jul?) = 0, we can rewrite the harmonic map equation (26) as

0w ou'\ ou’? 0w ou*\ ou? o
18—;—%»817)% (uza—yj—uj ay)a—y:{b;,uj}, (37)

—Au’ = ulldul? = (u

where, as usual we sum over repeated indiges= d;;u’ and we have used the relatidb} = —x(u’du’ —u’du’).
Note that an alternative way to write (37) is

d(xdu’) + db}; A du’ = 0. (38)

We deduce that is continuous. This method can be extended without diffjcifiltve replace the targe$™ by
any homogeneous manifald, since then Noether’s theorem provides us with the contienslaws that we need
[114].

In the case wher&/” has no symmetry we need to refine the results on the quarditi®s$. In [45] R. Coifman,
P.-L. Lions, Y. Meyer and S. Semmes proved thlifig, b € W12(R?) then {a,b} belongs to the generalized
Hardy space®!(R?). We do not give here the various and slightly complicatednitédins of the Hardy space
H!(R™), which was introduced by E. Stein and G. Weiss [206], butljastiseful properties of it:

a) H'(R™) is a strict subspace df*(R™);

b) any functiony on Q2 C R™ such thatAy = f onQ, wheref € H!(R™), belongs toW?1(Q), i.e. its
second partial derivatives are integrable [205];

c) let « € WH2(R™) and 3 be a closed (in the distribution sensefm — 1)-form on R™ with coeffi-
cients in L2(R™); then da A 3 = fdx' A--- A da™, where f belongs toH*(R™) [45]. In particular, if
a,b € W12(R?) then{a, b} € H*(R?);

d) by atheorem of C. Fefferman [724; (R™) is the dual space of VM(R™) andthe dual space ofH*(R™)
is BMO (R™) (see footnote 13).

Now we come back to the regularity problem. We now assumeltleat exists a smooth sectién= (ey,...,e,)

of the bundleF of orthonormal tangent frames dvi. Although there are topological obstructions, there argava
to reduce to this situation, see [118]. For any map W'12(B2, N, consider the pull-back bundie F. To any

R € W12(B?,50(n)) we associate the sectien= ¢ou- R of u* F defined by, := (¢,0u)R’, and we minimize
over all gauge transformation® € W'2(B? SO(n)) the functionalF(e) := § [p2 > <4 p<y Wh[?dat da?,
Wherewg := (deg, ep). Itis easy to show that the infimum is achieved for sdraemonic sectior of u*F [118,
Lemma 4.1.3]. The Euler—Lagrange equation satisfied tgn be written as a system of conservation laws (again

a consequence of Noether's theorem):

d(*x2) =0 onQ and «’(9,)=0 onoQ, (39)

24This was pointed out by P.-L Lions.
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which is satisfied by its Maurer—Cartan fom} := (de,,e,). Thanks to (39), we can construct map$ <
Wh2(B2) such thatlA® = «w® on B? and A% = 0 ondB2. Then the key observation is that

Ode, Oe Oe, Oe
b __ La b _ =a Y=b
Ady = < oz’ dy > < dy’ Ox > Z{_a’eb}’ (40)

where(el, (z))1<i<n are the coordinates of, () € T,,»N C R" in a fixed orthonormal basis @&". Hence
the right hand side of (40) coincides locally with some fimein 7 (R?), thanks to property c) of Hardy spaces
above. Hence by property b), the second derivativespire locally integrable. This property implies that the
components ofl A? are in theLorentz spacd.?!, a slight improvement of? [118]. But sinced A% = xw? , this
improvement is valld also for the connectiof) .

Lastly, consider a weakly harmonic maps W'2(B? N) and write its Euler-Lagrange equation (25) in the
moving framee: if we seta” := (9u/dz, e,) anddy := w’ (9/9z), we obtainda”/9z = #ia”. In this equation,
a“ is in L? whereas, thanks to the choice o€Caulomb moving frame, the functiond is in L?:!. This slight
improvement turns out to be enough to conclude thiatLipschitz continuous.

Recently T. Riviere [184] proved the regularity of all mapse W'2(B2, N') which are critical points of
the functionalF'(v) := 1 [4. |du|?*dzdy + [4. u*w, wherew is aC! differential 2-form onA’ such that the
coefficients oflw are inL>°(/N). This answers positively conjectures of E. Heinz and S. é¢tildndt. The method
provides, in particular, an alternative proof of the regityeof weakly harmonic maps with values in an arbitrary
manifold without Coulomb moving frames. Instead, it rel@sconstructingonservation lawsas for maps into
the sphere, butvithout symmetry. First, let us try to imitate equation (38) for a Wgaharmonic map into an
arbitrary compact manifold/. We letA € I'(S?T*N ® NN) be the second fundamental form of the embedding
M c R¥. Fory € N denote byA’, (y) the components afl,, in a fixed orthonormal basig1, - - -, e of RY,

e, A, (X,Y)= A;-k(y)Xijei (X,Y € T,N). Then we can write the Euler-Lagrange equation (25)fas

d(xdu’) — (*A};j (u) duF) A du? = 0.
But since A takes values in the normal bundle, we h@é\’zl Aii(u)du-j = 0, so that we can transform the
previous equation into

d(xdu’) — (xQ5) Adu?! =0 where Q= Aj(u)du® — A7, (u) du. (41)

If we compare with (38), which can also be writtétxdu®) — (x(u’du; — u;du')) Adu? = 0, we see that (38) is a
particular case of (41), whef®, = u’du; — u;du’. The difference is that we do not hae<Q2}) = 0 in general.
But both forms are skew-symmetric (1 j). And that property is actually enough. The idea is to sulistifar
*du’ another quantity, of the form’ (xdu’), whereA’ € W'2(B?). A computation using (41) shows that

d (Al (xdu’)) = — % (dAL — ALQF) Adu.

Hence if we assume that we can find maps= (A’),<; j<n, B := (B})1<ij<n € W"?(B?, M(N,R)) such
that A is invertible with a bounded inverse and

*x (dAL — A,0F) = aB!, (42)
then we obtain an equation similar to (38), i.e.,
d (A% (xdu?)) + dBi A du? = d (Al (xdu’) + Bidu’) = 0. (43)

Then formulation (43) allows us to prove the continuity.ogasily: we use the Hodge decompositioﬁ‘duﬂ' =
dD} — xdE}; for some functiond, B! € W'?(B?), then we deducé(xdE}) = —dA} Adul, i.e. —AE} =
{AZ u’} from the definition of£} and so we obtaid(xdD}) = —dB A du?, i.e. —AD' = {B},u’} from (43)
Hence, from properties b) and ¢) of Hardy spaces, we dedunethb first derlvatlves oDl and El are in the
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Lorentz spacd.?; sinceA has a bounded inverse, it follows that the first derivativies are also in?''. Thusu

is continuous. To complete the proof one needs to prove tisteemce ofA and B solving (42). For that purpose
Riviere adapts a result of K. Uhlenbeck [217] to first prole existence of some gauge transformation map
P e Wb2(B? SO(N)) such thaQ)” := P~1dP + P~1QP satisfies the Coulomb gauge conditiéiQ") = 0.
This implies, in particular, thaP~1dP + P~1QP = xd¢, for some mag € W2(B2, so(N)). Then by putting

A := AP~ equation (42) reduces tt/d — A(xd¢) + (xdB)P = 0, a linear elliptic system i and B, which

can be solved by a fixed point argument.

4.3 Regularity results in dimension greater than two
Preliminary facts

If m := dim M > 3, weakly harmonic maps ifl’:(M, N') will notbe regular in general and may even be
completely discontinuous as shown by the result of T. Révigees5.4), unless\V" has some convexity properties
(see§6.3). Butpartial regularity results hold for minimizing or stationary mapedeed we are able, in general,
to prove that such maps are smooth outside a closed shiltbett we will call thesingular set The size ofX is
estimated in terms of some Hausdorff dimension and corretipg Hausdorff measure. Fix some [0, m]. For
any covering of by a countable union of balls37") ;¢ ; of radiusr;, consider the quantity(*((B7") e, %) :=
a(s) e 75, Wherea(s) = 2m2 /sI'(%): this measurespproximatelythe s-dimensional volume oE. The
s-dimensional Hausdorff measure ot is:

H(Z) = ?sulg im<f5 H*((B}")jes, %) (inthe infimum,(B}") e is such thal: C Uje s B]").
>0 T
Then there exists somgc [0, m] such that’s € [0,d), H*(X) = 0 andVs € (d, m], H*(Z) = +oo. If H(X) is
finite, d is called theHausdorff dimension of . In the special case whehis a smooth submanifold of dimension
k, thend = k andH¢(X) coincides with thel-dimensional volume of..

Furthermore it is useful to analyze the first consequenctsedtuler—Lagrange equation (25) and the conserva-
tion law for the stress-energy tensor (29) concerning thalegity of a weak solutiom € W2(M, N'). Equation
(25) implies that the components &f,u are in L' (M), from which one can deduce that the first derivatives of
are locally inL? for 1 < p < m/(m — 1), which has no interest. However, the conservation law (@®)édiately
provides the following strong improvement to the reguiacdt w.

The monotonicity formula. Given a map: € W2(M, N); to eache € M andr > 0 such that the geodesic
ball B(z, r) is contained inM, we associate the quantity

1
EI’T(U) = rm=2 ~/B(w ) |dU|§wg.

Now let B(a,r) C M be a geodesic ball centred atand of radiusr > 0 such that the distance fromto its cut
locus and ta. M is greated tham. Then there exist constanits(depending omn) and A (depending on a bound
of the curvature oB(a, 7)) such that, ifu € W2(M, N) satisfies the relatior{29), then for allz € B(a,r/2)
the function(0,7/2] > p — e“*?E, ,(u) is non-decreasingR31]. If the metric onM is flat this holds with
A = 0 and this can be proved by integrating ov&t (zo, r) the relation(d/9z%) ((z” — xfj)sg(u)) =8%(u) =
3(m— 2)|du|? , a consequence of (29). We then get an identity from which evivel:

2

2 dmx >0, (44)

for0<r <re, Epp,(u) = Epp(u) = —=
r

on

/BM(z.,rz)\Bm(Ile)

wheredu/0n denotes the normal derivative of The monotonicity formula has strong consequences; for sim
plicity, we expound these in the case whéad, g) is flaf®. First, elementary geometric reasoning shows that, for

25Since in the regularity theory we are interested in the lpeaperties of weak solutions, the effect of the curvaturd6tan be neglected.
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v € (0,1), Eyy . (u) controlsE, . (u) for z € B™(xg, (1 — ~)r) and hence, by (44¥,, . (u) controlsE,, ,(u)
for x € B™(xo, (1 — v)r) andp < «r. Then, by a Poincaré—Sobolev inequality:
1 1

— |u — g p|? do < C By p(u), Withu, , = ———— u dx,
P B™(r,p) g g ? |Bm($,p)| B™ (x,p)

we deduce a bound amp{p~" Jm(rp) I Ug,p|* dx | & € B™ (20, (1—7)r), p < yr}, i.e., roughly speaking,
on the local BMO-norm of, on B™(xq, (1 — v)r). The BMO space (see footnote 13) contains all the spates
for 1 < p < oo, and hence is very close 6. Thus this is an important gain of regularity.

The e-regularity . Our task is to put together consequences of (25) and (29per ¢o improve the preceding
observations. Thécontinuous) main step most regularity results consistd showing that there exists some
g0 > 0 such that for any weak solutian(for a suitable notion of ‘weak’), i, - (u) < eo, then, for0 < o < p
such thatp/r is sufficiently small and far € M close toa,

EIU(U) <C (g)“ Emyp(u) (45)

for some constant€' > 0 anda > 0. If this is true, we are in a position to apply tiErichlet growth the-
orem of Morrey(see [157, 83]), which implies that is Hdlder continuous with exponent/2 in a neighbour-
hood ofa. This method is the reason for the partial regularity: a cingeargument shows that, £ := {a €
M| lim,_,¢inf E, . (u) > €} had a non-vanishingn — 2)-dimensional measure,would have infinite energy,
henceH™~2(X) = 0 by contradiction. The continuous main step itself can beeaell by proving adiscrete
version of it: there exists somg, > 0 and some- € (0, 1) such that, for any weak solutian(here again we stay
vague), ifE, (u) < &, then

Eyr(u) < %Ew(u). (46)

Indeed, by using this result at several scales and condatgrihem, one easily deduces (45).

A first attempt. We now describe in a naive way an attempt to provediserete main ste46). First, we
observe that, ifu is defined onB™ (a, ), then the mafdy, ,u defined byT, ,u(z) := u(rz + a) is defined on
B™ := B™(0,1) and, furthermoreEy 1(T, ru) = FE,.(u), which shows that one can work without loss of
generality with a map € W12(B™, \). So our aim is to prove thafy - (u) < 3 E,1(u) for somer > 0 under
some smallness assumptionBg (u). We splitu = v + w, wherev agrees with, on9B™ and is harmonic with
values inRY > A/, andw vanishes o@B™ and hasAw = Au = —A(u)(du, du). Then, forr € (0,1),

1 2 2
— / |du?d™z < — / |dv|?d™x + — / |dw|?d™z.
T JBm(o,r) T JBmo,r) T JBm(o,r)

We now estimate separately each term on the right hand sideth®one hand, sinceis harmonic,|dv|? is a
subharmonic function (see Chapter 1) and hence

2 2
. dv*d"z < ——7™ dv*d™x < 27°Ey 1 (u). (47)
m—2 m—2 ’
T B™(0,7) T B™(0,1)

E()y.,-(u) =

On the other hand, we have
0
/ |dw|?d™x < / |dw|*d™x = / <w, _w> d™z — / (w, Aw) d"z,
B™(0,7) B™(0,1) dB™(0,1) on B™(0,1)
which implies, sincev = 0 on9B™,

272 / |dw|*d™z < 272 / (u—v, A(u)(du, du)) d"z. (48)
Tm B™(0,7) Tm B™(0,1)
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We see from (47) that, by choosimgufficiently small, the contribution afin Ej - (u) can be as small as we want
in comparison taky 1 (u). Hence the difficulty in proving (46) lies in estimating thight-hand side of (48). We
may Writeme(OJ)(u — v, A(u)(du, du))d™z < C'supgm (g1 [u — vl me(OJ) |du?d™z = Csuppgm (o1 [u —
v|Ep,1(u) and, by using the maximum principle forwe can estimatesup g (o 1) [u — v| in terms of a bound
0SGgm (0,1)U = SUP, ,e pm(0,1) [4(x) — u(y)| on the oscillation of. on B™ (0, 1). Howeverwe have no estimate
on these oscillationbut only on themean oscillationhence our attemgtiled. Anyway, we see that we are in
a borderline situation since, again, an estimate in BMO sp®aclose to ar.>° estimate. The following partial
regularity results can be obtained by filling this gap betwB& O andL°.

Regularity of minimizing maps in dimension greater than two

For minimizing maps, partial regularity results were ob&d by R. Schoen and K. Uhlenbeck [190] (and also by
M. Giaquinta and E. Giusti [84, 85] under the assumption th@image is contained a a single coordinate chart):
let w € WH2(M, N) be a minimizing weakly harmonic map, then there exists a clad singular sety ¢ M
such thatw is Holder continuous onM \ ¥ and H™3(X) < oo. This is proved in two steps:

(i) first, one shows that a minimizing mapis smooth outside a singular sétsuch that{™~2(%) = 0;

(i) then, one shows that, near a paigt<e X, the minimizing map: behaves asymptotically like a homogeneous
map, so that, in particular, the singular set looks asyniqstly like a cone centred aty. This forces a
reduction of the dimension Af.

Step (i) [190, 84] relies on the ideas expounded in the prevjparagraph, since a minimizing map is automat-
ically stationary. A key observation is that, if we have adbBMO bound on a stationary map then we can
approximateu locally by a smooth map™) (whereh > 0 is small) with values irRY > A/, and the estimate
on themeanoscillation ofu becomes an estimate on the oscillations@f. Thus the previous attempt works if
we replace: by (") (with suitable adaptations), leading to an estimat&gf (u")) in terms of Ey ; (u). Since,
again,u has small local mean oscillation, we can compe<e with a projection ontoV to get a smooth mapy,
with values in\/ which approximates, and then deduce an estimate fay , (uy) in terms of Ey 1 (u). But we
are interested in estimating, - (u), and here we use the fact thais aminimizer by a delicate gluing process
we construct a test functioli;, which agrees with, on 9B™ (0, 27) and coincides with:;, in B™(0, 7), and we
obtain (46) by comparing the energy®find the energy of/;, on suitable balls.

Step (ii) [190, 85] is inspired by a similar work by H. Fedefét]. It is based on the analysis oftdow-up
sequenceguy)xeny Of minimizing maps centred at a pointin the singular seE. Eachu, € W12(B™ N)
is defined byuy(x) := u(a + rrz), for some decreasing sequenge ).cy Which converges to 0. It is not
difficult to prove that, after extraction of a subsequenceetessary(uy)ren converges weakly ind2 to a
mapu, € W12(B3? N), called thetangent map at. However, one can prove that, actually;)xcn converges
stronglyin W12 to u,, and thatu, is weakly harmonit®. Hence we can pass to the limit in (44) and deduce that
du,/0On = 0, i.e.,u, is homogeneous.

Remarks (i) A variant of the proof of step (i) has been proposed by Sckhaus [151], with applications to
a much larger class of functionals on maps with values in foltfs. Also, in the special cas¥ = S2, simpler
proofs are available: by R. Hardt, D. Kinderlehrer and F. k. [[lLO5], and by Y. Chen and Lin [42].

(i) In step (ii) it is not clear a priori whether the tangenaipw,, at a singularitya depends on the choice of
the blow-up sequenc@:)ken - It is actually a deep and difficult question. L. Simon [198%¢ also [199] for
simplifications) proved thaf A is real analytic, for any map € W2(M, N') which is a minimizer and is sin-
gular ata € M, if the tangent magp,, is smooth outside 0, then this tangent map is unidueonstrast, B. White
[228] constructed a harmonic map into a smoetim-analyticRiemannian manifold with a one-paramef@mily
of tangent mapkaving an isolated singularity at the same point, henceipgthat the analyticity assumption in
the result of Simon is crucial. See the survey by Hardt [108Ff discussion of these questions.

26y, is actually minimizing, as shown by S. Luckhaus [152].
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Reduction of the singular set These results can be improved if we assume some furtheitzomlon\: for
instance, i\ is non-negatively curved or if the image of a minimizing magéntained in a geodesically convex
ball, then minimizing maps are smooth (sg3). Optimal examples of such convex targets are the compac
subsets o5 := {y € R"*!| y"™! > 0}. These examples are close to the borderline case wherertet is
S% = {y € R"*1|y"*1 > 0}, since minimizing maps int8”} may not be smooth (s&6.2). In order to estimate
the size of the critical set outside these situations, ossipte approach is to try to classify thenimizing tangent
mapsu € WH2(B™, N), i.e. maps of the forma(z) = v (z/|x|), wherey : S™~! — N. This relies on proving
kinds of Bernstein theoremfor minimizing tangent mapsto A/. These questions have been investigated by R.
Schoen and K. Uhlenbeck [192] and M. Giaquinta and J. So[883kn two cases:

(i) in the limit case, where\" = S%': a minimizing map u € W*?(M, S%) is smooth ifn < 6 and has a
closed singular set of Hausdorff dimension less or equal ta — 7 for n > 7 [192, 89]. This is based on
results in [120, 126] (see al$6.3).

(i) beyond the limit case, ifV' = S™: a minimizing map u € W2(M, S™) is smooth if m := dim M <
m(n), wherem(n) is given by the following table[192]:

n [2]3[4[5[6]7][8]9]][l0,00)
mn) |2]3]3|3|4(4]5]5]| 6

See als$6.2. Lastly,extra results on reduction of the singular se¢re proved foistationarymaps by F. H. Lin
and, in particular, are valid for minimizing maps, see below

The structure of the singular set The singular set: has a simple structure in dimension 3, since then it
is composed of isolated point. However, in higher dimensidhhas a positive Hausdorff dimension in general
and the analysis of its regularity requires the use of temies from geometric measure theory. For maps
W12(B* 8?) R. Hardt and F. H. Lin [108] proved théite singular set of a minimizer inW1:2(B4, 5%) with
a smooth trace o@B* is the union of a finite set and of finitely manyplder continous closed curves with only
finitely many crossinggzor more general situations L. Simon [200] proved tfidt” is compact and real analytic,
for any minimizeru € W12(M, N') with singular set. and any ballB ¢ M, ¥ N B is the union of a finite
pairwise disjoint collection of locallym — 3)-rectifiable locally compact seté. See [103] for a survey; see also
the book of Simon [201].

Minimizing maps from the unit ball B2 to S2. H. Brezis, J.-M. Coron et E. H. Lieb [24] found further
results in the special caset = B®> c R3 and N = S2. They prove that aninimizing harmonic map can
only have singularities of degreel; more preciselythe only homogeneous minimizing maps33 > z
P(x/|z|) € S? are of the form ¢ (z/|z|) = £Rz/|z|, where R € SO(3) is a rotation (similar results holds for
N = RP?). The minimality of the radial projection (x) = x/|z| is obtained by establishing the lower bound
Eps(u) > Ens(ug) = 4 for any minimizing mapu € W, ?(B*,5%), by using the following idea. By the
partial regularity result [190] any such magpis smooth outside a finite singular sety, - - -, a,} with respective
degreeqdy, - - -,d,}. Then, from the local inequality|du|* > [u*ws:|, which holds a.e., one deduces that

Epgs(u) > / |u*wg2 | detdr?dx® > / d¢ A (U wgz) :/ Cufwgs — Cd(u*wg2)
B3 B3 oB3 B3

forall ¢ € Lip(Q) such thatV¢|.~ < 1. But the condition:u = ue on 9B implies that [, .. (u*wg> =
J5ps Cws2. Furthermore, by usind(u*ws2) = 7, dida, (see als@5.4 and (53)), we finally get

Eps(u) > sup (/633 Cwgz — zp:diC(ai))-
=1

CELip(),|V(lLoo <1

2"More can be said when allacobi fieldsalong (i.e., infinitesimal deformations of) the harmonicpmareintegrable i.e., come from
genuine deformations through harmonic maps, see [200,1215],
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Then the proof can be reduced to an optimization problemesehof configurations of the tygéa:, d1), - - -, (ap, dp) }
which can be solved by adapting a theorem of Birkhoff.

Still for the case of minimizing harmonic mapdrom B3 to S2, F. Aimgren and E. H. Lieb [4] found a bound
on the numbeV (u) of singularities ofu: N (u) is certainly not bounded in terms of its enerBys (u), but it is
in terms of the energy of its trace @B>. Indeed there exists a universal constantC' > 0 such that, for any
o € WH2(0B3,5?),

for any u € W *(B?, %) which is a minimizer of Es , we haveN (u) < CEyps () .

The precise value of' is not known but examples constructed in [4] show that we rhaseC > 1/(4x). Itis
also shown that a similar result where the enefigys () is replaced by the area coveredpyannot hold

Minimizers of the relaxed energy. The regularity of the minimizers if/!+2( B3, 52) of the functionalE, =
Eps + 4 wL (see§5.4) has been investigated by H. Brezis and F. Bethuel [14] prbved thatif A € [0,1), any
minimizer of £, is smooth onB3\ X, where H°(X) < oo, i.e. ¥ is afinite collection of points The case\ = 1
corresponds to theelaxed energ;Eg,%l = FEps + 4w L, which is harder to deal with: the only partial regularity
result that we know is due to M. Giaquinta, G. Modica and J.¢8&U87, 88] who showed thahinimizers of
Eg%,l are smooth o33 \ 3, whereH!(X) < oo. Itis a paradox that the regularity theory for minimizerstio¢
relaxed energy, which was designed for producing contisd@mrmonic maps, is less understood than the theory
of minimizers of the standard energy functional.

Minimizers of the p-energy. The previous results have been extended to minimizersgf-#nergy in various
cases by S. Luckhaus [151], R. Hardt and F. H. Lin [107], M.HaU[Z5, 76], and by F. H. Lin in the important
paper [148].

Regularity of stationarymaps in dimension greater than two

For stationary maps, we have the following partial regtyaiesult: let u € W12(M, N) be a stationary map;
then there exists a closed singular seéf C M such thatw is Holder continuous on M \ ¥ and H™~2(%) = 0.
This was proved by L. C. Evans [70] in the case whife= S™ and by F. Bethuel [13] in the general case.

The proof of Evans [70, 118, 88] is based on the discoveryttimattempt expounded above really works for
maps into a spherg”™. Recall that the difficulty was to estimate a quantity of yyet/,, (u—v, A(u)(du, du)) d™z
and that only theneanoscillation ofu — v can be estimated in terms &% ; (). However we can use the same
observations as in dimension two, i.e. write the harmonip eguation in the forna(xdu®) + du? A x(u'du; —
u;du’) = 0, and use the conservation laifx(u’du; — ujdu’)) = 0. This implies, by using the property c) of
Hardy spaces, that’(u)(du, du)d™z = u'|du|*d™z = du’/ Ax(uidu; —u;du®) coincides locally with a function
in the Hardy spac@{(! (R™). Thus, by property d) of Hardy spaces, we can estiryﬁg,(m —v, A(u)(du, du)>dmx
as aduality product between the (local) BMO norm @f— v and the (local) Hardy norm ofd(u)(du, du), and
hence complete the proof.

The proof of F. Bethuel [13, 118] usesGoulomb moving framée,,---,¢,,) as in [116]. The strategy is
somewhat parallel to the proof of Evans, but the realizatsomuch more delicate. The idea for estimatidg|
on a small ball consists of using a Hodge decompositib{t (v — uo,1)) ,e,) = dw® + xdv®, whereug ; :=
|B™(a,r)|~* me(a_T) wand( € C(B™(a,r)) is a cut-off function. Then both terms in the decomposition
are estimated separately. However, because the systerhas sample as in the case treated by Evans, we need
to replace Morrey’s rescaled ener@, . (u) by M, ,(u) := sup{p' ™™ Jom (. py 1dul | B™ (2, p) C B™(a,r)}
(which also controls the local bounded mean oscillation)of

Remarks (i) Several variants of the proof by Evans exist: one canditloé use of the Fefferman—Stein theorem
on the duality betweef(! and BMO, as done by S. Chanillo [40], or even avoid the use etthrdy space, as
done by S.-Y. A. Chang, L. Wang and P. C. Yang [39].

(ii) Using the conservation laws discovered by T. Rivieme[184], Riviere and M. Struwe [185] derived a
simplified proof of the result of Bethuel, without using Comlb moving frames.
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Reduction of the singular set The question of whethét™—3(X) is finite is still open. The reason is that the
blow-up technique used by Schoen and Uhlenbeck does nothese since we are not able to prove that, after
extracting a subsequence if necessary, a blow-up sequefee = u(a + r,2) at a pointa convergestrongly
whenr, — 0. Indeed we can only prove that it convergesakly This leads to the more general question of
understanding@ sequencéuy)xcn Of stationary maps which convergegakly to some limitv: after extracting
a subsequence is necessary, we can assume that the enesiy |den|>d™x converges weakly in the sense of
Radon measures to a non-negative Radon measwigich can be decomposed as= |dv|? + v; the measure
detects the defect of strong convergence,the. sequence converges strongly if and only i 0. By a careful
analysis of such sequences, F. H. Lin [147] proved thatsingular suppoff T of 1 is a rectifiable subset with
a finite (m — 2)-dimensional Hausdorff measur®&loreoverv is supported byf" and, more precisely, is equal to
the (m — 2)-dimensional measure supportedibtimes arf{™~2-measurable density(x). This result is optimal
as shown by the following example: assume that there existsarivial harmonic mag : S? — AN and, for
any\ € R, letuy € C*(B? x B™ 2, N) be defined by, (z,y) = ¢ o P~} (\x), whereP : $? — R? is the
stereographic projection (30). Then eachis stationary anddu,|? d™x converges weakly to a Radon measure
v supported by{0} x B™~2 when\ — +oco. Moreover Lin and Riviére [149] proved thdh the case where
N = S, for a.e. pointz € T (in the sense ofm — 2)-dimensional measure) the densilyx) is a finite sum of
energies of harmonic maps frof¥ to S™ (this result generalizes the identity (49) for maps of stefg and, in
particular, if V" = S2%, ©(z) is a integer multiple o7. For a general target manifold, a further result by Lin [147]
is that, for a givenV, any sequence of weakly converging stationary maps corsstgmgly (i.e. satisfies = 0)
if and only if there is no smooth non-constant harmonic mamis2 to \. Applying his results to a blow-up
sequence of stationary maps, Lin [147] proved that does not carry any harmonicS?, then the singular set
3. of a stationary map with values in A" has Hausdorff dimensions < m — 4. If, furthermore, A is real
analytic, then X is s-rectifiable. On the other hand a consequence of the work by Lin and Riyiet€] is that,
for a stationary map: into S?, if lim infy_,« E, -(u) < 8, thenu is continuous at.

Stationary critical points of the p-energy. A notion similar to the notion of stationary maps for crétigoints
of the p-energy makes sense, and the previous regularity resudtbdrn extended to this case by L. Mou and P.
Yang [158].

5 Existence methods

5.1 Existence of harmonic maps by the direct method

The general strategy for proving existence of harmonic neapsists of choosing a non-empty cldss W1? (M, N)
of maps which is defined, for example, by some Dirichlet b@amdonditions or some topological constraints, and
then to consider a sequenge,), .y Minimizing the energyz, in £. Here we assume for simplicity that is
compact. One can repeat the arguments given in Chapteridaotution to the classical Dirichlet problem: since
£ is non-empty it contains maps of finite energy and so, in paldr, the minimizing sequence has bounded en-
ergy. Thus, there is a subsequepek)),.cy C (k). such thafu, ), . convergesveaklyin W? (M, RY)

to some map € W1P(M,RN). An extra task is to check that(x) € A a.e. This is a consequence of
the fact that, because of the Rellich—Kondrakov theoremstibsequencgy(k)), . convergestronglyto u in
Lr(M,RN) forall p < 2m/(m — 2). Hence we can extract a further subsequeaék)), .y C (¢(k))zcy SUch
that (u‘Pl(k))keN converges a.e. oM to u, by a standard result of Lebesgue theory. This implies) € N a.e.

on M. Henceu € W12(M, N). Then two cases can occur:

(i) € is closed with respect to the weak topology oV *2(M, ). Then we know that, € £ and, using
the fact thatF v is lower semi-continuous for the wedk *-2-topology as in the classical case (§d¢, we
prove that is actually an energy minimizing map & and so is weakly harmonic. In the special case when
M is two-dimensional, the classical regularity result of C.NBorrey [156] ensures that is smooth. In

28The singular seF also coincides with,~o{z € B™| liminfy_ oo Ee,r(ug) > €0}
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higher dimensions, the minimizers are only partially reguhs shown by the regularity theory of R. Schoen
and K. Uhlenbeck [190] (set.3).

(i) & is not closed with respect to the weak topology ofi’1:2(M, ). Then no general argument guarantees
thatu € £ or thatw is an energy minimizer.

5.2 The direct method in a class of maps closefor the weak topology

The classt is closed with respect to the weak topologylit:2 (M, ) in the following situations:

1. € is defined through Dirichlet boundary conditions, because the trace operator given by#r 2 (M, RY)

— W%72(6M, RY) is continuous for the weak topologf@sThe first application was the solution of the Plateau
problem for a surface in a Riemannian manifold by C. B. Mof&6].

2. £ is defined by prescribing the action of maps inW?(M, ) on 71 (M) (see als®3.3). The first
application was the following result by L. Lemaire [144kt M and N be two Riemannian manifolds of
dimension 2, withON = (), and assume thatgenusM > 1 and genus\" > 1. Then any homotopy class
of maps betweenM and N contains a minimizing harmonic representative In the proof of this result, the
fundamental groups; (M) andr; () are seen as the automorphisms groups of the universal cotaand N
of M and\, respectively. Then, to any homotopy class representedrbgmy : M — N, we associate the
class of equivariant maps: M — N such that'y € m1 (M), wo v = p41(7) o w, and we minimize the energy
integral over a fundamental domain 84 in this class. This result was subsequentely generalized.t8choen
and S. T. Yau [193] to the case when the dimension of the tavgistarbitrary, and then to higher dimensions in
[30, 225].

3. £ is a family of maps which areequivariantwith respect to a symmetry group. This means that we are
given a groupG which acts by isometries — g -z andy — g -y, (zt € M, y € N, g € G) on M and
N, respectively, and thefi := {u : M — N|Vg € G,Vo € M,u(g-x) = g-u(x)}. That a critical point
under such a symmetry constraint (assuming some extra hgpes) is also a critical point without the symmetry
constraint is the content of a general principle by R. P4ls88]. For a discrete group this approach was used, for
example, by L. Lemaire [144] to prove the existence of hanmomaps between a surfage! without boundary
of genusyg > 2 and the spher§? which are equivariant with respect to a finite group spannegkfiections with
respect to planes iR2. For continuous groups, this principle is expounded in g4 the regularity of equivariant
minimizing maps is studied by A. Gastel [78]. Many applioat concern the reduction of the harmonic map
problem to an ODE [55, 64] or to a system in two variables [T}, 8ee5.5.

4. N is a manifold with non-positive curvature This improves strongly the behaviour of minimizing se-
guences (se§6.3). One instance is the following result [189, Theoren2P.assume thaf is a homotopy class
of maps between two compact manifaldsand A\ of arbitrary dimensions and that” hasnon-positive curvature
and letv € C*(M,N). Then there exists a harmonic mape C?(M,N) such thatu = v on M andu is
homotopic tav through maps with fixed values 6oM1.

5. £ is a class of diffeomorphismsbetween two Riemannian surfacé4 and\: a result by J. Jost and R.
Schoen [137, 131] asserts thatif = ON = 0, if M and A have the same genus anddf: M — AN is a
diffeomorphism, thetthere exists a harmonic diffeomorphisnomotopic top which has the least energy among
all diffeomorphisms homotopic te. Actually, the difficulty here is not to get the existencetod minimizeru, but
rather to prove that is weakly harmonic, as not all first variations are allowed.

6. The target has non-empty boundary.Again this condition does not cause particular problemsvitneling
a minimizer, but does when proving that this minimizer $ess at least weakly, the harmonic maps equation,
since, as in the previous example, we are not allowed to liiesalvariations. However, if3 is a HJW-convex ball
of N (see§6.3 for the definition), and if, for exampl&M = @ and we fix a Dirichlet boundary condition with
values inB3, then S. Hildebrandt, W. Jager and K.-O. Widman [120] priveeexistence of a minimizing solution

29Any linear operator between Banach spaces continuous for the strpoiptpies is continuous for the weak topologies.
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ot the Dirichlet problem with values i8 which is weakly harmonic (in particular the image of the miiding
map does not meétB). A variant of this result was proved by J. Jost [132] in theecdimM = 2: if we fix a
boundary condition with values in a sufficiently small bl A" and we minimize the energy with this Dirichlet
boundary conditiommong those maps with values/f, then the minimizer takes valuesfh

In the results [156] in 1. and [193] in 2., by further minimigi over all Dirichlet boundary conditions which
parametrizes a Jordan curveMin the case of [156], or the conformal structuresidfin the case of [193], the
minimizing harmonic map becomes a minimal branched imroarsi the sense df2.2.

5.3 The direct method in a class of maps not closefdr the weak topology: case dimM = 2

This case holds in situations where the definitiorfafelies partially or completely on the action of maps
M — N onma (M) or on the degree of maps between two surfaces. Segalgand 3.3.

e For example, consider the case whehis the 2-dimensional balB? and " any manifold such that, (N
is non-trivial, and choose a smooth map B? — N which is constant o®B? and covers a (non-zero)
generator ofro (A). Then, as observed in [144], there is no minimizer in thesclEfsmaps homotopic te
which shares the same Dirichlet boundary condition. Thi é®nsequence of the more general result that
any harmonic maps on a balt™ which agrees with a constant on the boundary is a constant praped®
by L. Lemaire [144] form = 2.

e J. Eells and J. C. Wood [67] proved that any harmonic map ofargilegreel between two Riemannian
surfacesM and A is holomorphic or antiholomorphic if genust + |d genus\/| > 0. This implies, for
example, thathere is no harmonic map of degred from a2-torus to a2-sphere whatever metrics they are
given since there is no holomorphic map of degree 1 from a toruS#6 = S2. Hence in particulathe
minimum of the energy among degree 1 {ar) maps between a torus and a sphere is not achie\éis
last conclusion remains true if we replace the torus by adnigienus surface, as shown by Lemaire [144]
and K. Uhlenbeck independently: a minimizing sequencesszaéy converges weakly to a constant map.
Furthermore Y. Ge [82] showed that, after extracting a sqbeece if necessary, the energy density of such
a sequence concentrates at one point.

Bubbles

The first general analysis of the situation when dirth= 2 was done by J. Sacks and K. Uhlenbeck [188] who
addressed the question of finding harmonic maps inside a temyolassE of maps between a surfagd without
boundary and an arbitrary compact maniféld One of the reasons whfyis not closed with respect to the weak
topology, in general, is the conformal invariance of theidbitet energy and of the harmonic maps problem in two
dimensions (se§2.2). For example, when = S2, the group of conformal transformations t is the group of
homographie%ﬁ—ﬂ : 2 +— (az + b)/(cz + d) acting onS? through the stereographic projection (30). Using the
action of this group, it is easy to produce minimizing sequesnn a homotopy clagdof mapsS? — A whose
weak limit escapes from the homotopy class §&8). This instability of minimizing sequences can be ciagth
[188] by working with the perturbed function@l}, (u) := fM(l + |du|?)®u, for a > 1 which is not conformally
invariant anymore (herg := w,/ fM wg is an area 2-form of total integral 1), and then letting- 1. However a
more serious difficulty is the following: imagine that(\) has at least two generators 2 and that, for instance,
we know that there exist minimizing harmonic mapsus : S? — N whereu; (resp.u») is a representative of
~1 (resp.~2). Then it may happen that there is no minimizer in the ctass ~2: indeed maps in a minimizing
sequence could look asymptotically like a map coveringithage ofi; in a neighbourhood of some point € S

and the image ofi, in a neighbourhood of another point € S? (two bubble3, all the other points of? (inside

a domain conformally equivalent to a long cylinder) beingoped harmonically to a geodesic connecting a point
of u1(S?) to a pointuy(S?) (aneck. Then the limit may be either; or us (up to the composition with some

30Form > 3 this result was extended by J. C. Wood [230] and by H. Karchdnaiood [141].
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conformal map ofS?) or a constant map (mappirf to a point of the geodesic), depending how randomly the
instability effects of the conformal group acts. Again bgleeing an arbitrary minimizing sequence by a sequence
(u®),, of minimizers of £¢, in £ we can possibly avoid the instability effects of the confahgroup, butve
cannot avoid the possible bubblings, i.e. prevent the lingf (u®),., asa — 1 escaping fron€ in general

J. Sacks and K. Uhlenbeck prove the following results [188iey first establish that, i > 1, the functional
E%, achieves its minimum in each connected componeit’of~(M, \) at a smooth map,, which satisfies
the (elliptic) Euler-Lagrange equation 6f;,. Then they prove three basic results:

(i) The main estimate There existg > 0 andag > 1 such that, for any geodesic b#ll C M, any map
u: B — N with E%(u) < e which is a smooth critical point aE%, for somea € [1, a), we have a
uniform family of estimates$|du||y1.» 5y < C(p, B')||dul|L2(5) for anyp € (1, 00) and any smaller disk
B C B.

(i) The removability of isolated singularities for weakly harmonic maps This says that, for any map
u € WH2(M,N), and any finite family of pointgz;,---, 2.} C M such thatu is smooth and har-
monic onM \ {z1, -, 21 }, there exists a smooth extensioruato M which is harmonic.

(iii) Anenergy gap Je > 0, Jap > 1 such that for any map € W'2(M, N') which is a critical point ofE'%,
for somea € [1, ap), if Erq(u) < &, thenu is constant.

Note that the proofs of (ii) and (iii) use (i). Thanks to theain estimateand a covering argument, Sacks and
Uhlenbeck prove that a subsequence of the family=gf-minimizers (u,),~, converges to some map &
Wh2(M,N) inthe weakiV 12 topology and irC* (M\ {21, - - -, 2z }, ), where{zy, - - -, 2, } is a finite collection

of points of M where possible bubblings occur. Then, by the resuteaiovability of isolated singularitie§i),

we deduce that extends to a smooth harmonic map. However nothing guaratheéthis map is non-constant.
On the other hand, an analysis of the behavioutofnear the bubbling points; reveals thatjf |du.| is not
bounded in a neighbourhood af;, then we can find a subsequence of maps : B%(0, R,) — N (where
limg 1 Ry = +00), defined byv; (z) = uq(exp, (Aax)), Where(z,) is a sequence of points g¥t which
converges to;; andlim,_.; A, = 0, such that for any balB?(0, R) C R?, the restriction ofv; , to B%(0, R)
converges irc!(B2(0, R)) to the restriction taB?(0, R) of some map; asa — 1, andv; : R? — Nis a
harmonic map of finite energy. Sin@? is conformally equivalent t6? minus a point and thanks again to the
removability of isolated singularitie®sult, we can extend, to a harmonic mag? — N (moreover we know
that any harmonic map a$ is conformal, i.e. holomorphic or antiholomorphic, $&2). Hence we can picture
the limit of u,, as the collection of harmonic maps: M — A andv; : S — N/, for 1 < j < k, with the
extra (lost) information that the image of each mggs connected by a geodesic to the paiit,) (a so-called
bubble tre¢. We have moreovét:

k
Ep(u) + ) Bg2(v;) = lim sup E(uq). (49)

j=1
By using this analysis and ttenergy gapproperty, Sacks and Uhlenbeck deduce the following results

o if m(N) = 0, or if we minimize in a conjugacy class of homomorphisméM) — m; (N), the maps.,,
converge strongly ta, henceu is a minimizer of the energy in the same class.as We thus recover the
results of L. Lemaire [144] or R. Schoen and S. T. Yau [193]reéHbe conclusion is achieved by construct-
ing test map$i,, which coincide withu,, away from the bubbling points and with the weak limitear the
bubbling points: because of the topological hypotheggss in the same topological class @s and hence
we can exploit the inequalit¥, (ua) < Eo(tq).

o if m(N) # 0, chooseM = S? and a non-triviafree 2-homotopy class of AV, i.e. a connected component
of C*(S?, N') which does not contain the constant maps. Téigier - contains a minimizing harmonic
map or, for all 6 > 0, there exists non-trivial free 2-homotopy classeB; andI'; such thatI’ ¢ 'y +T',
andinf,er, Epm(v) +infier, Epm(v) < infyer Eaq(v) + 0.

31sacks and Uhlenbeck just proved the inequadityn (49); the equality in (49) was established by J. Jost [£82] T. H. Parker [164]
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o if m(N) # 0and M = S2, there exist a set of free homotopy classes = {I';| i € I} C mC*(S?,N)
which forms a generating set forr, (A') under the action®? of 7; (A/) such that eachl’; € A contains a
minimizing harmonic map.

Note that the last result implies thtiere exists a non-trivial harmonic map.S? — A as soon asry(N) # 0.
The second result can be translated into the followiifigr2 (V) # 0, M = S? andT is a non-trivial free 2-
homotopy clasef N, then if there existd > 0 such that, for any non-trivial free 2-homotopy classgsandT's
withT Cc T'; +T'; we have

inf £ < inf E inf £ -0 50

inf En(v) < inf Ea(0) + inf Epa(v) =0, (50)
then the minimum off 4 is achieved if". This important property is connected with a similar obséoramade
previously by T. Aubin for the Yamabe problem [5] and withther subsequent developments like the results by
C. Taubes [212] for the Yang—Mills connections on a 4-dinme manifold or the concentration compactness
principle of P.-L. Lions [150].

Remarks (i) An alternative analysis with improvements to the untsamding of the bubbling phenomenon have
been obtained by J. Jost [130, 131, 133] by using a methodsreint of thebalayageechnique of H. Poincaré.

(ii) Further refinements to the analysis of bubbling were emhgl T. H. Parker [164] by using the notion of
bubble treewhich was introduced previously by Parker and J. Wolfsathéstudy opseudo-holomorphic curves
and by W. Y. Ding and G. Tian [58]. The heat flow equation alsovjites another approach, which was used by
M. Struwe to recover the theory of Sacks and Uhlenbeck (sksvpe

(i) The influence of bubbling phenomena is not confined tori@nic maps of surfaces, but plays a major role
in the existence theory of harmonic maps in higher dimerssias expounded i§b.4, and in regularity theory (see
the results on reduction of the singular set of stationarpsnag4.3).

Applications of the theory of bubbling

In some cases a precise analysis to decide whether (50) isopadssible: this was done first by H. Brezis and
J.-M. Coron [22] and J. Jost [131] independently. We &¢t= B2, the unit ball inR?, and N = S? and
we lety € T?(0B?,5%) = the set of maps : 9B?> — S? such that there exists € W12(B?, 5?) with
ulpp> = . Then the clas§ := W}-?(B?,5?) := {u € W"?(B?,5?%)| u|gp> = 7} is non-empty and closed
for the weakiV 2 topology. Hence application of the direct method providesvith a smooth harmonic map
which minimizesEz- in £. We now consider the functional d#i}-*(B?, S*) defined by

1 Oou  Ou\ , 1 .
Qu) '_E/Bz<u’%><8_y>dx_g B2u wgz.

We observe thaf) takes discrete values di}-*(B*, S*), more precisely: for al € W-*(B?,5%), Q(u) —
Q(u) € Z. The geometric interpretation of this is that, if we consittee maputu : S? — S? defined via the
identificationC U {oo} ~ S? by settingutiu = u on B2 and (ufiu)(z) = u(z/|z|?) onC\ B2, thenQ(u) — Q(u)
is the degree ofifu. Then for anyk € Z, the classeg; := {u € &| Q(u) — Q(u) = k} are the connected
components of for the strongiV -2 topology. So they are the free 2-homotopy classeS%fBut they are not
closed for the weak topology; hence it is not clear wheith®r, E'z- is achieved. However, one can prove tlifaty
is not constant, then there exists some £ such thaf@(v) — Q(u)| = 1 andEg2(v) < Ep2(u) + 47. But since
the minimum of the energy in anyon-trivial homotopy classf mapsS? — S2 is greater or equal tdr, this
shows that (50) holds, hence it follows thhgre is a harmonic mapw which minimizes Eg- in its homotopy
class, the latter being either&; or £_;. Moreover, as proved in [22], in the case wheis the restriction of
the inverseP—! : R?2 — S? of stereographic projection (30) ®B? C R2?, the constructed solutionsandw
(which here are restrictions t8? of stereographic projections) are the only miminizers igithespective class
and moreover there are no minimizers in the other classes.

32The setroC! (52, N) of free homotopy classes can be identified with the set otodjithe natural action of; () on w2 (N).
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The following generalization was obtained partially by Ay8ur [203] and later completed by E. Kuwert [142]
and J. Qing [174] independently, see also [88] for an exjmositVe first associate two degreés andd ™ to the
boundary datay € T2(9B?, S?): if v has aholomorphic (resp. antiholomorphic) extensioh (resp.« ™) inside
B? with values inS? ~ CP we letdt := Q(ut) — Q(u) (resp.d™ := Q(u~) — Q(u)), if v has no holomorphic
(resp. no antiholomorphic) extension insif#é, setd* := +oo (resp.d~ := —o0). Note that we always have
d— < d+, with equality if and only ify is a constant. Then

(i) for k € Z which satisfiesk € (—o0o0,d™) U (d", ), the minimum of Ep- is never achieved in&y.
Furthermore ifk € (—oo,d™] U [dF,00), infg, Eg2 = infe . Ep> + 4|k — d*|, whered* = d~ if
k < d- andd* = dt if k > d* (so that, in particular, (50) does not hold);

(i) forall k € Z such thatd~ < k < d*, the minimum of Eg- is achieved in&;, .

Similar results have been obtained by Qing [176] for maph watiues in a Kahler manifold.

The heat flow

Observe that, in the method of J. Sacks and K. Uhlenbeck atinéyf of minimizers(u.,),, of £, produces
particular minimizing sequences f@,, asa — 1. One of the advantages of this is that, not only does it help
to balance the instability due to the action of the conforgralup, but it also gives us some control of the tension
field (25). Another natural way to control the tension field #ominimizing sequence is to consider the heat flow
equation:

ou y ou Ou
g = Aot (50 5
The study of this equation was initiated in [66, 1, 99] in tlees& when the curvature of the target manifaid
is non-positive (se§6.3). If we remove this hypothesis, the first restiitwere obtained by M. Struwe [207],
for the case when dimM = 2 andOM = (: for anyuo € WH2(M,N), there exists global weak solution
u : [0,00) x M — N of the heat equation (51) which satisfies the energy decaypatst

) on[0,T) x M. (51)

T 2
EM(u(T,-))+// ‘@ wedt < Epm(ug), VT >0 (52)
o o Ot

and which is smooth outside finitely many singular poiftsz; )1 < j<x. The solution is unique in this class. More-
over, at each singularityt;, Z;), a harmonic sphere; bubbles off, i.e. there exists a sequefigg, z ;)¢cn Which
converges tdt;, ;) (witht, ; < ;) such thatu ;(z) := u(ts;, exp,, ;(Ae,j)) converges t; in W22(R2,N),
Where()\&j)ng is a sequence of positive numbers such that_.., A¢; = 0. The map; can then be extended
to a smooth harmonic mag? — N/. Lastly, there exists a sequen@ )<y of times such thaim, .., 7; = oo
andu(Ty, -) converges weakly ifi’1:? to a smooth harmonic map,, : M — A as/ — co. This result was
extended to the case whéM #£ () by K. C. Chang [37]. These results can be used to recoverasimgisults to
those of Sacks and Uhlenbeck, see for example the last cladpbe book of Struwe [209].

The question of whether the solutions to the heat flow eqonatidwo dimensions really develop singularities
remained open for some time until K. C. Chang, W. Ding, R. Y& [®nstructed an example of an initial condition

33Following the result of Struwe [207], further results on theat flow when dim\M > 3 and with no assumption on the curvature/gf
were obtained: the first existence results were obtained. . hen [41] forM arbitrary andNV = S™, and by Struwe [208] foM = R™
and an arbitrary compact manifold. By putting together theizad, Chen and Struwe [43] obtained the following existersalt: for any
mapug € Wh2(M, N), there exists a weak solution to the heat flow equation deforeall time and with Cauchy datag, i.e. coinciding
with ug att = 0. This solution is regular outside a singular set which hasally finite m-dimensional Hausdorff measure with respect to the
parabolic metric.Then J.-M. Coron and J.-M. Ghidaglia [50] produced the fixsineples of weak solutions which blow up at finite time, hence
proving that there are no classical solutions in generalGordn [49] built an example of Cauchy data for which thereiafieitely many weak
solutions to the heat flow equation (actually the Cauchy @adaveakly harmonic map). Later on, similar blow-up and moigueness results
were proved for the heat flow on surfaces (see the next parlagra
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ug : 2 — 82 for which the heat flow does blow up in finite time. Note that ilequality in the estimate (52)
would be straighforward if the solution were smooth (justtiply the heat equation by and integrate). Actually
the left-hand side of (52) is smooth outside the singulantsdit;, Z;)1<j<x. In [177] J. Qing proved that, at
these bubbling points, the discontinuity of this left-haide isjust equal to minus the sum of the energies of the
harmonic spheres; which separate, i.e., there is no energy loss in the neckssaimgu (the ‘body’ map) to the
v;’s (the ‘bubble’ maps). He further proved that, if at somedinthere arep harmonic spheres;, , - - - v;, bubbling
off, thenXe i /Aej + Aej/ e + e — 204]?/(Aeide,j) — 0o asl — oo fori, j € {ji1,---,jp} such that # j;
roughly speaking, this means that each bubble decouplestfre other ones in distance or in scale. The analysis of
what is happening in the necks was further refined in [178].209213] P. Topping proved that M = N = 52
and if one assumes the hypothe$i: u., and thev;’s are either all holomorphic or all antiholomorphitien
u(t, ) converges uniformly in time a@s— oo strongly inL?(S? R3) and inW12(S2\ {71, ---,Tx}). The latter
result depends strongly on the fact that the targétigsee [213)).

The uniqueness of weak solutions to (51) was proved by Aré&i@id], under the further assumption that
Er(u(t,-)) is a non-increasing function af But, in [214], P. Topping constructed solutions of the Hieat from
a surface to5? which are differenfrom Struwe’s solution, hence proving then-uniqueness of weak solutions
to equation (51), in general. The point, however, is that Topping’s solutions are oladibyattaching bubbles
i.e. have the reverse behaviour of Struwe’s solutions, abttie energy v (u(t, -)) increasesy a jump ofdr
each time a bubble is attached.

Lastly, in [215], P. Topping performed a very fine analysisshost-harmonienaps fromS? to 52, i.e. maps
u € Wh2(S82,82) such that the.2 norm of the tension field(u) = Ag:u + |du|?u is small. Recall that, if
7(u) = 0, thenwu is harmonic and hence either holomorphic or antiholomarpéo that its energy ig¢r times
its degree inZ. P. Topping proved that this quantization of the energy ieam&ue for almost-harmonic maps
and more precisely establishes the estimaig;z (u) — 47k| < C||T(u)||%2(52) (for somek € 7Z), for all w in

Wt2(52% 5%) except for some exceptional special cases. This allows diredover the same conclusions as in
[213] concerning the convergence in time and the uniqueoieite location of the singularities of the heat flow,
butwithoutassuming the hypothesis (H) above. These results are strong sense that an almost-harmonic map
u may have, for example, a holomorphic body with anti-holoptic bubbles attached, and theiis not close to

a harmonic map in th&/1:2(52) topology. To deal with such cases, Topping established tma&e asserting the
existence of a repulsive effect between holomorphic anithalaimorphic components of a bubble tree.

5.4 The direct method in a class of maps not closefdr the weak topology: case dimM > 3

Some cases where the clagsc W12(M,N') chosen for the minimization of», is not weakly closed have
already been described §3.3. We will here mainly discuss other situations, starfiogn the work of H. Brezis,
J.-M. Coron and E. H. Lieb [24].

Prescribing singularities

We begin with an example. Lét C R3 anda € ; we will choose a subsétof C* (2 \ {a}, S?) N W12(Q, S?).
Note thatC(Q \ {a}, S?) N W12(Q, S?) is not empty since it contains the map defined byu,(z) = (z —
a)/|z — a| (which is even weakly harmonic). Moreover, for each spte = 0B (a, ) centred oru which is
contained irf, the restriction of., to SZ . has degree. Let us fix

£:={uecH(Q\{a},$?) N WH*(Q,5?) | degulsz =1, for 57, C Q}.

Then, in some sense, the minimizationigf in £ extends the problem of minimizing the energy among maps
between surfaces of a given degree (§88). Indeed, as shown in [24], after the extraction of a sghence if
necessary, a minimizing sequene&.)xcn of Eq in £ converges weakly to a constant mapn all cases except

if Qis a ball centred at. If we assume, for simplicity, that there exists an uniqne kegmeniu, b] which joins

a to the nearest point i< (i.e., such thab € 9Q andd(a, ) = |b — a|) thenu, converges strongly to on
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Q\ Vc[a,b], whereV,[a, b] is a neighbourhood df:, b]. Furthermore, the restriction af, to a spheres? . will be
almost constant outside the intersectionSgf. with V.[a, b], whereas it will almost conformally cover the target
52 0nS2, N V.[a,b). Hence dine of bubblesseparates from,, along|a, b]. Lastly, the infimum of the energy,
inf,ce Eg(u), is preciselyir|b — al, i.e. the area of? times the length of the line segment. A similar situation,
arises if we have dipole as introduced in [24]. Here we assume that

€= {uel(Q\{p,n}, %) NW"*Q,5?)| deguls: = 1,deguls: = —1forS;

p,r

SZ.cQl,

wherep,n € B3 are two distinct points. Then, a minimizing sequence in tasxf converges to a constant
outside a neighbourhood of the line segmignt:|, and its energy concentrates aldpgn|.

Actually, a more general situation was considered in [2é1:{ky, - -,a,} C Q C R? be an arbitrary finite
collection of points of2 C R3 anddy, - - -, d, € Z. Then set

E:={ueC(Q\{ar, -, a,}, S ) NWH*Q,8%)[Vi=1,---,p, deguls: = d;, for S7, . C Q}.

In order to describe the behaviour of a minimizing sequencé ive need to define the notion ofrainimal
connectionas introduced in [24]. For simplicity, we will assume tat= B3 := B3(0,1) and that the total
degree := >" | d; is zera First, call the points; such thatd; > 0 (resp.d; < 0) positive(resp. negative
(pointsa; such thatl; = 0 do not play any role in the following, hence we can forget dtitbem without loss of
generality). We list the positive points with eachrepeated!; times and write this list ag, - - -, p.. Likewise
we list the negative points as,, - - -, n,. Note thatx — v’ = @ = 0. A connectionC' is then a pairing of the
two lists (p1, (1)), - -+ 5 (Prs Mo (x)), Whereo is a permutation of1,. .., x}. Thelengthof the connectiort” is
L(C) == Y7, d(pi,n,e)). Lastly, thelength of the minimal connectids: L := minc L(C) and aminimal
connectioris a connectior (which may not be unique) such tha{C) = L. Thenthe infimum?®* of Eps on &
is 47 L and, if we exclude the case whéa, - --,a,} = 0 or {0}, we have:

e this infimum is never achieved and, after extraction of a sgbence if necessary, a minimizing sequence
(uk)ken Of Egs in £ converges weakly to a constant map;

e again, after extraction of a subsequence if necessang tfidbbubbles separate from, along a minimal
connectiorC. More precisely, the energy densgyduk |2 converges weakly in Radon measures to a measure
 supported by a minimal connection: for all measurable B3, u(A) = 4rH'(A N C), whereH! is the
1-dimensional Hausdorff measure ($de3 for the definition).

Moreover, the locations and degrees of the singularitiesrofipu € W2(Q, S?)NC*(2\ {a1,---,a,}, S%) can
be detected by computing the differential of the 2-fartwg- (see§3.2), because of the relation:

p
d(u*wgs) = (Z diéai)dxl Adx® A dx®,  whered,, is the Dirac mass at; . (53)
=1

Note that the coefficients af‘ws- are inL!(2) and equation (53) holds in the distribution sense,j;%B C(u*wgz2)—
Jgs dC NuFwg> = >0 di¢(a;), V¢ € C*°(€2). In fact, the latter relation makes sense evejibielongs to the set
Lip(Q2) of Lipschitz continuous functions di. This leads to an alternative (dual) formtfidor the length of the
minimal connection:

P

L(u) = max diC(a;) = max {/ uwrw —/ d¢ ANuFw } 54
() CeLip(Q)aWdLOOSl; ¢la) CELip(2), |V {|Loo <1 aBSC( 52) B3 ¢ 52 (&4)

34An alternative proof of the inequalitinf, ce Egs(u) > 4nL was given by F. Aimgren, W. Browder and E. H. Lieb [3] by using
the coarea formulaf; (Jou)(z)dz' de?da® = [, g2 H' (u™" (y))dH?(y), valid for a smooth map : B* — S?. HereH” is the
2-dimensional Hausdorff measure S8, H! is the 1-dimensional Hausdorff measure on a generic fibré(w) of u and (J2u)(z) denotes
the 2-dimensional Jacobian afatz. Note that the coarea formula has been extended to Sobolpgings between manifolds by P. Hajtasz
[97], leading to another variant of the proof of the Brezisr@h and Lieb result.

*Note that@Q = 0 implies that [, 53 u*wg2 = 0, so that the maximum in (54) is finite.
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But the right-hand side of (54) makes sense for an arbitrary mapu € WévQ(B3, S?), and can be used to
extend the definition of L (u) to the whole of W }?(B?, 5?) if the degree of is zera Moreover, it was proved
by Bethuel, Brezis and Coron [15] thitite functionalL : W)*(B?, §%) — R is continuous for the strong/ "2
topology. Lastly, a result of Brezis and P. Mironescu [20, 21] asséwas, tfor anyu € W2(B3,5%) such that
ulpps is @ smooth map of degree 0, there exist two sequefigegs, . . .) and(ny, na, .. .) of points of B3 such
that

d(U*WS2) = 47Ti(6px - 6n1) (55)
i=1

and)_ 7, |pi — ni| < oo. ThenL(u) is equal to the infimum of all sums .~ [p; — n;| such that (55) holds.
Generalizations Similar situations occur, for instance, if we workii*" (M, S™), where dimM > n + 1,

and we try to minimize the,-energy among maps which are smooth outside a codimemnsipri submanifold

> and which have prescribed degree around each connectecboempf.. This case was first considered by F.

Almgren, W. Browder and E. H. Lieb [3], who pointed out that timinimal connection has to be replaced by an

n-area minimizing integral current. We refer to [88, Chapiikfor subsequent developments.

The gap phenomenon

An important and surprising observation was made by R. HandtF. H. Lin [106] at about the same time: we
still assume thatmf = B3 and N = S? and we lety : 9B3 — S2 be a smooth mapf degree0. Then
C,(B? 8%) :={ueC'(B*5?%)|u=pondB*}is not empty and we may consider its closiifg . (B*, 5?) in
the strongiV’!2 topology. Another natural class 1) %(B?, %) := {u € W'?(B?,5%)| u = ¢ ondB?*}. Then

it is proved in [106] that we can choose the boundary conuiitipsuch that:

Eps(u) = Eps(u) > inf Epgs(u). (56)

inf inf
uect(B3,5?) ueH} ,(B3,5?) ueW L (B3,57)
This implies that the inclusiofl} (B3, 5%) ¢ W12(B3, 5?) is strict, as discussed 8.2. The construction af
relies on ideas close to the preceding discussion: imabatente fix twodipolesof length? > 0, i.e. pairs of points
(p1,n1) and(p2, n2) with opposite degrees1, such thatp; — ni| = |p2 — na| = £. Place the pointg; andn;
very close to th@orthpole (0,0, 1) of 9 B3, with p; outsideB? butn, inside B3, specificallyp; = (0,0,1+¢/2)
andn; = (0,0,1 — ¢/2). Similarly, placep, andns very close to thesouthpole: p, = (0,0,—1 + ¢/2) and
ne = (0,0,—1 — £/2). This is all embedded in, sa>(0, 2). Now consider how a sequence of mdps)cy in
W12(B3(0,2), 5?) which minimizesE 2 g ») in the class of maps such thatl(v*wg2) = by, + p, — Ony — On,
would look: v is almost constant outside neighbourhoods of the line satgfg, n1] and [p2, no], and the
restriction ofvy, to a piece of surface cutting one of these segments traralyeceversS? almost conformally.
Then we takep = (vi)|op2 for k large enough. We observe that

(i) the degree ob is equal to the sum of the degrees of the singularitieandp, enclosed by B3, i.e., 0;
(i) inf cy12pa g2y Eps (u) is certainly smaller tha' zs (v ), which is of ordedr¢;
(iii) infue%(Bsﬁz) Eps(u) is of order8r.

Hence, (56) follows by choosing sufficiently small. To prove (iii), we estimate the energyasfy mapy €
C,(B?,5?) from below as follows. For any € (—1,1), consider the diskD,, which is the intersection oB*
with the plane{z® = h} and the domairf,, := B3 N {z® < h}: its boundanyH}, is the union ofD,, and the
spherical caps), := (0B?) N {z® < h}. On the one hand, the restriction ¢fto S;, is almost constant except
in a small neighbourhood of the south pole, whetig, covers almost all ofS? with degree 1, and oA D;,,
the mapy is nearly constant. On the other hand, sincés continuous insidd{}, the degree of its restriction
to OH,, is 0. These two facts imply that the restrictiarip, should almost covef? with degree—1. Hence
In, HdyPdiz > | [p, ¥*wsz2| ~ 4. By integrating this inequality oh € (-1, 1) we obtain (iii).
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The relaxed energy

Exploiting the fact that} , (B?,S?) = W1*(B?,5%) (see§3.2), i.e. thatvu € W)*(B?, S?) there exists a
sequencévy ) ren Of maps inCl(B?, 5*) which convergeseaklyin W2 to u, we can define theelaxed energy
EitonW12(B®, S?) by

k—o0

Bl = inf{ lim inf |duy, |*dat dzda® | vy € (,’;,(B?’,S’Q),v;C — uweakly inW'?}.
B3

The following expression foEg%,l, valid when the degree af is zero, was given by F. Bethuel, H. Brezis and
J.-M. Coron [15]:

B (u) = Eps(u) + 47L(u),

whereL(u) is length of the the minimal connection associated tefined by (54). A nice theory was built by M.
Giaquinta, G. Modica and J. Soucek [88] in order to pictugemetrically the relaxed energy and, more generally
many bubbling phenomeffa The relaxed energy satisfies the properties/@i) € W22(B3,5%), Epi(u) >
Epgs(u), with equality ifu € C,(B?, 5?); (ii) inf,, 12 (ga g2y B (u) = infyecs (s, 52) Eps (u).

Other interesting functionals provided by interpolatiregueeen the Dirichlet energhiz: and the relaxed energy
E7¢l were considered in [15]: fok € R considerER; (u) = Eps(u) + 4\wL(u). Then first of all,vA € R, the
critical points of E3, on W'2(B3,52) are weakly harmonic Secondfor 0 < A < 1, Ep; is lower semi-
continuous This implies that, fof < A < 1, the direct method can be used successfully in order to nhieimg?,
in, say,W}*(B?, 5%) in order to obtain a family of weakly harmonic maps with thenssboundary conditions
(see theg4.3 for partial regularity results). This shows the stroran-uniqueness of solutioffier the Dirichlet
problem for harmonic maps in dimensions larger than three.

Minimizing the energy among continuous maps

In view of properties (i) and (ii) of the relaxed energy fuioctal Eg%,l, it is tempting to use it in order to answer the
following question:given smooth boundary data: 9B — S? of degree 0, is there a smooth harmonic map
B? — S? extendingp ? One strategy might be to minimize/; overW }(B?, S?): if we think, for example, of
boundary date leading to a gap phenomenon described before, and we cotgavalues of theelaxed energy
for the smooth and for the singular maps that we can constectealize that the gain in energy from allowing
singularities is exactly cancelled by the cost due to thgtlenf the minimal connection. But these considerations
are only heuristic up to now: for the moment the question oétlikr minimizers of the relaxed energy are smooth
is completely open (segt.3).

On the other hand a direct approach to the problemnimimizing the energy functiond,, in a class€ of
smooth maps in a given homotopy class between two arbitcampact manifolds without boundayt and\ has
been addressed by F. H. Lin [148]. He proved ihdt ) ;e is @ minimizing sequence & then, after extracting
a subsequence if necessary, converges weakly ifi’*2(M, N) to a weakly harmonic map € Wh2(M, N)
and|duy|*d™z converges weakly to the Radon meagute |du|* +v. Moreoveru is smooth away from a closed,
rectifiable set and H™~2(X) is bounded The non-negative Radon measureneasures the defect of strong
convergence: it is the product of tiie: — 2)-dimensional Hausdorff measure supported®byimes a function
© on X which is measurable with respect to the — 2)-dimensional Hausdorff measure. Lasfiyr almost all
r € %, O(z) is equal to a finite sum of energies of harmonic non-constant aps from S? to A/, so that he
obtain a higher-dimensional analogue of the results of Saokl Uhlenbeck discussedss.3. Compare also with
the results on the reduction of the singular set of a statiomeap by Lin and Riviere presentedind.3.

36The basic idea is to represent a mapetween manifolds by its graph, which, in the case thistin a Sobolev space but not continuous,
is aCartesian currenti.e. a current in the sense of geometric measure theoryhwdatisfies some special conditions. In the enlarged class
of Cartesian currents, we can describe precisely what trekwimnit of a minimizing sequence is, keeping track of trecksconnecting the
bubbles in two dimensions, or timeinimal connectiorin three dimensions. See [88] for a complete exposition.
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Towards completely discontinuous weakly harmonic maps

A notion ofrelative relaxed energwas introduced by F. Bethuel, H. Brezis and J.-M. Coron [55pilows. Again,
we fix smooth boundary data: 9B®> — S* of degree zero and we first define our functionalh' (B2, 52),
the set of maps € W!?(B?, S*) which areC' outside a finite number of points (s§®.2). For a paif(u, v) of
maps inR%'(B?, 5?) we define thdength L (u, v) of the minimal connection of relative tow to be the length
of the minimal connection connecting the singularities:@nd the singularities of, where the singularities of
v arecounted with opposite degreeBy using the definition of the length of a minimal connectgiven by the
right-hand side of (54)L(u,v) can be expressed as

L(u,v) = max d¢ N (Wfwgz —v*wge2). 57
)= s s — o) (57)
Thanks to (57), the functiondl : R%'(B?,5%) x R%'(B*,5%) — R can be extended to a functional :
W22(B?,5%) x W) (B*,§%) — R. Itis shown in [15] that this functional is continuous 8n}*(B?, 5%) x
W}2(B?, %) and that, for any fixed € W1 ?(B?, $%), the functional

Fpgs ,(u) := Egs(u) + 47 L(u,v)

is lower semi-continuous oW *(B?, S?). Moreover, the critical points of'zs ,, are weakly harmonic. This has
turned out to be a powerful tool for constructing singulaakig harmonic maps.

First, R. Hardt, F. H. Lin and C. Poon [109] constructed wgaldrmonic maps with a finite, but arbitrary,
number of prescribed singularities located on a line. lrirtbenstruction, they first fix a map € RZ'(B?, S?)
which is invariant by rotations around some axis and which dig@oles of singularities along the axis of sym-
metry. Then they minimize the relative relaxed enefgy , among all maps € W ?(B?, S%) which are also
rotationally symmetric, and they show that the singularcdéhe minimizer is the same as the singular set.of
This result was improved by F. Riviere [181] who considemestquencéuy, ) .en~ Of rotationally symmetric maps
in W;’Q(B3, $?) having more and more singularities along the axis of symyraeid the corresponding sequence
(ur)ren- of minimizers forFgs , among rotationally symmetric maps Wi}*(B?, 5%). He was able to prove
that (ux)ren+ cONverges to a weakly harmonic map having a line of singwylariastly Riviere [182] proved that,
for any non-constant mapy : 9B* — S, there exists a weakly harmonic map inW}*(B?, %) which is
discontinuous everywhere inB3. This result rests on theonstruction of a dipoléemma: for any smooth map
w : B3(a,r) — S? such thatiw(a) # 0 and for anyp € (0, r) there exists a pair of pointp, n) inside B3 (a, p)
and a mapo € Wh2(B3(a,r), S?) which is smooth outsidép, n}, has a degreg singularity atp and a degree
—1 singularity atn, coincides withw in B3(a,r) \ B3(a, p), and which satisfies

EB3(a,7‘) ({5) < EB3(a,7‘) (w) + 47T|p - TL| . (58)

That the inequality in (58) is stri¢tis crucial, as in the 2-dimensional theory ($8€3). A second main ingredient
in the proof of Riviére is the construction of a sequefwgg xcn- of maps inRZ ' (B?, $?) having more and more
singularities. Each mapy. 1 is constructed fromy, by adding a dipole and using tle®nstruction of a dipole
lemma in order to control the extra cost of energy by (58). 3&guencéuv;, )cn+ also converges strongly to some
completely discontinuous mape W/-?(B?, S?). The last task is then to show that any minimizet/ofs ,, is
completely discontinuous.

5.5 Other analytical methods for existence
Morse and Lusternik—Schnirelman theories

A general reference for the ideas in this paragraph is thé&bd®. Struwe [209]. One of the first applications of
these variational methods, devoted to existence proafsfminimalritical points is the work by G. D. Birkhoff

3’Note that a weaker, non-strict, analogous inequality waesaely obtained in [10].
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[18] which establishes the existence of closed geodesiessomface of genus 0, i.e. the image of a harmonic map
of a circle, se€2.2. Extensions to higher-dimensional harmonic maps eratifficult and most of the known
results concern the case = 2.

In [188] J. Sacks and K. Uhlenbeck addressed the study of tnathmizing (see§5.3) andnon-minimizing
harmonic maps from a surface without boundaryto a compact manifold without boundaty. As for mini-
mizing maps, they first establish the existence of non-miiing critical points of the functionak'y, (see5.3)
for @« > 1, and then study the behaviour of these critical points wher> 1. The Morse theory for critical
points of E, has better properties when> 1, since this functional then satisfies tRalais—Smale conditicfi.

Let (M, N) be the space of base point preserving (continuous) maps.froto A" (i.e. we fix some points
xo € M andy, € N and we consider maps which sengl to 3,). First, Sacks and Uhlenbeck proved that
if Q(M,N) is not contractible, then there exist non-trivial criticabints of E}, betweenM and N. This
critical point is non-minimizing ifc®(M, N) is connected. They noticed that the hypothesis fh@vt, /) is

not contractible is satisfied, in particuldfr, M = S? and if the universal cover oV is not contractible since
T2 (N) = m(2(S?%, N)). Second, they considered a sequence of maps fbto A which are critical points

of E¢, for o > 1, and study its convergenceas— 1. The analysis is similar to the case of minimizing maps, see
§5.3. They concluded thaif,the universal cover of A" is not contractible, there exists a non-trivial harmonic
map from S? to /. These results were extended by J. Jost in [133] using a diffepproach. Similar results
have been obtained by Jost and Struwe [138], with applicatio the Plateau problem for surfaces of arbitrary
genus. See [134] for a survey and the papers by G. F. Wang g2#DY. Ge [82] for recent applications to maps
on a surface of genus greater than one with valuegin

These methods can also be applied on surfaces with bourtdeopstruct non-minimizing harmonic maps with
prescribed Dirichlet boundary condition. An example is ¢o@struction of saddle-point harmonic maps from the
unit disc to the spher8™ for n > 3 by V. Benci and J.-M. Coron [9]. This was extended to maps feoptanar
domain bounded by several disks by W. Y. Ding [54]. Similaauks has been obtained by J. Qing [175] for maps
from the unit disc taS2.

Gauss maps of constant mean curvature surfaces

An important motivation for studying harmonic maps into sps or, more generally, into a Grassmannian, is the
result by E. A. Ruh and J. Vilms [187] on a submanifaldf dimensionn immersed in the Euclidean spaRé ?
and its Gauss map : ¥ — G,,(m + p) to the Grassmannian of oriented-dimensional subspaces Bf*7;
this asserts thahe covariant derivative of the mean curvature vector fisldqual to the tension field of its Gauss
map In particular,an immersion ifR”™*? has parallel mean curvature if and only if its Gauss map isthamic
Note that, ifm = 2 andm + p = 3, thenG»(3) ~ S2. The consequences of this fact are numetbugor
example, any construction of a mean curvature surfa@®’iprovides us with a harmonic map from that surfaces
to S2: constant mean curvature surfaces of genus 1 (tori) werecinsstructed by H. Wente [222] by using a
delicate analysis of the&nh—Gordon equatidf, later on N. Kapouleas [139] constructed higher-genusases'.
The method here relies on gluing together pieces of exlglikitown constant mean curvature surfaces (actually,
segments of Delaunay surfaces) to produce, first, an appaigisolution and then, by a careful use of a fixed point
theorem, an exact solution near the approximate one. Siecedrk of Kapouleas, a huge variety of constructions
has been done by following this strategy, see for exampl@,[183].

A recent related result is the construction by P. Collin andRdsenberg [47] o& harmonic diffeomorphism
from the planeR? onto the hyperbolic dis¢Z?. Note that E. Heinz proved in 1952 thiditere is no harmonic
diffeomorphism from the hyperbolic digf? onto the Euclidean planR?, and it was conjectured by R. Schoen

38The Palais—Smale condition readsr any sequence of magay, )y such thatE} (uy) is bounded anc(éEj\“A)uk converges to 0,
there is a subsequence which converges strorsgly [209].

39In particular, the structure of the completely integrabletsm for harmonic maps from a surfaced8 and for constant mean curvature
surfaces ifR3 coincidelocally, see Chapter 7.

40since the work by Wente, a full classification of constant maarvature tori has been obtained by using methods of cdsipliategrable
systems, see Chapter 7.
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that symmetrically there is should be no harmonic diffegomism fromR? to H2 — the result of Collin and
Rosenberg contradicts this conjecture. The proof reliesarstructing an entire minimal graph in the product
H? x R which has the same conformal structureRis Hence, the harmonic diffeomorphism is the restriction to
this graph of the projection mappidg? x R — H?2.

Ordinary differential equations

Many interesting examples of harmonic maps can be conetiuzy using reduction techniques. One powerful
construction is thgoin of two eigenmap®f spheres introduced by R. T. Smith [202]: a map S™ — S

is called areigenmapf and only if it is a harmonic map with a constant energy dgnsiiven two eigenmaps
up @ 8™ — S™ andug : S™ — S™2, and a functiony : [0,7/2] — [0,7/2] such thate(0) = 0
anda(r/2) = /2, thea-join of u; andu, is the mapu; *, ug — S™Ftm2tl . gmitna+l defined by
(ug #q u2)(r18ins, xacoss) = (u1(r1)sina(s), uz(xe) cosa(s)). The harmonic map equation @n *. us
reduces to an ordinary differential equation temhich can be solved in many cases [202, 64, 167]. A similar
ansatz is the-Hopf constructiorf179] ¢ : S™1+tm2+1 _, gn+l on a harmonic bi-eigenmaf: S™ x S™2 —

S™: p defined byp(z1 sin s, x9 coss) = (f(x1,22) sina(s), cosa(s)). This construction leads also to a family
of new examples [64, 56, 57, 81]. Similar reductions to syst®f equations in more variables have been done
[79, 801,

6 Other analytical properties

6.1 Uniqueness of and restrictions on harmonic maps

Uniqueness of harmonic maps in a given class of maps doe®ttirhgeneral. The main case where uniqueness
holds, with general methods to prove it, is when the targeatifoldl satisfies strong convexity properties (see
§6.3). An example of a result outside this situation requitessmallness of the scaled energy. , (see§4.3)

for maps fromB? C R? to a compact manifoldv: There exist some, > 0 and a constanC = C(N) such
that, for any boundary data € W1-2(0B3, N) such thatE, s (g) < <o, there is a unique weakly harmonic map
u € Wy(B?,N) such thasup,. c ps ».0o{r ™" [3s (4y »yps [dul*d’z} < Ceo. This was proved by M. Struwe
[210] by using the regularity techniques for stationary siapdimension greater than 2 (sg&3).

Other restrictions on harmonic maps occur in the case whéres a surface without boundary and rely on
methods of complex analysis (as in the result of Eells andd\l6@], see§5.3) or on the use of twistor theory
for maps from the2-sphere and integrable systems theory for maps from toei (Jeapter 7). See also the non-
existence results for harmonic maps on a manifold with a empty boundary which are constant on the boundary
[144, 230, 141] irg5.3.

6.2 Minimality of harmonic maps

A natural question is the followingConsider a weakly harmonic map € W2(M,N); then isu an energy
minimizer?If the answer is yes, one of the most efficient methods to pitageto combine results on existence,
regularity and uniqueness. Many such results are availfalifehas good convexity properties; these are expounded
in §6.3. Here is an example by R. Schoen and K. Uhlenbeck [192] rekalt which can be proved without
these convexity assumptionset S := {y € S* c R"*'|y"*! > 0} andu : M — S7 be a smooth
harmonic map, them is an energy minimizer among maps frout to S™. The proof proceeds as follows: let

Q C M be any bounded domain with smooth boundary and apply théeexis theorem of S. Hildebrandt, W.
Jager and K.-O. Widman [120] which asserts that there ®zgistoothleast energy map from €2 to S which
agrees withu in 0€2. Then, by the uniqueness result of W. Jager and H. Kaul [1&6]actually have: = u

on . Hence,u is energy minimizing among maps with valuesStf. Now letv € W'2(Q,S™) be a map

4IHarmonicmorphismgan also be found by this method, see [7, Chapter 13].
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which agrees with: on 9Q and letv; := (v!,---, 0", [v"*!]). We observe that, € W'2(£, S"), vy agrees
with v on 9Q and Erq(v4) = Em(v). Actually vy takes values in the closur€} of S7, but it is easy to
produce a continuous familyR. ).<o of retraction maps. : ﬁ — ﬁ such thatk, = Id, the image ofR.

is contained inS7? if ¢ > 0, andlim._.o Eq(R- o v4) = Eq(v4). Moreover since(Q2) is compact inS?, we
can construct?. in such a way thaR?. o v, agrees withu on 9Q. HenceVe > 0, Eq(R. o v;) > Eq(u)
which givesEq(v) = Eq(vy) > Eq(u) on lettinge — 0; the result follows. By similar reasoning, Jager and
Kaul [127] proved also that, ifi € W12(B™, S™) is the map defined by (z) = (z/|z],0), the minimum in
W.2(B™, S™) is achieved by (i) a smooth rotationally symmetric diffeapitism fromB™ to ST if 1 < m < 6,

(i) ug if 7 < m.

Another favorable circumstance for proving the minimatifya harmonic map is if the harmonic map islié
feomorphismin dimension two the following result was proved by J.-Mr@wand F. Hélein [52]Let (M, g) and
(N, k) be two Riemannian surfaces, then any harmonic diffeomsmphbetweer(M, g) and (N, h) is an energy
minimizer among maps in the same homotopy class afdUif£ () with the same boundary conditioriEhe idea
is that, thanks to the Hopf differential @f one can construct an isometric embedding 2) C (M, hy) x (M, ha)
with two natural projections,, : (N, h) — (M, h,) (for a = 1,2) such thatr; o u is harmonic conformal and
hence a minimizer and, o u is harmonic into(M, h). However the curvature ofM, hy) is non-positivé?.
Thusm, o w is also a minimizer thanks to results in [2, 111] ($6e3). Moreover is theunique minimizeif
there exists a metrig. on M of negative curvature which is conformal §gd52]. Coron and Hélein also proved
the minimality of some rotationally symmetric harmonicfddmorphisms in dimension greater than two. These
results were extended by Hélein [112, 115], by using Lagrangiané®.

Because of the partial regularity theory of R. Schoen and Klehbeck [190] (se§4.3), it is important to
identify thehomogeneousapsu in Wi2(B™, N') which are minimizing (recall that is homogeneous if it is
of the formu(x) = ¥ (z/|x|)), since theminimizing tangent mapsvhich model the behaviour of a minimizing
map near a singularity, are homogenous. Most known resoittsern the mapg, € W*2(B™, S™ 1) defined
by vl (z,y) = z/|z]|, for (z,y) € R™~* x R* (having ans-dimensional singular set) and, in particular, radial
projectionu := ud € Wh2(B™, S™~1): forany m > 3 and for any s > 0, v, is a minimizer. Various proofs
exist, depending on the valuesmafands:

e for s = 0 andm > 7 by Jager and Kaul [127], as a corollary of the previous tsauhuc ;

e for s = 0 andm = 3 by H. Brezis, J.-M. Coron and E. H. Lieb [24] (s&4.3) andu, is theuniquemini-
mizer;

e for s = 0andm > 3 by F. H. Lin [146];

e for s > 0 andm > 3 by J.-M. Coron and R. Gulliver [51] (the general case).

The method of Lin is very short and uses a comparison of theggrfienctionalE' g (u), foru € WJ’QQ(BW, Sm=1),
with another functionaF (u) := [, u*(d3) = [4.. d(u*3), wherej is the(m — 1)-form on B x R* defined
by B = Y icicjem (DT (yidy — yidy) Ada Ao Adat Ao Adad Ao de™. Write w?(dF) =

A(du) dxt A - -+ A dz™. First,from the fact that takes values i$™ ! a.e, we show thad\(du) < (m — 2)|dul?

a.e., with equality ifx = uq. Second, we obtain from Stokes’ theorem,

2m - 2)Ban(0) 2 [ dws) = [ wp= [ urp= [ dws6) = 2m - 2)Ban (o),
m aBm aBnl Bm
The functionalf,,, u*(d3) is an example of aull Lagrangian Lin’s method is similar to the use oflibrations

for minimal surfaces and to the argument used in equatiofof@armonic functions. The proof of Coron and
Gulliver uses two ingredients: (i) a representation of thergy of a map. by an integral over the Grassmannian

42This argument does not work$1 ~ A/ ~ S2 but in this case any harmonic map is conformal and hence rizimm
43The results by Coron and Hélein [52] use methods inspirethfthe work of Coron and R. Gulliver [51], whereas the use df nu
Lagrangians for harmonic maps was introduced by F. H. Li6]1dee below.
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manifold G (R™~*) of 3-planes” in R™~¢ of the energies ofy ou € W12(B™, §%), whererry : S™—s~1 —
Sm=s=1NY := S% is the natural ‘radial’ projection and (i) the coarea foraff". They also studied the maps
RS € Wh2(B4,5?) andh € W2(B8, $*) defined byhS (z) = HE(z/|z|) andh (z) = H"(z/|x|), where
HC®: 8% - S2andH™ : 7 — S* are thecomplexandquaternionic Hopf fibrationgésee§2.3), respectively, and
they proved by similar methods thba% andhg are minimizing.

6.3 Analytic properties according to the geometric structue of
The target manifold (A, #) has non-positive Riemannian curvature

In this case, the harmonic map problem has many good cogvaxiperties.

Existence The first existence result was obtained by J. Eells and JpSan{66], and S.I. Al'ber [1] indepen-
dently through the study of the heat equaltibsy ¢t = 7(¢) for a mapg : [0,00) x M — N, wheredM = (),
with the Cauchy conditiom(0,-) = ¢g wheregg : M — N is a smooth map: ifM and A/ are compact
there always exists a finite time solution (i.e. defined@r’] x M), butif (N, k) has non-positive curvature,
this solution can be extended for all timbloreover the solutiom(t, -) converge® to a smooth harmonic map
¢ whent — +o0, which ishomotopic topy. When the boundarg M is non-empty and a Dirichlet condition
¢(t,-) = g ondM is imposed, these results were extended by R. Hamilton [BB% existence conclusion can
be recovered by using the Leray—Schauder degree theory, th&@maximum principle [130] or the direct method
(see [216, 189] angb.2).

Regularity. Weakly harmonic maps into a non-positively curved maniéotl smoothand, moreover, the
existence of convex functions o allows higher regularity estimatesthese are consequences of more general
results, seg4.1 and below.

Minimality . The harmonic map constructed in [66, 1] or [99] is actually energy minimiziffy 111]. This
follows by using the first and the second variation formulaeR ., given in [66]; this implies, in particular, the
following identity [2]: let ¢, ¢ : M — N be two smooth maps, and I&t: [0,1] x M — A be ageodesic
homotopy betwees, and ¢, i.e. a smooth homotopy such tha(0, -) = ¢o and®(1,-) = ¢ and, for each fixed
x € M, s — ®(s,x) is a geodesic; then, i, is harmonic we have

o y 9¢” 50
Epm(9) —EM(¢0):/O da/o ds/M{|Vaan¢|2_gw hRaW@)%o:f%qu}wg. (59)

Hence if "R is non-positive the right hand side is nonnegative and thiglies that any harmonic map is the
minimizer in its homotopy class.

Uniqueness Actually, each homotopy class contains, in most c4%emly one harmonic map: this was
shown by P. Hartman [111] and S.I. Al'ber [2] independentiglaan be deduced from (59), see also [189]. An
alternative method is possibled#M # (): if A/ is simply connected we can use the squared distance function
d? : N x N'— [0, c0), which is astrictly convex functiofil 35], see below.

Other properties. TheBochner identity for harmonic magsoved in [66],

SANdSP = [Vd9* = g7 "Rapns(6)057616) 8] + g7 “Ric(si, ¢5) (60)
is particularly useful if*R is non-positive andV is compact, since it then implies [66]:
—A,|dp|* < Cldg|?, so, in particulatds|® is subharmonic. (61)

44see footnote 34. A similar method was used by Heélein in tesithfor proving: letp : D — A be a submersive harmonic morphism
with connected fibres from a compact domainlof with smooth boundary to a Riemann surface, tigeis the unique energy minimizer
amongst maps with the same boundary values. See also [52].

4SEells and Sampson [66] established thét, -) sukconverges te, but Hartman [111] proved that it actually converges.

461 HM = () non uniqueness can occur in two cases: we may have two diffepastantharmonic maps or two different harmonic maps
which parametrize the same geodesic.

4"Then any pair of pointp, ¢ € A can be joined by a unique geodesic [135], andsg h) is convex.
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This inequality can be used to prove: (i) Liouville-type dihems [66]; (i) the compactness in ti&-topology of
the setH , of mapsu € C>° (M, N) such that: is harmonic andZ(u) < A (see [189]).

The target manifold has weaker convexity properties

The case when there exists a convex function o". Such functions are abundant on simply connected non-
positively curved manifolds, but they also exist on any sigfitly small geodesic ball iv. The basic observation

is thatthe compaosition of any harmonic map with a convex functienlarmonic and hence obeys the maximum
principle [124]. For instance, if the squared distance funcidn A x N' — [0, o) exists and isonvex we

can compose it with a paiug,u1) : M — N x N of harmonic maps which agree @\ # ( to prove the
uniguenessresult thatu; = us, see, for example, [135]. Even more [86]4if: N/ — [0, 00) is boundedand
strictly convexthen for anyC? harmonic map : M — A/, we have

c1|do|® < A(go ¢), wherec; > 0. (62)

Use of inequality (62) together with the monotonicity inafty (see$4.3) leads to théocal estimatesup z(, ,-/2) |do|? <
Cr—" fB(a ” |dp|?, see [86, 189]. This can be used as the starting point foreigider estimates, see [86, 135].

The case when the image ap is contained in a geodesically convex ballTheoptimal regularity result for
weakly harmonic mapaith this kind of hypothesis is due to S. Hildebrandt, W. &aand K.-O. Widman [120].
We will say that a domai8 C N is anHIW-convex bal{after Hildebrandt, Jager and Widman)3fis a geodesic
ball B(po, R) C N (wherep, € N) such that

() ¥p € B(po, R), the cut-locus op does not intersedB(pg, R);

(i) R < 2n//k, wherex > 0is an upper bound of the Riemannian curvature®,, R).

Then Hildebrandt, Jager and Widman provhd existence of a solution to the Dirichlet problem withued in

a HIJW-convex balfsee$5.2, f) ands6.2) and thatiny weakly harmonic map ¢ with values in a HJW-convex
ball is Holder continuous [120]. This result is optimal because of the following exdenpconsider the map
ug € WH3(B™, ST), whereST := {y € S™| y™*! > 0}, defined byus (z) = (z/|z],0), then, ifm > 3 this
maps has finite energy andvieakly harmonicHoweveru is clearly singular, but the hypothesis (i) of the above
theorem is not satisfied.

With exactly the same hypothesis on the target, W. JageHacul in [126] found the followinguniqueness
result; assume that is connected and M # () and let¢;, ¢2 : M — B be two smooth harmonic maps which
agree oro M, then, if B is a HKW-convex ballp; = ¢-2. Again this result is optimal since, on the one hand, for
3 <m, Wh2(B™, S™) contains the weakly harmonic map,; on the other hand, fa < m < 6, the minimum
in WI}éQ(Bm,@) is achieved by a smooth diffeomorphism orfﬂ_@, hence providing us with another harmonic
map [127] (see [129] for improvements).

Influence of the topology ofAV. Beyond more or less local assumptions on the curvatureearahvexity of the
target manifolds, many existence and regularity resubtsraproved if one assumes ththere is no non-constant
harmonic map frons2 to A/. This is related to théubbling phenomenowhich was discussed at length§B.3
and 5.4.

7 Twistor theory and completely integrable systems

This is a rapid review of the development of the applicatibiwastor theory and integrable systems to the study
of harmonic maps. For further details, see, for example, 983117, 73].
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7.1 Twistor theory for harmonic maps

The genesis of the twistor theory for harmonic maps can bsidered to be the following well-known resdftLet
# : M? — R3 be a conformal immersion from a Riemann surfasd?, J*). Then its Gauss map: M? — 52
is antiholomorphic if and only i) is harmonic (equivalently, minimal)

The result was generalized R by S.-S. Chern [44]. Indeed, lgt: M? — R” be a weakly conformal map.
On identifying the Grassmanniai™(R™) of oriented2-planes inR™ with the complex quadri®,,—» = {[z1 :

t 2] € CP™ ;22 4+ ...+ 22 = 0}, its Gauss map : M? — GS*(R") = Q,,_» is given by the projective
class ofdg/9z, wherez is any local complex coordinate om?, If ¢ is harmonic,y is antiholomorphic by the
harmonic equation, see (20). Note further that this antilmarphicity implies that the Gauss map ofveakly
conformal map extends smoothly across the set of branchspd@onversely, ify is antiholomorphicd?¢ /920
is a multiple of the vectof¢/dz, which is tangential; but it is also a multiple of the mearnvatiure vector which
is normal, thus it must vanish, hengés harmonic.

Now let ' = N'™ be a general Riemannian manifold of dimensiorn> 2. Letw : G$'(N) — N be the
Grassmann bundle whose fibre at a pgiof N is the Grassmannian of all orient@elimensional subspaces of
T,N. This is an associated bundle of the frame bur@i{&/) of A/. Using the Levi-Civita connection, we may
decompose the tangent bundlecsf (\) into vertical and horizontal subbundleBGS' (V) = H @ V; we denote
the projections onto those subbundles by the same lettéven@ny conformal immersiop : M? — N™, we
define itsGauss lifty : M? — GS*(N) by v(p) = the image ofi¢, . Let JY be the complex structure on the
Grassmannian fibres af Say thaty is vertically antiholomorphidf

VodyoJM=—JYoVody. (63)

Then Chern’s result extends tgis vertically antiholomorphic if and only i is harmonic Further, the Gauss lift
of a weakly conformal harmonic map extends smoothly ovebtiaach points.

Maps into 4-dimensional manifolds Suppose that/ = N is an orientedi-dimensional Riemannian mani-
fold. Then eachv € G§(N*) defines an almost Hermitian structufg on T () A'*. Further, if¢ : M? — N*
is a conformal immersion, then for apye M?, d¢,, intertwinesJZ{V‘ andJ, . Equivalently, liftJ,, to an almost
complex structure/’f onH.,; thenw is horizontally holomorphidn the sense that

HodyoJM =J"oHody. (64)

We now define two almost complex structurés and .J? on the manifoldGS*(N*) by setting.J}, (resp.J2)
equal toJ’! onH,, andJY (resp.—J)) onV,. Then the results above translate inthe Gauss lift of a smooth
immersion is holomorphic with respect 3 if and only if the map is conformal and harmonic.

In fact, the projection of a2-holomorphic map inta>$* (N) is always harmonic. More generally, Ie¥, J%)
be an almost complex manifold. A submersionZ — A is called awistor fibration (for harmonic maps, with
twistor space?) if the projectionr o f of any holomorphic mag from a Riemann surface (&, .J#) is harmonic.
The Grassmann bundle provides such a twistor fibration; wefiral other twistor fibrations.

The Grassmann bund&* (M) can be written as the product of two other bundles as folldves.any even-
dimensional Riemannian manifald?”, let J(N) — A bethe bundle of almost Hermitian structures &h This
is an associated bundle 6f\); indeedJ(N) = O(N) xo2n) J(R**) whereJ(R*") = O(2n)/U(n) is the
space of orthogonal complex structures®it. When\ is oriented,J () is the disjoint union of/*(\) and
J~(N), the bundles of positivendnegative almost Hermitian structures &ft, respectively. Give these bundles
almost complex structures' and.J? in the same way as fa#s* (NV*). Then, whenV is 4-dimensional, we have a
bundle isomorphism’s* (NV4) — J+(N*) x J~(N*) given byw — (J;, J, ) whereJ} (resp.J;) is the unique

almost Hermitian structure which is rotation byr /2 onw. This isomorphism preserves, J2 and the horizontal

48This result is related to the Weierstrass—Enneper reprasem formula for a conformal parametrizatioli : Q@ ¢ C — R3 of a
minimal surface inR?, which readsX (z) = X(z0) + Re([7 (i(w® — 1), w? + 1, 2iw)(h/2) d(), wherew andh are respectively a
meromorphic and a holomorphic function. Indeed, herepresents the Gauss map through an orientation reversrepgraphic projection.
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spaces. The Gauss lift of an immersion M? — A thus decomposes into tviwistor lifts . : M? — JEN™,

Both natural projectiond *A* — A/ are twistor fibrations; in fact we have the following resuitloEells and S.
Salamon [65]:There is a bijective correspondence between non-constantakly conformal harmonic maps
¢ : M? — N* and non-vertical J2-holomorphic mapsy : M? — JEN* given by setting«+ equal to the
twistor lift of ¢. For some related results in higher dimensions, see [180].

The problem with using this to find harmonic maps is tiiatis never integrable However,J' is integrable
if and only if the Riemannian manifol™ is anti-selfdual Now a.J?-holomorphic mapM? — (Z, J?) is also
J1-holomorphic if and only if it ishorizontal i.e., its differential has image in the horizontal subberid, and
horizontal holomorphic maps project to harmonic maps whiareal isotropicin a sense that we now explain.

Real isotropic harmonic maps A map¢ : M? — N™ from a Riemann surface to an arbitrary Riemannian
manifold is calledreal isotropicif, for any complex coordinate, all the derivativesv$ (9¢/0z) lie in some
isotropic subspace df(f(z)/\f, ie.

Nap = (V3(0/02),V5(04/82)) =0 foralla, € {0,1,2,...}. (65)

Here,Z = 0/0z and(, ) denotes the inner product @h\ extended td"“ A" by complex bilinearity. For example,
a holomorphic map to a Kahler manifold is real isotropidvitie isotropic subspace being tHe0)-tangent space.
Now, in an extension to the argument showing that all harmorzps fromS? are weakly conformal (sef2.2), we
show inductively ork = o + §3 that the inner products define holomorphic differentials;d=* on S?; since all
holomorphic differentials 082 vanish for topological reasoral) harmonic maps fron$? to S™ are real isotropic
and hence are obtained as projections of horizontal holpmomaps into the twistor space. Such maps are easy
to construct from ‘totally isotropic’ holomorphic maps @€ P™ giving E. Calabi’s theorem [36], as follows. Say
that a map to a sphere or complex projective spadellisf its image does not lie in a totally geodesic subsphere
or projective subspace. Thémere is a2 : 1 correspondence between full harmonic maps-¢ : S? — S?" and
full totally isotropic holomorphic maps from S? to CP™.

For an arbitrary oriented Riemannian manifaldof even dimensiorn greater than four/* is integrable on
JE(N) if and only if M is conformally flat. In order to apply twistor theory to morergeral manifolds, we need
to find reduced twistor spacesn whichJ! is integrable. To do this, lek € O(2n) be the holonomy group of
N andP — N the correspondingolonomy bundlgiven by reducing the structure group©f\) to K. Then
J(N) = P x g J(R?"). The holonomy groug acts onJ(R?") by conjugation, decomposing it into orbitk ; it
thus acts o/ ('), decomposing it into the union of subbundles associatélaad having fibre one of the orbits
O; . These subbundles are the candidates for our reduced tsjstoes.

For example, if\ is a generic Kahlern-manifold, K = U(n) and we find that the compleX(n)-orbits of
J(N) can be identified with the Grassmann bundigg7*°N) — N (r = 0,...,n). These are thus twistor
fibrations for harmonic maps. Note thédy 0 < r < n, J! is integrable on,.(T1°\) if and only if the Bochner
tensor of\/ vanishes

Complex isotropic harmonic maps Horizontal holomorphic maps into the Grassmann bundlgeptdo
harmonic maps which areomplex isotropidn the sense that all the covariant derivativé$ (0'%¢/9z) are
orthogonal irﬂ”(;(z)J\/to all the covariant derivativéé’%(81=0¢/8z) with respect to the Hermitian inner product on
T'N. In particular, when\ = CP™, an argument again involving the holomorphicity of diffetials constructed
from the above inner products shows that all harmonic mapa 2 — CP"™ are complex isotropic, and so given
by such projections. In this case we can explicitly identiifg Grassmann bundles and construct all holomorphic
horizontal maps into it from holomorphic magé — CP" by considering their iterated derivatives. This leads to
the result [68]:There is a one-to-one correspondence between paif$, ) where f is a full holomorphic map
from S2to CP™ andr € {0,1,...,n} and full harmonic maps from S? to CP™.

Maps into symmetric spacesNow letG be a compact Lie group an'd®” = G/ K an irreducible Riemannian
symmetric space. Then the natural projecti®n~ G/K = N is a reduction of the frame bundle with structure
group K. As above,K acts onJ(R?") and thence o (N) = G xx J(R?*"). Any orbit in J(R?") is of the
form K/H for some closed subgroufi; the corresponding orbit id’(\) is the subbundle : G xx K/H =
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G/H — G/K wherer is the natural projection. This subbundle can alternatibel thought of an orbit of the
action of G on J(N). F. E. Burstall and J. H. Rawnsley [35] showed that such ait isralmost complex manifold
on whichJ! is integrable if and only if is contained in the zero set of Migenhuis tensor of/', They go on to
prove that, ifAV = G/K is aninner symmetric spac® of compact type, that zero set consists of finitely many
orbits of G with each orbitG/H a flag manifoldof G and that every flag manifold @& occurs for some inner
symmetric spac&’/K. Further, any flag manifoldy/H can be written alternatively a8/ P for some suitable
parabolic subgroup of the complexified groGfy, and so has a natural complex structure On replacing/*

by —J' on the fibres, we obtain a non-integrable almost complexcira J? and thenthe natural projection
(G/H,J?*) — G/K = N is a twistor fibration for harmonic map&urther every harmonic map fros¥ to N is
the projection of somé?-holomorphic map into a suitable flag manifold. Moreover&al and Rawnsley exhibit
holomorphic differential$’if these vanish then thé2-holomorphic curve is in fact holomorphic for the complex
structureJ!. For the special case @fotropicharmonic maps, see below.

7.2 Loop group formulations

Again letG be a compact Lie group, and letbe its (left) Maurer—Cartan form; this islaform with values in
the Lie algebray of G which satisfies the Maurer-Cartan equatin+ 4w A w] = 0 Where[w A w](X,Y) =
2w(X),w(Y)] (X,Y € T,G, v € G). Note thatw gives an explicit trivializatiorf'G = G x g of the tangent
bundle; the Maurer—Cartan equation expresses the conditad the connectiod + w on this bundle is flat.

Maps into Lie groups. Now let¢ : M™ — G be a smooth map from a Riemannian manifoldioLet A
be theg-valuedl-form given by the pull-back*w. ThenA represents the differentidly; indeed, ifG is a matrix
group,A = ¢~ d¢. Pulling back the Maurer—Cartan equation shows thastisfies

¢m+%mAm:0 (66)

This equation is amtegrability condition given ag-valued1-form, we can find a smooth map: M — G with
A = ¢~ 1de if and only if (66) is satisfied. Further, it is easy to see tha harmonic if and only if

d*A=0. (67)

Now let M? be a simply connected Riemann surface andlet) be a complex chart. Writingl = A.dz +
Azdz we may add and subtract the equations (66,67) to obtain tiigadent pair of equations:
0A, 1 0A, 1 B
o+ 5lAn A =0, ZE 4 DAL A = 0. (68)
We now introduce a parametgre S* := {\ € C*| |\| = 1} (called thespectral parametér and consider the
loop of 1-forms:

Av= (1= A Adz + 5(1 - N)Asdz. (69)

K. Uhlenbeck noticett [218] thatA satisfies the pair (66,67) if and only if
(M)+%MAAAA:O for all \ € S (70)

this equation is @ero curvature equatiant says that for each, d+ A, is a flat connection oM x g. If satisfied,
there is a loop of map&, on M satisfying 5 (w) = A,, sinceM is simply connected; equivalently, a map

49An inner symmetric space is a Riemannian symmetric spacesevinwolution is inner.

50These differentials vanish for harmonic maps fréfh to S2, CP™ andS* ~ HP!, so that one recovers the previous classification
results for such maps [36, 28, 68].

51yhlenbeck’s discovery was known previously to several jilists, see for example [172].
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£ : M — QG into the(based) loop groupf G: QG = {v: S — G | (1) = identity of G} (where the loops
satisfy some regularity assumption such(as).

The mapé : M — QG is called theextended solutionorresponding t@. Now suppose tha® is a matrix
group, i.e..G C GL(RY) c RV*¥_ It can be written as Fourier series

E(2) 1 A — E\(2) = ‘Z NEi(z)  (zeM)

1=—00

for some maps@i : M — G. If this is a finite series, we say thathasfinite uniton numberUhlenbeck showed
thatall harmonic maps fron2 to the unitary group (and so to all compact groups) have fioitgon number
She also gave Backlund-type transformvhich gives new harmonic maps from old ones by multiplyingith
extended solution by a suitable linear factor calledton and showed that the extended solution of a harmonic
mape¢ : S — U(n) can befactorizedas the product of unitons, so thatan be obtained from a constant map by
adding a unitorno more tham times. Another proof was given by G. Segal [196] using a Grassiian model

of U(n). An extension of the factorization theorem to maps into notker compact group§ was proved by
Burstall and Rawnsley [35].

We can also consider the ‘free’ loop growgy = {y : S — G} and we may define loop groupsG®
and AG® for the complexified grougz* in the same way. LeA™G® be the subgroup of loops which extend
holomorphically to the diskD? := {\ € C| |\| < 1}, i.e., have Fourier coefficients zero for negative. Then,
we have anwasawa decompositiochG® = QG - A+ G so that we can writ®G asAG® /AT GT; this givesG a
complex structureNow (69) tells us that the partial derivatige lies in A*g® which means thaf is holomorphic.
Furtheré, lies in the subspace dfg® where all Fourier coefficients other thah ; and 4, are zero; we say that
& is superhorizontal Thus we can interpret the fibration: QG — G given by& —— &| =_; as a twistor
fibration, sinceanyharmonic map fromM to G is the image byr of a holomorphic horizontal curve RG.

Maps into Riemannian symmetric spacesWe can apply the above to harmonic maps into symmetric spaces
G/K by includingG/ K by the totally geodesic Cartan embedding /K — G defined byt(g-K) = 7(g)g~ 1,
wherer : G — G is the Cartan involutiotf such that(G™), ¢ K C G™; hereG™ := {g € G| 7(g9) = g}
and(G7), is the connected component@f which contains the identity. However, there is an altexgathore
geometrical method which we now describe. For any mapM — G/K choose a liftf : M — G of it
and consider its Maurer—Cartan form= f*w ~ f~'df. The Cartan involutiorr induces a linear involution
on the Lie algebra ~ 714G that we denote also by. The eigenvalues of are+1 and we have the eigenspace
decompositioy = go @ g1, where, fora = 0, 1, g, is the(—1)%-eigenspace. Note thgy = t is the Lie algebra of
K. Now we can splitv = ap + a; according to the eigenspace decompositiogpand further splitv; = o + o,
wherea| := «1(9/9z)dz andaf := a1(9/9%) dz. Theng : M — G/K is harmonic if and only if, for all
A € St we havelay + (1/2)[ax A ay] = 0, where

ax = A"tal +ag+ Ao forall e St (71)

This relation allows us to construct a family of mafis: M — G by integrating the relatioa, = fiw ~

f5 'dfx. Each magf, lifts aharmonicmapgy : M — G/K given bypy(z) = fi(2)K, hence(¢x)rest is an
associated familpf harmonic maps. Alternatively we can view the famiy= (f\).cs: as a single map from
M to thetwisted loop group\G, := {y : St — G| y(=)) = 7(y()\))} and the family® = (¢))\cs: as a
map into(AG,)/K. Given a harmonic map, the map® is unique if we assume for instance the extra condition
fa(zo) = Id, for somezy € M. The representation of a harmonic map iGt@K using twisted loop groups is
related to the one using based loop groups through theaekl, = f,f ! andi(¢y) = T(f)\)f)\_l = E_XEA‘l.

A ‘Weierstrass’ representation. We denote the complexification &G, by AGS. We also define\* G as
the subgroup of loops € AGE which have a holomorphic extension (that we still denoteypjn the disk D?
and, ifB c G is a solvable Borel subgroup such that the lwasawa decotogi® = G - 9B holds, we let

521 (g) = sogss * wheres, is the point reflection in the base point.sf.
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A% GE be the subgroup of loopg € A*GE such thaty(0) € B. Now J. Dorfmeister, F. Pedit and H. Y. Wu
[60] proved that an Iwasawa decompositib@® = AG., - A;;GE holds, so that we can define a natural fibration
7 AGE — AGE/ALGE = AG,. They show also that iff : M — AGE is aholomorphic curvewhich
satisfies thesuperhorizontality condition H*w ~ N\H~'dH € AtgC, thenF = =, o H (i.e., the unique map’
into AGS such thatd = F B, for some mapB : M — AgG(E) lifts an associated family of harmonic maps
Conversely Dorfmeister, Pedit and Wu proved that any haichmap from a simply connected surfaceNoarises
that way. The superhorizontal holomorphic mdpsvhich covers a giver#” arenot unique. However we can use
anothemBirkhoff decomposition GE O C = A7 G - ATGE, whereA; G is the subset of loops € AGE which
have a holomorphic extension @P! \ D? := {\ € CU {cc}| |\ > 1} and such that(co) = Id. HereC is
thebig cell, a dense subset of the connected component of Adif. Further Dorfmeister, Pedit and Wu showed
that for any lift ' of an associated family of harmonic maps iNQ there exist finitely many pointsay, - - -, ax }
such thatF takes values i€ outside{ay, - - -, ax }. We can hence decompoBe= F~ F* on M \ {a1, -, ax},
whereF~ (respectivelyF'+) takes values it G¢ (respectivelyA*GC), and thenF~ extends to a meromorphic
superhorizontal curve oM with poles ataq, - - -, ax. Then the Maurer—Cartan form &, u = (F~)*w, reads
px = A"'édz, where¢ : M — g¥ is a meromorhic potential called thieeromorphic potentiabf . This
providesWeierstrass datéor the harmonic map and is known as the ‘DPW’ method [60].

Pluriharmonic maps. This can be extended to the more general case of ‘plurihaichmaps: a smooth map
from a complex manifold is callgoluriharmonicif its restriction to every complex one-dimensional subifad is
harmonic. Letp : (M, J™) — N be a smooth map from a simply connected complex manifold tem&nnian
symmetric spacd/ = G/K. For\ = e~% ¢ S!, define an endomorphism @M by Ry = (cos 0)1 + (sin8)J.
Extending this by complex-linearity to the complexifiedgant bundlel’® M, we have thai?, = A~'I on the
(1,0)-tangentbundl&’ M andR, = AT on the(0, 1)-tangent bundl&” M. Note that, ifM is a Riemann surface,
R is rotation through. J. Dorfmeister and J.-H. Eschenburg [59] show thest pluriharmonic if and only if there
is a parallel bundle isometf#y : ¢*TN — ¢3TN preserving the curvature such thag o d¢ o Ry = dg, for
some smooth family of maps, (A € S*), and that the maps, are all pluriharmonic; thupluriharmonic maps
again come in associatest'-families Then with similar definitions of superhorizontal and hotmphic to those
above, we obtain the resulthere is a one-to-one correspondence between pluriharemoapsy : M — G/K
and superhorizontal holomorphic mags: M — A,G /K with ¢ = w0 ®.

The twistor theory revisited. Twistor theory appears as a special case: a map is dabeapicif the asso-
ciated familyg, is trivial, i.e. ¢ = ¢ up to congruence for alk € S*. Then, for eachr € M, theR,(z) are
automorphisms of )\, representing these by elementstafthey define a homomorphisi(z) : St — G,

A — R, (z). By parallelity of thelR, (z) asz varies, these homomorphisms are all conjugate, so thatfhagefine

a map into the congugacy class of a circle subgrmupg! — G, A — ¢, with ¢_; = s,,; this congugacy class is a
flag manifold of the fornG /C, whereC,, is the centralizer of, and the)t, define a twistor lift into that manifold.
Note thatC', is contained ink". Also a necessary condition for the existence of a circlgysalipg with ¢_1 = s,

is that\ beinner, i.e., s, lies in the identity component df . We thus obtain [69]Let$ : M — N be a smooth
map into an inner symmetric spadé = G/ K of compact type which il i.e., does not have image in a totally
geodesic proper subspace/8t Theng is isotropic if and only if there is a flag manifold = G/H with H C K
and a holomorphic superhorizontal mdp: M — Z such thatr o ® = ¢ wherer : G/H — G/K is the natural
projection.In this setting, pluriharmonic maps into Lie grou@gsappear naturally by treating as the symmetric
spaced x G/G.

F. Burstall and M. A. Guest [34] take all this much further thowing that to every extended solution can be
associated a homomorphism: A — ¢, by flowing down the gradient lines of the energy of loopsidn The
extended solution can be recovered frgrby multiplication by a suitable holomorphic map into a loapuyp.
The conditions (69) translate into conditions on the coieffits of the Fourier series of this map related to the
eigenspace decomposition &fl ¢,. This leads to equations in the meromorphic parametershnd@a be solved
by successive integrations leading to the theorEwery harmonic mag? — G arises from an extended solution
which may be obtained explicitly by choosing a finite numbeational functions and then performing a finite
number of algebraic operations and integratiofitiey show how the work of Dorfmeister, Pedit and Wu [60] fits
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into this scheme, as well as Uhlenbeck’s factorization.

Finite type solutions. An alternative way of finding harmonic maps into symmetriacgs, especially when
the domain is ag-)torus, is to integrate a pair of commuting Hamiltoniandgebn the finite-dimensional subspace
Qdg = {¢ € Qg| & = Y0, & (1 — AF)} of the base® loop algebrag, for somed € N*. Indeed the vector
fields X; and X, defined orf24g by X1 (£) — iX,(¢) = 2[¢, 2i(1 — \)&,] are tangent td2?g and commuteThus
we can integrate the Lax type equatiéh= [¢, 2i(1 — /\)Eddz —2i(1 - A‘l)g,ddz], where¢ : R? — Qg (for
a formulation of the harmonic map equations dsaa pair, see the article by Wood in [73] or [53, 94]). Then, for
any solution of this equation, the loop of 1-formg := 2i(1 — A)dez —2i(1 — A‘l)g_ddz satisfies the relation
(70) and hence provides an extended harmonic map by integthe relationZ;w = Aj; the resulting harmonic
maps are said to be fihite type

A nontrivial result is that, for allh € N*, all non-isotropic harmonic maps from the torus to S™ or CP"
are of finite type. This was proved by N. Hitchin [122] for tori it52, by U. Pinkall and 1. Sterling [169] for
constant mean curvature tori R* and by Burstall, D. Ferus, Pedit and Pinkall [33] for non4msmal tori in
rank one symmetric spaces ([122] and [33] propose a diffeqpproach, see [123] for a comparison). The case of
conformal but non-isotropic tori i$™ or CP"™ requires the notion gbrimitive maps introduced by Burstall [32],
i.e. maps with values in A-symmetric space fibred over the target. See [160, 161] fdhén developments. To
each finite type harmonic map of a torus can be associated pamirRiemann surface called gpectral curve
together with some data on it callsgectral data This leads to a representation using techniques from edgeb
geometry, done by A. Bobenko [19] for constant mean curesdtion and by |. Mclntosh [154] for harmonic tori in
complex projective spaces.

Harmonic maps from a higher genus surfaceM. They can, in principle, be found by the DPW method
by investigating harmonic maps on the universal coveAdf but this is hard to implement. Another possible
approach investigated by Y. Ohnita and S. Udagawa [160] iedk for (finite type) pluriharmonic maps on the
Jacobian variety (M) of M and compose them with the Abel mag — J(M).
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