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The central question of the theory of random matrices is to determine
the asymptotic behavior of the eigenvalues of large random symmetric
or Hermitian matrices. In the case of the unitary Gaussian ensemble,
i.e. the space of Hermitian matrices equipped with a unitarily invariant
Gaussian probability, Mehta’s formulae express the eigenvalue density in
terms of the Christoffel-Darboux kernel of the Hermite polynomials. In
fact orthogonal polynomials are a powerful tool in this theory. We will
present in this course methods in the theory of random matrices which
are using orthogonal polynomials.
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I. INTRODUCTION

ForF =R,CorH, let H,, = Herm(n,F) be the space of nxn Hermitian
matrices with entries in F. On H,, one considers the probability law defined
by

P, (dz) = Cin exp(—ytr(z®))m,(dz),

where v is a positive parameter, m,, is the Euclidean measure associated
with the inner product

(zly) = tr(zy),
and

C, :/ exp(—7tr(z?))my (dz) =( Z)Na

n f)/

where

N =dimgH, =n+ gn(n —-1), p[=dimgF=1,2,4.



This probability is invariant under the group U,, = U(n;F) of n x n unitary
matrices with entries in F, acting on H,, by the transformations

x = uzu®  (u € Upy).

For F = R, it is the orthogonal group O(n), for F = C it is the unitary
group U(n), and for F = H, it is isomorphic to the symplectic group Sp(n),
maximal compact subgroup of the complex symplectic group Sp(n,C).

The probability space (H,,P,) is called Gaussian orthogonal ensemble
for F = R, Gaussian unitary ensemble for F = C, and Gaussian symplectic
ensemble for F = HL

The general problem in the theory of random matrices is to study
asymtotics of probabilities related to the eigenvalues of a random matrix
for large n.

a) Statistical distribution of the eigenvalues
If B C Ris a Borel set, one denotes by &, g the random variable defined
by

1
&nB(x) = E#{eigenvalues of z in B}.
Let p,(B) be its expectation,

Then p, is a probability measure on R, it is the statistical distribution of
the eigenvalues. If xp is the characteristic function of the set B, then

1
En,B(2) = E(XB(/\l) + -+ xs(An)),
if A1,..., A\, are the eigenvalues of x. In the sense of symbolic calculus

this can be written 1
fn,B(x) = n trxp (33)

Therefore

;mm:%wammmw

More generally, if ¢ is a bounded measurable function on R,

/w@MWﬂ=l/'MM@WAM)
R H,

n

Question : what can be said about the asymptotics of u, as n goes to
infinity ? The answer is given by the following theorem of Wigner.
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The semi-circle law o, of radius a is the probability measure defined on

R by .
/R o(t)oa(dt) = % /_ o) a® — 2dt.

The theorem of Wigner says that, after scaling, the measure u,
converges to the semi-circle law o, of radius

_\ﬁ
a=4/—.
vy

THEOREM (WIGNER). — Let ¢ be a bounded continuous function on
R. Then

lim ch(%)un(dt) = % /_z o(u)va? — udu.

n—oo

This means that, for large n, the density of eigenvalues is approxima-

tively
2

—_\/na? =2,
Ta
if |A| < ay/n, and 0 if |A| > ay/n.

In the original proof Wigner considers the moments of the measure p,,:

My (1) :/Rtkun(dt) = l/H tr(z")P, (dz),

n

and by combinatorial computations determines the asymptotics of Dy (pr,)
as n goes to infinity: for k fixed,

Sy CRL
4y) K+

Note that the moments of odd order vanish. On the other hand it is easy
to compute the moments of the semi-circle law:

M (1) ~ (

2

Mop(0a) = (a*)kik! (2E)

4 (k+ 1)
In fact
2 a 2 2k 1
Mok (o) = —5 2k /a2 — 2dt = o w2 /T — udu
Ta“ J_, ™ Jo
B 2a2kB(k+ 1 3) 242k F(’H %)F(%) e (2k)!
oo 2'2) 1 T(k+2) 22Kkl (k+1)
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The proof by Pastur uses the Cauchy transform. Recall that the Cauchy
transform of a probability measure p on R is the function G, defined on
C\R by

Gul2) = [ )

z—1t

1
Gn(z) = 7/ tr((zI — 2)" )Py (dz).
Hpy,
After scaling one has to look at the functions

Gn(2) = VnGn(Vinz).

The proof amounts to showing that the functions Gn converge,

lim G,(z) = f(2),

n—oo
and that the limit f is a holomorphic function satisfying

Fe) ~ 20z + 5 =0,

Since SG,(z) < 0 and hence Sf(z) < 0 for Sz > 0, necessarily
2
f(z) = 9(2— V22 —a?),
which is the Cauchy transform of the semi-circle law oy.

The proof we will present uses the Fourier transform,

Ln(T) :/Re*itrlun(t) = %/ tr(exp(—iTx))IP’n(dx).

n

We will see that it can be computed in terms of Laguerre polynomials.
The convergence to the semi-circle law will follow by using the classical
Lévy-Cramér theorem.

More general results are obtained by using logarithmic potential theory.
One defines the energy of a probability measure u by

1) = | 1o st + [ V(ou(ar)

R

4



For V(t) = ~t2, the semi-circle law appears as equilibrium measure:
measure which realizes the minimum of the energy.

b) Local behaviour : the probabilities A, (m,0)

For # > 0, and 0 < m < n, one denotes by A, (m,#) the probability
that a matrix € H, has m eigenvalues in the interval [—6,6]. By using
orthogonal polynomials one can evaluate the probability A, (m, 6) in terms
of Fredholm determinants, and its behaviour as n — co. In particular we
will see that, for m = 0,

0
lim A, (0, F) = Det(_gg(I - K),
n—oo n

where Det is the Fredholm determinant, and K is the kernel

)

3=

Kie.n) = =

restricted to the square [—6, 6] x [0, 0].

¢) In the last chapter we consider the Wishart unitary ensemble. In
that case there is an analogue Wigner Theorem: It is Marchenko-Pastur
Theorem which describes the asymptotic of the statistical distribution of
the eigenvalues for a Wishart random matrix.



IT ORTHOGONAL POLYNOMIALS

1. Heine’s formulae. — Let p be a positive measure on R. We
assume that the support of y is infinite, and that, for all m > 0,

/ [t|™ w(dt) < oco.
R

Hence, for all j € N, the moment of order 7,

m; =/tju(dt)7
R

is defined. On the space P of polynomials in one variable with real
coeflicients one considers the inner product

(vlg) = / p(t)q(t)u(dt),

for which P is a pre-Hilbert space. The monomials 1,¢,...,t™,... are
independent, and, by the Gram-Schmidt orthogonalization, one gets a
sequence {p,,} of orthogonal polynomials: p,, is of degree m, and

/}R Prn(Opa(O)pldt) = 0'if m £ .
If {pm} is a sequence of orthogonal polynomials we will write
Pm(t) = amt™ +-- -,
Ay = / Do () ().
R
Example: Hermite polynomials. The measure p is Gaussian :
p(dt) = e dt.

The Hermite polynomial H,, is defined by

Ho(t) = (~1)™e"” (%)me—tg.

Notice that a,, = 2™. By integrating by parts one shows that
dp, = 2"m!\/T.
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In fact, for any polynomial p,

[ Hntpte "= [ pmwe e,
R R
and

/ et dt = /7.
R

Let us consider the matrix of the moments of the measure pu:
Mij =miy; = / £ p(dt).
R

It is the matrix of the quadratic form p + ||p||? with respect to the basis
{1,¢,...,t™,...}. One defines

Dy, = det((Mij)OSi,jﬁn—l)'
ProposiTION II1.1.1.

D, = %/Rn H (zj — ;) p(dxr) . .. p(day,).

1<i<j<n

Proof. The determinant D,, can be written as an integral on R™:

0 1 n—1
7 S S

n—1 n 2n—2
€Ty Ty T,
1 1 1
I i) . In

0 1 2 n—1
:/ : : : Ly Ty Xz Ty /’L(dxl):u(dxn)
n—1 n—1 n—1

xy x4 N

This integral does not change under a permutation ¢ € &, of
{1,...,n}. Therefore

Dn:% > (o)

o6,
1 1 1
I T2 . In _
/n : : : zg(l)xiw) e xz(nl)u(dxl) op(dxy).
et et zn—t



By the classical evaluation of the Vandermonde determinant

1 1 1
AR = [ @-e=| " 7 "
1<i<j<n x’f‘l xg’_l x::_l
= Z 5(a)xg(1)x}7(2) .. .xg(_n),
oce6,
the result is established. []

We assume that the orthogonal polynomials are normalized by the
condition
pnlt) =17 4,
ie. a, = 1.

ProprosITION I1.1.2.

D, =dod;...dn_1.

Proof. Consider the polynomials in n variables py, defined, for m =
(my,ma,...,my) € N © = (21,29,...,2,), by

Pm(Z) = Dy (1) Py (T2) - - Diny, (T0).

They are orthogonal for the inner product

(rlg) = /Rn p(x)q(z)p(dey) . .. p(dey),

and
1Pell? = dy o - - .

Consider the expansion of the Vandermonde polynomial in this basis:

1 1 - 1
T T Ty
Alz) = 1 '2
A .ot
po(z1) po(z2) po(Tn)
_ p1(z1) p1(72) p1(2n)
Pn-1(x1) prn-1(x2) ... pr-i1(zn)
= Z E(U)pO(‘ra(l) .. ~pn71(mo(n))-
ceS,



The second equality comes from the fact that the value of a determinant
does not change if one adds to a row a linear combination of the other

ones. Hence
Alx) = &(0)po.s(x),
oc€G,

where

oM = (Mg (o), Ma(1)s - - s Ma(n)),
and 0 = (0,1,...,n —1). From the orthogonality of the polynomials py,
it follows that

/n A(x)*p(dey) ... p(de,) =nldy ... dp_1. [

This gives a way to evaluate the constant Z, which will appear in
Section 2 of Chapter III:

7z, = / e~ O XD AN, ... dAn.

COROLLARY II.1.3.

n

n__ n(n—1) .

Ly =T22"" 2 | Ij!.
j=2

Proof. Take
p(dt) = et dt.
The polynomials are then proportional to the Hermite polynomials:

pm(t) = 27" Hp (1),

and
. = ||pml* = 27" m!V/7.

Therefore

cn=n!D, =nldy...dp_1
n—1 n
n . n_nn=-1) .
=nlre2 HQJJ!:WZQ P Hj!. []
j=0 §=0
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Let us consider the polynomials p,, defined by

MOO MOl e MO,n—l 1
Miog Myy ... Myp_1 ¢t
pa(t) = : : : :
Mn,O Mn,l LR Mn,nfl "

This is a sequence of orthogonal polynomials in L2(R, i) for which
an = Dy, d, = DnDn+1-

In fact one sees that the integral

/wwmw
R

is zero if 7 < n, and equals D,, if j = n. One shows also
Palt) = — /H t— ) A(x)2pu(do) - . . p(dy 1)

2. Christoffel-Darboux kernel. — Let S,, be the orthogonal
projection of L?(IR, ) onto the space of polynomials of degree < n — 1.
If {pi} is a sequence of orthogonal polynomials, this projection can be
written, for f € L?(R, u),

n—1
Suf(e) = 3 - Fpn(o) = [ Kol el
k=0

where K, is the following kernel, called the Christoffel-Darboux kernel,

dek )k (y

n=0

In order to get a simpler form for this kernel we will use a recurrence
relation satisfied by the polynomials p,,. We will use the following notation

P () = anz™ + bzt 4 -

dn:/an(mf,u(dx).
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ProrosiTioN I1.2.1.

TPn (33) = Oénpn+1($) + ﬂnpn(-r) + fann—l(x)a

where
o (07 o bn bn+1 o Ap—1 dn
Ap = — Pn="—"— " In= d .
Ap+1 (7% Ap+1 an, n—1

Proof. The polynomial zp,(z) is a linear combination of the polynomials

Doy s Pnt1t
n+1

‘Tpn(x) = Z cnkpk(x)a
k=0

where
1

Cnk = a/ﬂ{xpn(:c)pk(x)u(dm)-

Notice that ¢, = 0 if & > n + 1. Furthermore dic,r = d,crn, hence
cnk = 0if k < n — 1. Therefore

xpn(x) = O‘nanrl(x) + ﬁnpn(x) + 'annfl(x)a
with
On = Cpon+1, ﬂn =Cn,ns Tn = Cnyn—1-

Identifying the coefficients of x,, 1 and =™ we get
Ap = OpQp41, bn = anbn+1 + ﬁnan-

From these relations, and taking into account that d,_1v, = d,a,—1, We
get the stated formulas. []

Ezample
Recall that the Hermite polynomials are defined by

Hy(z) = (~1)"e* (%)"e—f"’.

One gets from this the generating function

oo

n

w(m7 t) = Z ﬁHn(-r) = €2mt_t2.
n=0 "

2

In fact the Taylor expansion of the function f(z) =e can be written

[eS) (n) . 0 Ln ,
fae-0 =3 D oS (e
n=0 ! n=0
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The generating function w(x,t) satisfies

Therefore

0 tn—l o tn oo tn+1
; o= 1)!Hn(x)—2xn§::omHn(x)+2nz::OTHn(x) =0.

By looking at the coefficients of ¢ one gets
tHy,(z) = & Hyy1(z) + nHyo1 ().

From the recurrence relation one gets the following formulas for the
Christoffel-Darboux kernel

ProrosiTIiON 11.2.2.

1 Pn(T)Pn—1(y) — pn1(x)pn(y)

K’I’l b =
(z,y) a Ty

b

and

Eonr,2) = S (0 (@)pn-1(2) = pu (@)} (1))

Proof. From the recurrence relation one obtains

Tz~ ype()pe(y)
k
= Z—:pkﬂ(x)pk(y) + %pk(x)pk(y) + %:pk_l(x)pk(y)

_ Z—:pk(x)mﬂ(y) - %Pk(m)Pk(y) - J—Zpk(x)pkfl(y),

Since

this can be written

dik(x —y)pk(@)pe(y) = %: (Prs1(@)pr(y) — Pr(@)prsr (1))
- Z::l (pr(@)pr—1(y) — pr—1(2)pr(y)).
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Therefore

n—1

(2= 9 Ka(,9) = 3 (@ — Ppe(@)pey)

d
k=0 °F

= Z::ll (pn(x)pn—l(y) *pn_l(li)pn(y))
— % (o1 (@pole) — po(@pr () + - (&~ w)po()po(y).
0 0

The last line vanishes since
Qo

po(z) = ag, p1(z) —p1(y) = a1(z —y), o = ;1

One obtains K, (x,x) as a limit. In fact

Dol () ) =Lt ),

Ko(z,y) = 2ot (pn(x) —pn(y)

dnfl

and, as y — x,

Fonr,2) = S (0 (@)pn-1(2) = P (1))
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II1. SEMI-CIRCLE LAW AND WIGNER THEOREM

1. Weyl integration formula. — We recall the notation: H, =
Herm(n,F), F = R,C, or H, U, = U(n,F). By the spectral theorem
every matrix € H, can be diagonalized in an orthogonal basis. The
eigenvalues are real. This can be said as follows: The map

U, X D, — H,, (u,a)+— uau™,

is surjective, where D,, denote the space of real diagonal matrices.

THEOREM III.1.1 (WEYL INTEGRATION FORMULA). — If f is an
integrable function on H,, then

/ f(x)my,(dz) = cn/ / f(uau*) o, (du)|A(a)|Pday . . . dany,
H, D, JU,
where a = diag(aq, ..., a,),

Aa) = [](ax —ay)
i<k
is the Vandermonde determinant, o, is the normalized Haar measure of
the compact group Uy, ¢, is a positive constant, and 0 = dimglF = 1,2,
or 4.

If the function f is U,-invariant,

fluzu™) = f(z)  (ueUn),
then f only depends on the eigenvalues Aq,..., A\, of z,
flx)=F(A,..., \n),
where the function F is defined on R™, and is symmetric,
F(Aoys - Aomy) = F(A1,. .., An),

for 0 € G4, the symmetric group. In that case the Weyl integration
formula simplifies:

/H f(z)my,(dz) = cn/n F, - )| AN) P ... d),.
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2. The density of the statistical distribution of the eigenvalues.
Let V be a continuous real function on R such that, for all m > 0,

/ [tme=VOdt < oo.
R

The main example will be V (t) = 4t? (v > 0). One considers on the space
H,, the probability measure

Palde) = e V@), (d),

n

with

_ e~ tr(V(z))m "
c, /H L (dx).

n

If the function f is U,-invariant,

fluzu™) = f(z)  (ueUn),

it only depends on the eigenvalues Aq,..., A, of z,
f@)=F(, ... M),

where F' is a symmetric function. From the Weyl integration formula it
follows that

/ f@)B(dz) = [ FNgu(NdA,.. dA,,
H, Rn

with

1
gn(A) = Zief(\/(,\l)+~~+v(/\n)) |A(/\|,8’

and
Zn:/ e~ (VOOT+VOD) A PN, . dAn,

In particular, if
1
1(@) = = tr(p(a)),

where ¢ is a bounded measurable function on R, then

F(@) = (e + -+ o(),
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and
1 n
= / O (N)dAy ... dN,

- / o (B)wn(t)dt,
R

with
wy(t) = / Gn(t, Aay .y An)dAg .o d Ay,
Rn—1

In particular, if ¢ = xp, the characteristic function of the Borel set B,

fl@)==(xBM)+ - +x8(A))

#{eigenvalues of x € B} = ¢, p(x),

SI—3-

and

pn(B) = E(én,B) = / wy, (t)dt.

B

This means that the measure u, is absolutely continuous with respect to
the Lebesgue measure, with density w,,.

3. Mehta’s formulae. — From now on we assume that F = C, hence
H, = Herm(n,C), 8 = 2. Let us consider the orthogonal polynomials p,,
with respect to the weight e~V ®)dt:

/pk(t)pm(t)e_v(t)dﬁ =0if k #m,
R
normalized by the condition

Let d,,, denote the square of the norm of p,,,

dm = / lpm (8)|2e=V @ dt.
R

Recall that A denotes the Vandermonde polynomial. Since the value of a
determinant does not change if one adds to a row a linear combination of
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the other ones,

1 1 1
A A An
A = 1 '2
VD VD Ve
Po(A1) po(A2) .. po(An)
_ p1(A1) pi(A2) .. pi(Ag)
Pn—1(A1) Pn—1(X2) ... Dno1(An)

Therefore

A()‘) = Z Sign(a)pO(/\a(l))pl ()‘0(2)) . 'pn—l()\a(n))'
ceG,

The terms of this sum are orthogonal in the space
2 (Rn’ Q" Oe—V(M)d)\i)7

1=

hence
Zn = / e—(V“l”“'VW)A(A)%Ml dhy =nldody ... dyy.

Define

1 1
om(t) = \/TG 2V(t)pm(t).

The functions ¢,,, are orthonormal in L?(R). Define also
n—1
Ky (s,t) = Z Pr(s)en(t).
k=0

Up to the exponential factor e7? (V(S)J“V(t)) it is the Christoffel-Darboux
kernel for the orthogonal polynomials p,,. It is also the kernel of the or-
thogonal projection of L?(R) onto the subspace generated by g, . . ., @n_1.
We will use the following notation introduced by Fredholm: for a kernel
K(s,t),
§51 S2 ... Sm
K (ti ti > = det(K(si )1 <; jm-

tm
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PRroOPOSITION II1.3.1 (MEHTA’S FORMULA 1).
1 Al A
qn(A17.~7>\n)—mKn<>\1 )\n).

Proof. Recall that

1
Qn()\la o )\n) _ 767 (V(A1)+-~+V()\n))A(>\)2,

Zn = n'do N d/nfl,

A(X) = det (pi(Aj))OSign—LlSan’

1 1
om(t) = \/76 2V(t)pm(t).

Putting everything together one obtains

1 2
qn()\l, ey An) = E det(api()\j)) .

Consider the matrix A = (¢;(A;)). The entries b;; of the matrix B = AT A
are given by

n—1
bij = > eeM)er(\) = Kn(Ai, Ay,
k=0

hence

PROPOSITION II1.3.2 (MEHTA’S FORMULA 2). —  The density w, of
the measure p,, the statistical distribution of the eigenvalues, is given by

wn(t) = S Kt 1).

n

Proof. The correlation function R,, (0 < m < n) is the function in m
variables defined by

Riy(A1yeo oy Am)

n!

— m/ O A At A ) A

In particular, for m = n,
Rn()\ly ey /\n) = n!qn(/\l, ey /\n)7
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and, for m =1,
R1()\1) = n/ qn(/\l, )\2, ey )\n)d/\z e d)\n = nwn(x\l)
Rn—1

By a backwards recursion on m we will prove that
Al Am
Rm(AlavAm):Kn(/\i >\m>

For m = n it is Formula 1, and, for m = 1, it is Formula 2. It will follow
from the next lemma.

LEMMA 111.3.3. —  Let K be the kernel of the orthogonal projection
P of L3(R) onto a subspace of dimension n. Then

too tm t et
/RK(tl tm>dt’”_ (”_m+1)K(t1 tm_1>'
Proof. The kernel K satisfies
- K(t,s) = K(s,t) since P* = P,
- Jo K(s,u)K (u,t)du = K (s,t), since Po P = P,
- Jg K(t, t)dt = n, since tr P = n.
Let A,, be the m x m Hermitian matrix with entries

aij = K(ti, t;) (1 <i,j <m).

(5 2).
« 0

a=(K(titn) 1<i<m—1), v=K(tm,tn).

We write it as

with

The determinant of A,, can be evaluated as follows
det A,, =det A1 -7 — a*flm,la,

where A,,_; is the matrix of the cofactors ai; of A,—1. By integrating
with respect to t,, we obtain

to tm t1 e tme /
K dty, =K K (tm, tn)dtm
/R (tl tm> (t1 tm1> % ( )

m—1
-3 ai,j/K(tj,tm)K(tm,ti)dtm
R

ij=1

_ t1o tmer ) - o
=nk <t1 tm1> Z a’JK(tjatz)-

ij=1
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Since

m—1
E dijaji = det Am,h
Jj=1

we obtain finally

to tm to
K dt,, = -m+ 1K .
/]R <t1 tm> (n—m+1) <t1 tml)

4. Fourier transform of the statistical distribution of the
eigenvalues. — We assume now that V(t) = 4t* (y > 0). In that
case

pm(t) = 2_m7_%Hm(\ﬁt)a

where H,, is the Hermite polynomial of degree m:

_ (_ m a2 im —x?
Hy(w) = (~1)"e” (=) (™),
and
dn = [ Ipw(OF e dt =277 "l
R

The Hermite functions

om(t) = e 2 p (1)

constitute a Hilbert basis of L?(R).

Recall that the density w,, of the measure u,,, the statistical distribution

of the eigenvalues of a random matrix, is given by

wy(t) = %Kn(t,t) = % i on(t)?.
k=0

We will compute its Fourier transform. In fact we will determine first the

Fourier transform of
We(t) =3 rfoe(t)® (Ir] <1).
k=0

For that we will use the following classical formula of Mehler:

e 1 2zyr—(a2+y?)r?

1 2zyr—(eZ4y*)r?
—— Hy(2)Hy(y)r* = —= -
];) 2kk| k(l’) k(y)r 1 — 7’2 € 1 9
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(see for instance [Lebedev,1972] p.65-66) which gives, for y = z,

1 1 2 _r
_— H 20k _ _ ~ 2z fe
> gt = e

From this formula we get

o Y 1 —'717:152
Wr(t) = \/;me 1+

This is a Gauss function. Recall that

) T .2
/ e itTem ot gt — (J—e T (a>0).
R «

L=r Therefore

1+4+r

Here ao =~

1 1+r £2 2 1 T ﬁ
T T—r 27 |

If one is familiar with classical orthogonal polynomials, one recognizes the
generating function for the Laguerre polynomials

Lo (z) =e” x;!a (%)m(e_“’mera).

In fact

= e 1 —r=z

D L@ = g game ™ (Il <)
k=0

(see for instance [Lebedev, 1972], p.77), and we obtain

= Y
(r)=e ().
We(r)=e WZ’I’ k(QV)

k=0
Since W, has been defined as
WT(t) = ZTk@k(t)Qv
k=0

it follows that:
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ProrosiTioN I11.4.1.

2

2
—itr 2 - s0(T
t)dt=e %L (—)
/]Re er(t) ‘ "2y

But we want to compute the Fourier transform of

Kaltst) = 3 ou(t)®
k=0

Let us consider the product of the two Taylor series

() (S e

k=0
[e.e] n oo
=S (X o) = 3 Kttt
n=0 k=0 n=0
or
1 - n
W) = nZOKnH(t,t)r .
On the other hand
1 —~ 21 .2
W (r)=e & TRy
1—r (1) =e (1—-7)2 ¢
2 X T
SRS
e ;r 3 0
THEOREM 111.4.2. —  The Fourier transform of the measure p,, the

statistical distribution of the eigenvalues, is given by

2

1 2 T
fin(r) = W) = e T 0L, (2-),
fin(r) = (1) = e T Lo (5

5. Tight topology and Lévy-Cramér Theorem. — On the
set M(R) of bounded positive measure on R we will consider the tight
topology. It corresponds to the pointwise convergence on the space Cp(R)
of bounded continuous functions on R. For that topology a sequence .,
of measures converges to the measure p if, for every f € Cp(R),

i [ funit) = [ f(Oula).
R R

n—oo
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The following sets form a basis for the neighborhoods of the measure ug:
for f1,...,fn € CGp(R), € > 0,

V(fi,..-, fn;€)
:{ueim(RH’/Rfk(t)u(dt)—/Rfk(t)uo(dt)‘<s(l<;:1,...,N)}.

One can show that this topology is metrizable.

A sequence p,, converges to p if and only if

- for every f € C.(R), the space of continuous functions on R with
compact support,

i [ fou () = [ fon(ar),

n—oo R
- limy, o0 pin (R) = p(R).

The Fourier transform of a measure p € M(R) is defined by

() = [ e alar).
R
The function [ is bounded,

()] < i(0) = p(R),

and uniformly continuous. If the sequence p, converges to u, then, for
every T € R,

lim fi,(7) = fi(1),

n—o0

and the convergence is uniform on compact sets.

THEOREM II1.5.1(LEVY-CRAMER). —  Let uy, be a sequence in MM(R)
such that, for every T € R,

lim i, () = ¢(7),

n—oo

the function ¢ being continuous at 0. Then the sequence ., converges to
a measure [ € M(R) whose Fourier transform is equal to .

Proof. Put
C = sup pn (R) = sup i, (0),
n n

then
fin (T)] < [1n(0) < C, [p(T)] < »(0) < C.
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Consider the linear forms T,, defined on the space Co(R) of continuous
functions on R vanishing at infinity by

To(f) = / F(t)an ().
Then

T ()] < Cllf llos-

The Fourier transform of a function g € L!(R) belongs to Co(R) (it is the
Riemann-Lebesgue property), and

T () = / 3t (dt) = / o(7)n(7)dr.

By the Lebesgue dominated convergence theorem

lim 7,(g) :/Rg(T)cp(T)dT.

n—oo

Since the space F(L*(R)) is dense in Co(R), it follows that 7,,(f) converges
for all f € Co(R). The limit T(f) is a positive linear form on Co(R). By
the Riesz theorem there exists a positive measure p on R such that, for
all f € C.(R),

T(f) = / F(tyu(de).

The functions in Co(R) are integrable with respect to u, and for f € Co(R),

T(f) = / F(tyu(de).

Let us consider the Poisson approximation of unity:

1 1 |t]

;m7 Pr(t) =e F.

pr(T) =

We get
T (pr) :/Rﬁk(t)ﬂ(dt) :/Rpk(T)<p(T)dT'

By the Lebesgue monotone convergence theorem,

Jim [ puttntan) = [ utan (< o).
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On the other hand, since ¢ is continuous at 0,

lim | pr(7)e(T)dr = ¢(0).

k—o0 R

Therefore the measure p is bounded and

/R,u(dt) =(0) = lim [i,(0) = lim [ p,(dt).

n—oo n—oo R

Finally u,, converges to u, and ¢ is the Fourier transform of pu. []
6. Convergence to the semi-circle law. — Let us introduce the
function

_ F(V+1) ! —itT _ 42 u—%
FV(T)_ﬁP(Hé)/le (1— )=t

Up to a simple factor it is a Bessel function:

Ju(r) = ﬁ(g)"mf)-

(see for instance [Lebedev,1972], p. 114). The power series expansion of
F), is as follows

= L(v+1) 1 ,/7\2%
o) = kzzo(_l)kl“(kerJrl)k!(Q) '

The Fourier transform of the semi-circle law o, of radius a equals

2 @
Ga(T) = e "\ a2 — t2dt = Fy(aT).

ma? J_

THEOREM II1.6.1 (WIGNER). —  After scaling, the measure p,, the
statistical distribution of the eigenvalues, converges to the semi-circle law

04 of radius
\/?
a=4/—,
Y

for the tight topology. Precisely, for every f € Cy(R),

nh—{go Rf(%)un(dt) = % /_Z f(u)va? — u?du.
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Proof. By the Lévy-Cramér theorem it amounts to showing that

Jmin (75) = )

We computed i, in Section 4:

The expansion of the Laguerre polynomial L is given by

apy N~ (nta) (—x)F
L"(x)_g(k—i—a)!k!( k)

(see for instance [Lebedev, 1972], p.77). Hence we obtain
T P & 1 2 7\ 2k
il ) = D e (y55)

k=0

v 2

with

Notice that k <n — 1, and

lim cx(n) =1, 0 <cp(n) < 1.

n—00

By the convergence of the majorant series

> 1
Z R2k,
— El(k +1)!

one obtains the limit:
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IV. THE PROBABILITIES A,(m, B)

1. Fredholm determinant. — Let (X, 1) be a measured space such
that p(X) < co. One considers the following integral equation

(@) — A /X Kz y)e(w)u(dy) = f(z).

One assumes that K is a bounded measurable kernel on X x X, and that f
is measurable and bounded. One looks for a measurable bounded solution
. For small A\ one can solve the equation by iteration. For that one
defines the sequence of functions: ug(z) = f(x),

i () = /X K () () ().

Then
Jun ()] < (Mp(X))"[| £loos

where M = sup |K(z,y)|. Therefore, if |\| <7 = 1/(Mp(X)), then the

series
oo

pla) =Y N'uy(x)

n=0

converges uniformly on X. It is the unique solution of the integral
equation. One defines the iterated kernels K™ by K(!) = K| and

KOy = [ KO (@K e on(dz).

The series
oo

D(z,y;0) = > A" K™ (2, y)

n=1

converges uniformly on X x X for |A| < r. Its sum I'(x, y; A) is called the
resolvent kernel because

(@) = f(z) + A /X Tz, y: N) f(y) ().

As a function of A, I'(z,y; ) is holomorphic for |A| < r.
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The Fredholm determinant has been introduced in order to prove that
the resolvent kernel T'(z,y; A) admits a meromorphic continuation to C.
It is defined by the following series

D()\) = Det(I — AK)

=1-2A /K;vx (dx)
T AR A in) ). )+

PROPOSITION IV.1.1. — The series converges for all A € C and D(X)
is an entire function.

Proof. To prove the convergence one uses the Hadamard inequality: let A
be a n X n complex matrix, and let Aq,..., A, denote the columns, then

| det Al < [[Asl]... [|An]-

(||A;|| denotes the Euclidean norm of A;.) It follows that
€Tq .. Iy
If a,, denotes the coefficient of A" in the series defining D()\),

1 =
an <t = 0 M (X",

and ) o
Un+1 . ( ) 2
= 14+ —) Mp(X
U, vn+1 n HX)
has limit 0. It follows that the radius of convergence is infinite. []

One defines also

D(z,y; \)
:K(x,y)+i(_$)n /}(K(Z E - iZ)u(d;vl)...,u(dxn).

As D(A) does, this series converges for all .

THEOREM IV.1.2 (FREDHOLM). — For |\| <,
D(z,y; A)
D(z,y; A) = W
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Therefore the resolvent kernel has a meromorphic continuation to C.

Proof. Put
Do(z,y; ) = DN (2,95 A).

It is well defined for small A\, and satisfies

Do(z,y; \) = K(z,y)D(\) + )\/X K(z,z)Do(z,y; N p(dz).

Put also
o0 _)\ n
oy =3,
n=0 :
> )"
DO(xay;)‘) = Z ( n') An(‘r7y)
n=0 :

Notice that ag = 1, Ag(x,y) = K(z,y). By identifying the coefficients of
A" we get

An(z,y) = K(z,y)a, — n/X K(z,2)An—1(z,y)u(dz).

Define also

Yy T1 ... Tp

Bn(m,y):/nK<x T x")y(dazl)...u(dmn).

We will see that the sequences A, and B, of kernels satisfy the same
recursion relation. Since

AO(Z7 y) - K(.’ﬂ, y)v BO(xa y) - K(l’, y)a
it will follow that, for every n, A, (z,y) = B,(x,y), and
Do(x,y; ) = D(z,y; A).

Let us expand the determinant

K(l’,y) K(xvxl) K($7.Tn)
gl T ) _ K(z1,y) K(zi,21) ... K(z1,25)
T U e : : :

K(l'nyy) K('Tnaxl) K(Q?n,$n)
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with respect to the entries of the first row:

_ ry ... Tp ) L)
K('ray)K<x1 xn) K(IL‘71‘1)K< Yy T
+"'+(—1)kK(x,xk)K (371 To ... Tk Tp41
Yy T1 ... Tg-1 Tg41
r1 To ... In
+ o+ (-D)"K(x,2,)K .
( ) ( n) ( Yy 1 ... Tp-1 )
Integrating with respect to x1,...,x,, and noticing that
K(J? xk)K xr1 T ... Tk Th+1
Xn ’ Yy T1 ... Tg—1 Tk41

u(day) ... pu(da)

(1t /X K(2,2) By (2, y)(d2),

we obtain

B, (z,y) = K(z,y)a, — n/X K(z,2)Bn-1(z,y)u(dz).

We introduce the following notation, for a kernel K,

S,8) = o [ w () ) ),

T, (K) = /X KO (2, 2)u(de)

Tn
T

= K(z1,22)K (22, 23) ... K(2p, 21)p(dz1) ... p(day,).

Xn

By definition

D(A) = Det(I = AK) = Y (=A)"Sn(K).
n=0
PROPOSITION IV.1.3. —  For |\ <,

D' N n
1Y) —*T;TnH(K))\ :
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Proof. By definition

oo

D,y A) = Y A" KM (,y) (A <),

n=1

therefore
/ D(z, 25 A\ Z)\” 'T.(K
X

By Theorem IV.1.2
D(x,y;\)

LC(z,y;\) = DOV

Recall that
D(z,y;\)

= )" T T ... T
= K(z,y) + Z: o /" <y P xn)u(dzl)...,u(da:n).

Then

/XD(m,x;)\) (dx) = Z Sny1(K)(=A)"

= -D'(\). 0

We will need two further properties.

PROPOSITION IV.1.4. — Let K; be a sequence of bounded measurable
kernels on X such that, for every j, x, y,

lim Kj;(z,y) = K(z,y) (Vo,y € X),
j—oo
|Kj(z,y)| < M.
Then, for every X € C,
lim Det(I — A\K;) = Det(I — AK),

j—o0

and the convergence is uniform in A on compact sets.

Let (X,u), (Y,v) be two measured spaces such that pu(X) < oo,
v(Y) < oo, and ¢ : X — Y a measurable map. One assumes that there is
a bounded measurable function h on X such that, for f € L*(Y,v),

/f@WM:/f@@MwMM)
Y X
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PROPOSITION IV.1.5. —  For a bounded measurable kernel K on 'Y,
let us denote by K the kernel defined on X as

K(z,2") = K (p(x),0(2'))h(z).
Then R
Det(I — AK) = Det(I — AK).
2. Finite rank kernels. — A finite rank kernel is of the form

K(z,y) = Zfz(x)gl(y)
i=1

We assume that the functions f; are linearly independent. To the kernel
K one associates the integral operator L defined by

ifcw:=/21ruawf@nu«w»

The space E generated by the functions f; is invariant under L. Let L
denote its restriction to E. The matrix A = (a;;) of L with respect to the
basis {f;} is

aij = / Fi()gi(y)u(dy).
X

Further
um—;%—gémmmwm—Lmmex

tr(L™) = /X K (2, 2)p(dz) = T (K).

THEOREM IV.2.1.
Det(I — AK) = det({ — AL).

The left hand side denotes the Fredholm determinant, the right hand
side the usual one.

Proof. Put d(\) = det(I — AL). Then

(oo}

d,(A) - _ Z tI‘(Lerl)/\m.
m=0

dn)
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In fact, if a1, ..., a, are the eigenvalues of L, then
n
d(\) = det(I = AL) = [J(1 = Aay),
j=1

and, for small A,

Ccli(()/\\)) == 7 —aiaj T« (Z O‘?HAm)

3

j=1 j=1 m=0
i ( ) =- i tr(L™THA
m=0 j=1 m=0

Furthermore, since D(0) =1, d(0) = 1, it follows that

Let A™(L) be the operator on the exterior power AE of F such that
A (L) (o A Avg) = (Lvg) A= A(Lwy,)  (v1,...,0m € E).

The eigenvalues of A™(L) are the numbers o, o, ... 5, (1 < Jo < ---

Jm), and its trace is

tI"(Am(L)) = Z e, = om(a, ., ),

J1<<Jm

where o,,, is the m-th elementary symmetric function. Hence

n

det(I —AL) = Y (=1)"™tr(A™(L))A™.

COROLLARY IV.2.2.

tr(A™ (L)) :Sm(K):l/mK(xl xm)p(dajl)...u(dxm).

m! T ... Iy
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The number tr(A(L)) can be expressed as a sum of determinants of
order m extracted from the matrix A of L:

= Z Ar(A)

#I=m

where I C {1,...,n} has m elements, and A;(A) is the associated
determinant: if I = {ji,...,Jm}, then

AI(A) = det(ajkjf)lgk,€<m'
It is possible to prove Corollary IV.2.2 by showing directly that

1 T1 ... Ty,
m!/mK<x1 xm)u(d:ﬂl) w(dz,,) = Z Ar(A

#I=m

(See [Katz-Sarnak,1999] p.142-143.)
Notice that tr(A™(L)) = 0 if m > n.
Ezercise

If K is the kernel of the orthogonal projection P on a linear subspace
E C L?(X, i) of dimension n, then

n! :
/ K(J?l xTﬂ)H(dzl)H(dxm):{é”_m)' 1fm§n,

1 ... Tm if m > n.

3. The probabilities A,(m,B). —  We consider on
H, = Herm(m,C) the probability measure

1
P, (dz) = —e_tr(v(w))mn(dx),
O7l
where V is a continuous function on R such that
Ym > 0, / [tme™VOdt < oo.
R

Recall that (see Section III.2), if f is a U(n)-invariant function, then

f(@)=F(A, ..., ),

where F' is a symmetric function, Aq,..., A\, are the eigenvalues of x, and
/ f(@)P,(dz) = F(A, o) @A, oo, Ap)dAg .o d ).
H, R
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For a Borel set B C R, A, (m, B) denotes the probability that a random
matrix = has exactly m eigenvalues in B. For m = 0, 4,(0, B) is the
probability for B to be a hole in the spectrum. Let Aya.x denote the
largest eigenvalue. Then

P'rL({)\max < Oé}) = A,L(O,]a, OOD
We will see that the probability A, (0, B) can be expressed as a Fredholm
determinant. Recall that the kernel

Kals,t) = 3 or(s)on()
k=0

has been introduced in Section III.3.

ProposiTIiON 1V.3.1. —  Assume that the Borel set B is of finite
Lebesgue measure. Then

A, (0, B) = Detp(I — K,).

The index B means that the kernel K, (s,t) is restricted to B.

Proof. Let x be the characteristic function of the set B. Then the
characteristic function of the set {Vj, \; ¢ B} is

n

TT=x)).

Jj=1

Therefore
A,(0,B) = /Rﬂ ﬁ(l = X(A))an (A1, A)dA L dA,.
S
More generally we will compute
A(z) = / ﬁ(l —2X(A)an (A1, -, A)dAL L dAy.
j=1

Recall the formulae for the elementary symmetric functions:

oi(ar,...,an) =ap + -+ ap,
oa(Qy, ..., ap) = ZQiaj,

i<j
on(Qi,...,an) =1 ...qp,
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and
n

H(l —zaj) =1—012+ 092" — -+ (=)0, 2"
j=1
Therefore

n

H (1= 2x(A)) = > _(=DFzFar (x (A1), ... x(An)).

k=0

We compute now the integral of each term. By using the symmetry of the
function ¢,, we obtain

/n Ok (X(Al)ﬂ cey X()\n))Qn(/\h ey )\n)d)\l odA,

_ (Z) /nx()\l)...X(/\k)qn(/\l,...,/\n)d)\l...d)\n

1

=7 [ B A)dAs
U /g

where Ry, is the k-th correlation function (see Section II1.3). We get finally

—1)k
A(Z):Z( k') zk/ Rip(Ai, ..., Ak)d)y ... d)\g.
k=0 Bk

As we saw in the proof of Proposition I11.3.2 (Mehta’s formula 2), this is
also equal to

. (_1)k k Al )\k
Al =3 z/BkKn v A

k=0

and this is precisely the definition of the Fredholm determinant for the
restriction of the kernel K,, to B:

A(z) = Detp(I — zK,,). 0

ProrosITION IV.3.2.

1/ dym
An(m, B) = E<_£) Detp(l — 2K,)|_,.

Proof. The probability A, (m,B) can be written

n(m, B) /Z TTxOD) T = x))an(Ars- - An)dAs . dA,

#I=m i€l JEI
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where the summation is taken over all subsets I C {1,...,n} with m
elements. On the other hand one can establish the following formula

(’%)mﬁ“*mﬂ:m! > e [T =20y, J

i=1 #I=m i€l &I

Notice that .
A(0) =Y An(m,B) =1,
m=0
and .
A'(0) = Z mA,(m, B) = p,(B)
m=0

is the expectation of the number of eigenvalues in the set B.
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V. ASYMPTOTICS OF THE PROBABILITIES A, (m, B)

1. Hermite polynomials and functions. — The Hermite polyno-
mials are defined by

Ho(z) = (—1)"e” (i

n 2
—x :2n n
da:) e T+

They are orthogonal with respect to the Gaussian measure p(dz) =
e~ da:
/H _f”dx—Olfm;én

and

d, = / Hn(x)2e_9”2da: = 2"n!\/7.
R

In Section 2 of Chapter II we saw the following formula for the generating
function:

oo tn
w(zx,t) = Z EH"(x) = 2ot=t%,

n=0
Therefore .
= = (20)1\ (o (—12)
ZﬁH”(x):(Z j' ) ! ):
n=0 =0 k=0
and

2]
) n—2k.
Z:: k' (n— 2k) j(22)
From this one deduces that
H'(x) =2nH,_1(x).

Notice that

o (0) = (-1 2F, H0) =0,
Hén(o) =0, Hén-l—l(o) = 2(_1)n

The Hermite function ¢,, is defined by




The system {(p,,} is a Hilbert basis of L?(R). Let us recall the Christoffel-
Darboux kernel as defined in Section 3 of Chapter III:

n—1 2 o n—1
_z%+y 1
Kn(z,y) = Z or(z)pr(y) =e 2 Z d*Hk(l”)Hk(y)-
k=0 k=0 F
From Proposition 11.2.2 it follows that
ProrosiTiON V.1.1. —  Forx # y,

Kn(:t, y) = \/§¢n(x)¢"—1(y) - <Pn—1(w)g0n(y)

r—=y

)

and
Kn(z,2) = npn_1(x)* — v/n(n — 1) (2)pn_o(x).

2. Asymptotics of the Hermite functions. — The Hermite
function u = ¢, is an eigenfunction of the oscillator operator:
' —2*u=—2n+1)u (E).
In fact, it follows from the recursion formula
Hp1(z) — 22Hp(z) + 2nHp—1(z) =0,

and the relation H) (r) = 2nH,_1(z). For z small one considers the
equation
u” 4+ (2n + Du = 2%u (E)

as a perturbation of the equation
v’ 4+ (2n+ 1)u = 0. (Eop)
The solutions of (Eg) are
Acos(v2n + 1z) 4+ Bsin(v/2n + 1x).
Solving the differential equation
u' + (2n+ Du = g(x)
by using the Lagrange variation of constants method, one obtains

u(x) = u(0) cos(v2n + 1z) + u’(O)@

vV2n+1
. /Oz s1n(\/2n2;|1— i(als —y)) (o).
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Let 7(x) denote this last integral. For g(z) = z?u(x), by the Schwarz
inequality

L TN ;
r(x §7</ 4d)</u 2d),
r(z)] T\, ) (y)"dy
and, if u is square integrable,

@) < 7 s ([ utw?an) ol

One establishes finally:

ProrosITION V.2.1.

on(z) = ap COS(\/ 2n + lx — ng) + (),

with )
Irn(2)| € —=—F——=

1 5
x|z.
2ﬂ%mn+ﬂ|

Forn =2m,

2m)! 1
m = m 0 )
Q2 ®2 ( ) m) d2m
and, if n=2m+ 1,
1 9 (2m +1)! 1 1

a = ¢! 0 = .
2m+1 = Popmp1(0) Im + 3 m! /dami1 VAM T 3
Asn — o0,
1 (2)%
Qp~—=(—) .
VT \n
The last equivalence is obtained by using the Stirling formula

1
nl ~V2rn"tze ",

3. Asymptotics of the probabilities A, (m,B). — One considers
on H, = Herm(n,C) the Gaussian probability measure

P, (dz) = Cie* tr(‘%’z)ﬂ”bn(dx).

n
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i.e., from now on, V(¢) = t? with our previous notation. Recall that, for
a Borel set B C R, A, (m, B) is the probability that a Hermitian matrix
x has m eigenvalues in B. In Section IV.3 we saw that

A,(0, B) = Detg(I — K,),

where K, is the Christoffel-Darboux kernel:

nl

Z%Ok s)(t

and ) g\
An(m, B) = — (-—) Det (I — 2K,)|__,.

Let IC be the kernel 1 sine )
sin(é —n

K n) =—-———-—2.

(&) = — e

THEOREM V.3.1. — Let B C R be a bounded Borel set. Then

lim A, (0, \/%B) = Detp(I — K).
n—oo n

Proof. Using results of Section IV.1 we can write

1 ~
A, (0, EB) Det_y_p(I — Kn) = Detp(I - K),

where

b = ) o

\/>€ n(‘p" 2n5)% 1(\/%) o= 1<\/127L£) (\/127177)>

By using the asymptotics of the Hermite functions ¢,, which have been
established in Section 2 one shows that

nh_)néo ]’?n(f, 77) = ’C(gv 77)7
and that there exists a constant M > 0 such that, for {,n € B,
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It follows that

lim Detp(I — K,) = Detg(I — K). [
n—oo
COROLLARY V.3.2. — Let B C R be a bounded Borel set. Then

lim A, (m, \/%B) - % (—d%)m Det (I — 2K)|

z=1"
Proof. We saw that

A, (m, \/%B) = 1 (—i)mDet

and this can be written

_ (—i)mDetB(I—an)’

m!\ dz z=1"

Since ~
lim Detg(I — 2K,,) = Detg(I — zK)

n—oo

uniformly in z on compact sets in C,

lim (—di)m Detp(I — 2K,,) = (—dilz)m Det (I — 2K). i

n—oo z

Remark

The convergence to the semi-circle law we saw in Section III.6 corre-
sponds to asymptotics of ¢, (zv/n) as n — oo. It is a convergence of
global character. The convergence of the probabilities A, (m, B) has a
local character. It corresponds to asymptotics of gon(%)

4. Asymptotics of the probabilities A, (0, B) in terms of the
eigenvalues of a nuclear operator. — An operator A on a Banach
space FE is said to be nuclear (or of trace class) if it can be written

oo

Av = Z(fn,wen,

n=1
with e, € E, f, € E’, and

[eS)
D lleall 1fall < oo
n=1
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Assume now that F = H is a Hilbert space. Let {e,} be a Hilbert basis
of H. If the operator A is nuclear, then the series

i (Aeylen)

is absolutely convergent, and the sum does not depend on the Hilbert
basis. By definition it is the trace of A:

i (Aeylen).

A nuclear operator is compact. Conversely let A be a compact operator.
Then A*A is compact and selfadjoint > 0. Let «, be the non zero
eigenvalues of A*A. The numbers p,, = /0, are called the characteristic
values (or singular values) of A. One shows that the operator is nuclear if

and only if
oo
1Al == pn < o0,
n=1
and || - ||1 is a norm on the space £1(H) of nuclear operators on H, and

[tr(A)] < [[Al]1-

If A is a nuclear operator, then A™(A) acting on the m-th exterior power
A™(H) of H is nuclear too, and

" Al
lam ()l < 8

The Fredholm determinant of I — AA is defined by

d(N) = det(T — AA) =1+ i (—=1)™ tr(A™(A))A™

m=1
It is an entire function of A, and, for small A,

oo

d'(A) _ m
Ty f—mzzotr(A thx

By the inequality above

| det(1 + A)| < exp([[A][1)-
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One shows that, for two nuclear operators A and B,
|det(I + A) —det(I + B)| < [|[A — Bl[rexp(||All1 + [ Bl + 1).

Therefore the function A — det(I + A) is continuous on the space £4(H)
of nuclear operators.

Let the operator A be nuclear and selfadjoint, and let «y be the non
zero eigenvalues of A, each being repeated according to the dimension of
the corresponding eigenspace. Then

1A = lawl,
k

tr(A) = Zak,
k

det(I — AA) = (1 = Aw).
k

An operator A on the Hilbert space H is said to be Hilbert-Schmidt if,
for a Hilbert basis {e,},

(A]12)2 = 3 [(Aealem)|? < .

m,n

This number does not depend on the basis, and ||Al|2 is the Hilbert-
Schmidt norm of A. A Hilbert-Schmidt operator is compact. Conversely
let A be a compact operator, with characteristic values p,,. Then A is
Hilbert-Schmidt if and only if

00

2
> <o
n=1

and this sum is equal to (||A4||2)?. If the operator A is Hilbert-Schmidt
and selfadjoint with non zero eigenvalues A, then

(IAf]2)* = > A2
n=1

The space L2(H) of Hilbert-Schmidt operators is a Hilbert space for the
inner product

(A[B)2 = (Aenlem)(Benlem) = > (Aen|Ben) = > (B Aeglen).

n,m n n
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The product of two Hilbert-Schmidt operators is nuclear, and

[ABlly < [[All2[|Bll2, tr(AB) = tr(BA) = (A|B"),.

Assume now that H = L?(X, u), where (X, p) is a measured space.
Then a Hilbert-Schmidt operator A is an integral operator:

Af@) = [ K i@y,
X
where K (z,y) is a square integrable kernel: K € L?(X x X, u ® p), and

Lo(H) = L*(X x X, 1@ p),

(IAll)? = /X Gy Putdolay).

If A and B are Hilbert-Schmidt operators with kernels H and K, then
C = AB is an integral operator

Cf(x) = /X Lz, 9) f(y)u(dy),

with kernel
L) = [ @)K (),

The operator C' is nuclear and

tr(C)z/)(L(xm)u(dx).

Assume furthermore that X is a compact topological space, that the
measure p is bounded with supp(u) = X. Let the kernel K be continuous
and Hermitian:

K(y,x) = K(z,y),

and of positive type: for any x1,...,xy € X, and ¢1,...,cy € C,
N
Z K(Ii,Ij)CiEj 2 0.
i,j=1

The operator A on L?(X, ) associated to K:
Af) = [ Ko fntd)
X
4
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is positive selfadjoint and compact. Let aj be the non zero eigenvalues of
A, and vy, the corresponding normalized eigenfunctions:

/X K(z,y)¢r(y)u(dy) = arr(z),
/ [ () 2 pu(dr) = 1.
X

THEOREM V.4.1 (MERCER). —  Let the kernel K be continuous,
Hermitian, and of positive type. Then
a) For z,y € X,

K(z,y) = Z ()i (y).
k=1

The convergence is uniform on X x X.
b) The operator A is nuclear and

tr(A):/XK(Jc,x),u(dx).

For such an operator both definitions of Fredholm determinant agree:

Det(I — AK) = det(I — M\A).

Let us come back to the kernel K:

sin(z — y)

K(z,y) = pra—y

It is continuous on R and of positive type. In fact it is the limit of the
kernels K,, which are of positive type. One can see it also directly:

. 1
sinz 1/ Gt gy

x A
therefore
N 1 1 N )
Z K(zj,zx)cicn = o B | Ze”xjcj} dt > 0.
J-k=1 j=1
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The operator P on L?(R) with kernel K is the projection on the
subspace of the functions whose Fourier transform support is C [—1, 1].
In fact e A

Pf=xr11/f

Take now B = [—6,6] (§ > 0), and let A be the operator defined on

L*([~0.0]) by

0
A = [ K@)
It is positive selfadjoint and nuclear by Mercer’s theorem. Let ayj be its

eigenvalues (they are all positive). We can write A = QpPQ g, where Qp
is the projection given by

Qpf(z) = xp(x)f(z).

It follows that, as a selfadjoint operator, 0 < A < I, 0 < <1, and

det(I — A) =JJ(1 — ) < 1.
k

Finally

. 1 1
nh_)rrgo A, (O, [_\/727197 \/72719]) = 1;[(1 — ).

If we were able to evaluate the infinite product [], (1 — o) as a function
of 4, it should give information about the asymptotic spacing of the small
eigenvalues.

FErxercise
Define
flz)=T]Q - zen).
k
Prove that
1 d\m _ o, o,
m!( dz) 1z) = , Z 1—zaj, " 1-zay,’
1< <lm
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VI WISHART UNITARY ENSEMBLE

1. The Wishart unitary ensemble. — Let 2, be the cone of
positive definite n x n Hermitian matrices in the vector space H, =
Herm(n,C). For p > n—1, the Wishart law W7 is the probability measure
on {2, defined by

)WP(dx :L z)e” @) (det 2)P"m,, (dx
[ swwan = s [ e @y i),

for a bounded measurable function f, where m,, is the Euclidean measure
associated to the inner product (z|y) = tr(zy) on H,, and I';, is the gamma
function of the cone ,,:

T (p) :/Q e~ U@ (det )P "m,, (dz).

n

The probability space (€2,, WP) is called the Wishart unitary ensemble.
In fact the Wishart law WP is invariant for the action of the unitary group
U(n) given by the transformations

x— uzu®  (u € U(n).

ProrposiTioN VI.1.1.

Tu(p)=2m) 7 [[T-i+1).

Jj=1

Proof. Let T,, C GL(n;C) be the group of upper triangular matrices with
positive diagonal entries. The map

T, — Qp, t—x=1t",

is a diffeomorphism. If f is an integrable function on €2, with respect to
M,

/ F(@)mp(dz) = 25 / F(tt*) ﬁ 2t f[ dtj; [T d(Rtj)d(Sts).
2n T j=1 j=1

j<k

Therefore

n n

n(n—1) _ ™ 2 12 _ i

I.(p) = QTI/T e (ijltuJFE :j<k|t.7k| ) ] [t%p n) | I tf? 1
=1 i=1

n

T dtis T] drt;n)d(St;e).
j=1

j<k
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By using the classical formulae

o0 o0 1
/ et dt =V, / ettt = %F(a; )
—0o0 0

one obtains

T, (p) = (2m) " H T(p—j+1). 0

The Laplace transform of the Wishart law has a simple expression:

ProrosiTION VI.1.2. — For(=¢{+in € H,,+iH, ~ M(n,C), with

LWP(C) = /Q e~ TR WP (dx) = det(I + ¢)7P.

Proof. One starts from the formula
/ e~ ") (det )" mn (dar) = Do (p),
Qp

and changes the variable: one puts x = gz’¢g* with g € GL(n,C). Then
my(dzx) = | det g[*"my (dz),

and

/ e U@ (det 2)P " my, (dx)
Qp

= | det g|?P / e~ 979" (det 2')P~"m, (da').

n

Therefore, for y = g*g,
[ et ') = T (p) et ) 7
Qp

Since, for y € ,, there exists g € GL(n,C) such that y = g¢g*g, the
proposition is proven for I(¢) = n = 0.

The two functions ¢ — LWE({) and ¢ — det(I + )P are holomorphic
in the open set

{<:§+i77‘gJFIeQn}:(Qn*I)JFiHm
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and are equal for ¢ = ¢, £€+1 € Q,,. Hence they are equal in (Q,,—I)+iH,.

0

On the space M (n,p;C) of n x p complexes matrices let us denote by
P the Gaussian probability measure

L uee
We consider the map
Q:M(n,p;C) — Q,, & &

ProposiTIiON VI.1.3. — If p > n, then the image by the map Q of
the Gaussian probability P is the Wishart law WP.

This means that, for a function f on §2,, which is integrable with respect
to WP,

/ @)W (d) = /J(gf*)@(da.
M (n,p;C) Qp

Proof. The measure y = Q(P) is the measure on Q,, such that, for a
function f on (2,, measurable and bounded,

Jseman = [ pe@)pa

Let us compute the Laplace transform of the image u = Q(P. By taking
fla) = em ),
with ( =¢+in e H, +iH,, £+ 1 € Q,, we obtain

1 ey e
Lu(C) = — - e tr(CeET) o= tr(€87) iy ()
_ e (U+08) 1 (e
TP S M (n,piC)

=det(I +¢)7".

By the injectivity of the Laplace transform, this proves the proposition.

0

If p < n, then the image of P is a well defined probability measure
supported on the boundary 9, of Q,. It is singular with respect to

50



the Euclidean measure. We will denote it also by W2. In fact it can be
obtained by analytic continuation from WP, p > n — 1, with respect to p.
Therefore we obtain a family of probability measures WP for p in the so
called Wallach set

{0,1,...,n—1}U]n —1,00[.

2. The statistical distribution of the eigenvalues. — Assume
p>mn—1, and let f be a U(n)-invariant function on §2,:

fluzu™) = f(z).
The function f only depends on the eigenvalues of x,
f@)=F(\,..., \n),

where ' is a symmetric function on R’;. If f is integrable with respect to
WP, it follows from the Weyl integration formula (Theorem III.1.1) that

/f(x)Wﬁ(dx)z FOd, - 2@, An)dA - d,
Qn R?
with §
A R L OVl | RV
j=1
where

7|
R

As we did for the Gaussian unitary ensemble we will study the asymp-
totics of the statistical distribution of the eigenvalues, i.e. we will study,
as n and p go to infinity, the asymptotics of the probability measure u?
defined on [0, oo by, if f is a bounded measurable function,

e~ (rt A A ()2 H AT L A
j=1

n
+

n

[ swun= [ ()W),
[0,00[ Q.

For p > n — 1 this measure is absolutely continuous with respect to the
Lebesgue measure,
p (dt) = wr, (t)dt,

with
wg(t)z/ Gt Ass AN - dAn.
Ry

o1



We will use Mehta’s formulae to express this density w? in terms of the
Christoffel-Darboux kernel for the Laguerre polynomials. Recall that the
Laguerre polynomials LY (o > —1) are defined by

Lo(x) = %ezx_o‘ (%) n(e_mxm'o‘).

The Laguerre polynomials L$ are orthogonal with respect to the inner
product

(vla) = / " p@)g(z)eavdr,

and
> r 1
dp = / (Lg(x))Qe_wxo‘d:E = fntatl) C'Y i )
0 n.

We define the Laguerre functions as

a 1 a _z «
File) = =) B,

They constitute a Hilbert basis of L?(R, ). We define also the Christoffel-
Darboux kernel

|
-

n

Ky(z,y) = ) ¢i(@)ei(y).
0

™~
Il

ProrosiTION VI.2.1. — For p > n — 1, the density of the measure
P, the statistical distribution of the eigenvalues, is given by

1
wh(t) = —K2"(t,0).
n

This is a special case of Proposition II1.3.2.

Assume p € {0,1,...,n — 1}. A matrix £ € M(n,p;C) can be
decomposed as

aq
E=ul o . Oép v
0 ... 0
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withay >0,...,a, > 0,u € U(n), v € U(p). The p eigenvalues of the pxp
Hermitian matrix £*¢ are Ay = o3,..., )\, = 0412), and the n eigenvalues of
the nxn Hermitian matrix ££* are A1, ..., A, 0,...,0. Hence, for z = ££%,

tr(o(z)) = (A1) + -+ ©(Ap) + (n — p)p(0).

Therefore

PROPOSITION VI.2.2. —  Forp € {0,1,...,n — 1}, the measure p
s given by

n

[ stmtian=(1- L)oo+ 2 [~ trrien

3. Convergence to the Marchenko-Pastur law. — The Mar-
chenko-Pastur law p. (¢ > 0) is the probability measure on [0, oo[ given
by

dt
t?

1 b
[ oltnetit) = max{1 - .00 + 5 [ oOVT= a6
[0,00][ ™ Ja

where a = (y/e—1)%, b= (Ve +1)2.

Remark
It is possible to check that the measure u. depends continuously on ¢
with respect to the tight topology.

Assuming that p depends on n: p = p(n), in such a way that

lim pi(n) =c
n—oo N

b

we will see that, after scaling, the measure p? converges to the Marchenko-
Pastur law p. as n goes to infinity.

THEOREM V.3.1(MARCHENKO-PASTUR). —  Assume that

lim M:c

n—oo N

Then, for a bounded continuous function on Ry,

t
lim fuﬁdt:/ p(t)pe(dt).
nmedJ() g POt

:00[
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We will present a proof due to H. Haagerup and S. Thorbjgrnsen (Ran-
dom matrices with complex Gaussian entries, Exp. Math. 21 (2003),293-
337.) The method amounts to computing the Laplace transform of the
measure u? and to studying the asymptotic of this Laplace transform.

LEMMA VI.3.2.

d
d(tKatt) vn(n+a)eh_ i (t
Proof. Define
Ko (s, t) L"‘ VL (t
(s, Z i (®).
By Proposition 11.2.2,

K2 (0) = ey (B (L0 — (LY 0L ).

and

d ., n!
%’Cn(m) = m((

Ly )" (L5 (t) = (L3)" () L1 (1)),
By using that u = L is solution of the differential equation
tu" + (a+1—2z)u' +nu=0,

one obtains

d « a _ a a
t%,Cn (t, 1)+ (a+1-t)K3(¢tt) = an 1 (B) L5 (1)

Finally, since

K%(s,t) = K%(s,t)s%t%e” 2,

we obtain

d o _ a a -t
ﬁ(tKn(t,t)) = — (K&t tt>tle™)

4
dt
(t%lcg(t, t)+ (a+1—t)Kx(t, 1))t "

n' [e% @ o, —t
= an () Ly ()t

VvV n TL+OL(pn 1 (pn D
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LeEmMMA VI.3.3. — Forp>n—1, R\ > —1,

1

22
WZFl(l —p, 1= n,2;0%).

oo
|t unan) = o
0

Notice that o F1(1 — p,1 —n,2;A2) is a polynomial in A. In fact, since
1 — n is a negative integer,

21 (1—p, 1 —n,2;0%)

_y (L)L =)y g

"X

=DM =2 (=D =2 (=)
= G+ 1! '

Proof. We start from the following result, we will not prove: for A > —1,
/O L)Ly (t)e Mte™"dt

d?dg pVAR: - - . )
-~ T(a+1) (1+)\)a+j+k+12 1(—J, =k, + ’F)'

(See [Haagerup-Thorbjgrnsen, 2003] p.317.) Taking j =n —1, k =n, we
obtain

/ eMpe (D)2 (t)dt
0

I e 1
= Fi(— 1,— 1; —=).
Dot 1) 1+ apre 1o hmmarling)

By using Lemma VI.3.2, and classical properties of the hypergeometric
function 5 Fy, Lemma VI.3.3 follows.

Proof of Theorem VI.3.1 a) We assume first that p > n — 1. By using
Lemma VI.3.3 we can compute

/ Fert P(dt) = ~(1+ NPTy (1-p1—n z-ﬁ)
R+n /Ln _p 2471 D, 9 anQ .

First
lim (1 + é) ) e (eTDA,
n

n—oo
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Now

)\2
2F1(1 -p,1—n;2 ﬁ)
B i j(1—n); A%
j=0 ]‘7' n?
= ZG/J )\2‘1,
= I(j + 1)
with
(n-—1mn-2)...n=j)lp—Dp—-2)...(p —J)
a;(n) = 57 .
n
Since
lim a;(n) =1, |a;(n)] <,
with
y = sup 21,
n

it follows that
lim oF (1 —p,1—n;2; Af) => Cijw = F1(2iy/c)).
im0 ’ e iG]

with the notation of Section II1.6. We saw that Fj(r7) is the Fourier
transform of the semi-circle law o,. The factor e~ (¢*1)* corresponds to
a shift: e~ “c*D7Fy(2,/cr) is the Fourier transform of the probability
measure v on R defined by

/f v(dt) /f 3/t — a)(b— t)dt,
with
a=-2vVc+ec+1=(c—1)?2 b=2Vc+c+1=(Ve+1)?>

By Lévy-Kramér Theorem (Theorem IIL.5.1), this shows that, for every
¢ € Ce([0, 00),

i [ LoD = o [ s T @G D

nmee [0,00[ n n
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It follows that there is a constant A > 0 such that, for ¢ € C.([0, o),

b
tim [ (D) uan = av(0) + o / O

90 J10,00]

The integral

b
10 =5 [ 10VE-a6-0%

t

can be evaluated:
1, ife>1,
I(C)_{c, ife<1.

Since the limit measure is a probability measure, it follows that A =0
b) For p € {0,1,...,n — 1}, by Proposition VI1.2.2:

/[o,oo[ o(t) iy, (dt) = (1 - %)@(0) + % /OOO C(O) KL P (t, t)dt.

One shows as in the case p > n — 1 that, for ¢ € C.([0, 00),

tim [ (D = - | PN ==

n—oo [0,00[ n

and that there exists a constant A > 0 such that, for ¢ € C.(]0, cof),

b
i [ (D) = av) + - [ vV ae-0F.

n— o0 [0,00[ t

We saw that I(c) = ¢ for ¢ < 1. Since the limit measure is a probability
measure, it follows that A =1 —c. [
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