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Abstract Harmonic analysis on Hermitian symmetric spaces of tube type is
a natural framework for introducing multivariate Meixner-Pollaczek polyno-
mials. Their main properties are established in this setting: orthogonality,
generating and determinantal formulae, difference equations. Furthermore,
as a by-product, we derive the radial part of the differential equation for the
multivariate Laguerre functions and obtain the differential equation for mul-
tivariate Laguerre polynomials previously obtained by Baker and Forrester.
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The one variable Meixner-Pollaczek polynomials P%(\; ¢) can be defined
by the Gaussian hypergeometric representation as

( )m zm@ Z N1 210
()\ gb) - F( m,2+z)\,u,1 e )

For ¢ = % the Meixner-Pollaczek polynomials P(2)()\, 72‘) are also obtained
as Melhn transforms of Laguerre functions. Their main properties follow
from this fact: hypergeometric representation above, orthogonality, generat-

ing formula, difference equation, and three terms relation.

These polynomials P,E?(A; g) have been generalized to the multivari-
ate case. In fact, the multivariable Meixner-Pollaczek (symmetric) polyno-
mials have been essentially considered in the setting of the Fourier analy-
sis on Riemannian symmetric spaces in several papers: [Peetre-Zhang,1992]
(Appendix 2: A class of hypergeometric orthogonal polynomials), [Orsted-
Zhang, 1994], section 3.4, [Zhang,2002] and [Davidson- Olafsson Zhang,2003].
Also, see [Davidson-Olafsson,2003] and [Aristidou-Davidson-Olafsson,2006].
Further, for an arbitrary real value of the multiplicity d, the multivariate
Meixner-Pollaczek polynomials are defined in [Sahi-Zhang,2007] in the setting
of Heckman-Opdam and Cherednik-Opdam transforms, related to symmetric
and non-symmetric Jack polynomials, and generating formulae for them are
established. However the case where the parameter ¢ is involved has not been
studied so far. Moreover, once we define the multivariate Meixner-Pollaczek
polynomials with parameter ¢, it is also important to clarify a geometric
meaning of the parameter. Establishing a natural setting for the study of
multivariate Meixner-Pollaczek polynomials with such parameter, one can
expect to obtain wider applications such as a study of multi-dimensional
Lévi-process, in particular, introducing multi-dimensional Meixner process
(see [Schoutens, 2000] for the one dimensional case).

The purpose of this article is to provide a geometric framework for in-
troducing the multivariate Meixner-Pollaczek polynomials (with parameter
¢) and study their fundamental properties. Our analysis may explain much
simpler geometric understanding of several basic properties of the multi-
variate Meixner-pollaczek polynomials than ever, even in the case ¢ = 7
For instance, the &,-invariant difference operator of which the multivariate
Meixner-Pollaczek polynomials are eigenfunctions can be understood by an
image of the Euler operator under the composition of three intertwiners: the
Cayley transform, the Laplace transform and the spherical Fourier transform.



Let us present in the one variable case the scheme we will develop.

a) The monomials ¢,,(z) = z™ form an orthogonal basis in the weighted
Berman space H2(D) (v > 1) of holomorphic functions f on the unit disc
D c C with

14

11 = 2= [ )R =y m(du) < .

(m denotes the Lebesgue measure on C.) Since

m!
V)’

the reproducing kernel of H2(D) is given by

pmlly =

K, (w,w') = Z (Zz'mwmu_)’m.
m=0 '

It can be written as a generating formula for the functions ¢,,:

g0(¢w) =3 W (wm = (1 - we). (0.1)

m!

m=0

b) The Cayley transform

() 14+ w
w— z =clw) = ——
1—w

maps the unit disc D onto the right half-plane T'= {z = = + iy | = > 0},
and its inverse is given by
¢ 2= z+1

For a holomorphic function f on D define the function F' = C, f on T by

FE) = @6 = () 1(E):

Then C, maps unitarily H2(D) onto the space H2(T') of holomorphic func-
tions F' on T' such that

v

1717 =

-1
/ |F(z 4 y) > 2" *m(dz) < oo.
47 T
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The functions FY) = C, ¢y, form an orthogonal basis of H2(T). From the

generating formula (0.1), by performing the transform C, with respect to the

variable (, one obtains a generating formula for the functions £,

> l—w, - -
.: (l,) 1 —Wy—v v 9
(z,w) : mEZ:Om = ( 5 ) (24 c(w)) (0.2)
¢) Every function F in H2(T) admits a Laplace integral representation:
2 o
F(z)=(L,)Y(z) = —/ e # b (u)u” " du,
()= (€0l = s [ e mota)

with ¢ € L2(0,00), with the norm
ol = s [ P
I'() Jo 7

normalized in such a way that £, is unitary. Define the Laguerre function

wv(ﬁ ) as

Vi (u) = e "Ly (2u),

m

where Lfﬁ) denotes the classical Laguerre polynomial of degree m. Then

(L)) = D g,

Applying the inverse Laplace transform £ to (0.2) one gets the following
generating formula for the Laguerre functions:

G (u,w) = i YW (u)w™ = (1 —w) Ve uel), (0.3)
m=0

d) Finally we perform a modified Mellin transform:

M) = 5 /w u

By the classical Plancherel theorem 1 — (M,)(i)\) is a unitary isomor-
phism from L2(0,00) onto L*(R, M,,), with

1 2"
21 I'(v)

M, (dX) = [T(ix+ ) [dx.

4



The function q,(ﬁ) = M7, is a Meixner-Pollaczek polynomial. In fact

V) /(s (V)m v \m (%) ™
¢ (iN) = p— oFi(—m, s+ 5V 2) = (=)™ Pn?” (X; 5)
Hence the Meixner-Pollaczek polynomials q,(f{) form an orthogonal basis of
L3(R, M,), and

g2 = / G GN)EM, (dA) = %n_

If we apply the tranform M, to (0.3) with respect to u, we obtain the
following generating formula

GW(s,w) := Zq” (1 —w)*"2(14+w) " 2.
m=0

(See [Andrews-Askey-Roy,1999], p.348,349, and also [Bump et al.,2000] p.14,15.)

Starting from the Euler equation

v

D(1)¢m = 2wdi¢m = 2m¢ma
w

one obtains a difference equation for the Meixner-Pollaczek polynomial q,,(ﬁ),

D% (s) == (s + ) (¢W (s + 1) = g% (5)) = (s = £) (¢ (s = 1) — ¢ (5))
= 2mgi(s),

and the three terms relation
25¢\")(s) = (m+v —1)g\r 1 (s) — (m + 1)g), (s).

Moreover, by using a Gutzmer formula for the Mellin transform, the or-
thgonality property extends to the polynomials P%(A ¢), with
0<op<m.

In the multivariate case we follow the same scheme. Actually, replacing
the half-line by a symmetric cone, and the Mellin transform by the spherical
Fourier transform, leads to a definition of multivariate Meixner-Pollaczek
polynomials together with their properties, analogous to the ones of the one
variable Meixner-Pollaczek polynomials.
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In Section 1 we recall the basic facts about the spherical Fourier analy-
sis on a symmetric cone. In Section 2 we define the multivariate Meixner-
Pollaczek polynomials Q,(rﬁ) (s) (the case ¢ = 7), where m is a partition, prove
that they are orthogonal with respect to a measure M, on R", and establish
a generating formula.

In Section 3, adding a real parameter €, we introduce the symmetric
polynomials Qsﬁ’g) (s) in the variables s = (s1,...,58,) ( W = QS’;O ). In the
one variable case

qﬁﬁ’g)(s) _ eime(%%pl (—m, s+ 5505 2¢7% cos 9)

= (—i)" P (—is; 0+ 7).

The orthogonality property for the polynomials QL?) (s) is obtained by us-
ing a Gutzmer formula for the spherical Fourier transform. A generating
formula is obtained for these polynomials. In case of the multiplicity d = 2,
we establish in Section 4 determinantal formulae for multivariate Laguerre
and Meixner-Pollaczek polynomials. The last sections are devoted to a dif-
ference equation satisfied by the polynomials QE;"’) (s). Starting from an
Euler-type equation involving the parameter #, this difference equation is
obtained in three steps, corresponding to a Cayley transform, an inverse
Laplace transform, and a spherical Fourier transform for symmetric cones.
The symmetry 0 — —@ in the parameter is related to geometric symme-
tries and to a generalized Tricomi theorem for the Hankel transform on a
symmetric cone. As a biproduct we obtain a differential equation for the
multivariate Laguerre polynomials, whose radial part is a special case of an
equation in [Baker-Forrester,1997]|. In the last section we show that multi-
variate Meixner-Pollaczek polynomials satisfy a Pieri’s formula. In the one
variable case it reduces to the three terms relation satisfied by the classical
Meixner-Pollacek polynomials.

1 Spherical Fourier analysis on a symmetric
cone

A reference for this preliminary section is [Faraut-Kordnyi,1994]. We consider
an irreducible symmetric cone €2 in a Euclidean Jordan algebra V. We denote

by G the identity component in the group G(€2) of linear automorphisms of
2, and K C G is the isotropy subgroup of the unit element e € V.
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The Gindikin gamma function ['g of the cone {2 will be the cornerstone of
the analysis we will developp. It is defined, for s € C", with Re s; > 2(j —1),
by

To(s) = /Q et 0 A (1) A (1)~ (du).

The notation tr (u) and A(u) denote the trace and the determinant with
respect to the Jordan algebra structure, Ag is the power function, N and
n are the dimension and the rank of V', and m is the Euclidean measure
associated to the Euclidean structure on V' given by (u|v) = tr(uv). Its
evaluation gives

N—n

Ta(s) = (2n) ' [T (s, ~ 50— 1).

J=1

where d is the multiplicity, related to N and n by the relation N = n +
d
sn(n —1).

The spherical function ¢g, for s € C", is defined on 2 by

MMZA&MkMM

where p = (p1,...,ps), pj = 4(2j —n — 1), and dk is the normalized Haar
measure on the compact group K.

The algebra D(Q2) of G-invariant differential operators on 2 is commuta-
tive, and the spherical function ¢y is an eigenfunction of every D € D(€2):

Dys = VD(S)SDS-

The function ~p is a symmetric polynomial function, and the map D +— ~p is
an algebra isomorphism from D(Q) onto the algebra P(C")®" of symmetric
polynomial functions, a special case of the Harish-Chandra isomorphism.
The symbol op of a partial differential operator D on V' is defined by

De™®) = g (2,6)e™®) (2,6 € V)

(D acts on the variable x). If D € D(2), then op is a G-invariant polynomial
on V x V in the following sense: for g € G,

op(g-x,&) =op(x,g* - &).
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The map D — p(§) = op(e,§) is a vector space isomorphism from D(€2) onto
the space P(V)% of K-invariant polynomials on V.
The spherical Fourier transform F of a K-invariant function ¢ on €2 is
given by
_N
Fip(s) = | d(w)ps(w)A™r (w)m(du).

Q

4(n —1)), then

Fib(s) = Ta(s+ 5 +p) = (2m) " [[D(s; + 5 - §<n —1)).

j=1
For an invariant differential operator D € D(Q),
Fo(Dip) = vp(—=s)Fui.

Recall the spherical Plancherel formula: if the K-invariant function
satisfies

/ ()2 ()~ ¥ m(du) < oo,
Q

then

/Q () PA ()~ () = FHNPtm(dA),

B
(2m)" Jpa |e(iN)[?

where ¢ is the Harish-Chandra function:
c(s) = ¢ HB(SJ' — Sk, C—l)
) 2
i<k

(B is the Euler beta function, the constant ¢y is such that ¢(—p) = 1.)
The space P(V') of polynomials on V' decomposes multiplicity free under

G as
P(V) = P P,

where Py, is a finite dimensional subspace, irreducible under G. The parame-
ter m is a partition: m = (mq,...,m,) € N*, my > --- > m,. The subspace
PE of K-invariant polynomials in Py, is one dimensional, generated by the
spherical polynomial ®,,, normalized by the condition ®,,(e¢) = 1. The di-
mension of Py, will be denoted by dy,.
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There is a unique invariant differential operator D™ such that

DY) = (P20 o).

We will write v, = vpm. If a K-invariant function v is analytic in a neigh-
borhood of e, it admits a spherical Taylor expansion near e:

(e +v) Zd D™ () D (v).

m

For a € C and a partition m, the generalized Pochhammer symbol (&), is
defined by
Fo(m + «a)
()m = —F—7=—
FQ(O{)

In particular, for v = g, a spherical function,

s(e+v) Zd m(S)Pm (V).

m

For i) = ®,,, we get the spherical binomial formula

CNCEENESY (r;?) Dye(v).

kCm

In fact the generalized binomial coefficient

(IE) = dké)k%(m —p)

vanishes if k ¢ m.

2 Multivariate Meixner-Pollaczek polynomi-
als QEZ)
v)

For n = 1, we define the Meixner-Pollaczek polynomial ¢, as follows

V)m v
( )' oFi(—m, s+ =
m!

(M) (g) = :
qm (S) 2 i

v;2).



This definition slightly differs from the classical one P%(A; ¢):
. mpSy, T
a (A) = (=) P (A 5)-

(see for instance [Andrews-Askey-Roy,1999], p.348.) Its expansion can be

written . }
. (V)m % 1 k.
k=0

The polynomials ¢\’ (i\) are orthogonal with respect to the weight
T (i) + )|2 (v >0).

Observe that for n =1, ps(u) = v’, and

D" = um(%)m, Ym(8) =[slm=s(s—1)...(s —m+1).

Hence, for higher rank, we see vyy(s) as a multivariate analogue of the
Pochhammer symbol [s],,.

We define the multivariate Meixner-Pollaczek polynomial Qfﬁ) as the fol-
lowing symmetric polynomial in n variables:

QW(s) = (¥)m 3 dk%«(m— pn(=s—3) 1 i

() i () ()

For v > 4(n— 1) let us denote by M, (d)) the probability measure on R"
given by

H’r (i), + (n—1)) m(d\),

) le(in)? 2)\|
where

Z, = /njljl(r(mj + g - %(n - 1))‘2mm(d)\).

The constant Z, can be evaluated by using the spherical Plancherel formula,
applied to the function ¥(u) = e " A(u)?:

Jo e 2ruA (u)Y ™ w m(du)
= 2m)N 72 o T, TGN + 5 — d(n—1)? EG) IQm(dA)



Therefore
Z, = (2m)" N2 D (v).

Next statement involves the geometry of the Hermitian symmetric space
of tube type associated to the symmetric cone 2. The map z — (z —e)(z +
e)~! maps the tube domain T = Q + 4V C V¢ onto the bounded Hermitian
symmetric domain D. Its inverse is the Cayley transform:

c(w) = (e +w)(e —w) ™.
Theorem 2.1. Assume v > 4(n —1).

(i) The multivariate Meixner-Pollaczek polynomials QE;;)(M) form an or-
thogonal basis of L*(R™, M,)®". The norm of QY can be evaluated:

L W
din (55)

QR N[ M, (dX) =
R

(ii) The polynomials Qﬁ;) admit the following generating formula: for
seC", weD,

Y A (8)8m(w) = Ale — w?) gy (c(w) ™).

Proof.

a) For v > 2% — 1 =1+d(n— 1), H%(D) denotes the weighted Bergman
space of holomorphic functions f on D such that

1112 = a,ﬁ”/p|f(w)|2h<w)”ﬁm(dw) < .

The constant
L _Tal)
v ™ T'g (l/ - M)

n

is such that the function ®; = 1 has norm 1. The spherical polynomials ®,,

form an orthogonal basis of the space HZ(D)® of K-invariant functions in
H2(D), and
1 (ﬂ)
P2 = — -2, 2.1
[l = 1
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The reproducing kernel of H2(D) is given by
Ky (w,w'") = h(w,w")™",

where h(w,w") is a polynomial holomorphic in w, antiholomorphic in w’, and,
for w invertible,

h(w,w') = A(w)A(w™" —a').

(w" is the complex conjugate of w’ with respect to the real form V of V¢.)
By an integration over K one obtains:

QSKQUO::E:dm15bl®mgﬁ®m@®::/nh@@kO%M; (2.2)

() K

b) For a function f holomorphic in D, one defines the function F' = C,, f
on To by

() = (C)e) = ACTE) " F (e - )z +e)Y).

The map C,, is a unitary isomorphism from H?2(D) onto the space HZ(Tq) of
holomorphic functions on T such that

I1FIZ = af? | |FEPAE m(dz) < .
Tq

The constant
1 FQ (V)

v (471')" FQ(V_ %)7

0@ —

is such that the function

v v 4 + €\ —v
B =0y B (@) =A(-)"
has norm 1. The functions F,(n”) = (,P,, form an orthogonal basis of the

space H2(Tq)® of K-invariant functions in H2(Ty), and it follows from (2.1)
that

N
T (2.3)

12



Performing in (2.2) the transform C, with respect to { we get a generating
formula for the functions F,S’,’): forw e D, z € Ty,

9,52)(2, w) = Z dm%ém(w)ﬂr’l’)(z)

m

€ —w

= A( 5 )_V/KA(k-z—i—c(w))_ydk (2.4)

¢) The functions in H?(Ty) admit a Laplace integral representation. The
modified Laplace transform £,, given, for a function ¢ on €2, by

(L0(2) =) [ A Fm(d),

Q

is an isometric isomorphism from the space L2(2) of measurable functions v
on {2 such that

[l2 = a® / () PA ()~ ¥ 1m(du) < oo,

onto H2(Ty). The constant

y_ 2

(
a
Y Ta(v)

is such that the function Wo(u) = e ™" has norm 1, and then £,V, = Fj.
By the binomial formula

RO = AT " Bu((z -+
= AT Bule 2z +0)7)
B k%:n(—l)“{(rlzl>q)k(2(z+€)_1)A(2(€+Z)_1>V'

Lemma 2.2.

L,(e7"®m)(2) = (1V)mPm((z + ) )A(2(e+2)7")".
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(See Lemma XI.2.3 in [Faraut-Kordnyi, 1994].)

By Lemma 2.2 the function

is the Laguerre function given by

Wi (u) = e LY (2u),

m

where L&Y is the multivariate Laguerre polynomial

Proposition 2.3. (i) The multivariate Laguerre functions i) form an or-
thogonal basis of L2(2), and

(V>m'

1
2 —
”\Ij “ i <%)

(2.5)

m

(ii) The fonctions U admit the following generating formula: for u € ,
w € D,

G® (u, w) Zd ol (w) = Ale —w) ™" / ¢~ (ble) gp. (2.6)
K
The generating formula can also be written

A(e—w)_”/K (k-afw(e—w) dk:—Zd LU (2) P (w). (2.6

Formula (2,6”) is proposed as an exercise in [Faraut-Kordnyi, 1994] (Exer-
cise 3, p.347). It is a special case of formula (4.4) in [Baker-Forrester,1997].
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Proof. Part (i) follows from the fact that £, is a unitary isomorphism from
L3(Q) onto H2(Ty), and from (2.3).

The modified Laplace transform of Qﬁg)(u, w) with respect to u is equal
to 952)(,2,10), and one gets (ii) from (2.4). i

d) We will evaluate the spherical Fourier transform of the Laguerre func-

tions \I/E,l;). We introduce now the modified spherical Fourier transform F,, as
follows: for a function v on €2,

1 v_
FS) = oy, Hes0a )

Observe that F, ¥y = 1.

Lemma 2.4. For Res; > f—f(n -1)—-%,

Fole ™ 0m) () = (—1)™m (=5 = 2).

Proof. Let op(u,§) be the symbol of D € D(Q2), and p(§) = op(e,§). By
the invariance property of op, we have UD(u —e) = p(—u), and therefore
De™ " = p(—=&)e™ ", Hence, for p(§) = ),

D (€
Fole™ " Pm)(s) = ( )‘“"J:V(D“‘e’”“)()

( S — ) ftru)
(~s—3).

\mlfym
- \mlfym

0

From Lemma 2.4 we obtain the evaluation of the Spherical Fourier trans-
form of the Laguerre functions: For Res; > 4(n —1) —

Fo(Vin)(8) = Qm(s).

By the spherical Plancherel formula and part (i) in Proposition 2.3, this
proves parts (i) of Theorem 2.1, for v > 1 4+ d(n — 1):

i (V)m .
i (5)

2’

[ QRN M () = 27
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By analytic continuation it holds for v > 4(n — 1).

For proving part (ii) of Theorem 2.1 one performs the spherical Fourier
transform to both handsides of part (ii) in Proposition 2.3:

v

G =) dmQE) (8)Pm(w) = Ale — w?) 2 (c(w) ). (2.8)

This finishes the proof of Theorem 2.1.

We remark that, in [Davidson—()lafsson—Zang, 2003], a different notation
is used for the Meixner-Pollaczek polynomials: their polynomials p,m (p.
179) are defined through the generating formula above and

Pum(is) = deﬁ;)(s).

3 Multivariate Meixner-Pollaczek polynomi-
als QEE;")

The Meixner-Pollaczek polynomials qﬁﬁ) we have considered at the beginning
of Section 2 correspond to the special value ¢ = 7 with the classical notation.
Using instead 6 = ¢ — 7, the more general one variable Meixner-Pollaczek
polynomials can be written

qﬁs,@)(s) — 6im9%2}7’1<_m7 s + g; v; 2671’0 COS 0)
, me— M| —s—%] 1 ;
_ o (v) [ml | 2}16 = (267 cos ).
m! — (V)k k!

In terms of the classical notation P%(A; ¢)

ar(iX) = (=i)"Pi(X 6+ 7).

For v > 0, |f| < 7, the polynomials qfﬁ’e) (1) are orthogonal with respect to
the weight

MDA+ 2)[

In this section we consider the multivariate Meixner-Pollaczek polynomials

Q% defined by

16



Q'(s) =

pilmlo \V)m (¥)m e(m — p)ye(—s —
(). 2 ()

)

AN

(27 cos 0¥,

—~
3zl —
~—

m kCm k

Theorem 3.1. Assume v > %(n—1), 6] < 5.

(i) The multivariate Meizner-Pollaczek polynomials QS,?;”(M) form an
orthogonal basis of L*(R",eXCit-F+A) N \Sn  The norm of QY can be
evaluated:

. e L (V)
(v,0) 2 20(A14+An) _ nv m
- Q) (i)™ M M, (d\) = (cosb) I (5)

(ii) The polynomials QEﬁ’G) admit the following generating formula: for
seC", weD,

3 dnQU0 (8)Prn(w) = A((e — ew)(e + e 7)) 2 (co(w) ),

where cq 1s the modified Cayley transform:
co(w) = (e + e Pw)(e — ePw) ™.

We will prove Theorem 3.1 in several steps.

a) Let us define the Laguerre functions i,

PO () = lmlletrup (=1 (96=10 (o5 0 4y).

m

For functions ¢ on V of the form ¢ (u) = e ™ "p(u), where p is a polyno-
mial, define the inner product

(V1]02) (w.0) 2 /1/}1 619u)A(u)”_%m(du).

Proposition 3.2. (i) The Laguerre functions T are orthogonal with re-
spect to the inner product (-|-)(,). Furthermore

L (V)m ‘
D ()

15?0 = (cos0) ™™

17



(ii) The Laguerre functions gid satisfy the following generating formula:
forue Q, weD,

G (u,w) == 3 dn W (1) By (w) = Afe — )™ /K (ko) g,

Proof. (i) Put a = €, 8 = 2¢7*cosf. For two polynomials p; and p,
consider the functions

(2] —tru 0 —tru
V(w) = e " py(Bu), Y (u) = e pa(Bu),
and their inner product

277,1/ N
Ca(v) /Qe_(mupl (Bau)e=upy(Bou) A(u)”™ = m(du).

W )0 =

Observe that fa = 2cosf, a + & = 2cosf. Hence

(wge) |¢§9))y79
= F2—() / 6—2cos9trup1(2 cos HU)WA(U)V—%m(dU)
olV Q
271V .
- N0 (cosB)™™ Q@—Qtrvm(Qv)pQ(QU)A@)V—Wm(dU)

= (cos )" (W),

Take
pr(u) = LYV (u), pa(u) = LY~V (u).
Then, by part (i) of Proposition 2.3, the statement (i) is proven.

(ii) The sum in the generating formula can be written

Z dme LYY (27 cos Ou) Py (e w).

Hence the generating formula follows from part (ii) in Proposition 2.3. I

b) By Lemma 2.4 we obtain the following evaluation of the spherical
Fourier transform of the Laguerre functions \Ifgry,’e):

Fo(TH)(5) = Qu(s).

m m
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We will need a Gutzmer formula for the spherical Fourier transform on

a symmetric cone. Let us first state the following Gutzmer formula for the
Mellin transform.

Proposition 3.3. Let ¢ be holomorphic in the following open set in C:
{(C=re? |r>0, 0] <6} (0<90<g).
The Mellin transform of 1 is defined by

Mi(s) = /Ooow(r)r31dr.

Assume that there is a constant M > 0 such that, for |0] < 6y,

/ [ (re®)2r—tdr < M.
0
Then - .
/ [ (re”))*r~tdr = —/ | MY (i) [P dA.
0 21 Jr
Using the decomposition of the symmetric cone (2 as
Q :}O, OO[XQl,

where ; = {u € Q| A(u) = 1}, one gets the following Gutzmer formula for
Q:

Proposition 3.4. Let i) be a holomorphic function in the tube T = Q+1iV .

Assume that there are constants M > 0 and 0 < 0y < § such that, for
|9| < 90,

/ () [2A(u) " m(du) < M.
Q
Then, for 0] < 6y,

/Q () PA () du
1

1 / V(2 20(A1 A

| Fp(iN) P20t m(d)).
(2m)" Jrn |e(@N)[?

From Proposition 3.2 and 3.4 we obtain parts (i) and (ii) of Theorem 3.1.

A more general Gutzmer formula has been established for the spherical

Fourier transform on Riemannian symmetric spaces of non compact type
[Faraut,2004].
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4 Determinantal formulae

In the case d = 2, i.e. V.= Herm(n,C), K = U(n), there are determinantal
formulae for the multivariate Laguerre functions U and for the multivariate
Meixner-Pollaczek polynomials Q%’Q). Consider a Jordan frame {ci,...,¢c,}

inV,andlet 6 = (n—1,n—2,...,1,0).

Theorem 4.1. Assume d = 2. The multivariate Laguerre function o) ad-
mits the following determinantal formula involving the one variable Laguerre
functions ¥ : for u = > iy WiCi,

(v—n+1)
et (Y15, (ui)) 1<i,j<n

Vi(ug, ..., up) ’

. d
T () = §l2ann—1)

where V' denote the Vandermonde polynomial:
Viug, ..., u,) = H(uj — u;).
i<j

As a result one obtains the following determinantal formula for the multi-
variate Laguerre polynomials:
v—n+1
det (L’Enj+5j )(ul)>
V(Ul, Ce ,Un)

Ly (u) = ¢!

Proof. We start from the generating formula for the multivariate Laguerre
functions (Proposition 2.3):

gf’)(u,w) = deq)m(UJ)\I/g;)(u)
= Ale—w)™ / ¢~ (kul(erure—w)™) gp.
K

In the case d = 2, the evaluation of this integral is classical: for x =
det (eziyf)
V(e s x)V(ys, o Yn)

I(z,y) = / elkzl) gl = 5
K
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n n
Therefore, for u =", wici, w = )% wjc;,

14w,

3) ﬁ det(e ) wj)
G (u,w) = (1 —w;)™" — —.
ey ’ Vg, un)V (52, )

Noticing that
I14+w;, 14wy wj — Wy

1—w; 1—wp ~(14+w)(l+w)

we obtain
14w,

oy = (v—n+1) Ui Tt
det( (1 —wj) e j

(3) = §l2-2n(n=1)
gl, (u7 w) V(ul,,..,un)V(wh---,wn)

We will expand the above expression in Schur function series by using a
formula due to Hua.

Lemma 4.2. Consider n power series

Then
det fl w]

V(wl,..., Zamsm wla-"awn)a

where sy, is the Schur functzon assoczated to the partition m, and
o det( m +0; )
(See [Hua,1963|, Theorem 1.2.1, p.22).

Let v/ = v —n + 1, and consider the n power series

filw) = (1 —w)™ e =3 gl

m=0

Since

Dy (Z chj> = Sm(W1,...,W,),
j=1
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we obtain I
et(wmj-l-(sj' (ul))

d
T () = §127 27
m (1) V(ug, ... up)

0

By using the same method we will obtain a determinantal formula for the
multivariate Meixner-Pollaczek polynomials 6),

Theorem 4.3. Assume d = 2. Then

(v—n+1,0),
det(afr 55" (59)

(v,9) = (=92 —%n(n—l) |
Q7 (s) = (—2cosb) 0! Vor o) ,

where qm ) denotes the one variable Meizner-Pollaczek polynomial.

Proof. We start from the generating formula for the multivariate Meixner-
Pollaczek polynomials QU (Theorem 3.1, (ii)):

> 4@ (8) B (1) = A((e — ew)(e + ¢ w)) " F pu(co(w)) ).

For © = ! | z;c;, the spherical function gg(z) is essentially a Schur
function in the variables z1, ..., x,:

det(z}')
Vst s)V(@e,. . )

(n—1)

ps(z) = 0N(z122 .. m,,)%

Let us compute now, for w ="

j=1 W;jCj,

A((e = ew)(e+ e ) Fiu(eaw)) )
0!

H (1 — 2isin w; — wj)~

M\t

| Ln1) det((ce(wj))si>
1< . ])> V(sl,...,sn)V<69(w1),...,09(wn))'

’:]:

<.
Il
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In the same way as for the proof of Theorem 4.1, we obtain

A((e —e” )(6 + 6_1'9))7%305 (ce(w))fl)
= (—2cosf)"2 an(n=1) 5|
det((l — it (1 4 ity ) si_;%(n_l))
Vst oy $n)V(w, ... wy)

We apply once more Lemma 4.2 to the n power series
filw) = (1= %) 7 (L4 e )™~z = ¢l (s;)w™

with v/ = v —n + 1, and obtain finally:

det (afr 157 (51))
(40)(s) = (—2cos ) 2Dl — L .
Q" (8) = (=2 cos6) 2 V(S1y---58n)

5 Difference equation for the Meixner-Pollaczek
polynomials Qﬁﬁﬁ)

We will introduce a difference operator acting on functions in n variables.
We recall first the following Pieri’s formula for the spherical functions.

Proposition 5.1.

trx gos Z OéJ <pS+EJ

with

S‘—Sk—Fg
WO EECES

— S
kA 4k

({e;} denotes the canonical basis of C".)
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See [Dib, 1990], Proposition 6.1 (with a minor correction), where it is
called Kushner’s formula. See also [Zhang, 1995], Theorem 1. One observes
that

c(s)

C(S + €j)’

a;(s) =

in agreement with the asymptotic behaviour of the spherical function pg: for
s = (s1,...,8,) € C", with Res; > --- > Res,, and a = } 7, a;c; with
a; >--->ay, ((c1,...,¢,) is a Jordan frame in V),

os(expta) ~ c(s)e®HPt (1 — o0).

For a partition m, by letting m = s + p, one gets

n

(tr x) P (x) = Z aj(m) Wi 4 (x),

=1

with i )
m; —my —5(j—k—1
a;(m) =[] = A p
e Mg — k= 5(j — k)
(in ageement with Lassalle’s results [1998], p.320, 1.-4).
The difference operator D, g is defined by

Dyof(s)
=¥ Z(Sj + g — %(n —1)ay(s)(f(s+¢5) — f(s))

d

Y (s + 5 = D)as(-8)(fls — <) — F(9)).

Theorem 5.2. The Meixner-Pollaczek polynomial QEE;Q) is an eigenfunction
of the difference operator D, p:

DypQ5?” = 2|m]cos 6 Q7.
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For the proof we will use the scheme we have used in the proof of Theorem
2.1. Fori = 1,2, 3,4, we define the operators D%. The operator Dl(,’l(g = Dél)
is a first order differential operator on the domain D:

D f=e®(w+e, Vf)+e(w—e Vf).

(For W1, we € V¢, (wy,ws) = tr (wyws).) The operators Dl(ji)g, for i =2,3,4
are defined by the relations:

p¥c, = ¢,Dfy,

DY) = DYL,
3) (4)

FVDV79 - Dy7efl/‘

The operator Dl(fg is a first order differential operator on the tube Tq. In

Section 7 we will see that D,(j’g) is a second order differential operator on the
cone (), and prove that D(f‘)
above.

The function

.. 1s the difference operator D, g we have introduced

®O (w) = Oy (w cos § + iesinb)
is an eigenfunction of the operator Dél):
Dél)q)gfl) = 2/m|cosf ®Y).
In fact ®,, is homogeneous of degree |m|, and satisfies the Euler equation
(W, VOp,) = |m|Pp,.

Hence FY? = C,®) is an eigenfunction of D,(fe):

Dz(j,QO)Fl’(rIljﬁ) = 2|m| cos § F9).

Further, since ,CV\IJS;’Q) = ﬁﬂ%j’g), we get

().

Df’e)\lffg’e) = 2/m| cosf W9

)
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Finally, since Q(m”’e) - ]:V\I;g;ﬁ)’

DS}Q)Q](;’G) = 2/m| cosf Q9.
Hence the proof of Theorem 5.2 amounts to showing that Dl(:g =D,y.

The symmetries S5 we will introduce in next Section will be useful for
the computation of the operators Dl%.

6 The symmetries S4) (i = 1,2,3,4) and the
Hankel transform

We start from the symmetry w — —w of the domain D. Its action on
functions is given by

SWf(w) = f(~w).

We carry this symmetry over the tube Tg, through the Cayley transform and
obtain the inversion z — 2=, We define S/” such that

s@c, =c,sW.

Hence, for a function F' on Tq,

Further S is defined by the relation
£,88) =52,

By a generalized theorem of Tricomi (Theorem XV .4.1 in [Faraut-Koranyi, 1994]),
the unitary isomorphism S of L2(92) is the Hankel transform: s =u,,

N
Ubt) = [ o o)p (o)A@ Fmdo)
The kernel H,(u,v) has the following invariance property:

Hl/(g - u, 'U) = H,,(u,g* : U) (g € G)7
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and

Hy(u,e) = =——T(u),

1
La(v)
where 7, is a multivariate Bessel function.

Finally we define S acting on symmetric polynomials in n variables
such that
SWF, =F,S¥

Proposition 6.1. For a symmetric polynomaial p,

Proof. We will evaluate the spherical Fourier transform F,(U,v). By the
invariance property, the kernel H,(u,v) can be written

H, (u,v) = hy (P(v2)u) A(u) 3 A(0)"5,
with h,(u) = H,(u,e)A(u)?, and P is the so-called quadratic representation
of the Jordan algebra V. Let us compute first

N
n

/Q H, (u, 0)s () A (1) 5~ ¥ ()
A(v w

)72 /Q h, (P(v%)u) os(W)A(w) " m(du).

By letting P(v%)u =/, we get

- w / o () pu (P(0™)0) A ()~ ¥ ().

By using K-invariance, and the functional equation of the spherical func-
tion g:

/K oo (P~ )k )k = a0 pa(ud),

we get



Recall that ps(v™!) = ¢_¢(v). We multiply both sides by ¢(v) and get by
integrating with respect to v:
v v
Ta(s+ 5 +p)F(Unt)(s) = Fhu(s)Ta(=s + 5 + p) Futh(—s).
Consider the special case ¥(u) = ¥o(u) = e " Since U, ¥y = ¥, and
F U, =1, we get

F(h,) = :
Finally
Fo(U)(s) = Fup(—s).
It follows that Sl(,4)p(s) = p(—s). i

Corollary 6.2.
QO (=8) = (~1)™IQLs).
Proof. This relation follows from
SOef) = o) (—w) = (1) (w),
which is easy to check, and Proposition 6.1. [

The operator Dl% (1=1,2,3,4) can be written
Dl,l,)g — eieDgi,-i—) + e_ng’_).
For: =1, D) does not depend on v, DM = pa).
DU f(w) = (w+ e,V f(w)), DU f(w)=(w—e, Vf(w)).

Observe that

D) — g p+) g
It follows that, for ¢« = 2, 3, 4,

D) = S0 DS,
In next Section we will compute first D). The operator DY is then
obtained by using the above relation. For ¢ = 3, we will use the following
property of the Hankel transform

Proposition 6.3.
0 0
U,(trv ) = — ((u, (%)2) + vtr (%))U,,w.

This is a consequence of Proposition XV.2.3 in [Faraut-Kordnyi,1994].
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7 Proof of Theorem 5.2

a) Recall that D7) is the first order differential operator on the domain D
given by
DU f(w) = (w— e, Vf(w)),

and Dl(,g’_) is the first order differential operator on the tube Ty, such that
p®*7¢c, =c, D).
Lemma 7.1.
D@ (2) = (2 +¢,VF(2)) — nvF(2).

Proof. Recall that, for a function F' on the tube T,

flw) = (C, F)(w) = Ale —w) ™" F(c(w)),
where ¢ is the Cayley transform

c(w) = (e+w)(e—w) ™ =2(e—w)" —e.
Its differential is given by

(Dc)y =2P((e —w) ™).

We get

Viw)=V(Ale —w)™)F(c(w)) + Ale —w)"2P(e —w) ™) (VF(c(w)))

By using
V(A@)Y) = aA(@)*
(e—w,(e—w)™") = n,
P((e — w)_l)(e —w) = (e—w) !,
we obtain

(w—e,Vf(w)) = Ale—w)™” <—nuF(c(w)) +2{(w —e)7 !, VF(c(w))>>
= (C'G)(»),
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with
G(z) = —(2+e, VF(2)) —nvF(z).
0

b) Consider now the differential operator D™ on the cone Q such that

L£,D*) =pEr,

Recall that the modified Laplace transform £, of a function v, defined on
Q, is given by

2”1/
LCo(v)

N

/ e~y (w) A(u) =7 m(du).
Q

F(z) = L(z) =

Lemma 7.2.

D p(u) = (u, Vip(w) + trutp(u).
Proof. For a € V¢,

2™ N
(@ VFE) = o [ e 0o A ¥ m(du)
Q
Observe that
(z|u)e” 1Y = (u, v, )e~ W,
Therefore

B 2711/
Lo(v)

An integration by parts gives

(2, VF(2)) / ({1, Ve~ )b () A ()~ m(du).

= 2" e~ e y_%m "
PQ(,/)/Q ((u, V) + nv)p(u)A (du).

Finally
(DZIF)(2) = L,((u, Vip) + truh).

0

c¢) The operator D) acting on symmetric functions on C" is such that
DI F, = F,D8).
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Recall that the spherical Fourier transform f = F,1 of a function v, defined
on (), is given by

1

3z

f(s) = (Fui)(s) = m(du).

/Q a0 () A () 5

Proposition 7.3. The operator D) s the following difference operator:

for a function f on C",

DY fs) = D055+ 5 — S = Dy (8) (75 + ) — 1(5)).

j=1

Proof. We will compute ]—"V(Dﬁg’_)z/}) = F,((u, Vi) + true)). Consider first

1
~ Ta(s+%+p)

(0, V) 8) / (1, V45 (1)) () A )~ > 1)

An integration by parts gives, since the function ¢g is homogeneous of degree
2?21 s; (observe that 22;1 p; =0),

N

1 — i
"~ Ta(s+5+0) /Qw(“)(_w’ Vi) @ses (1)) A(w) v m(du)

1 . v v_N
- 7 p e (F 3+ Detmami

Lo (S T3 j=1

= =D (s ) Fls).

Recall the Pieri’s formula (Proposition 5.1):

trups (u) = Z Q (S)Sps-i-aj (u)
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Hence
(truw)( )
N a(s+%+p) /w ]ZIO‘ Psie, (u ) (w) 7~ m(du)

Fa(s+e+5+p
= Z QF(Q(Sjisz) )aj(s)
j=1 2

N Z(Sj + % - %(” — 1) a;(s)Fib(s +¢).

Finally

Fo (D) (s)
= Z(sj—i—g—%l(n—l))a] (s+¢;)—

Jj=1 J=1

n

with f = F,(1). From DY Wy = 0 and F, () = 1, we get

Z(Sj + % — jzl(n —1))a;(s) = Z(S]’ + g)

j=1 j=1

Therefore

We finish now the proof of Theorem 5.2. Recall that

DWH) = sWpPU=IgH — and  SWf(s) = f(—s).
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Therefore, by Proposition 7.3,

DIf(s) = Y (=si+5 = %n = D)aj(=s)(f(s =) = f(s).

j=1

We have establish the formula of Theorem 5.2 since

v

D,g = DY) = e? D) 4 = D),

8 Differential equation for the Laguerre poly-
nomials Lgﬁ_l)

Theorem 8.1. The Laguerre polynomial L = LYY s a solution of the
differential equation

(. ((%)QM +ve—g, (%))L 4 m|L = 0.

Observe that, for n = 1, this is the classical Laguerre differential equation
for the ordinary Laguerre polynomial y = L.

zy" + (v —2)y +my=0.

An equivalent formula is given in [Davidson—élafsson,2003], Theorem 6.1,
and in [Aristidou et al.,2007], Theorem 6.3.

Proof. Recall the relation

and that

Furthermore
Dy = DE 4+ D), DD = U, DEOU,,
where U, = S is the Hankel transform. By Proposition 7.2,
DEp = (u, Vip(u)) + tru.
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By using the relation

U,((v, Vi) = = ((u, V) + n)Up 0,

and Proposition 6.3 we obtain

DB — —((u, <%>2) + vtr (%) + (u, (%)} + nu),

and also

gives Theorem 8.1. I
A K-invariant function f on V only depends on the eigenvalues. Define
F(xy,...,x,) = f(zr1ic1+ -+ + 2p0),

where (cy,...,¢,) is a Jordan frame. Hence F' is a symmetric function on
R™.

Corollary 8.2. The multivariate Laguerre polynomial
LY Y(2) = L(x1,...,2,) is solution of the following equation

1 oL oL
sz dz mi—x]< 'O xja_:p)
1<J
+Z<U—§(n—1)—xi>%+|m|lz=0-
i=1 !

This is essentially the differential operator (2.1b) in
[Baker-Forrester,1997].

One follows the same lines as in the proof of Proposition V1.4.2 in [Faraut-
Koréanyi,1994].
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9 Pieri’s formula for the Meixner-Pollaczek
polynomials Qﬂ;’e)

Theorem 9.1. The Meixner-Pollaczek polynomials Q,V{f) satisfy the following
Pieri’s formula:

(2|s] cos § — 2i|2m + v|sin #)QL9(s)

n

d, . v
= D (mjtv—1-70-D)ajm—g; — p)dmr, Q" (5)
j=1

Z mj +1 + (n = j))aj(—m — ;= p)dme; Q" (s).

=1

Proof. The generating formula (Theorem 3.1 (ii)), with s = m + § — p can
be written:

Dy m 45— )il
= A(e—i—e Oy~ ”Cbm((e— ew)(e + e w)™").
Since
R )
= 9A(e+ e Pw) (= 1)l MO (e — ew)(e + e w) ),
we obtain

SQEY (m+ L = p)e M0 (w) = 27 (1) e FLL ) (),
k

Recall that the function Fv"” is an eigenfunction of the differential operator
Dfe)3

Dfe)FI(rll”e) (w) = 2|m| cos OF0) (w).
It follows that

decf” +5 = 0) ™ D0y (w)

_ 2]m|COSQdeQ(V0 m—i-g—p)d)k(w). (9.1)
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Lemma 9.2. (i)

0 (V@) = Y5+ §0 = D))o
(i)
DE)os(z)
= (Y (55— T = D+ v)a()eere, () + (3 51)e(2)
(D (s + G = D)as(=shen () + (X ) n(2) + mr(2)).

((i) is in agreement with Lassalle’s results [1998], p.321, first line of
(14.1).)

Proof. (i) For t > 0 we consider the following Laplace integral:

/Qe_("”y)e_ttrygos(y)A(y)_gm(dy) =Ta(s+ p)p_s(te + x).

Taking the derivatives with respect to t for ¢ = 0, one gets:

— /Q e~ Etry oy (v)A(y) "2 m(dy) = Ta(s + p) tr (Ve_o(x)).

By using Proposition 5.1:
try ea(y) = 3 ay(8)@arg (7).
=1

and since

S asls) [ s, A0 Py

= Z aj(S)FQ(S + gj + p)‘pfsfsj ('r)a

j=1
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one obtains

n

LCo(s+¢;+p)

tr (VSO—S(X)) = - Z aj(s) FQ(S T P) P—s—¢; (ZL‘)
= =Y ) (s - G- 1)pa o )

or

In fact the explicit formula for ',

Fafs +p) = (20 [T (s; = (n = 1),
gives
Los+g+p) _Tlstl-g-1) _  d,
To(s + p) T(s; — 9(n —1)) T4 '

(i) Recall that
DRI (2) = —(z+ e, VF(2)) — nvF(z).

From (i) we obtain

n n

D@ g(2) = Z(Sj + fzi@ — 1)) a(—8)ps—c,(2) — (Z s+ 1) ps(2).

j=1 j=1
By using D™ = 5 DP 5P and S,(,2)gos(z) =@ s ,(2), we get (ii). ]

We continue the proof of Theorem 9.1. Let us write (ii) of Lemma 9.2
with s =k — p:

Di?;i@k(w)
= (0 v - D)oyl s () + ()
e (0 + %l(n =)oy (k4 p) e, (1) + (k| £ ) ().
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(Observe that 377 | p; = 0.) Now, equaling the coefficient of ®y () in both
sides of (9.1), we obtain the formula of Theorem 9.1 for all s = m + § — p.
Since both sides are polynomial functions in s, the equality holds for every
S.
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