ASYMPTOTICS OF SPHERICAL FUNCTIONS FOR LARGE RANK,
AN INTRODUCTION

Jacques Faraut

This paper has been written following a talk given as an introduction
to the work of Okounkov and Olshanski about asymptotics of spherical
functions for compact symmetric spaces as the rank goes to infinity. This
topic belongs to the asymptotic harmonic analysis, i.e. the study of the
asymptotics of functions related to the harmonic analysis on groups or
homogeneous spaces as the dimension goes to infinity. Such questions
have been considered long time ago, for instance by Krein and Schoenberg
for Euclidean spaces, spheres and real hyperbolic spaces, which are
Riemannian symmetric spaces of rank one. The behaviour is very different
when the rank is unbounded, and new phenomenons arise in that case.

In this introductory paper we present the scheme developped by Ok-
ounkov and Olshanski for studying limits of spherical functions on a com-
pact symmetric space G(n)/K(n) as the rank n goes to infinity. These
limits are identified as spherical functions for the Olshanski spherical pair
(G, K), with

G=|JGn), K=|JKn)

We will explain results and methods in the special case of the unitary
groups U(n). This amounts to studying asymptotics of Schur functions.
The proof uses a binomial formula for Schur functions involving shifted
Schur functions. This presentation is based on two papers: [Okounkov-
Olshanski, 1998c¢|, for the type A, and [Okounkov-Olshanski,2006], for the
type BC'. The case of the unitary groups have been considered by Vershik
and Kerov, following a slightly different method ([1982]).

In Section 5 we present without proof general results by Okounkov and
Olshanski for series of classical compact symmetric spaces, and finally in
Section 6 we consider the cases for which there is a determinantal formula
for the spherical functions.



1. Olshanski spherical pairs. — Let us recall first what is a spherical
function for a Gelfand pair. A pair (G, K), where G is a locally compact
group, and K a compact subgroup, is said to be a Gelfand pair if the
convolution algebra L!(K\G/K) of K-biinvariant integrable functions on
G is commutative. Fix now a Gelfand pair (G, K). A spherical function
is a continuous function ¢ on G which is K-biinvariant, ¢(e) = 1, and
satisfies the functional equation

Ay@@MMMZﬂ@ﬂw (2.y € G),

where « is the normalized Haar measure on the compact group K. The
characters x of the commutative Banach algebra L!(K\G/K) are of the
form

mﬁ:[ﬁmw@mmx

where ¢ is a bounded spherical function (m is a Haar measure on the
group G, which is unimodular since (G, K) is a Gelfand pair).

If the spherical function ¢ is of positive type (i.e positive definite), there
is an irreducible unitary representation (7, ) with dim H¥ = 1, where
HE denotes the subspace of K-invariant vectors in H, such that

p(z) = (ulr(2)u),

with v € H¥, ||u|| = 1. The representation (7,H) is unique up to
equivalence. An irreducible unitary representation (m,H) with dim HX =
1 is said to be spherical , and the set € of equivalence classes of spherical
representations will be called the spherical dual for the pair (G, K).
Equivalently €2 is the set of spherical functions of positive type. We will
denote the spherical functions of positive type for the Gelfand pair (G, K)
e z) (AeQ, zeq).

Consider now an increasing sequence of Gelfand pairs (G(n), K (n)):
G(n) cGn+1), K(n)Cc K(n+1), K(n)=Gn)NK(n+1),
and define - -
G=|JGn), K=|]JKn)
n=1 n=1

We say that (G, K) is an Olshanski spherical pair. A spherical function
for the Olshanski spherical pair (G, K) is a continuous function ¢ on G,
(e) = 1, which is K-biinvariant and satisfies

lim p(xky)an(dk) = p(x)p(y) (2,y € G),



where «,, is the normalized Haar measure on K(n). As in the case
of a Gelfand pair, if ¢ is a spherical function of positive type, there
exists a spherical representation (m, H) of G (i.e irreducible, unitary, with
dim H¥ = 1) such that

p(z) = (ulr(z)u),

with u € HX, ||u|]| = 1. In the same way the spherical dual Q is identified
with the set of spherical functions of positive type. Such a function will
be written p(w;x) (w € Q, z € G).

On €, seen as the set of spherical functions of positive type, we will
consider the topology of uniform convergence on compact sets.

We will consider the following question. Let £2,, be the spherical dual
for the Gelfand pair (G(n), K(n)), and let us write a spherical function of
positive type for (G(n), K(n)) as ¢n (X, z) (A € Q,, z € G(n)). For which
sequences (A(™), with \(®) € Q,,, does there exist w € Q such that

lim o, (A™:2) = p(w;z) (ze€@)?

n—oo

In the cases we will consider, there is, for each n, a map
T, :Q, — Q,

such that, if
lim T,(A™) = w,

n—oo

for the topology of €2, then
lim ¢, (A™;2) = o(w; z).

It is said that (A(™) is a Vershik-Kerov sequence.



2. The unitary group. — For a compact group U, we consider the

pair
G=UxU, K={(u,u) |lueU} ~U.
Then G/K ~ U. A K-biinvariant function f on G is identified to a central
function ¢ on U by
fla,y) = pxy™).

The convolution algebra L'(K\G/K) is isomorphic to the convolution
algebra L'(U)central Of central integrable functions on U, which is com-

mutative. Hence (G, K) is a Gelfand pair. We will say that a continuous
central function ¢ is spherical if ¢(e) = 1, and

/U p(euyu)a(du) = p(@)e(y) (@y € U),

where « is the normalized Haar measure on U. In fact it amounts to
saying that the corresponding function f on G is spherical for the Gelfand
pair (G, K).
If (m,’H) is an irreducible representation of U, then the normalized
character (w)
U
o) = i Xalu) = tr(n(w),
is a spherical function, and all spherical functions are of that form. Hence
the spherical dual 2 for the pair (G, K) is the dual U of the compact group
U.

—

For U = U(n), the unitary group, the spherical dual Q, = U(n) is
identified to the set of signatures

A=A, An)s MEZ, A > > A

The character y ) of an irreducible representation in the class \ is given by
a Schur function. Define, for t = (t1,...,t,) € (C*)", a = (a1,...,ap) €
7",
_ @
Aq(t) = det(tj ).

For a signature A, the Schur function s, is given by

sa(t) = A{\/Jr(igt),
where § = (n — 1,n —2,...,1,0), V(t) = As(t) is the Vandermonde
determinant:
V() =]t -t
1<J
For a diagonal matrix u = diag(ty,...,t,),

Xa(u) = sa(t).



3. The infinite dimensional unitary group. — The infinite
dimensional unitary group U(co) is defined as

U() = | JU(n).

One associates to U(co) the following inductive limit of Gelfand pairs:
G(n)=U(n) xU(n), K(n) = {(v,uv) |ueU(n)},

G =[] G(n)=U(x) x U(),

K=JK(n) ={(uu)|ueU(x)}

Let us first state the following result by Voiculescu [1976]. Consider a
power series

(1) =) emt™,
m=0
with -
tm >0, ®(1) =) cm=1, [t|<1
m=0

Define the function ¢ on U(o0) by

p(g) = det (g).

This means that the function ¢ is central, and,
if g = diag(t1,...,tn,1,...), then

©(g) = ®(t1) ... P(ty).

THEOREM 3.1 (VOICULESCU, 1976). — The function ¢ is of positive
type if and only if ® has the following form

with

(S8



We propose to call such a function a Voiculescu function. Let €}y be
the set of triples w = («, 3,7) as above. We will write

o(t) = P(w;t),

and consider on €2y the topology corresponding to the uniform convergence
of the functions ®(w;-) on the unit circle. This topology can be expressed
in terms of the parameters «, 3, as follows: for a continuous function
on R, put

Ly(w) = axular) + Y Bru(—Bk) + yu(0).
k=1 k=1

Then the topology of €2y coincides with the initial topology defined by the
functions L, (i.e. the coarser topology for which all the functions L, are
continuous).

The Voiculescu function ®(w;t) is meromorphic in ¢, with poles 1+ O%k
It is holomorphic in the disc |t| < 7, with » = 1 4 inf aik Its logarithmic
derivative is holomorphic near 1:

d oo
% log®(w; 14 2) = Z amz™,
m=0
with - -
ao _’7—’_20[]&‘ +Zﬁk7
k=1 k=1
oo oo
am =Y o+ (=)™ BT, m> 1
k=1 k=1

Observe that

THEOREM 3.2. —  The spherical functions of positive type on U(o0)
are the following ones

pwh w;g) =det ®(w';g)det R(w 5971,

with wt, w™ € Q.
[Vershik-Kerov,1982], [Boyer,1983].

Hence the spherical dual of the Olshanski spherical pair (G, K) associ-
ated to U(oo) is the set Q = Qg x Qg of pairs (wT,w™).



We will now describe the sequences of signatures (A™)) with
A =AM A e,

for which there exists w = (w™,w™) such that

+

lim ¢, (A\™;g) = p(w,w™;g).

n—oo

We will first consider the case of positive signatures. We say that a
signature A is positive if the numbers \; are > 0, and we will denote
by Q. the set of positive signatures in ,. One defines the Frobenius
parameters a = (a;) and b = (b;) of a positive signature A as follows

a; = X\ — 1 if A\; > 1, a; = 0 otherwise,
bj =N, —j+1if X} > j—1, bj = 0 otherwise,

where ) is the transpose signature. For instance, if A = (6,4,4,2,1), then
a=(521,0,0),b=(531,0,0).
We define the map

TanL_ —>QO, A= w= (a7ﬁ77)7

THEOREM 3.3. — Let \(") = ()\gn), cee )\%n)) be a sequence of positive
signatures. Assume that

lim 7, \") = w,

n—oo

for the topology of Q. Then, for g € U(0),

lim on(A™); g) = det ®(w; g),

n—oo

uniformly on each U (k).
[Vershik-Kerov,1982], [Okounkov-Olshanski, 1998¢].



Ezxample

For two numbers p, k € N with p > k, consider the positive signature

A=(p,...,p,0,...),

where p is repeated k times. The Young diagram of ) is a rectangle with
sides p and k. The Frobenius parameters are a = (a;) with

a;=p—iif i<k, a;=0if i > k,
and b = (b;) with
bj=k—j+1if j <k, bj=0if j > k.

Observe that
Z a; + Z bj = k:p

For a continuous function v on R,

Lu(Ta (V) :Zp;iu<p;i) +Zk:k—;i+ 1U<_k_i+1>-

i=1 j=1

Consider now two sequences (p(™) and (k™) and let (A(™) be the
corresponding sequence of signatures. Assume that

p™ ~ v/, K ~ /.

Then
lim L, (T,(A™)) = u(0).
This means that
lim 7, (A"™) = w,

n—oo

with w = (0,0, 1), i.e. ap =0, B =0, v = 1. Therefore

lim gpn()\(n);g) — det(exp(g _ I)) — otrg=1)

n—oo



We consider now the general case. To a signature A one associates two
positive signatures AT and \7: if

M > A 20> A > > A,
then
AT = (A, 0,0, AT = (= Xy, —Apt1,0, ...

One adds as many zeros as necessary to get positive signatures A™, A\~ in
Q;F Then we define the map

TnIQnHQ:Q()XQO
by extending the map T, previously defined:

To(N) = (T (A1), TH(A7)).

THEOREM 3.4. — Let (A\™) be a sequence of signatures, with
A e Q.. Assume that

lim T, A\™) = w = (v, w).

n—oo

Then, for g € U(c0),

lim @, (A™); g) = det ®(w™; g) det (w™597")

n—oo

uniformly on each U (k).

We will prove Theorem 3.3 in Section 5. For the proof of Theorem
3.4 see [Okounkov-Olshanski, 1998¢], and also [Faraut,2008]. The proof of
Theorem 3.3 will involve a binomial formula for Schur functions.

4. Binomial formula for Schur functions. — We will use a formula
for Schur expansions due to Hua ([Hua,1963], Theorem 1.2.1).

PROPOSITION 4.1 (HUA’S FORMULA). —  Consider n power series:
o0
filw) = euw™,
m=0
which are convergent for |w| < r for some r > 0. Define the function F
on C" by

. det (fZ(ZJ))

F(2)=F(z1,...,2,) = Vo) |z < 7.



Then F' admits the following Schur expansion:

F(z) = Z AmSm(2),
My > >m, >0
with '
am = det (c(z) )

mi+n—j

In particular

i det fi(z))

= = - (4)
21,m2n—0  V(2) =F(0) =ao = det(c )

n—j

For a positive signature m = (my, ..., my,), the shifted Schur function
sk is defined, for a signature A = (A1,...,A,) by
1 (5 W R

where 0; =n — i, and
laly =ala—1)...(a —k+1).

The functions s}, (\) are shifted symmetric functions. The ordinary Schur
function spm,(z) is symmetric, i.e.

Sm(. oy iy L1y - - ) = Sm(. ey L1 Ly e e .),
while the shifted Schur function s, (\) satisfies:
S:n(...,)\i,)\i+1,...) = S:n(...,)\zqu - 17)‘z+17)

The algebra of symmetric functions is denoted by A, and the algebra
of shifted symmetric functions will be denoted by A*. (See [Okounkov-
Olshanski, 1998a] and [1998b].)

THEOREM 4.2 (BINOMIAL FORMULA).

sx(I+z1,...,1+2,) Z 0!

S)\(l,...,l) )!S:nO\)Sm(Z).

m -+ 4
> Sz (M

For n =1 this is nothing but the classical binomial formula:

1429 =3 L



Proof. The theorem is a straightforward application of Hua’s formula
(Proposition 4.1) in the case

oo

s 1 m
One observes that
1,...,1) = = 7.
S)x( ) ) ) V((S) 5' |:|

If A is a positive signature, then s} (A) =0 if m € A, and

sx(L+z1,...,14+2,) 5! )
sx(1,...,1) - mZC:A (m+5)!3m()\)3m(z).

If, in Theorem 4.2, one takes z; = z, 20 = 0,...,2, = 0, then one
obtains Lemma 3 in [Vershik-Kerov,1982]:

sx(1+2,1,...,1) = 1
_1 hE (A)2™.
o) LD ey s e AU

m=1

The shifted complete symmetric function h* () is denoted by ®,,(\) in
[Vershik-Kerov,1982]. By using the fact that the value of a determinant
does not change when adding to a column a linear combination of the
other ones, one obtains, with ¢; = \; + n — 1,

Uilman—1  [lilp—2 ... 1
) 1| [le)man—1 [lofn—2 ... 1
[gn]m#—n—l [En]n—Q |
Clmgno1 272 001
B 1 [62]m+n—1 6372 e 1
40 :
[gn]m—&—n—l 62_2 o1

By expanding now [x],,4+n—1 in powers of x:

[®]man—1=2(x—1)...(x —=m —n+2)

— Z em_k(O, —1,...,—(m+n-— 2))xk+”_1
k=0

+ terms of degree < n — 1,

11



where ej is the k-th elementary symmetric function, one obtains the
formula from Lemma 3 in [Vershik-Kerov,1982]:

— Zem*k(ov —1,...,—(m+n—2))hg(0).

k=0

5. Proof of Theorem 3.3. — We follow the method of proof of
[Okounkov-Olshanski, 1998c].
a) The morphism A — C(§)

One defines an algebra morphism A — C(€o) which maps a symmetric
function f to a continuous function f on €25. Since the power sums

P (T1, oy Ty ) :Za:;”
i

generate A as an algebra, this morphism is uniquely determined by their
images p,,,. One puts, for w = («, 3,7) € Qo, with a = (o), 8 = (),

g W):ZalmLZﬂkJr%
k=1 k=

Nw)zZa?—i—( leBk (m > 2).
k=1

The functions p,, are continuous on £y. In fact, as we saw above,
Pm(w) = Ly (w), with u(s) = s™~! (m > 1).

PROPOSITION 5.1. —  The functions ffL:n(w) are the Taylor coefficients
of the Voiculescu function ®(w;t) att =1: for z € C, |z]| < r = inf a—lk,

Proof. One starts from the generating function of the complete symmetric
functions h,,

H(z;z) = Z h(z)2™ = |

n
m=0 j=

1—sz

Its logarithmic derivative is given by
— 1 H( g p
0 (3 2)

12



On the other hand, as we saw in Section 3,

d
d—log(I)wl—i—z meH

Therefore the coefficients ¢;,, (w) defined by

[e.¢]

D(w; 1+ 2) Zcm

m=0

are images, by the morphism f — f, of the complete symmetric functions
Bt em(w) = hp(w). []

COROLLARY 5.2. —  Forz=(z1,...,2,) € C", |Zg| <,

H Qwil+z)= Y Sm(w)sm(2).

mlzzmlzo

Proof. Observe that the statement of Proposition 5.1 can be written:

H(w;z) = ®(w; 1+ 2),

and apply the morphism f — f to both sides of the Cauchy identity

n

HH(x;zj) = H ﬁ = Z Sm(Z)Sm(2).

j=1 i,7=1 mi1>...2my >0

b) Asymptotics of shifted symmetric functions

PROPOSITION 5.3. — Consider a sequence (\™) of positive signatures
with A\ € QF | and let w € Qo. Assume that, for the topology of Qo,

n’

lim 7,(A™) = w

n—oo

Then, for every shifted symmetric function f* € A*,

lim —f (AM) = f(w),

n—oo M

where m is the degree of f*, and f is the homogeneous part of degree m

in f*.

13



We will prove the statement in the special case f* = ¢ ,:

0N =D (N — i+ U — [0+ ).

i>1

The function ¢}, () is shifted symmetric of degree m and the homogeneous
part of degree m is equal to the Newton power sum p,,(\). Since
the functions ¢, (\) generate A* as an algebra, the statement of the
proposition will be proven.

LEMMA. — Let a = (a;), b= (b;) be the Frobenius parameters of the
positive signature . Then

Im(A) = Z[l + ailm — Z[l = bjlm.

i>1 i>1

Proof of Proposition 5.3

Let a(™ = (az(-n)) and b(™) = (b;n)) be the Frobenius parameters of the
positive signature A(™, and w = (o, 3,7) € Qq, with o = (a), 8 = (B).
By assumption, for every continuous function v on R,

lim Ly (T,,(A\™)) = Ly (w),

or
(n) (n) b(.”) b(n)
a; a;
Ii 7 7 J (_ J >
REI;O(Z () (-
i>1 jz1

=Y aular) + Y Bru(—B) + u(0).

k=1 k=1
Consider the sequence of the functions
1
un(s) = %[ns + ]-]m
Then

Lo, (Ta(A™)) = —— g7, (),

pm I

On the other hand the sequence u,(s) converges to the function u(s) =

s™~1 uniformly on compacts sets in R, and

Ly(w) = pm(w).

It follows that



c) End of the proof of Theorem 3.3
To finish the proof one applies the following:

PROPOSITION 5.4. —  Let 1, be a sequence of C*°-functions on the
torus T* of positive type, with 1, (0) = 1, and ¥ an analytic function in a
neighborhood of 0. Assume that, for every a = (o, ..., ay) € N¥,

Jim 971, (0) = 0" (0).

Then 1 has an analytic extension to T*, and 1, converges to 1 uniformly
on TF.

For the proof, see for instance [Faraut,2008], Proposition 3.11.
We consider a sequence of positive signatures (A(™) such that
lim T,(\™) = w
Put, with t; = etfi
Untiy . tr) = oo (A diag(te, ..., tr, 1,..2)),

k
djtlw"? H

By Theorem 4.2,

J!
V(T4 21,0, 1+ 25) = E — st A ™)sm (21, 2).
> Sy z0 (1)

Then, by Proposition 5.3,

lim fn()\(”)) = Sm(w),

and, by Corollary 5.2,
k
Z Sm(W)sm (21, .-+, 2k H (wil4zk) =1+ 21,..., 1+ 2z).

my>e 2my Jj=1
Finally, observing that

@)

s~ nI®l (n = o0),

we obtain, by Proposition 5.4,
lim wn(th e ,tk) = w(tlv e ,tk),
n—oo

uniformly on T*. In fact, the Taylor coefficients of v,,, as a function on
T*, are finite linear combinations of the coefficients in the Schur expansion
of V(14 21,..., 14+ z,). []

15



6. Inductive limits of compact symmetric spaces. — One knows
that, if G/K is a Riemannian symmetric space, then (G, K) is a Gelfand
pair. Let G(n)/K(n) be a compact symmetric space of rank n, and

g(n) = &(n) +p(n)

be a Cartan decomposition of the Lie algebra g(n) of G(n). Fix a Cartan
subspace a(n) C p(n), a(n) ~ R™, and put A(n) = expa(n) ~ T". Let R,
denote the system of restricted roots for the pair (a(n)c,g(n)c).

a) Classical series of type A

We consider one of the following series of compact symmetric spaces.

G(n) K(n) d
U(n) O(n) 1
Un)xU(n) Um) 2
U(2n) Sp(n) 4

The system R, of restricted roots is of type A,,_;. For a suitable basis
(e1,...,ep) of a(n), the restricted roots are

aij =¢e;—¢j (i #7])

((e1,...,€p) is the dual basis), with multiplicities d = 1, 2, 4.

These symmetric spaces appear as Shilov boundaries of bounded
symmetric domains of tube type. In particular the symmetric space
U(n)/O(n) can be seen as the space of symmetric unitary n x n matri-
ces. The subgroup A(n) can be taken as the subgroup of unitary diagonal
matrices.

The space U(n)/O(n) can also be seen as the Lagrangian manifold
A(n), the manifold of n-Lagrangian subspaces in R?".

The spherical dual €, of the Gelfand pair (G(n), K (n)) is parametrized
by signatures

/\:(/\17"'7/\71)7 )\iEZ, )‘122)\77,

The restricted highest weight of the spherical representation corresponding
to Ais D0 Nig.

The restriction to A(n) ~ T™ of the spherical function ¢, (\;z) is a
normalized Jack function: for a = (¢1,...,t,),

In(t1, -yt a)
n )\; = ’
en(Xia) In(1,...,1;a)

16



with @ = 2. For d = 2 it is a Schur function. (See [Stanley,1989] for
definition and properties of Jack functions, and also [Macdonald,1995],
Section VI.10.)

The Jack functions are orthogonal with respect to the following inner
product:

(PlQ) = i PH)Q)|V (£)|*6(dt),

where 3 is the normalized Haar measure on T". With ¢; = e's |
ej - (9k d

5|

V()= H 4|sin
i<k
1

b

We consider now the Olshanski spherical pair (G, K) with

G=|JGn), K=|]JEKn)

We state without proof the main results by Okounkov and Olshanski
([1998¢]). The spherical dual for the pair (G, K) is, as in the case of the
infinite dimensional unitary group, parametrized by a pair w = (W™, w™),
i.e. Q= Qg xQ. Forw € Ny, w= (e, 3,7), with a = (), 5 = (Bk),
define

oD (wit) = o (t=1) ﬁ 1+ Be(t—1)
=1 (1= Zap(t— 1))

For d = 2, it is the Voiculescu function we considered in Section 3.

(teT).

1Y

THEOREM 6.1. —  The spherical functions of positive type, for the
Olshanski spherical pair (G, K), are given, for a = (t1,...,tn,1,...) €
A~ T by

- 1
plwa) = [[ 2@ (w*:t))0 0w -,
j=1 J
with w = (wh,w™) € Q.

One defines the map T, : Q,, — Q = Qp x Qg as in the case of the
unitary groups (see Section 3).
THEOREM 6.2. —  Let (A(™) be a sequence of signatures with A" €
Q,. If
lim 7, A\™) = w = (wt,w),

n—oo

17



then, with a = (t1,...,tg, 1,...) € A,

k

1
lim @, (A";a) = [] 2 (w";t;)@ @ (w5 -).
e j=1 t

Since there is no simple formula for the Jack functions for o # 1, the
proof for d # 2 is more difficult than in the case of the unitary groups.
However it follows the same lines. The first step is a binomial formula for
the normalized Jack functions.

b) Classical series of type BC

We consider the following series of compact symmetric spaces.

G(n) K(n) Rn d _p g
O(2n) x O(2n) O(2n) D, 2 0 0
2 0@2n+1)x02n+1) O2n+1) B, 2 2 0
Sp(n) x Sp(n) Sp(n) c, 2 0 2
4 Sp(n) U(n) ¢, 1 0 1
5 O(4n) U(2n) C, 4 0
O(4n +2) U(2n+1) BC, 4 4 1
7 O@2n+k) O(n) xOn+k) BC, 1 %k 0
8 U@2n+k) Un) x Un + k) BC, 2 2k 1
9 Sp@2n+k) Sp(n) x Sp(n+k) BC, 4 4k 3

The possible roots and multiplicities are

(e ‘ j:ei + €5 & 261‘

ma‘d P g

Series 1, 2, and 3 are compact groups seen as symmetric spaces.

Series 4, 5, and 6 are compact Hermitian symmetric spaces.

Series 7, 8, and 9 are Grassmann manifolds: spaces of n-subspaces
in F2"*% with F = R, C, or H, d = dimgF, p = dk, ¢ = d — 1.
If £ = 0, the root system R, is of type C),,. The symmetric space
U(2n+k)/U(n) x U(n + k) is Hermitian as well.
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For series 7, 8, and 9 the Cartan subgroup A(n) can be taken as the
group of the following matrices
0 —sin g
CL(G) = 0 1, k 0 5
sin g 0 cos g

with 0 = (01, ...,0,), and

0 0 0 0 )
cos — = diag(cos 31, ...,COS ?n), sin 5= diag(sin 31, ...,sin 7")
We assume that the multiplicities d, p, g don’t depend on n. The spherical

dual §2,, is parametrized by positive signatures:
)\Z()\l,...,)\n), A e N, A1 >-- >N, >0.

The restriction to A(n) ~ T™ of the corresponding spherical function
is a normalized Jacobi polynomial. (See Hypergeometric and Special
Functions, by G. Heckman, in [Heckman-Schichtkrull,1994], for definition
and properties of Jacobi polynomials associated to a root system.) For
a=(ti,...,tn) € A(n),

L Balty, . t,)
Pn(Aia) = Tr(l,..., 1)

The polynomials 3 are orthogonal with respect to the inner product

(PIQ)= [ POROIDE)]3d)

with, if t; = e'fs

D(t) = H(sin b —g 6j>d<sin b ; 0j>df[1(sin %)p(sin&')q.

1<J

By putting z; = cos; = % (t; +1t; 1), the inner product is carried over an
integral on [—1,1]™ with the weight

n
[Tz oy TIQ — 21 +20)°,
1<J i=1

with a = %(p +q—1), 0= %(q —1). We will write Py for the Jacobi
polynomial in the variables x;:

PA(I'l,...,.%n)Zm)\(tl,...,tn), I'i:%(ti—Fti_l).
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As in 6.a), we define, for w € Q,

oo

8@ ;1) = D [ ; ! tﬁkit - 3) (teT).
=1 (1— 2a,(t —

vl

THEOREM 6.3. —  The spherical dual for the pair (G, K) is parame-
trized by Qq. The spherical functions are given, fora = (t1,...,tn,1,...) €
A~ T by

@) t;) o)
H (10D (s 1),
with w € (.

One defines the map T, : 2, — Qg as in the case of the unitary groups
for positive signatures.

THEOREM 6.4. —  Let (A™) be a sequence of signatures, with
A e, If
lim T, (A™) = w,

n—oo

then, for a = (t1,...,tk, 1,...),

k
1
li A q) = D (o tPD (o —).
Jim o, (A5 a) j|_|1 (w;t5) @ (w; )

7. The case d = 2. Determinantal formula, binomial formula
for multivariate Jacobi polynomials. — In this last section, we will
present, in case d = 2, a determinantal formula for the multivariate Jacobi
polynomials, and then a binomial formula.

In their paper, Berezin and Karpelevié¢ gave a determinantal formula for
the spherical functions on the Grassmann manifolds U (p+q)/U(p) x U(q)
([1958], see also [Takahashi, 1977], [Hoogenboom,1982] ). In fact such a
determinantal formula exists in all cases with d = 2.

Let p be a positive measure on R with infinite support and finite

moments: for all m € N,
[ttty < oo
R

By orthogonalizing the monomials ¢, one obtains a sequence of orthogo-
nal polynomials p,, (t):

/Rpg(t)pm(t)u(dt) =0if £ #m.
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For a positive signature A, define the multivariate polynomials Py

o 2 = STl

where A\ is a positive signature, and, as above, 6 = (n — 1,...,1,0).
The symmetric polynomials Py are orthogonal with respect to the inner
product

(P|Q) = /n P(x1,...,2)Q(x1, ..., 20)V (1, ..., 20)*u(dey) . .. p(day,).

If the polynomials p,, are normalized such that
pm(t) =t + lower order terms,

then
Py(z1,...,2p) = sx(x1,...,2,) + lower order terms,

Consider now the measure 1 on R given by

/R FE)u(dt) = / O =071+ 1)

with a,3 > —1. Then the orthogonal polynomials with respect to this
measure are the Jacobi polynomials p,,(t) = pﬁfj P )(t). The multivariable

polynomials Pf\a’ﬁ) given by, for x = (z1,...,2,),
PR () = 1 (v3045, (25))
)\ V(l‘) Y

are orthogonal for the inner product

n

(PlQ) = /[_1 i P(@WH(% - xj)2 H(l —x)*(1+ xi)ﬁdxl o dxy,

i<j i=1

and are, up to a constant factor, the Jacobi polynomials associated with
the root system of type BC,, and the multiplicity (d,p, q), with d = 2.
Normalized by the condition p,(f{ & )(1) = 1, the Jacobi polynomials

p,(;;‘ %) admit the following hypergeometric representation:

pfjj‘”@)(t):2F1<—m,m+a+ﬁ+l;oz+l;%>
= (m)p(m+a+B+1), 1 1 —t\k

(o + 1) B\ 2

k=0
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Let us introduce the notation:

1
a:%, ¢ =m+ o,

[0k = (2 =07)...(¢* = (0 +k—1)?).

The binomial formula for the Jacobi polynomial pgn ®A) can be written:

PP (1 +w) = Za(m)w —Zm:k-l a+1 ( )k

By Hua’s formula,
nt-1) 1 1 1
P(aaﬁ) 1. t (’\"‘5) 2—¥_||—V€2 L2
A ( ) ) de ( ) S L (044‘1)61- ( IN ’ n)7

with gz = )\z + 52 + 0. Since
det([6;,0ls,) =V (€3,...,02).

THEOREM 7.1.

P;\a’ﬁ)(l—i—zl,...,l—i—zn)

PP, 1)
J! [T, (e +1)s,
= 2~ Ikl =l - S"(N)su(z1, ...y 2n),
BD DRl ) G A A

with
det([&, U]HJ+5 )
V(.. 2)

Proof. This is once more an application of Hua’s formula (Proposition
4.1). In the present case

(a8 _ (Ni+9:) 91k ok, k

) =33 0w = 30 = 5 e

with ¢; = \; + 9; + 0. Then we get
Pia’m(l—l—zl,...,l—kzn): Z auSu(21y -y 2n),
11> > 110 >0
with
a, = det (C(A-i;s-i)) - n : det ([€, 0]y, +5,)-
Haos (n+ ) Ly (@ + 1) 46,

Observe that, if 4 Z A, then a, = 0. []
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