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LOGARITHMIC POTENTIAL THEORY,
ORTHOGONAL POLYNOMIALS,
AND
RANDOM MATRICES

Jacques Faraut

In this course we present the relations which exist between

- The logarithmic potential theory,

- The asymptotic distribution of the zeros of classical orthogonal
polynomials,

- The asymptotic distribution of the eigenvalues of random matrices.

Stieltjes considers a finite system of n electric charges moving freely on
a line and submitted to an external field. He observes that the minimum
of the electrostatistic energy of the system is attained at the points whose
coordinates are zeros of certain classical orthogonal polynomials of degree
n. This is the electrostatic model for orthogonal polynomials.

In order to study the asymptotic distribution of the zeros of a classical
orthogonal polynomial p,, of degree n as n — oo, one uses a basic result in
logarithmic potential theory about the energy and equilibrium measures.

This result is also used in random matrix theory. This is the log gas
model of Dyson. In particular, using logarithmic potential theory, one
obtains a proof of Wigner Theorem about the convergence of the statistical
distribution of the eigenvalues to the semicircle law in case of the Gaussian
Orthogonal Ensemble, and the Gaussian Unitary Ensemble.

We will also consider the question: What is the probability for a
symmetric matrix to be positive definite 7 We will present recent results
by Dean and Majumdar whose proof also uses the logarithmic potential
theory.
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Chapter 1
ELECTROSTATIC MODEL OF STIELTJES

FOR
ORTHOGONAL POLYNOMIALS

I.1. Orthogonal polynomials. — Let u be a positive measure on
R. We assume that the support of p is infinite (p is not a finite linear
combination of Dirac measures), and that, for any k& > 0,

/ It|* p(dt) < oo.
R

On the space P of polynomials in one variable with real coefficients we
consider the inner product

(0] q) = / p(B)g(t)u(dt),

which makes P into a pre-Hilbert space. From the system (t™) (m € N)
the Schmidt orthogonalization produces a sequence (p,,) of orthogonal
polynomials: p,, is a polynomial of degree m and

/Rpm(t)pn(t),u(dt) =0 if m#n.

Hermate polynomaials

In this example p is the Gaussian measure
2
p(dt) = e " dt.
The Hermite polynomial H,, is defined by

d

Ha(t) = (~1)me (2) e = 2mm g

By m integrations by parts one gets, for any polynomial p,
/ H()pt)e ™ dt = /p(m)(t)etzdt.
R R
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Hence, if degp < m, then (H, | p) = 0, and the polynomials H,, are
orthogonal with respect to u. Furthermore, taking p = H,,, one gets

| H ) :/RHm(t)ze_tZdtzQmm!/Re_tht:Qmm!ﬁ.

Tchebychev polynomials of first kind
The arcsinus law is the probability measure i defined on R by

fromn = [ 0 g2 [ s

The Tchebychev polynomial T3, is defined by

T (cos @) = cosmb.
T, is a polynomial of degree m,
To(t) =2m" 1™ 4 ...

The polynomials T;,, are orthogonal with respect pu:
1 [" .
(T, | Th) = —/ cosmbcosnfdd =0 ifm #n,
T Jo

and

1 [t dt 1 [ 1if m
Tmzz—/ T, (£)? :—/ coszm9d9={
” || ) () m T Jo %f

| \/

Let (pm) be a sequence of orthogonal polynomials with respect to a
measure p, and let [a, b] be the smallest closed interval which contains the
support of p (—oo < a < b < 00).

ProrosiTiON 1.1.1. —  The zeros of p, are real, simple, and belong
to ]a,bl.
Proof.

Let x1,...,x, be the zeros of p, which are of odd order and belong to

la,b]. We will show that » = n. We can write

pr(t) = (t —x1)...(t —z,)q(t).
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The polynomial ¢ is of degree n — r and its sign does not change on |a, b|.
If r <n,

/R (t— 1) ... (t — 2 )pu()u(dt) = 0,

or

/(t C o2 (b= 2 2q(B)p(dt) = 0,
R
a contradiction. []

The classical orthogonal polynomials are solutions of a second order
differential equation. We will use this fact when studying the statistics of
the zeros of these polynomials.

Hermite polynomials

The Hermite polynomials H,, are orthogonal with respect to the mea-
sure p given by

[ st = [~ sea

The Hermite polynomial H,, is a solution of the differential equation

y" —2ty’ + 2ny = 0.

Jacobi polynomials

The Jacobi polynomials Pr(la’ﬁ )

measure j given by

are orthogonal with respect to the

/R F(tyuldt) = / SO0

B)

One assumes «, 3 > —1. The Jacobi polynomial Péa is a solution of the

differential equation

1=ty — (a+B+Dt+a—B)y +nn+a+8+1)y=0.

Laguerre polynomials

The Laguerre polynomials L%a) are orthogonal with respect to the
measure j given by

| #(outan - / F(t)e "ttt
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One assumes a > —1. The Laguerre polynomial Lﬁf) is a solution of the
differential equation

ty" + (a+1—1t)y +ny=0.

I.2 Statistics of the zeros of orthogonal polynomials. — Let (p,,)
be a sequence of orthogonal polynomials with respect to a measure u. Let

xﬁ”), . ( ) denote the zeros of Prn- In order to study the asymptotics of
the zeros, we consider the probability measure M,, on R defined by

1 n
= — E 5x(n)-
n k
k=1
In other words

[ e = 3" £,
R k=1

Here is the question: Does the measure M, converge asn — oo ¢ We will
present some results about this question.
Zeros of the Tchebychev polynomials T,

Recall that the Tchebychev polynomial T,, is defined by

T, (cos @) = cosnb.

The polynomials T}, are orthogonal with respect to the arcsinus law whose
support is [—1, 1]. Hence, by Proposition 1.1.1, the zeros of T,, belong to
] —1,1[. If x = cosf is a zero of T,, then cosnf = 0. Therefore

x,in) = cos(2k — 1)21 (k=1,...,n).

n

Hence

/Rf(t)Mn Z (cos 2k—1)2 )

k

This sum can be seen as a Riemann sum. If f is continuous on [—1,1],

™

lim | f()M,(dt) = ;nlggoz:f(cos (2% — 1)2n>

oo JR
= /fcos@ /f m




In the general case, for instance in case of Hermite polynomials, the
proof is not as simple, because in general there is no explicit formula for
the zeros. In case of Hermite polynomials we will see that the measure
M,, converges after rescaling. If xin), .. ( ) are the zeros of the Hermite

polynomial H,,, then, for any bounded contmuous function f on R,
V2
lim — Zf( (”)> / F(OV2 — 2dt.
n—oo N T J_\2

The limit is the so-called semi-circle law of radius /2.

1.3 Electrostatistic model of Stieltjes. — Let us consider n partic-
ules on the line with positions z1,...,x, and electric charges eq,...,eée,.
We assume that they can freely move and an external field acts on them.
The total energy of the system is given by

E,(z1,...,z ﬁZ]og

1<j

TRl + Z eiQ(z),

where @ is the potential of the external field. An equilibrium position of

the system is a point = = (z1,...,z,) which minimizes the energy.
We will assume 8 =2,¢; =---=¢, = 1. Then
E,(x1,...,2z, —2210g —i—ZQ x;).
1<J

Observe that

n

exp(—E(z1,...,2,)) =€ Zei= Q=) Z:(xZ —z;)%

We assume that @) is defined and continuous on Ja,b[, with —oo <
a < b < oo, goes to +00 at the boundary points a and b, and, if ]a, b| is

unbounded,
lim (Q(t) —log(t* + 1)) =

[t]— o0

Hence the energy E,(z1,...,z,) is defined for x; €la,b[, with values in
] — 00, 00|, bounded from below, and lower semi-continuous. Furthermore
the energy goes to infinity at the boundary of the polycube ]a, b[".

Ezxamples of potentials

~Ja, b[=]—00, 00, Q(t) = 2. w(t) = e~ QM = =" is a Gaussian weight.
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- Ja, b[=] = 1, 1],

1
=l log —— .
Q) = alog 7 +Blog 1 (2,0 0)
w(t) = e~ Q1) = (1—-t)*(1+ t)ﬁ is a Jacobi weight.
- ]av b[:]ov OO[?

Q(t) :t+alog% (o > 0).

w(t) = e~ @M = ¢~ is a Laguerre weight.

ProOPOSITION 1.3.1. —  There is at least one point x* = (x7,...,x})
in |a, b[™ which minimizes the energy:

E,(z%) = mei]zlfb[” E,(x).

For such a point x; # x;, if i # j.

Proof.
This follows from the fact that FE,, is lower semi-continuous and goes
to +oo at the boundary of ]a, b[". [

The minimum of the energy will be denoted by E}':

E =FE,(z*) = wei]l(;lf;)[n E,(x).

If the function Q is of class C!, the energy is of class C! on

{z €la,b["| z; # x; if i # j}.
Then the point x* is a critical point for the energy:

oE,
8£Ej

(@)=0 (j=1,...,n).

Let us compute the partial derivative of the function F,,:

axj - - Z + Q (xj)
i#£]
Hence z = (z1,...,x,) is a critical point for E,, if




We will use the following lemma whose proof is left to the reader.

LEMMA 1.3.2. — Let f be a function of class C* on]a,b|, and ty €a, b|.
Assume f(to) =0, f'(to) #0. Then

(L0 Ly
f6 "=t T 27 ()

lim
t—)to

To a point z € R™ we associate the polynomial

P(t) = polt) = (t — 2)(t — w2) .. (t - 2).

Let us compute the logarithmic derivative of p:

Pit) o« 1
p(t) _Zt—:z:i’

and

Hence

'(t 1 1
t—z\p(t) t—x; Tj— x;
and, by Lemma 1.3.2,

lim
t—>{Ej

(p’(t) 1 ) p(w;)

p(t) t—xy

Therefore 9E )
n b (z;
= Ql Zj)— )
I, (=5) P (x;)
and x = (z1,...,%y,), with ; # x; (i # j), is a critical point for E,, if

pe(wy) — Q' (w)pi(z;) =0 (G =1,...,n).

THEOREM [.3.3. —  Assume that

where A, B are polynomials, deg A < 1, deg B < 2. Then x = (z1,...,T,)
is a critical point for E, if and only if the polynomial

p(t) =p(t) =t —x1)...(t — )
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1 a solution of the differential equation
B(t)p"(t) — A@)p'(t) + Cp(t) = 0.
The constant C' is determined by looking at the coefficient of t".

Proof.
We have seen that z = (21,...,2y), with z; # x; (i # j), is a critical
point for F,, if and only if

o (t) = Qa;)p,(z;) =0 (j=1,...,n)

or
B(zj)py(z;) — Alzj)p'(z;) =0 (j=1,...,n).

The left handside is a polynomial of degree < n, vanishing at x1,...,x,.

Therefore it is proportional to p. []

The following corollaries are due to Stieltjes [1886].
(a) For Q(t) = t2, Q'(t) = 2t, we get the following differential equation

y" — 2ty" + 2ny = 0.

The only polynomial solution (up to a constant factor) is the Hermite
polynomial H,.

COROLLARY 1.3.4. —  The minimum of the enerqy is attained at the
n! points whose coordinates are the zeros of the Hermite polynomial H,, .

(b) For

1 1 1
log —— '(t) = -

) =al
Q(t) = alog T3 7

1—-1

we get the following differential equation
(1 -ty — ((a+ Bt +a—PF)y +nn+a+pF-1)y=0.

The only polynomial solution (up to a constant factor) is the Jacobi
3 (a_]‘?B_]‘)

polynomial P, .

COROLLARY 1.3.5. — The minimum of the energy is attained at the n!

points whose coordinates are the zeros of the Jacobi polynomial Pfla_l’ﬁ_l).

(c) For
Q) =t + alog%, Q) =1-— a%,
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we get the differential equation
ty" + (a—t)y +ny =0.

The only polynomial solution (up a constant factor) is the Laguerre
polynomial L.

COROLLARY 1.3.6. — The minimum of the energy is attained at the n!
points whose coordinates are the zeros of the Laguerre polynomial L%a_l).

Recal that the discriminant of a polynomial p of degree n with leading
coefficient equal to one:

p(t) =t" + an_1t" P+ ag (a, = 1),

is the scalar D(p) defined by

1<J

whrer z1,...,x, are the zeros of p. Hence, in the case of Q(t) = t>

expl—E3) = exp(~ 3 Q) Dl

where p,, is the polynomial H, in case (a): Q(t) = t, or PP i case
(b), or L™V in case (c), divided by the coefficient of t”. The discriminant
D(py,) can be evaluated, see [Szeg6,?77?] p.7?7?7. Let us consider the case

of the Hermite polynomials, and put
D, = H(l‘gn) - xé‘n))27 D, = 1,
1<J
where xﬁ”), e ,:c%n) are the zeros of H,,.

ProprosITION 1.3.7.
(no1) 1=
D, =2 =2 H k.
k=2

Proof.
One observes that

pule)”) = [ =),
JFi
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therefore
Dn n(n 1) H (Tl)

From the relation H/ (t) = 2nH,_1(t) it follows that p/ (t) = np,_1(t).
Hence

n(n—1) n n n
D= (-1 0" [[pa-1(=(™).

Define .
An - Hpn—l(xgn))y A0 =1
=1
For n > 1,
n n—1
n n—1 n—1
An =TI =2 = [T oale™)
=1 j5=1 j=1

We will establish a relation between A,, and A,,_;. For that we will use
the three terms relation

Hy(t) = 2tHy_1(t) — 2(n — 1) Hy_o (1),

which gives

pn<t) - tpn—l(t) -

It follows that 1
n—1 n— n—1
pn(x§ )) T g Pn- 2( ( ))-

therefore

n—1 e n—1\n—-1
An :< ) Hpn 2 ( 1) <_ 2 ) An—l;

and

D, =27 [ %" i
k=2
COROLLARY [.3.8.
exp(~Ey) = (2¢) 7 [ #.
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Proof.
The expansion of the Hermite polynomial is given by

21.71 2k
|
_”Z kln_ kl(n—2)!

:2”(1-”_ wd;n_Q_’_..)

By using the classical relations between the coefficients and the zeros of a
polynomial we obtain

zn:xgn) =0,
Zm( ) i) = n(n — 1),

4
1<J
and
MO% ( (n) (™ n(n—1)
S ) = () -2 =D
1=1" 1<j
Since .
exp(~E;) = exp(— Y (")? D
i=1
and we get the formula from Proposition 1.3.7. []
References

[Stieltjes,1886]; [Szegd,1975], Sections 6.7 and 6.71; [Andrews-Askey-
Roy,1999], Section 8.5; [Ismail,2001]; [Chen-Ismail,1997]
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Chapter IT

LOGARITHMIC POTENTIAL, ENERGY
AND
EQUILIBRIUM MEASURE

1. Logarithmic potential. — The logarithmic potential of a positive
measure 4 on R is the function U# defined by

U (z) :/ng |$1_t‘u(dt).

It is well defined, with values in | — 0o, 0o] if the support of y is compact,
or, more generally, if

/Rlog(l 1t p(dt) < .

Observe that
lim (U*(z) + p(R)log |z]) = 0.

|z|—o00

The Cauchy transform G, of a bounded measure p on R is the function
defined on C \ supp(u) by

Gu() = [ =t

The Cauchy transform is holomorphic.
Assume that supp(u) C] — 00, al, and

/Rlog(l e (dt) < .

Then the function
F(z) = [ tog(z ~ thu(d)
R

is defined and holomorphic in C\] — 00, a]. Furthermore F'(z) = G,(2),

and
Ut(x) = —ReF(z) (z>a),

UF(x) =— lin%ReF(x +ie) (z€R).
E—
In the distribution sense,
d

@U“(sc) = —Re G, (7).
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We will use some properties of the boundary value distribution of a
holomorphic function (see for instance [Morimoto,1993], Chapter III). Let
f be holomorphic in C \ R. It is said to be of moderate growth near R if,
for every compact set K C R, there are ¢ > 0, N > 0, and C > 0 such
that

, C
|f(z +iy)| < L (z € K, 0<[yl <e).

Then, the formula, with ¢ € D(R),

(T, ) = lim gp(t)(f(t—kis) —f(t—is))dt,

e—0,e>0 R

defines a distribution 7" on R. It is denoted T" = [f], and called the
difference of boundary values of f. One shows that the function f extends
as a holomorphic function in C\ supp([f]). In particular, if [f] = 0, then
f extends as a holomorphic function in C.

For o € C, the distribution Y,, is defined, for Rea > 0, by

(Yar i) = ﬁ / e,

The distribution Y,, as a function of «, admits an analytic continuation
for a € C. In particular Yy = dg, the Dirac measure at 0.

For ao € C, we define the holomorphic function z in C\] — o0, 0] as
follows: if z = re®®, with r > 0, —7 < 6 < 7, then

40— Taezoze.

The function f is of moderate growth near R, and

<[z0t]’ 30> = _2Z7TF(—Q) <Ya+1> @)7
where ¢(t) = ¢p(—t). In particular
1
[—] = —2i7T50.
z
ProprosIiTION I1.1.1. —  Let i be a bounded positive measure on R.

(i) The Cauchy transform G,, of p is holomorphic in C \ supp(u), of
moderate growth near R, and

G, = —2imp.
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(ii) Assume that the support of p is compact. Let F be holomorphic in
C\ R, of moderate growth near R, such that

[F] = —2imp.

Then F' is holomorphic in C\ suppp. If further

| l|im F(z) =0,
then F' = G,,.
Proof.
(i) follows from
1
[—] = —2i71'50.
z

(ii) The function f = G, — F satisfies

f1=1Gu] = [FI =0,

hence f extends as a holomorphic function in C. From

1
Gu(2)] < M(R)m,
we obtain
| l‘im f(z) =0.
By Liouville’s theorem, if follows that f = 0. []

For a < b, the function

f(z) =V (z—a)(z—b)
is first defined as v/z —avz—»b in C\| — 00,b]. For =z > 0, f(x) =

V/ (z — a)(z — b), the usual square root of a positive number. For z < a,

lim Of(wiis) = e\ /(a—z)(b—z) = —\/(z — a)(z — ).

e—0,e>

Therefore f extends as a holomorphic function on C\ [a, b]. Observe that,
fora <z <b,

lim f(zx+ie) = 2 \/(z — a)(b— z) = +i\/(z — a)(b — ).

e—0,e>0

16



It follows that
[f] = 2iy/t — a)(b—t)x(dt),

where x is the indicatrix of [a,b]. The function f admits, for |z| >
max(|al, |b]), a Laurent expansion:

_ B2
/1__ /1__ _a—l—b (a b)l—l—---
8 z

Example 1

Let p be the arcsinus law:

| #(outar / ).

PropOSITION 11.1.2. — (i) The Cauchy transform of the arsinus law
w is defined on C\ [—1,1].
11 dt 1
G,(z) = —/ = .
pl2)i= 2 Lz —tyI—2 V221

(ii) The logarithmic potential of the arcsinus law p is given by

Ut(z) =log2, if —1<x<1,

=log2 —log ||z| + Va2 — 1|, if |z| > 1.

Proof.
(i) The function

is defined and holomorphic on C\ [—1, 1], and satisfies

1

T Xt

where  is the indicatrix of [—1, 1]. Therefore

[F] = —2i

[F] = —2imp.
Furthermore
| l|im F(z)=0.
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Hence F' = G, by Proposition II.1.1.
(i)

d
d—U”( z) =—-ReG,(z)=0if —1<2 <1,
x

1 .

=———ifz>1.
1— 22

It follows that

Ut(z)=0C, if —1<z<ux,

Toodt
=C - , if x> 1.
/1\/252—1

Observe that U (—xz) = U*(z). The integral can be computed:

= log(x + V22 —1).

/ T dt
1 V1—1t2
From the relation

lim (U*(z)+ log|z|) =

|z|— o0

one gets C' = log 2. []

Example 2

Let p be the semi-circle law:
/f (dt) / F(H)V/1 — t2dt.

ProposiTION 11.1.3. — (i) The Cauchy transform of the semi-circle
law is defined on C\ [—1,1].

G”(Z>::7T/1z— V1—t2dt =2(z— 22 -1).

(ii) The logarithmic potential of the semi-circle law is an even function.
It is given by

Uk(z) = -2 +C, if —1<z<1,

X
:—x2+0+2/ Vi —1dt, if x> 1,
1

18



with C' = log 2 + %

Proof.
(i) The function f(z) = v/22 — 1 defined on C\ [—1, 1] satisfies

1= 2= ) = imp
where x is the indicatrix of [—1, 1], and

lim (f(z) —z) =0.

|z| o0

Bu Proposition I1.1.1 It follows that

(i)
d

EU“(x) =—-ReG,(zr)=—-2zif —1<ax<1,
= —2r+2V22—1lifz > 1.
Therefore
Uk(z) = -2+ Cif —1<2<1,
:_x2+0+2/x\/mCltifx> 1.
1
LeMmMmA II1.1.4.

m 1 1 1 1
/1 Vit —1dt = §x2—§logx—zl—§log2+o(1).

Proof. The integral can be computed
* 1 1
/ V2 —1dt = 596\/:1:2 —1- 510g(x+ vz —1).
1

From the relation

lim (U*(z) + logz) = 0,

r—00

it follows, by Lemma II.1.4, that C' = % + log 2.

Example 3
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For ¢ > 1, consider the Marchenko-Pastur law

/f (dt) /f t—a(b—t)cit

where a = (y/e — 1), b= (y/c+ 1)%

ProprosITION I1.1.5. — (i) The Cauchy transform of the measure p
is defined in C\ [a, b].

b
Gule)i=5- [ 5V E=a-0%

:z—(c—l)— (z—a)(z—0)
2z '

(ii) The logarithmic potential of the measure p is given on [0, 00[ by

UH ()

%( +(c—1)log +C’—|— /\/a—t —t if 0 <x<a,
:_l(x+(c—1)logl>+0 if a <z <b,

2

1

5( +(c—1)log +C’+ / V(t—a)( t—b if x >b.

with C = (c+ 1 — clogc).
Proof.
(i) The function

V(z—a)(z—b)

z

fz) =

is holomorphic in C\ ([a,b] U{0}), with a simple pole at z = 0 and residu
—+/ab. Therefore

[f] = 2i (= ?(b 1) x(t) + 2imVabdy

= imp + 2im(c — 1)do,

where y is the indicatrix of [a,b]. Furthermore

lim (f(z) —1) =0.

|z| o0
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By Proposition II.1.1, it follows that

z—(c—1)— (z—a)(z—b).

G -
u(2) %

(ii) The proof is as in Examples 1 and 2, except the computation of the
constant C' which is not as simple. []
Ezxample 4

For —1 < a < b < 1 consider the probability measure p defined by

[ stowtan =% [ o 00T,

with
(t — —
/ V(t—a)b tdt
1—t2
Define a, 3 by
2c 20
l—a)(1—b)= ——— 1 14+b)=—" .
T-a0-b=rary VITO00 =005
ProrposiTiON I1.1.6. — (i)
o T
S l4da+pl

(ii) The Cauchy transform of u is given, for z € C\ [a,b], by
Cl+a+8 01 JE—a)b—1)
Gul2) = — ‘L o 1o @

— —b
=(+a+p) (ZZQG—)(f )_zfl_zf—l

(iii) The logarithmic potential of p is given, for x €] —1,1[, by

Ul (z) = alog(l —x) + Blog(l+z)+ C

Via—=1t)(b—1t) .
1—|—a—|—ﬁ/ [ dt if —1<x<a,
=alog(l—2)+0(1+z)+C, ifa<az<hb,

= alog(l — )+ﬂlog(1+a:)+C

Y dt ifb<z<l.

+(1+a+p) i 1—#
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Proof.
Define, for z € C\ ([a,b] U {1, —1}),

(z—a)(z—b)

22 -1

fz) =

The function f is holomorphic with poles in +1, and

1
Res(f,l):§ (l—a)(l—b):ﬁ7
1
Res(fa—l):§ (1+a)(1+b)=—1+£+ﬁ.
Hence 1 3 1
o

fi(z) = f(2)

T l4a+fBz—1 l14+a+p8z+1

is holomorphic in C \ [a, b]. Furthermore

1 1
Therefore - -
Gu(z) = Zfl(z)’ A= m-

This proves (i) and (ii), and (iii) is proved as for the preceding examples.

0

2. Energy, equilibrium measure. — Let us first recall some basic
facts about the tight topology. Let 9'(X) be the set of probability
measures on the closed set > C R. We consider the tight topology. For this
topology a sequence (p,,) converges to a measure  if, for every continuous
bounded function f on X,

n—oo

im [ (@ (de) = / f(@)uldz).

This topology is metrizable. If ¥ is bounded, then 9! (¥) is compact.

Prokhorov Criterium A subset M C IMMY(X) is relatively compact if
and only if, for every e > 0, there is a compact K C 3 such that, for every
peM,

n(E\K) <e.
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This Criterium has the following useful consequence.
Let M C MY(X). Assume that there is a continuous function h on %
with
lim h(x) = oo,

|z|—o00

and a constant C > 0 such that, for every p € M,

/ h(z)p(dx) < C.
)

Then M s relatively compact.

We return now to the logarithmic potential theory.

Let ¥ be a closed interval (X = R, [a, o[, | — 00,b] or [a,b]), and @ a
function defined on ¥ with values on | — 0o, 00|, continuous on int(X). If
> is unbounded, it is assumed that

nm(Q@y4%uP+n>:m.

|z|—o00

Some simple examples
- Y =R, Q(z) = 22
-3 = [-1,1], Q) =0,
-3 =[0,00[, Q(z) = x.

If 1 is a probability measure supported by X, the energy E(u) of p is
defined by

B0 = [ tor ——uldoulay) + [ Qa)u(da)

5memm+émmmm

Put

1 1 1
k(z,y) = log Ty + 5@@) + éQ(y)

From the inequality

lz—y| < Va2 + 12 + 1,
it follows that
k(z,y) > (Q(z) —log(a® + 1)) + (Q(y) — log(y* + 1)) = m,
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with
m = inf (Q(z) — log(z* + 1)).

reEX

Since we can write

we obtain
m < E(u) < oo.

PROPOSITION 11.2.1. — If (i) is a sequence of probability measures
supported by ¥ which converges to a measure p for the tight topology, then

E(p) <liminf E(uy,).

n—o0
This means that the map
M () —] — oo, o0]
is lower semi-continuous.

Proof.
The cut kernel

K (z,y) = inf (k(z,y), £)

at the level £ > 0 is continuous and bounded, and k(z,y) < k(z,y). For
each n

K @) a) < B

Since fiy, @ py, — 1 ,

lim |k, y) o (da) i (dy) = / K (2, y)p(de) p(dy).

n—oo 92 2

Then take the lim inf:

/E ] K (2, y)p(de) p(dy) < liminf E(u,),

n—oo

and, as £ — oo, by the monotone convergence theorem,

n—oo

B0 = [ kay)p(da)p(da) < liminf By, 0
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PropPoOSITION I1.2.2. — Let pu be a signed measure on R with compact
support and zero integral. Then

< B

1
log p(dx)pu(dy :/ — —dt,
Jo e i = 5

where [i is the Fourier transform of u:

A(dt) = / €% u(dz).

Proof.
(a) For € > 0, define

> 1 — cost
)= el ESS g
0

Since

we obtain .
F.(x) = 3 log(e? + 2?) + C.

Observing that F.(0) = 0, we get
1
C= —ilogs2 = —loge.

Finally

F.(x) =log\/e3 4+ 22 — loge.

(b) Let u be a real Radon measure on R with compact support and
zero integral. Then

AO) =0, A(—t) = AlD),
and
[ 1os((6 =7+ ) Yttt = - [~ e MO,

0 t

Decomposing p as the difference of two positive measures p = u™ — u—,
we obtain

[ ox((G@ =0 +3) ) (et () ) + 7 (o)™ ()
= /R? log(((x —y)*+ 52)‘%> (1" (dx)p~ (dy) + p~ (dz)u™ (dy))

o] 7 2
b [l
0

t
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We apply to each integral the monotone convergence theroem as ¢ — 0.
Observe that

1 1
1 o 2 2 2 1
og<((x y)? +¢%) > /o,
and is bounded from below on the support of u by
1 .
Azlogﬁ, with R = sup (r —y)%2+1.

x,y€supp(p)

Finally

/R log S (0" (dx) ™ (dy) + p~ (dz)p™ (dy))

_ /R s (u" (dz)p™ (dy) + p~ (dz)p " (dy))

> |a(t)]?
+/O D 0

We have seen that F(u) is bounded from below : E(u) > m. We define
E* =inf{E(u) | p € M (D)},

Then E* > m. If pu(dx) = f(x)dz, where f is a continuous function with
compact support C int(X), the potentiel U* is a continuous function, and
E(u) < 0o. Therefore

m< E* < oco.
THEOREM 11.2.3. —  There is a unique measure pu* € MY(X) such
that
E(u*) =E".

The support of p* is compact.

This measure p* is called the equilibrium measure.

Proof.
a) Existence
By Proposition 11.2.2, for C' > E*, the set

Mc ={peM(¥) | E(p) < C}
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is closed. If ¥ is bounded, then M (¥) is compact, hence M is compact.
If ¥ is unbounded we will use Prokhorov Criterium for proving that M¢
is compact. We have seen that

K(e,) = Shiz) + 5h(y)

Therefore

/E h(x)u(de) < E(u).

and, it u € M¢,

/E h(@)u(dz) < C.

The function p — FE(u) is lower semi-continuous on the compact M¢,
therefore attains its infimum: there exists p € M¢ such that E(u) = E*.

b) Let p € MY(X) such that E(u) = E*. We will see that the support
of u is compact. Let A be a Borel set, and y its indicatrix. Put

14ty

T

For —1 <t <1, pu; € MY(T), and

B(u) = | b,y L@ L+ ()

5 dz)p(dy).
g (L + tn(A) p(dz)p(dy)

Since pg = p, the minimum of I(u;) is attained at t = 0, hence

d

dt ‘t:OE(“t) =0.

Let us compute this derivative

%’t:oE(W = /E k(z,y) (x(x) + x(y)) p(dz) u(dy)

~20(A) | b y)u(da)n(ay).

By using the inequality

K(r,y) > 5h(z) + 5h(y),
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we obtain

(A E (1) > /

h(x)u(dz) + p(A) / h(x)u(da),
A

%

or

/A<h($) + /Rh(x)u(da:) — 2E(H)>M(dy) <0.

Since lim|,|_ oo k() = 00, there exists o > 0 such that, if |y| > a,

H(y) + / h(x)u(dz) — 2B (i) > 0.

Take A =R\ [, a], then u(A) = 0. Hence the support of y is contained
in [—a, o], therefore compact.

c) Uniqueness

We will see that the function p +— E(u), defined on the set 91 (X)
of probability measures supported by > with compact support, is strictly
convex. In fact, for pg, p1 € ML(E), (uo # u1), put

pe = (1 =1t)po + tp.

Then
E(u) = at* + bt +c,
with ]
a:/ log ——v(dz)v(dy) (v =1 — p2),
52 |z —yl
b= / (U () + Q@) v(da),
¢ = I(po).

By Proposition 11.2.2; a is > 0, therefore the function ¢ — E(u;) is strictly
convex: for 0 <t <1,

E(p) < (1 —=t)E(po) + tE(u1).
This implies uniqueness. 0

It can be useful to observe the action of a linear transformation:

LEMMA I1.2.4. —  Let the transformation h(s) = as +b map ¥ onto
' If Q is defined on X', then Q o h is defined on Y. If u is a probability
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measure p on X, then v = h(u) is the probability measure on ' defined
by
[ stowtan = [ F(as)ntas)

Then
E(sy,0) (h(1) = E(s,qon) (1) — loglal.

3. Determination of the equilibrium measure via a variational
problem. — The following statement, which is not the best possible, will
be useful for the examples we have in mind.

PROPOSITION I1.3.1. —  Let u € MYE) with compact support.
Assume that the potentiel U" of u is continuous and that there is a
constant C' such that

() U'(2) + 53Q(z) = C on %,

(i) U (z)+5Q(x) = C onsupp(u). Then p is the equilibrium measure:
po= Q.

The constant C'is called the (modified) Robin constant. Observe that

E*=C+ % /2 Q(z)p* (dz).

Proof.
For two measures i and v we can write

(U“(m)+%@(m))u(dm)+ / log ——u(dz)u(dy).

2 |90 - ?J|

E(p+v) = E(,u)+2/E

Writing p* = p + (u* — p), we obtain

B(u') = () +2 [ (U"(2) + 5Q() )" - w(de)

pN

i /2: 8 1 . g ) (= p)(de).
By the hypothesis,
A(U“(@ + %Q(fr))u*(daz) >C,
[ (@) + 50@)ntaa) = .
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By Proposition I1.2.2,

L?b%ximw*‘WW@w*—mwmzo.

Therefore E(p*) > E(p), which implies that pu = p*. []

Ezamples
The weight corresponding to the potential @) is defined as

w(x) = e~ Q@)

1) Legendre weight
S = [-1,1], Q) =0, w(z) = 1.

Let 1 be the arcsinus law. We saw in Section 1 that U*(z) = log2 on
[—1,1]. Therefore p is the equilibrium measure, p = p*, and E* = C =
log 2.

2) Gaussian weight

2

Y =R, Q) =2 wx)=e".

The equilibrium measure is the semi-circular law p of radius v/2:

V2
/ﬂmmw=§/ ()2 .
R T J_v3

In fact
1

UH(z) + §$2 >C (zreR),

UH(x) + %xQ =C (z€[-1,1]),

with C' = % + %logZ, and

fon :C’+1/Q(t)u(dt):§ Log2.
2 |y 2

W

3) Laguerre weight
1 _
Y= [0700[7 Q(l') =+ OélOg—, w(m) =e mxav
x
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with a > 0. The equilibrium measure p is the Marchenko-Pastur law with

c=1+
d
/f 1(dz) 27r/f x—a)(b—b);

a=(a+1-12 b=(Ha+1+1)>%

4) Jacobi weight

with

= [-1,1],

Q) = plog
w(z) =(1—2x)P(1+2)7.

I
w—l—qogl_

The equilibrium measure is given by

/f (1+a+ﬁ/f _a)(b_x)d:c,

1— 22

with a = £, 3 = . Recall that a and b are determined by

2a 203

5) Freud weight
Y =R, Q(z) = cz|*, w(x)=e ",

with ¢ > 0, > 0. The equilibrium measure is a Ullman distribution.
There is a choice of ¢ = ¢, such that

[s@wr@ = [ s

h a [t
W@ =2
() =2 /m| i

For o = 2, this is the semi-circle law:

ha(z) = 21— 22,

™

with
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See [Saff-Totik,1997], Cheapter IV, Theorem 5.1.

We have seen how to check that a probabillity measure p is the
equilibrium measure (whose support is necessarily compact). Let us recall
the way we have used.

Data : X closed interval, and ) a continuous function on the interior
of 3 such that

lim (Q(t) —log(1 +t%)) = oo.
|t|—o0
Steps
(1) Determine the Cauchy transform of u:

Gul2) = [ uta).

z—t

In several examples we first found a function f, holomorphic in C\supp(u),
such that
[f] = —2imp.
Assume that the Laurent expansion of f at infinity has the form
n oo 1
_ k 1
f(z) —Zakz + G-k -
k=0 k=1

Then, by Proposition II.1.1,
Gu(z) = f(z) - Zakzk.
k=0

(2) Determine the logarithmic potential of p:

l@@wiémgmiHMﬁx

by using the relation

d iy —
%U () = —Re G (x).

Hence the logarithmic potential is determined up to a constant.

(3) Check that there is a constant C' (the Robin constant) such that
UH(x) + %Q(ac) >C forxel,
UH(xz) + %Q(m) = C for x € supp(p).
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If it holds, then we know that p is the equilibrium measure: © = p*.

(4) Determine the Robin constant C' by using

lim (U*(z)+ logz) = 0.

|z|— o0

Then the equilibrium energy is

We end this section with the Pastur Formula.

ProrosIiTION I1.3.2. —  Let ¥ = R, and () a polynomial of even
degree 2k (> 2), convex. Then the equilibrium p* is given by

b
/ f@)p*(dx) = %/ f(x)q(x) \/(x —a)(b—x)dz,
R a

where q is the polynomial of degree 2k — 2 given by

1 "Q@) - Q') dt
“@_§¥A vt Jt-ab-1)

The numbers a and b are determined by the conditions

Q! b
a —t) '

b ) d _
l J@—)@—wt 0 o V/t—a)

As a special case we obtain Example 2 of this section: Q(z) = 2. Then

Q'(z) — Q'(t)

z—t

= 2.

Hence

1 [° dt
“d:?l\m—agfﬂzl

The numbers a and b are determined by

2.

/b 2t dt =0 /b 207 dt =
a (t—a)b-1) "o JE—a)b—1)
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The first equation gives a + b = 0, and the second a? = b? = 2. Therefore
u* is the semi-circle law of radius V2.

Proof. Consider a measure p of the form
pu(dt) = u(t)dt,

where u is a continuous function with support [a,b]. et G be its Cauchy
transform: for z € C\ [a, b],

G(z) == /b ult) g

z—1

By Proposition I1.3.1, if x is the equilibrium measure, then, for a <z <'b,

ReG(z) = —%Q’(m)

Define
. G(z)

G(z) = )
N P ICED)

the function G is holomorphic for z € C \ [a,b], and

G- i QW
(t—a)(t—0)

x(1),

where x is the indicatrix of [a,b]. By using Liouville’s theorem as in the
proof of Proposition I1.1.1, we obtain

Glz) = - /b ! CACNE

Ty =t \Ji—a)b-1)

This can be written

b — 0 (2
G-t [QU-ee__d__,
1

(t—a)(b—1)

, b1 dt
+Q(Z)ﬁ/a N D)

By Proposition 11.1.2,

l/b 1 dt _ 1
TJo 2=t /t—a)b—t) +/(z—a)(z—0)
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Hence

G(2) = —q(2)V/(z — a)(z = b) +

or

1
G(2) = —a(x)V(z = a)(z = b) + 5Q'(2).
This implies, by the relation [G] = —2impu (Proposition 11.1.1), that
u(t) = q(t)v/ (t = a)(b—t)x().

Let us consider the Laurent expansion of G(z):

~ an a1

Gz)= 2 4 2L 4 ...

(2) . + 2 +

Then

G(2) = G(2)V/(z — a)(z — b)

- (e )= - e
1

z

b
:a0+(a1_a0a-2|- )

Since lim,_, 2G(2) = 1, we get
1 [ Q'(t
ao:ﬁ/a (t—a()()b—t)dtzo’
1 Q)
2 )y JU—a)b 1)
By the way we used previously we get

%Uﬂ(m) + %Q’(m) = —q(a:)\/(a —z)(b—1x), if z < aq,

ai

=0, ifa<z<h,

= q(z)\/(z — a)(z — b), if z > b.
Therefore there is a constant C' such that

Ut(z) + %Q’(x) =Cifa<z<b,

> (' everywhere.
By Proposition I1.3.1 this shows that p is actually the equilibrium measure.
[
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Chapter III

STATISTICS OF THE ZEROS
OF
CLASSICAL ORTHOGONAL POLYNOMIALS

In this chapter we will determine the statistics of the zeros of orthogonal
polynomials by using logarithmic potential theory.

1. Statistic of the zeros of Jacobi polynomials. — We have
considered in Chapter I the energy

E.(z1,...,z, Zlog +ZQ xi),

i#£]
on ¥ = [—1,1], with

+(B+1)log

Q(t):(oz%—l)logli —

The function @ corresponds to the Jacobi weight:
e QW = (14 t)o+(1 — )P+,
Let E denote the minimum of the energy,

Ef = xlenEf" En(x1,...,25).

We have seen that the coordinates of the points x* which realize the min-

imum of the energy are the zeros xﬁ”), 7(1”) of the Jacobi polynomial

PP (Corollary 1.3.5):

E' = En(:r;gn), ),

n

Define the probability measure on [—1,1]
1 n
- — 5 n) .
n ; x (™

THEOREM III.1.1. — The measure M,, converges to the arcsinus law
for the tight topolygy. This means that, for a continuous function f on

[_171]7
m — (n)
S e

36




Furthermore )
lim —FE; =log2.

n—oo n2

Proof.
We saw in Chapter II, Section 3, that the equilibrium measure p*, which
realizes the minimum E* of the energy

1
E(p) = / log T——pu(ds)p(dt),
[—1,1]2 s — t|
is the arcsinus law, and that E* = log2. Define

1
wy, = —— inf  E,(x).
n(n —1) ze[-1,1)"

For € MY([~1,1]),
j/ Bu(wr, ... 0)uldey) ... p(de,)
[71,1]7L

=nm—1wwo+n/ Q(t)udr).

[_151]

For p = p*, we get

w, < E* +

|, e

n—1

and
limsupw, < E*.

n—oo

Consider, for £ > 0, the cut kernel
1
k(s t) = inf(log —]s ] ,E),
and the corresponding energy of a measure

#uoz/ K(s, ) u(ds)uldt).
[—1,1]2

Then
EE(M ) — Z kf En) (n)
" 1,5=1
<1 /¢
=2 Z 8 Ty () (n) (n) + -
|z, |
i£j
1
< }j@
< n— 1wn 7 {
n n o n



where

v=_jnof Q)2 —(a+[+2)log2.

Since M1([—1,1]) is compact for the tight topology, there is a converging
subsequence:
lim M, = puo.
j—o0
We obtain
E'(up) < liminf W, ,

Jj—00

and, as £ — oo, by the monotone convergence theorem,

E(uo) < liminfw,;.
j—00
Thefore
E* < E(po) < liminfw,, <limsupw,; < E”.
J—00 j—o0
Hence E(uo) = E*. This implies that pg = p*. We have proved that p* is

the only possible limit for a subsequence of the sequence (M,,). It follows
that the sequence (M,,) itself converges:

lim M, = u*.
Furthermore
lim w, = E*. []
3. Statistics of the zeros of Hermite polynomials. — Now we

consider the case ¥ = R, Q(t) = t? then the energy is given by

n

E,(z) =) log ﬁ +)Q(z)).

i#j i=1

By Corollary 1.3.4 the minimum of the energy is attained at the n! points
(n) (n)
1

whose coordinates are the zeros x; ’,...,x, ’ of the Hermite polynomial
H,,. Define the probability measure M,, on R by

1 n
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Consider first the two first moments of M,,. The expansion of the Hermite
polynomial is given by

By using the classical relations between the coefficients and the zeros of a
polynomial we obtain

—~ () _ () () n(n—1)
2:51- =0, le T ==

1<j

and

n)\ 2 N n n n (n_l)
3 (@) :<Z$§)> 2y a2l

=1" =1 1<J

Therefore

3

1
m1=/ (dt)—— 2™ =0,
R

=1
_ g = 1 - 22 n—1
mg—/R —nz:: .

This suggests that M,, does not converge and that a rescaling is necessary
for getting a convergence. Put

2(5 (n), with Oé( n) — gn).

n

Similarly we rescale the energy FE,,: define

Zlog +ZQ (Vna;)

i#j

—Zlog +nZQ Ti)-

i#j

The minimum E* of E, () is attained at the n! points whose coordinates

are the numbers Oé( ).
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For a measure p € M (R), we consider the energy

1
B0 = [ tor = (ds)utdt) + [ Q(oyta).

We saw in Chapter II, Section 3 that the equilibrium measure p* which
realizes the minimum E* of the energy is the semi-circle law of radius v/2,
and

3
et 2 (u) =7 +log

THEOREM III1.2.1. —  The measure ﬁn converges to the semi-circle
law with radius /2 for the tight topology. This means that, for every
bounded continuous function f on R,

n V3
lim % ;f(%xﬁ’ﬂ _ /_ﬁf(t)\m — 2t

™

Furthermore ) 3 1
lim —FE* = E* = > + —log2.
m " 1 + 5 og

n—oo n2

Observe that in particular

In fact 1 1
~ n — N
me(Mn) = ——, ma(p’) =5
Proof.
As in Section 1 define
1 . —~
wy, = — inf E,(z).

n(n — 1) zern

For p € M (R),

/n E\:L(xl, coyxp)p(dey) .o p(dey) =n(n — 1) E(p) + n/RQ(t),u(dt).

For p = p*, we get

1
n—1

w, < E* +

/ Q(t)yi* (dt),
R
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and

lim sup w, < E*.
n—oo

Recall the notation

k(s ) = log — + 50(s) + 5Q(0),
and that . .
k(s7t) > 5}1(8) + §h(t)7

with h(t) = Q(t) — log(1 + t?). Observe that

S k(anag) =Y log ﬁ -1 Q)
i i L i=1
Hence, since Q(t) > 0,
En(@) =) k(wi,z;) + Y Q)
i#] i=1
> % SO (hwi) + b)) = (0 —1)'S" h(z).
i#j i=1

It follows that

E, (agn), . ,a%”)) >n(n—1) /R h(t) M, (dt),

Hence
1

n—1

/R W(t) M, (dt) < w, < E* + / Q) (d).

Since the right handside is bounded, by Prokhorov criterium this proves
that the sequence (M,,) is relatively compact for the tight topology.

Therefore there is a converging subsequence:

lim ]\7; = lp.

J—00

Consider, for £ > 0, the cut kernel
k(s t) = inf (k(s, ), £),

41



and define
E'(u) = / K (s, )p(ds)p(d).

Observing that Q(t) > 0, we get

As j — oo we get
Ef () < lim inf w,,

J—00

and, by the monotone convergence theorem,

lim E(110) = E(po)-

L—o00

Therefore
E* < E(po) < liminfw,, <limsupw,; < E*.
J—00 j—o0
The proof finishes as the one of Theorem III.1.1. []
Remark

One establishes easily that

E*=FE' +

-1
%logn.

Hence, by Theorem III.2.1,
1

. 1 3 1
EE" =-3 logn + (Z + 5 log2) +o(1).

This can also be obtained directly from the result we saw in Chapter I

(Corollary 1.3.8):

E¥ = —) (log2+1) Zk;logk:

LEMMA I11.2.2.

1 1
lim (Zklogk— —logn) =-7
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Proof.
In fact, by an elementary property of the Riemann integral of a
continuous function,

n

1
1 k k

/ rlogzrdr = lim — E — log —,
0 n—oo n L= n n

and

! 1
/ xlogxdr = —~. []
0 4

It follows that

1, 1 11 1 -
ﬁErﬂ—ilogn:§+§10g2—l—§logn—;klogk+o(1)

1 1 1 1
:—+—10g2—|———|—0(1):—+§10g2+0(1).

2 2 4 4
3. Statistics of the zeros of Laguerre polynomials. — Let
x&”), ...,z Dbe the zeros of the Laguerre polynomial L") (v > 0).

Define on R” the energy

Ep(z1,-- ZIOg +ZQ i),

i#]
with )
Q(t) =t + alog et

The minimum of the energy FE, is attained at the n! points whose

coordinates are the zeros x&n) ye (n) Define the probability measure

1 n
= — E 0 (n).
n Z;
1=1

As we did for the Hermite polynomials, we compute the two first moments
of the measure M,,. From the expansion

n

}1

(nt+a) (=t)*

L) = T(k+a)kl(n—Fk)!

k=0
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one gets

>oal” =n(n+n+a-1),

Z(xl(n))Q =nn+a—-1)2n+a—2).
Therefore

7mm@):/ M (dt) = n+a — 1,

R4

ma(M,) = t2M,(dt) = (n +a —1)(2n +a — 2).
R4

This suggests that we should rescale M,,: define
= Z(S (n), with a( n — (n)

and

E\r/z('xla"'v ZlOg +ZQnajz

i#]

—~ % —~
The minimum F, of E, is attained to the n! points whose coordinates
are the numbers agn). As in previous sections define

1 =

n=—7——5,.
v n(n —1)

THEOREM II1.3.1. — The measure E converges to the Marchenko-
Pastur law with ¢ = 1 for the tight topology. This means that, for every
bounded continuous function f on [0, 00,

4 J—
i S - [y

Proof. We define the energy of a probability measure u € ! (Ry) as
1
Bo(w) = [ log = nlds)u(at) + [ Qo(ouar),
r2 s —1 R,

with Qo(t) =t. We saw in Chapter II that the equilibrium measure is the
Marchenko-Pastur law with ¢ = 1.
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For 1 € M (Ry),

/n E:L(xl, ooy xp)p(dey) ..o p(day,)

+

=n(n— 1)/R log " i tlu(ds)u(dt) +n Q(nt)p(dt).

: R,

Since

1
Q(nt) = nt + alog T alogn,

we get
E\;L(xb R xn)/’b(dxl) ce N(dl’n)

RY
=n(n—1)Ey(n) +n Q(t)u(dt) — anlogn.
R4

It follows that )
wy, < By + —— (t)u(dt), (3.1)
n—1 R,

and limsup,,_, ., wy, < Ej. With the notation
Fo(s 1) = log —— + 5Qols) + 3@o(1)
5,t) =log —— + =Qo(s) + =
UCH g|s—t| 5«0 o «oll),
ho(t) = Qo(t) — log(1 + t2),

we get
En(z1,...,2,) = Zko(fﬁi,%‘) + ZQ(%’) —anlogn
i#j i=1
1
> 3 Z(h(:cz) + h(z;)) — anlogn.
i#]
Therefore

En(el™ . a™) > n(n—1) / ho(t) M, (dt) — anlogn,
Ry




by using (3.1). Since the right hand side is bounded, by Prokhorov

Criterium this proves that the sequence (M,,) is relatively compact. The
proof finishes as the ones of Theorems III.1.1 and II1.2.1. []

Remark ) )
The Laguerre polynomials L, > and L2 are related to Hermite polyno-
mials:

Hop(z) = (—1)"22"n! Ly, % (2?),
Hopyq(z) = (—=1)"22" nl L2 (2?).

(2n)

_1
, is a zero of Hy,, then y(n) = ($§2n))2 is a zero of L, ?, and

Hence, if i

if x§2n+1)
reflected by the following facts:

- The scaling is in y/n in the case of the asymptotics of the zeros of
Hermite polynomials, and is in n in case of the asymptotics of the zeros
of Laguerre polynomials.

- The image of the semi-circle law with radius v/2 by the map z — y =
222 is the Marchenko-Pastur law with parameter ¢ = 1.

1
is a zero of Ha,41, then y,gn) = (:cEQn))Z is a zero of L2. This is

4. Weighted transfinite diameter, Fekete points. — As in
chapter II, ¥ is a closed interval. and @ a function defined on ¥ with
values on | — 00, 00], continuous on int(X). If ¥ is unbounded, it is assumed
that

lim <Q(x) — log(2? + 1)) = 00.

|z|— o0

Consider, for z = (x1,...,z,) € X" the weighted geometric mean

1

i<

and its supremum

69 = sup M2 ().
TeEX™

We will show the limit

69 = lim 69
exists and that
69 = exp(—E*).

It is called the weighted transfinite diameter of ¥ (the transfinite diameter

if Q =0).
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With the notation

1
i#j ’ j

we can write
M? (z) = exp(—

n

n(n —1)
Recall the notation: for ¢,s € 3,
k(s 1) = log —— + 2 Q(s) + 3Q()
s, _Og]s—t] ;@) + 5 .
and
k(s,t) > m.
The function K,, can be written
Ko (z) =Y k(i ;).
i
Hence
K,(x) > n(n—1)m.

If i is a probability measure supported by >, then

[ Kol i) = 3 [ ko utdzutde;)
=n(n—1)E(u).

In particular, for p = p*, the equilibrium measure,
Ky (x)p*(dzy) ... p*(dx,) =n(n—1)E".
»n
Define

Rp =

—— inf K, (x).

n(n—1) sexn (z)

We have seen that m < k,, < E*. The statement
lim 69 = exp(—E*)
n—oo

is equivalent to the following

lim w, = E*.
n—oo

47



An n-Fekete point is a point = (x1,...,2,) € X" such that
K, (z) =n(n—1)ky,.

For each n consider a n-Fekete point (™) and the probability measure \,,

on R
1 n
>\7’L = E Z; 5x§n) .
1=

THEOREM III1.4.1.

(i) imy,— 00 K = E*,

(ii) The measure A, converges to the equilibrium measure p* for the
tight topology.

The proof is similar of the one of Theorem III1.2.1.
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Chapter IV

STATISTICAL EIGENVALUE DISTRIBUTION
FOR
RANDOM MATRICES

1. Statistical eigenvalue distribution. — Let H,, = Herm(n,F)
be the space of n x n Hermitian matrices with coefficients in F = R, C, or
H. On H,, one considers the probability

Palds) = o exp(— tr(a?))mn (do),

with v > 0, and m,, is the Euclidean measure on H, associated to the
inner product (z|y) = tr(xzy). C), is a normalization constant

C, = /H exp(— tr(z?))m, (dz) = ( E>N7

" v

where
N =dimgr H,, :n+§n(n—1), 0 =dimgF =1, ,2, or 4.

The probability P, is invariant under the action of the unitary group
U, = U(n,F) of unitary matrices with entries in F.

If F = R, then U(n,F) = O(n) the orthogonal group, and the
probability space (H,,P,) is called the Gaussian Orthogonal Ensemble
(GOE).

If F = C, then U(n,C) = U(n) the usual unitary group, and (H,,P,)
is called the Gaussian Unitary Ensemble (GUE).

If F = H, then U(n,H) ~ Sp(n), the compact symplectic group, and
(H,,P,) is called the Gaussian Symplectic Ensemble.

One is interested in the distribution of the eigenvalues of a random
matrix x € H,, for large n.

The empirical eigenvalue distribution of a matrix * € H, is the
probability measure u%x) on R defined by

1 n
Mo, n ; )\2 )
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where /\Y), . ,/\,Sf) are the eigenvalues of x. Obsserve that, for B C R,
() LI -
) (B) = —#{eigenvalues of x in B}.
n

The statistical eigenvalue distribution is the probability measure on R
defined by

,un(B) =E, (,u?(zw) (B))

We can write, if x g denotes the indicatrix of the set B,
(@) Ly @) = L
2 B) =~ (Mo xsO)) =~ tr(xs(@)),
k=1
with the notation of the functional calculus. Hence

1 (B) = % /H tr x5 ()P (d2),

and, if f is a bounded measurable function on R,

[ sOuan =+ [ (r@)Pain)

The first moment of the statistical eigenvalue vanishes:

(i) = — /R tr(2)P, (d) = 0.

n

Let us compute its second moment:

1
ma(phn) = —/ tr(z?)P, (dz).
n H,
We use the formula

Cn(y) = /H exp (= tr(z?)) Py (dz) = ( E)N,

~
where N = dimgr H,,. Hence

1d N n—1

m2<ﬂn):_ﬁak)gcn<7)‘,yzlzg:1+6 5

This suggests that u,, does not converge, and that a rescaling is necessary.
In fact:
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THEOREM IV.1.1 (WIGNER). — After rescaling, the statistical
eigenvalue distributiion p, converges to the semi-circle law of radius r:
for every bounded continuous function f on R,

nli_)H;O Rf(})un (dt) /f u)Vr? — u?du,

with r = /8.
¥

We will present a proof of Wigner theorem and a generalization of it
by using logarithmic potential theory.

2. Weyl integration formula. — By the classical spectral theorem,
every matrix z € H,, can be diagonalized in an orthonormal basis, and
the eigenvalues are real. In other words the map

U, x D, — H,, (u,a)— uau®,

is surjective, where D,, is the space of real diagonal matrices, D,, ~ R™.

ProrosiTiON 1V.2.1. —  If the function f is integrable on H,, then

/ f@m i) = e, / n / o ) A s,

where a = (a,...,a,), A is the Vandermonde,
A(a) = [ (ax — ay),
j<k

an 1S5 the mormalized Haar measure of the compact group U,, ¢, is a
constant and

6 =dimgF =1,2, or 4.
If the function f is U,-invariant:

fluzu®) = f(z)  (u € Un),

then f(z) only depends on the eigenvalues Ay, ..., \, of x:

f(x)=F(A1, ..., \n),

where F' is a symmetric function on R™. In this case the Weyl formula
simplifies

r)my,(dx) =c a1y ...,0n a)|Pday . ..day,
[ s@main = [ F ) A@) P da ... d
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3. The density of the statistical eigenvalue distribution. — Let
Q, C H, be a U,-invariant open set, of the form

Q, ={r=uau* € H, |u € U,, a; € w},

where w = int(X) is the interior of a closed interval . Hence €, is the
set of matrices x € H,, whose eigenvalues belong to w. Let  be a positive
continuous function on w, such that, for every m € N,

/ e~ dt < 0.
w
We consider on 2 the probability measure given by

Pads) = - exp (1 Q(a)mn (o),

where Q(x) is defined via the functional calculus, and

C’n:/Q exp(— tr Q(z))my (dz).

n

Ezxamples

a) The main example will be ¥ = R, and Q(t) = yt?. Then Q,, = H,
and (H,,P,) is the Gaussian Orthogonal Ensemble (resp. Gaussian
Unitary Ensemble, Gaussian Symplectic Ensemble).

exp(—trQ(z)) = exp(—ytr(z?)).

b) For ¥ = [0, o], §2,,, the cone of positive definite Hermitian matrices,
and

1
Q(t) =t + alog rt
We get the Wishart Ensemble, or Laguerre Ensemble (Wishart Orthognal
Ensemble, Wishart Unitary Ensemble, Wishart Symplectic Ensemble),
with
exp(—trQ(z)) = e~ " *(det )™
c) If ¥ = [—1,1], then 9, is a matrix interval:

Q,={rxecH,||z|op<l}={xeH,|-I<x<I}
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For

1
; Halog —,

t) = pl
Q(t) plog 7— T

we get the Jacobi Ensemble,

exp(—trQ(z)) = (det(I — x))p(det(1+x))q.

The probability measure P, is U,-invariant. By the Weyl integration
formula, if f is U,-invariant,

f(lll') = F()\l,...,)\n),

and
Ly = / e Zi:l Q(A")|A(a)|ﬁd)\1 e dAy.

In particular, if

fla) = S trp(e) = = 3" (0)

where ¢ is a measurable function on w, we get

1
— t d)\ LdA\,
n/ﬂn rol(a) z/w N

g0</\1)qn(>\1, ceey )\n)d/\l ce d)\n
p(t)wn (t)dt,

with
wn(t):/ Gn(ty Aoy ooy Ap)dAg . dNy,.
wnfl

This means that the statistical eigenvalue distribution pu,, has density w,,
i, (dt) = w,, (t)dt.
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a) In the first example Z,, is the Mehta integral
Zn = / e*”x”2|A(x)|ﬁdm1 codxy,

b) In the second example Z,, is the Siegel integral

Z, = / e~@tten) (o )Y A@)|Pday .. day,.
[0,00[

c¢) In the third exmple Z,, is the Selberg integral

n

In = / H(l —x)P(1+ )| Ax)|Pdzy . . . doy,.
(-1.1] 1=1

4. Asymptotic of the integral Z,. — Consider the integral

Zn:/ exp( nZQ xz>\A ]del,...d:vn.

The integrant can be written

exp n( Zl % z”; >

i#]

Define the energy of a probability measure p on X::

ﬁ/log wu(ds)p(dt) /Q

Heuristically

Z, = /n exp(—ngE(,ugf)))d:vl codry,

with
xT 1 .
:U’v(z ) = n Z Oz, -
=1

(33))

Of course this is not correct since E(p, ') = 00.
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The method of proof is inspired from the Laplace method. Let us
present this method in a simple case. Consider the integrals:

Z(\) = / e M@ g (zym(dz),
U
I0H) = 5555 [ S Ca(aym(da).
ZN) Ju
U is an open set in R", ¢ is a continuous function on U such that
amelz) = oo,

and  attains its infimum in only one point xy. The function a is positive,
continuous, and integrable, and f is continuous and bounded.

ProprosITION IV .4.1.

1
(1) lim —log Z(\) = —¢(xp).
A—oo A
(i) Tim I(%: f) = f(ao).
Proof.
a) For A > 0,
e~ e(@) < e—/\so(fro),
hence
Z(\) < e_A‘p(IO)/ a(x)m(dz),
U
and ) )
—log Z(\) < —p(z0) + — log/ a(x)m(dz).
A A U
Therefore

liisip % log Z(\) < —p(wo).
b) Let a > ¢(zp). Then
V={zeU]|p<a}
is a non-empty open set, and

Z(\) > vol(V)e

1 1
X log Z(\) > —a+ X log vol(V).
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Therefore

1
li/\rr_1>ioréf X log Z(\) > —a.
This holds for every a > ¢(z¢). Hence

1
li/\minfx log Z(A\) > —p(xp).

c) Let W be a neighborhood of xy and

= inf .
M

By hypothesis, 5 > ¢(z¢). Choose « such that 8 > a > ¢(xg)
there is a constant C\, such that

Z(\) > Che .

Therefore

1

(

N

~—

/ e M@ g (z)ym(dx)
U\W

<

o~

eo"\e_ﬁ’\/ a(z)m(dz) = Ce™ P~
T\W

The rest of the proof of (ii) is standard.

We will follow the lines of the previous proof.
ProproOSITION 1V .4.2.

) 1
lim —
n—oo N

log Z, = —E*.
Proof.

a) Define, for x € R™,

1 n
Ko@) =53 log -t (n - 1) 3" Q(a),
— 7 |z — —
i#£] i=1
and )
= =) ot (@)

We saw that



Since K, (x) > n(n — 1)ky,

2. < e-nn=Drn ( / e—Q(wdt)”,
b

1
Kp + — log/ e Wyt
L X

and

Therefore
lim Sup o log Z, < —FE*.

n—oo

b) For a probability measure p on 3,

son Ky (z)p(dzr) ... pn(dzy) = n(n — 1) E(p).

Assume that p(dt) = u(t)dt, where u is a continuous function supported
by U C ¥, with u(¢) > 0 on the open set U. We can write

Z, = /n exp(—(Kn(x) + i@(wl) + ilog u(:cl))) f[u(a:l)da:l

We will apply the following Jensen’s inequality: Let (X, v) be a probability
space, and ® a convex function on R. Then, for a real measurable function

fon X,
/f _/X@(f(x))u(dx).

We take X = X", v(dz) = [, u(z;)dz;, ®(x) = exp(z), and

fla) = ~(Fulw) + 3 Q) + 3 log uzy)

We get

2, > exp(—n(n — 1)E(s)) (/2 —Q(t)u(t))n</2 —logu(t)dt>n.

It follows that
lim —logZ > —E(u).

n—oo n

If the equilibrium measure is of this form, this finishes the proof. If not
one has to prove that, for every € > 0, there is a probability measure y of
that form such that F(u) < E(u*) + €. []
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Let us consider the Mehta integral: for g > 0,

I,(8) = /n exp(—— Z H lzi — 2j|Pdxy ... do,.

1<J

After rescaling we get

2(8) = (Van)~ (5D 1 (5)
Define, for u € MM (R),

Bo(n): =5 [ ow —tds)u(an) + [ #ula

= g(/ﬂg2 ]og‘ 1 ‘ p(ds)p (dt)+/R(\/gt)2ﬂ(dt)>'

In Section I1.3 ( 2) Gaussian weight), we saw, for § = 2, that

3 1

and, by Lemma I1.2.4,

By Proposition 1V.4.2,

1
lim — log Z, (ﬁ)z—EEz—(——{——log— .

n— o0 'n

since . 3
log I,,(B) = §(n + En(n — 1)) log 2n + log Z,(8),
we get

1 B
—a10g 1, (f) = 7 logn

38 5
4 _(

2
= + 1 log B) +o(1).

This result can be obtained from the explicit evaluation of the Mehta
integral:

L(8) = em ¥ ] M



Hence

log I,(3) = Zlogf(jg +1) +nlog\/%+nlog1“(§ +1).
j=1

By the Stirling formula
logT(z+ 1) = xzlogz — x + O(log ),

we get

ZF jg—H = g(Zjlogj—i— 1>1 gﬁ>—ﬁw+0(nlogn).

We saw that (Lemma I11.2.2)

., . 1 1
F;jlogjzilogn—z—l—o(l).

We obtain finally, in ageement with the previous result,

1 p 30 5 2
ﬁlogln(ﬂ)zzlogn—< 3 4l gﬁ>+o(1).
5. Generalized Wigner Theorem. — Define the rescaled statistical

eigenvalue distribution p,:
1 n
[ rmatd = £ (5 > 1w)

THEOREM IV.5.1. —  The measure p, converges to the equilibrium
measure * for the tight topology:

lim g, = p*.

n—oo

It means that, for every bounded continuous function f on X,

lim f ) o (dt) / f@@)



The probability P,, concentrates in a neighborhood of the points where
the function

1 n
Kn(x) =) log | +(n—1)>_ Qx:)

i#j ¢ J i=1
attains its infimum:

LEMMA IV.5.2. —  Forn > 0 define
Ay ={z € B" | Kn(z) < (E* +n)n’}.
The set A, is compact and

lim P,(A,,) =1

n—oo

Proof.
From the definition of A, ,, it follows that

Pa(E"\ Ay) < 5o (00 / eWar)".
El Zn Z
By Proposition IV.4.1, for every € > 0 there is N such that, if n > N,
]_ * 2
Z_n S e(E +€)TL .
Choose € < 1. []

Proof of Theorem IV.5.1 Let f be a bounded continuous function on 3,
and F), the function defined on X" by

Fala) = =3 £,

a) Fix n > 0. The set A, , is compact, hence the continuous function
F,, attains its supremum on A4, , at a point

PAURONS (z&”ﬂ”), Lzt e A, .
We obtain
/Z FO)pn(dt) < F(@)Pr(Agn) + [ flloPr(E™\ Apn)
< F@™™) + | flloo (1 = Pu(Ann))-
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To the point z("™) we associate the following probability measure on X:

1 n
V,,(7n) - — E 5 (m,m) -
n 4 z;
i=1

The previous inequality can be written

Afwawséf@wwawwmmu—nw%my

The truncated energy E¢ of the measure 1/7(,") satisfies:

14
Ef (M) < ~+ (B + ).

From the inequality

it follows that

Bt (dt) < ——(E* +1).
) n — ]_

This implies that the sequence V,(,n) is relatively compact for the tight

topology. There is a sequence n; going to oo such that the subsequence
(nj)
n

converges:
lim (™) =y
n -
j—o0
We may also assume that

lim f( )iin, (dt) = hmsup/ f@)pn(dt).

Jj—o0 n— o0

The limit measure v, satisfues
E'(vy) < E* 41,

and, as ¢ — oo,
E(v,) < E* 4.

Furthermore

fimsup [ Fenaldt) < [ F(O ().

n—oo
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b) The inequality
E(vy) < E"+n

implies that the measure 7, converges to the equilibrium mearsur p* as
1n — 0. Therefore

%ﬁgéf@%@ﬂﬁéfwuwt

c¢) Applying the previous result to —f instead of f, one gets
limint [ () = [ Fow (@)

lim f ) pn (dt) / f@@) [

n—oo

and finally

In the special case ¥ = R, and Q(t) = t?, we obtain Wigner’s theorem
(Theorem IV.1.1). In fact in this case the equilibrium measure p* is the
semi-circle law of radius r = 1/f:

COROLLARY 1V.5.2. — If¥ =R, and Q(t) = t2, the measure ji,
converges to the semi-circle law of radius r = /B: for every bounded
continuous function f on R,

lim f( v / f(u)\/ B — u?du.

n—oo
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Chapter V

THE WISHART UNITARY ENSEMBLE

1. The Wishart unitary ensemble. — Let {2, be the cone
of positive definite n x n Hermitian matrices in the real vector space
H, = Herm(n,C). For p > n — 1, the Wishart law WP is the probability
measure on §2,, defined by

b _ x)e” T (det )P ""m,, (dx
| s = s [ g ety m ),

for a bounded measurable function f. The function I',, is the gamma
function of the cone €1,,:

In(p) = /Q e~ "% (det )P "my,, (dz).

The probability space (2, WP) is called the Wishart unitary ensemble.
In fact the Wishart law WP is invariant under the action of the unitary
group U(n) given by the transformations

z— uzu*  (u € U(n)).

The gamma function I';, can be computed:

To(p) = (20) "7 [[T(p—j+1).

j=1

The probability space (£2,, WP) can be obtained from the general
construction we introduced in Chapter IV:

1
2= (0,00l Q) =1+ (p—n)log y,w(t) = A = p
. By the Weyl integration formula,

Ly = / e_(“1+"'+“”)(a1 .. .an)p_nA(a)Zdal cooday, = AT (p).
]0,00["

The Laplace transform of the Wishart law has a simple expression:
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ProposiTiON V.1.1. — For (=& +1in € H, +iH, ~ M,(C) with
E4+1€9Q,,

LWP(C) = /Q e~ TCDWP (dx) = det(I + )77,

Proof.
One starts from the formula

/ e~ U@ (det 2)P""m,, (dx) = T, (p),
Qn

and changes the variable: one puts x = gz’¢g* with ¢ € GL(n,C). Then
my (dz) = | det g|*"m,, (dz'),

and
/ e~ U@ (det 2)P""m,, (dx)
Qp

= |detg[2p/ e~ 979" (det 2/ )P~ m, (da).
Qp

Therefore, for y = g*g,
/ ) (det 2")P~"m,, (dz") = T, (p)(det y) 7.
Qn

Since, for y € €,, there exists ¢ € GL(n,C) such that y = g*g, the
proposition is proven for Im¢ = n = 0. The two functions ¢ — LWPF(()
and ¢ +— (I + ¢)~P are holomorphic in the open set

{C=¢+in|E+T€Q}=(Q, — 1) +iH,,
and agree for ( = £ € Q,, — I, hence agree on (Q,, — I) +iH,,. []

On the space M (n,p;C) of n x p complex matrices let us denote by G
the Gaussian probability measure

G(d¢) e e m(de).

J—
T

q: M(n,p;C) — Q,, &~ &5
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ProposIiTION V.1.2. — Ifp > n, then the image by the map q of the
Gaussian probability G is the Wishart law WP.

This means that, for a function f on Q,, which is integrable with respect
to WP,

/ F ()W (dz) = / F(66°)G(de).
Qn M (n,p;C)

Proof.
The measure p = ¢(G) is the measure on Q,, such that, for a function
f on €,,, measurable and bounded,

/_f(xwdx) - / £ (a(€))G(de).
Q, M (n,p;C)

Let us compute the Laplace transform of the image u = ¢(G). By taking
) = e,

with ( =¢+ine H, +iH,, £+ I € Q,, we obtain

1 . .
Lp()=— /M( . e~ tr(C€E™) o —tr(&€ )m(df)
n,p;

TP

— L e~ tr((1+<)££*))m(df
T M (n,pi0)

= det(I + ¢)*.

By Proposition V.1.1 and the injectivity of the Laplace transform, this
proves the proposition.
[

If p < n, then the image of G is a well defined probability measure
supported on the boundary 02, of the cone €2,,. It is singular with respect
to the Euclidean measure m,,. We will also denote it by WP. In fact it can
be obtained by analytic continuation from W72, p > n — 1, with respect to
p. Therefore we obtain a famility of probability measures W2 for p in the
so called Wallach set

{0,1,...,n—1}UJn — 1,00][.

2. The statistical eigenvalue distribution. — The statiscal
eigenvalue distribution p? is defined by

| rounn = [ ()W),
[0,00] Qp

n
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For p > n — 1, this measure is absolutely continuous with respect to the
Lebesque measure:

piy, (dt) = wi (t)dt.
In fact, define

1

an(ar,. .. an) = Z—e_(a“L “ran) H a? " A(a)?,
7j=1
where i
Zy = / e~ (arttan) H ag_nA(a)Qdal ...da,
[0,00[" =1
Then

wh () :/ @t as,...,an)das ... day,,.
[O OO[” 1

As for the classical Wigner theorem, we will rescale the statiscal eigenvalue
distribution in order to get the convergence. Define fi,, by:

[ swman = [ g,
[0,00[ [0,00[ T

We obtain

/[0 RO

— L [ N se0)es(- ZM) Yda, ... de.

[0,00[" n i=1

with
Q()-t-l—(g—l)log%

To determine the limite of u? we will use the results established in Chapter
IT about logarithmic potential theory.

3. The Marchenko-Pastur law. — For ¢ > 1 define
1
Q) =t+(c—1)log,
on X = [0, 00(, and consider the energy of a probability measure on 3:
1
B(n) = [ log —nldu(ds) + [ Qoyta).
s2 o |s—1 s
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We saw that the infimum E* of the energy is attained at a unique measure

u*, called the equilibrium measure. We saw also that, if p is a measure

with the following property: there is a constant C' such that

Ub(x)+ =Q(z) > C (zeX),

1
2
1
2

UH(z) + 5Q(z) =C (x € supp(n),

then p = p*.
For ¢ > 1, the Marchenko-Pastur distribution pu. is defined by

[ ftometan - /f Vi—ai-%,

a=(Ve-1)% b= (Ve+ 1)

By Proposition II.1.5, the Marchenko-Pastur u. is the equilibrium mea-
sure.

where

4. Convergence to the Marchenk-Pastur distribution. — We
assume that p depends on n: p = p(n).

THEOREM V.4.1. —  Assume that

lim ZLn):czl.
n—oo n

Then, for a bounded continuous function f on X,

im [ F(E)iat = [ pelan),

n—oo b
This is a consequence of the results we saw in Chapter IV.

In the case of p < n, the matrix x = ££* has (n — p) zero eigenvalues,
therefore

tr f(z) = f(A) -+ f(Ap) + (n — p) f(0).

It follows that the statistical eigenvalue distribution p? has an atom in 0:

[ szt = (1-2) g0+ [ st
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For 0 < ¢ < 1, the Marchenko-Pastur distribution . has an atom at 0 as
well:

b
[ rmetan = 1= 50 + 5 [ rOVE= -0

The theorem still holds with ¢ > 0 instead of ¢ > 1.

References

[Anderson-Guionnet-Zeitouni,2010];Pastur-Shcherbina,2010], chapter 7;|j
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Chapter VI

WHAT IS THE PROBABILITY
FOR A SYMMETRIC OR A HERMITIAN MATRIX
TO BE POSITIVE DEFINITE ?

The result we will present is part of the paper

D. S. Dean, S. N. Majumdar
Extreme wvalue statistics of eigenvalues of Gaussian random matrices

(2008)

1. The probability for a matrix to be positive definite. — Let
(H,,P,) be the Gaussian Orthogonal Ensemble, the Gaussian Unitary
Ensemble, or the Gaussian Symplectic Ensemble.

As in Chapter V, €, C H, denotes the cone of positive definite
Hermitian matrices. The question is: What can be said about the numbers
Pn = P, (Q,), the probability for a matrix = € H,, to be positive definite 7

It is the probability that all the eigenvalues are > 0. If the eigenvalues
were independant, it would be equal to 2% But it is not the case.

Consider the simplest case: n = 2, H, = Sym(2,R). We use the

coordinates
= 1+ T2 I3
x3 X1 — X2

Then tr(z?) = 2(2? + 23 + 23), and Q5 is the circular cone

Q= {2 = (21,72, 20) | #5 — 23 — 23 > 0, 21 > 0}.

The number ps is the area of the intersection of {25 with the unit sphere
S(R3), the area being normalized so that the area of S(R3) is equal to
one. This means that p,, is the normalized solid angle of the cone ).
One computes easily

2-V2

P2 = 1

Then ps ~ 0.14, much less that i. On the opposite the probabibility

for a matrix to have signature (1,1) is @, much more that 0.5. The
interpretation of p,, as a solid angle holds in any dimension: p,, equals the
area of the intersection of €2, with the unit sphere S(H,,), the area being

normalized so that the area of S(H,,) is equal to one.
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In his thesis, Kuriki has determined the probability, for a real symmetric
matrix of order < 5, that all eigenvalues are > £. For £ = 0, one gets the
probabilities p,, ([Kuriki,1992], p.35):

7r—2\/§p 4-V2r—8 =~ 3r-8-+2

A 4= 167 » Ps 24r

p3 =
In the paper of Dean and Majumdar it is proven:
THEOREM VI.1.1.

log 3
1

. 1
lim — logp, = —f3

n—oo n

Hence p,, converges to zero very rapidly: p,, is like

—en? _ log3
e , ¢c=p 1

We consider the Gaussian probability

P, (dx) = C’i exp(—g tr(m2)>mn(da:),

n

where
C’n:/ exp(—gtr(x2)>mn(dx).
Hy

Hence

Pn =Pp(Qy) = Cin/g exp(—g tr(:c2)>mn(da;).

By using the Weyl integration formula it can also be written, since the
ratio is not affected by the rescaling,

Z+
Pn = Z_nv
n

with
Z, = / e_ng(“%+“'+ai)|A(a)|5da1 coday.

Zt = / efng(‘ﬁ*’*ai)|A(a)|ﬁda1 coday.
(0,00
Consider, for ¥ = R, and Q(t) = t2,
1
B(n) = [ tog —u(ds)u(ar) + [ Qouar),
r2 |5 — 1 R
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and denote by E* the equilibrium energy. In Chapter IV we consider a
slightly different definition:

B =2 [ 1og |8—it|u<ds>u<dt> 4 / Q(t)uldt).

By Lemma I1.2.4, the modified equilibrium energy E* is related to E* by

me D 1. B
B = (B~ S log’s ).
p (B =5 log 5
Therefore, by Proposition 1V.4.1
.1 B 1. 0
iz log Zn = =5 (B = 5log ).

Similarly consider, for ¥ = [0, co[, Q(t) = t2, the energy

|S_t|u(ds)u(dt)+ i Q(t)u(dt).

Ey(p) = /[R log

2
+

and denote by E7 the equilibrium energy. Then
5 5 )

1 . 1
nh_)rréomlogzg' = _§(E+ - §log§

Therefore
.1 B e o
lim — logp, = —§(E+ — E").

n—oo M

We have seen in Chapter II that

. 3 1 1
E = 1 + §log2—|— §log3.
Since
Zn
Pn = Z—TJ{,
this proves Theorem VI.1.1. []
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2. The Dean-Majumdar distribution. — Recall that, for ¥ = R,
and Q(t) = t2, the energy of a probability measure p is

1
E(n) = / log o du(dt) + / Qt)u(dt).

The equilibrium measure is the semi-circle law of radius v/2:

/f / (V2 — 2dt,

and the equilibrium energy is

3 1
E* =>4 Zlog2.
1738

Now we replace R by X = [0, oo, and keep Q(t) = 2. Define the energy
of a probability measure p on [0, 00[ as

By (u) = / oz —n(ds)uldr) + [ QUo(a).

Ry

We will see that the equilibrium measure is then the probability measure

i defined by
/f (dt) /f t+ \/——ldt

with b = 21/6. This measure is introduced in [Dean-Majumdar,2008].

THEOREM VI.2.1. — The Cauchy transform of u is given, for
ze C\[0,0], b
b b

Gu(z):z—(z%—ﬁ) 1—;,

and its logarithmic potential by

1
Ut(z) = —5:102—1—0, if 0 <x<b,

1 x
:——x2+0+/ (t—i—é)\/l—édt, if 2 > b.
2 b 2 t

1 1 1
= -+ —log2+ = log3.
C 2-1-20g +20g3

with
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Proof.
The function

f(z):(z+g) 1_2

is holomorphic in C\ [0, b], and the difference of its boundary values equals

[ﬂ:%a+9)t

2

where x is the indicatrix of [0,b]. Furthermore the Laurent expansion of

fis

Therefore p is a probability measure whose Cauchy transform is

Gu(z) =2 — (z—i-g)\/l—g.

Furthermore the first two moments of u are

() = 5, ma(p) = 5.
Hence
d .
%U”(x) =—ReG,(z) =—2 if0<ax<h,
b b
:—m+@+§)1—¥ if >,
and

1
Ut(zx) = —§x2+C’, ifo<z<b,

1 “ b b
:——x2+0+/(t—|——)\/1——dt, if > b.
2 ) 2 t

The constant C' will be computed by using

lim U¥(x) + logz = 0.

xr— 00

Let us compute the integral

F(x) = /:(t—k g)wl - %dt: Fi(x) + Fy(x),
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with

:/w Vit —b)dt, Fy(x / \/:dt

For the first integral we change the variable: ¢ = g (1 + u) and get

F1(x):b—/13_ Vu du— (bx—l)

4
with

:/ vVu? — 1du.
1

For the second integral we put ¢t = bu? and get

) = 12 /1f VP~ Tdu = g@(\/%).

By Lemma II.1.4

1 1 1 1
(I)(U):502—510gv—1—§10g2+0(1)
Hence
2 1 2 1 2 1 1
15, b 1 1 1 1
= —g°— -z — -1 — — —log2— =1 1
52"~ 5 3ogx+6 5 log 60g3+o( ),
and
8 /1 r.2 1 r 1 1
b 2 2 1 1
:§x—§logx—§—glog2—§10g3—|—0(1).
Finally

1 1 1 1
F(z) = Fi(z) + Fo(z) = §x2 —logz — (5 +3 log2 + ilog?)) +o(1).

It follows that L1 .
=—+ —log2+ = log3.
C 5 + 5 log + 5 og3 []

COROLLARY VI.2.2. —  For ¥ = [0,00[, Q(t) = t2, the equilibrium
measure is the Dean-Majumdar distribution p, and the equilibrium energy
18

3 1 1
E7 = -+ —log2+ = log3.
+7 7 + 5 og 2+ 5 og 3

74



Proof.
By Theorem VI.2.1,

U*(@) + 5Q() = € on [0,0c].
=C on supp(u).

By Proposition I1.3.1, this implies that p is the equilibrium measure.
Furthermore

EY =C+ %/EQ(t)u(dt) =C+ %mg(,u).

We have seen that mao(u) = 5. Hence

1 3 1 1
E* = — =4 -log2+ =log3.
T C+4 4+20g +20g3 []

Consider on (2,, the Gaussian probability measure

1
P, (dx) = — exp(— trz*)m(dz),
and let u,, be the statistical distribution of the eigenvalues of a matrix in
Q,,. By the generalized Wigner Theorem (Theorem IV.5.1), the statistical
distribution pu, of the eigenvalues of a matrix x in {2, converges, after
scaling, to the Dean-Majumdar distribution.

COROLLARY VI.2.3. —  For a bounded continuous function f on

[0, 00],
Jim. . f(%)ﬂn(dt) = /R+ f(\/?@#(dux

where p is the Dean-Majumdar distribution.

If x € H, has p positive eigenvalues and ¢ negative eigenvalues, one
says that x has signature (p, q), or index (p, q). It is natural to study the
distribution of the random variable p(z), and its asymptotic as n — oo.
See

The indez distribution of Gaussian random matrices (2009)

S. N. Majumdar, C. Nadal, University of Paris-Sud (Orsay)
A. Scardicchio, P. Vivo, Abdus Salam International Centre for Theoretical
Physics (Trieste)

Once more this question is solved by using Logarithmic Potential

Theory. It amounts to solving:
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For ¢ € R, determine the probability measure ;1 which minimazes the
energy

= (0] L u\as 2
P = [ og —ulasyutdn) + [ Euta)

R
among the probability measures p for which
u([0, 00[) < 2.

This is solved by the Lagrange multipliers method.
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