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The construction of a realization for the minimal unitary representation
of a simple Lie group by using geometric quantization has been the topic
of many papers during the last thirty years: [Rawnsley-Sternberg,1982],
[Torasso,1983], and more recently [Kobayashi-Orsted,2003]. In a series of
papers R. Brylinski and B. Kostant have introduced and studied a geometric
quantization of minimal nilpotent orbits for simple real Lie groups which are
not of Hermitian type: [Brylinski-Kostant,1994,1995|, [Brylinski, 1997,1998|.
They have constructed the associated irreducible unitary representation on
a Hilbert space of half forms on the minimal nilpotent orbit. This can be
considered as a Fock model for the minimal representation. In this paper we
revisit this construction with another point of view. We start from a pair
(V,Q) where V is a complex vector space and @ is a homogeneous poly-
nomial on V' of degree 4. The structure group Str(V,Q), for which @ is a
semi-invariant, is assumed to have a symmetric open orbit. The conformal
group Conf(V, Q) consists of rational transformations of V' whose differential
belongs to Str(V, Q). The main geometric object is the orbit = of () under
K, a covering of Conf(V, @), on a space W of polynomials on V. Then, by
a generalized Kantor-Koecher-Tits construction, starting from the Lie alge-
bra ¢ of K, we obtain a simple Lie algebra g such that the pair (g, ) is non
Hermitian. As a vector space g = ¢ @ p, with p = VV. The main point is to
define a bracket

pDp—t (X,)Y)— [X)Y],

such that g becomes a Lie algebra. The Lie algebra g is 5-graded:

=099, D Dg Do

In the fourth part one defines a representation p of g on the space O(=)g, of
polynomial functions on =. In a first step one defines a representation of an
slo-triple (E, F, H). It turns out that this is only possible under a condition
(T). In such a case one obtains an irreducible unitary representation of the
connected and simply connected group G whose Lie algebra is a real form
of g. The representation is spherical. It is realized on a Hilbert space of
holomorphic functions on =. There is an explicit formula for the reproducing
kernel of H involving a hypergeometric function | F5. Further the space H is
a weighted Bergman space with a weight taking in general both positive and
negative values.



The pairs satisfying (T) are the following ones:

Classical pairs  ((sl(n,R),s0(n)), (so(p, p),so(p) @ so(p)),
Exceptional pairs (e6(6),5p(8 ), (e7(7),5u(8)), (eg(g),so(16)).

If Q = R? or Q = R* where R is a semi-invariant, then by considering
a covering of order 2 or 4 of the orbit =, one can obtain one or 3 other
unitary representations of Gg. They are not spherical. If the condition T
is not satisfied, by a modified construction, one still obtains an irreducible
representation of Gr which is not spherical. This last point is the subject of
a paper in preparation by the first author.

The construction of a Schrodinger model for the minimal representation
of the group O(p,q) is the subject of a recent book by T. Kobayashi and
G. Mano [2008]. We should not wonder that there is a link between both
models: the Fock and the Schrodinger models, and that there is an analogue
of the Bargmann transform in this setting.

1 The conformal group and the representa-
tion

Let V be a finite dimensional complex vector space and () a homogeneous
polynomial on V. Define

L=5Str(V,Q) ={g9 € GL(V) | 3y =1(9), Qg - z) = v(9)Q ()}

Assume that there exists e € V' such that
(1) The symmetric bilinear form

<$7 y> = _Dny log Q(6)7

is non-degenerate.
(2) The orbit Q = L - e is open.
(3) The orbit = L - e is symmetric, i.e. the pair (L, Lg), with
Ly ={g € L | g-e = e}, is symmetric, which means that there is an
involutive automorphism v of L such that Ly is open in {g € L | v(g) = g}
We will equip the vector space V' with a Jordan algebra structure. The
Lie algebra [ = Lie(L) of L = Str(V, Q) decomposes into the +1 and —1



eigenspaces of the differential of v : [ =1y +q, where [ = {X € 1| X - e =
e} = Lie(Lyp). Since the orbit € is open, the map

g—V, X— X e,

is a linear isomorphism. If X -e =2 (X € q,2 € V) one writes X = T}.
The product on V' is defined by

xy="T, - y=T,0T,-ec.

Theorem 1.1. This product makes V into a semi-simple complexr Jordan
algebra:

(J1) For z,y € V,zy = yz.

(J2) For z,y € V,2*(zy) = z(x?y).

(J3) The symmetric bilinear form (.,.) is associative:

(zy, 2) = (2,y2).
Proof. (a) This product is commutative. In fact
vy —yxr = [1,,T,]-e=0,

since [q,q] C lo.

(b) Let 7 be the differential of v at the identity element of L: for X € 1,

d
T(X) = pr tzofy(exp tX).

Lemma 1.2.

(i) (Dalog Q)(e) = 7(T),
(i) (D2Dylog Q)(e) = —7(Toy),

1
(iii) (DyD,D,logQ)(e) = 2T(T(my)z).
The proof amounts to differentiating at e the relation

log Q(exp T, - €) = 7(T,) + log Q(e),

up to third order. (See Exercise 5 in [Satake, 1980], p.38.) Hence, by (ii),
(x,y) = 7(Tyy), and, by (iii), the symmetric bilinear form (.,.) is associative.
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(c) Define the associator of three elements z,y,z in V' by

[2,y, 2] = 2(2y) — (z2)y = [L(z), L(y)]2.

Identity (J2) can be written: [z2,y,z] = 0 for all x,y € V. It can be shown
by following the proof of Theorem 8.5 in [Satake,1980], p.34, which is also
the proof of Theorem II1.3.1 in [Faraut-Koranyi, 1994], p.50. 0

The Jordan algebra V' is a direct sum of simple ideals:

V-V
=1

and
S

Qz) = [TAa=)" (z=(a1,...,2.)),
i=1
where A; is the determinant polynomial of the simple Jordan algebra V; and
the k; are positive integers. The degree of ) is equal to >, | k;r;, where r;
is the rank of Vj.

The conformal group Conf(V, @) is the group of rational transformations
g of V' generated by: the translations 7, : z — z+a (a € V), the dilations
z+— (-2 ({ € L), and the inversion j : z — —z~!. A transformation
g € Conf(V, Q) is conformal in the sense that the differential Dg(z) belongs
to L € Str(V, Q) at any point z where g is defined.

Let W be the space of polynomials on V' generated by the translated
Q(z — a) of Q. We will define a representation x on W of Conf(V, Q) or of

a covering of order two of it.

Case 1
In case there exists a character x of Str(V, Q) such that x* = ~, then let
K = Conf(V, Q). Define the cocycle

u(g,z) = x(Dg(2)™") (ge K, zeV),

and the representation x of K on W,



The function k(g)p belongs actually to W. In fact the cocycle u(g, z) is a
polynomial in z of degree < deg () and

(5(ra)p)(2) = p(z—a) (a€V),
p)(z) = x(Op(t™-2) (L€ L),

Case 2
Otherwise the group K is defined as the set of pairs (g,u) with g €
Conf(V,Q), and p is a rational function on V' such that

1(z)* =v(Dg(z))~".

We consider on K the product (g1, p1)(g2, 2) = (9192, 3) with ps(z) =
p11(g2 - 2)pa(2). For g = (g,p) € K, define u(g,2) := pu(2). Then pu(g,2) is a
cocycle:

(9192, 2) = (g1, g2 - 2) (G2, 2),

where § -z = g - z by definition.

Proposition 1.3. (i) The map

K — Conf(V,Q), §=1(g9.1) =g

1S a surjective group morphism.
(ii) For g € K, u(g, z) is a polynomial in z of degree < deg Q.

Proof. 1t is clearly a group morphism. We will show that the image contains
a set of generators of Conf(V, Q). If ¢ is a translation, then (g,1) and (g, —1)
are elements in K. If g = ¢ € L, then Dg(z) = ¢, and (¢, a), (¢, —«), with
a? =y(0)7! areelements in K. If g-z = j(2) := —z~ !, then Dg(z)~! = P(2),
where P(z) denotes the quadratic representation of the Jordan algebra V:
P(s) = 212 — T, and A(P(2)) = Q(:)%. Then (j, Q(2)), (j, Q(—2)) are
elements in K. ]

Let Pnax denote the preimage in K of the maximal parabolic subgroup
Lx N C Conf(V,Q), where N is the subgroup of translations. For g € Ppax,
u(g, 2) does not depend on z, and x(g) = u(g~',2) is a character of Ppay.

For g = (¢,a) (€ € L), x(g9)* = (0).



Observe that the inverse in K of o = (4,Q(z)) is 7! = (4,Q(—2)). If
K is connected, then K is a covering of order 2 of Conf(V,@). If not, the
identity component K, of K is homeomorphic to Conf(V, Q).

The representation x of K on W is then given by

In particular

(k(9)p)(2) = x(9p(g7"-2) (9 € Puax),
(k(o)p)(2) = Q(=2)p(—=="1).

Hence pg = 1 is a highest weight vector with respect to the parabolic sub-
group Ppax, and @ = k(0)po is a lowest weight vector. The representation x
is irreducible since every highest weight vector in W is proportional to py.

Ezxample 1

If V=c, Q(z) = 2", then Str(V,Q) = C*, y(¢) = ¢*, and Conf(V, Q) ~
PSL(2,C) is the group of fractional linear transformations

az+b . a b
ZHg'Z—m,Wlthg—(c d>€SL(2,(C).
Furthermore
Dy(z) = ————, 3(Dg(z)") = (2 + A, ulg,2) = (cz +d)"
(CZ + d)2’ Y ) N

Hence, if n is even, then K = PSL(2,C), and, if n is odd, then K = SL(2,C).
The space W is the space of polynomials of degree < n in one variable.
The representation x of K on W is given by

(k(g9)p)(2) = (cz+d)”p<aziz>, if g7t = ( i Z ) .

cz

Ezample 2

If V.= M(n,C), Q(z) = detz, then Str(V,Q) = GL(n,C) x GL(n,C),
acting on V' by
0-z= 020" 0= ({1, 0).
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Then v(¢) = det ¢; det £;*, and  is not the square of a character of Str(V, Q).
Furthermore Conf(V, Q) = PSL(2n,C) is the group of the rational transfor-
mations

a b

2 g-z=(az+b)(cz+d)"", with g = ( . d) € SL(2n,C),

decomposed in n x n-blocks. To determine the differential of such a trans-
formation, let us write (assuming ¢ to be invertible)

g-z=(az+c)(cz+d) " =act — (ac'd = b)(cz +d)7?,
and we get
Dg(2)w = (ac™'d — b)(cz + d) 'cw(cz +d)~".
Notice that Dg(z) € Str(V,Q):
Dg(z)w = fywly !, with £ = (ac™'d — b)(cz +d) " 'e, by = (cz +d).
Since det(ac™'d — b) det ¢ = det g = 1,
v(Dg(2)7") = det(cz + d)*.

It follows that K = SL(2n,C), and u(g, z) = det(cz + d).
The space W is a space of polynomials of an n x n matrix variable, with
degree < n. The representation x of K on W is given by

(r(9)p) (2) = det(cz + d)p((az + b)(cz +d) ), if g7 = ( . ) .

2 The orbit =, and the irreducible K-invariant
Hilbert subspaces of O(Z)

Let = be the K-orbit of () in W:

E={n(g)Q|ge K}

Then = is a conical variety. In fact, if £ = k(g)@, then, for A € C*, \{ =
k(g o hy)Q, where hy - z = e~z (t € C) with \ = e*.
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A polynomial £ € W can be written
£(v) = wQ(v) + terms of degree < N =deg@ (w € C),
and w = w(§) is a linear form on W which is invariant under the parabolic
subgroup Ppax. The set 29 = {£ € Z | w(&) # 0} is open and dense in =. A
polynomial £ € =y can be written
E)=wQv—2) (wecC,zeV).
Hence we get a coordinate system (w,z) € C* x V for =y.
Proposition 2.1. In this system, the action of K is given by
k(g) : (w,2) = (pu(g, 2)w, g - 2).

Observe that the orbit = can be seen as a line bundle over the conformal
compactification of V.

Proof. Recall that, for £ € =,

and, if £(v) = wQ(v — z), then

= (g )wQ(g™ v —2) = p(g v)wQ(g™ v —g7lg - 2).
By Lemma 6.6 in [Faraut-Gindikin,1996],

(g, 2)1(9,2)Qg -2 — g - 2') = Q(z — 7).

Therefore

(k(9)) () = ulg™" g 2) " wQ(v — g.2) = ulg, 2)wQ(v — g - 2),
by the cocycle property. i

The group K acts on the space O(Z) of holomorphic functions on = by:

(m(9)f)(&) = f(r(9)7"¢).



If £ € Zp, ie. £(v) =wQ(v—2), and f € O(F), we will write f(§) = ¢(w, 2)
for the restriction of f to Zy. In the coordinates (w, z), the representation 7
is given by

(m(9))(w, 2) = p(ulg™, 2)w, g7" - 2).

Let O,,(Z) denote the space of holomorphic functions f on =, homogeneous
of degree m € 7Z:

&) =A"f() (Aec).

The space O,,(Z) is invariant under the representation 7. If f € O,,(2),
then its restriction ¢ to =y can be written ¢(w,z) = w™p(z), where v is
a holomorphic function on V. We will write O,,(V) for the space of the
functions ¢ corresponding to the functions f € O,,(Z), and denote by 7,,
the representation of K on O,,(V) corresponding to the restriction m,, of 7
to O (Z2). The representation 7, is given by

(Tm(90) (2) = ulg™ ", 2)™ (g - 2).
Observe that (7,,(0)1)(2) = Q(—2z)™.

Theorem 2.2. (i) O,,(Z) = {0} for m < 0.

(ii) The space O, (Z) is finite dimensional, and the representation m,, is
wrreducible.

(iii) The functions ¢ in O,,(V) are polynomials.

Proof. (i) Assume O,,(Z) # {0}. Let f € O,(E), f # 0, and ¢(w, z) =
(z)w™ its restriction to Zg. Then ¢ is holomorphic on V| and

(T (0)¥)(2) = Q(=2)"(=27),

is holomorphic as well. We may assume 1(e) # 0. The function h(¢) =
¥(Ce) (¢ € C) is holomorphic on C,

h(¢) = arc*,
k=0

together with the function

Q(e)™il—¢ L) = ¢mVa(- cmNZak —)F (N =degQ).



It follows that m > 0, and that a;, = 0 for k > mN.
(ii) The subspace

{f € Om(E) ’ Va € va(Ta)f = f}

reduces to the functions C'w™, hence is one dimensional. By the theorem of
the highest weight [Goodman,2008], it follows that O,,(Z) is finite dimen-
sional and irreducible.

(iii) Furthermore it follows that the functions in O,,(=Z) are of the form
w™p(z), where 1 is a polynomial on V' of degree < m - deg@. 0

We fix a Euclidean real form V of the complex Jordan algebra V| denote
by z +— Zz the conjugation of V' with respect to Vi, and then consider the
involution g — g of Conf(V, Q) given by: g-z =g- 2. For (¢,u) € K define

(9,1) = (g, 1), where [i(z) = pu(2).

The involution « defined by a(g) = 0 0 go o' is a Cartan involution of
K (see Proposition 1.1. in [Pevzner,2002]), and

Kp:={g€ K |alg) =g}
is a compact real form of K.

Ezample 1.

If V=c, Q(z) = 2" Then Vg =R, and z — Z is the usual conjugation.
We saw that K = PSL(2,C) if n is even, and SL(2,C) if n is odd. For
g € SL(2,C),

we get

ol

@=( 01 b\ (0 -1\ _( d —c
W=\ -1 0 d)\1 0o )"\ -b a )
Hence Ky = PSU(2) if n is even, and K = SU(2) if n is odd.

Ezxample 2.
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IfV =M(n,C), Q(z) = det 2, then Vi = Herm(n,C) and the conjugation
is z — 2z*. We saw that K = SL(2n,C). For g € SL(2n,C),

=0 0).
aw=( % o) (S () -(45 )

Hence Ky = SU(2n).

We will define on O,,(Z) a Kg-invariant inner product. Define the sub-
group Ky of K as Ky = L in Case 1, and the preimage of L in Case 2,
relatively to the covering map K — Conf(V, @), and also (Ky)r = Ko N K.
The coset space M = Ky/(Kp)g, is a compact Hermitian space and is the
conformal compactification of V. There is on M a Kg-invariant probabil-
ity measure, for which M \ V has measure 0. Its restriction mgy to V' is
a probability measure with a density which can be computed by using the
decomposition of V' into simple Jordan algebras.

Let H(z, z") be the polynomial on V' x V', holomorphic in z, anti-holomorphic
in 2’ such that

H(z,z) = Qe +2%) (z € Vj).

Put H(z) = H(z,z). If z is invertible, then H(z) = Q(2)Q(z7' + 2).

Proposition 2.3. For g € Ky,

H(g TR, 9 ZQ),U(Q, Zl)l’b(ngQ) - H(zlsz)v

and
H(g-2)|ulg,2)]* = H(z).

Proof. Recall that an element g € Ky satisfies cogoo ™! = g, or 00§ = goo.
Recall also the cocycle property: for ¢;, g2 € K,

M(9192, Z) = #(91, g2 - Z),U(gz, Z)

Since p(o, z) = Q(z), it follows that, for g € K,
(g, o - 2)Q(z) = Q(g - 2)u(g, 2)- (1)

12



By Lemma 6.6 in [Faraut-Gindikin,1996], for g € K,

Qg 21— g 2)u(g, 21)1(g, 22) = Q(z1 — 22). (2)
For g € Kk,
H(g 21,9 22) = QG 22)Q(g 21 — 07 2)
= QG- 2)Q(g 21 — goza),
and, by (2),

= Q7 2)u(g. 21) ' wg,0 - 2) Q21 — 0 - Z2).

Finally, by (1),
= (g, 21) " (G, Z2) T H (21, 22). 0

We define the norm of a function 1) € O, (V) by

Il = - /V (=) PH () o (d),

with
Uy = / H(z) ™mg(dz).
1%
Proposition 2.4. (i) This norm is Kg-invariant. Hence, O,,(V) is a Hilbert

subspace of O(V). )
(ii) The reproducing kernel of O, (V) is given by

Kn(z,2) = H(z, 2 )™,
Proof. (i) From Proposition 2.3 it follows that, for g € K,
~ - 1 m — —-m
e 0l = o [ o 2Pt 2)PH ) ()

1

= = [l APHET ) m(d2)
am Jv
1 —-m

= = [ WEPHE) mo(dz) = 9],
QA v

(ii) There is a unique function vy € O,,(V) such that, for ¢ € O,,(V),
(¢ [ o) = (0).

13



The function vy is Kyp-invariant, therefore constant: @/}0(2;) = (. Taking
1 = 1)y, one gets C? = C, hence C' = 1. It means that, if IC,,(2,2") denotes
the reproducing kernel of O,,(V),

Km(z,0) = K,,(0,2) = 1.

Since K, (2, 2') and H(z,2') satisfy the following invariance properties: for
g S KRa

Knlg - 2,9-2")u(g,z)" (g, 2

H(g-z,9-2)ug, 2)ulg, ') = H(z2),

I
oy
3
—~
n
N
N

it follows that

Km(z,2") = H(z,2")™. i

Since O,,(Z) is isomorphic to O,,(V), the space O,,(Z) becomes an in-
variant Hilbert subspace of O(Z), with reproducing kernel

K:m(g, 5/) = (I)(f, £/>m’

where
D(&,€) = H(z, 2 )ww' €= (w,2), = 272)).
Theorem 2.5. The group Ky acts multiplicity free on O(Z). The irreducible

Kyg-invariant subspaces of O(Z) are the spaces Op,(Z) (m € N). If H C O(2)
is a Kg-invariant Hilbert subspace, the reproducing kernel of H can be written

[ee]

IC(£7 5/) = Z Cm(I)(g? fl)mv

m=0

with ¢,, > 0, such that the series Y, c,®(£, &)™ converges uniformly on
compact subsets in =.

This multiplicity free property means that Ky acts multiplicity free on
every Kp-invariant Hilbert space H C O(2).

Proof. The representation 7 of Ky on O(Z) commutes with the C*-action by

dilations and the spaces O,,(Z) are irreducible, and mutually inequivalent.
It follows that Ky acts multiplicity free. I

14



In case of a weighted Bergman space there is an integral formula for
the numbers ¢,,. For a positive function p(§) on =, consider the subspace
H C O(E) of functions ¢ such that

wwzévam%m@mmmww<m

where m(dw) denotes the Lebesgue measure on C.

Theorem 2.6. Let F' be a positive function on [0, 00, and define
plw, z) = F(H(2)lw|*)H(z).

(i) Then H is Kg-invariant.

(i) If
B(w,2) = 3 wn(2),
m=0
then .
1
16l =D —llwmllzm:
m=0 ™
with ) -
= Wam/ F(u)u™du.
m 0

(iii) The reproducing kernel of H is given by

K& €)=Y em®(&)™

m=0

Proof. a) Observe first that the function defined on = by
(w,2) = |w[*H (2),
is Kg-invariant. In fact, for g € K,
k(g) : (w, g) — (u(g, 2)w,g - 2),
and, by Propositiion 2.3, for g € Ky,
(g 2)PH(g - 2) = H(2).

15



Furthermore the measure h(z)m(dw)mg(dz) is also invariant under Kg. In
fact, under the transformation z = g - 2/, w = u(g, 2" )w’ (g € Kg), we get

H(z)m(dw)mo(dz) = H(g-2")u(g,2")[*m(dw’)mo(dz’)
= H(Z")m(dw)mo(dz").

b) Assume that p(w, z) = F(H(z)|w|?)H(z). Then

HW(Q)fbHQ—/(C Vlcb(u(g‘l,Z)w,g‘l'Z)IQF(H(Z)lez)H(Z)m(dw)mo(dZ)-

We put
g lz=2 plgThDw=uw'

By the invariance of the measure H(z)m(dw)mg(dz), we obtain

Im(g)oll* =
|o(w', )W F(H (g 2)ulg™, g+ 27w *) H (2 )m(dw')mo(d2).

CxV

Furthermore
H(g-2)u(g™ g-2)72=H(g- )y, 2> = H(Z),

and, finally, [[7(g)¢[ = [|¢]-
c) If ¢(w, z) = w™p(z), then

6] = / P PR (o) H()m(dw)m(d2)
We put w' = y/H(2)w, then
lol? = / L HE PP (o)

— anll0lf, [ Pl Prm(dn)
C
— anlldlfr [ Pwurde
0
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3 Decomposition into simple Jordan algebras

Let us decompose the semi-simple Jordan algebra V' into simple ideals:

o
i=1

Denote by n; and r; the dimension and the rank of the simple Jordan algebra
V;, and A; the determinant polynomial. Then

Q(z) = HA,-(ZZ)’%.

Let H;(z,2") be the polynomial on V; x V;, holomorphic in z, antiholomorphic
in 2/, such that
Hi(l‘, l’) = A,(ez + .TQ) (.T S (‘/Z)R)a

and put H;(z) = H;(z, z). The measure my has a density with respect to the
Lebesgue measure m on V:

mo(dz) — CiOHO<z)m(dz>,

with

Cy = VHO(z)m(dz).

The Lebesgue measure m will be chosen such that Cy = 1.

Proposition 3.1. (i) The polynomial Q) satisfies the following Bernstein
identity

Q(L)Q@) = Ba)Q@r (ze0),

where the Bernstein polynomial B is given by
B(a) = H bi(ki@)bi(kia — 1) - bi(kia —k; + 1)’
i=1

17



and b; is the Bernstein polynomial relative to the determinant polynomial A,;.
(ii) Furthermore

(L) H() = BQEHE

Proof. (i) The Bernstein identity for @) follows from Proposition VII.1.4 in
[Faraut-Kordnyi, 1994].
(ii) For z invertible

and then, by (i),

Ezample 1
If V=c, Q(z) = z", then

with

Ezxample 2
If V.= M(n,C), Q(z) = det z, then

da&%)ma@azB@M&x@*%

with
B(a)=ala+1)...(a+n—1).

Recall that we have introduced the numbers

%:LH@%WMA
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Proposition 3.2.

where I'q, s the Gindikin gamma function of the symmetric cone §; in the
Euclidean Jordan algebra (V;)g.

Proof. If the Jordan algebra V is simple and ) = A, the determinant
polynomial, by Proposition X.3.4 in [Faraut-Koranyi, 1994],

Ay = /H "mo(dz) C’O/H ) 2 m(dz)

= C’/S]A(e%—x) =25 m(dx).

By Exercice 4 of Chapter VII in [Faraut-Koranyi,1994] we obtain

, Ta(m+ %)

Ay = —_— .

In the general case

1 > —mk;—224
Ay, = — H; ri mZ dz;
CH/V (=) (=),

and the formula of the proposition follows. I

4 Generalized Kantor—Koecher—T1its construc-
tion

From now on, ) is assumed to be of degree 4. The group of dilations of V'
: hy-z=e"'z (t € C) is a one parameter subgroup of L, and x(h;) = e *.
Put hy = exp(tH). Then ad(H) defines a grading of the Lie algebra ¢ of K:

B=t_ g+ B+ b,
with ¢, = {X €¢|ad(H)X =jX}, (j =—1,0,1). Notice that
ty = Lie(N)~V, t = Lie(L), Ad(o):t — t_j,

19



and also that H belongs to the centre 3(¢) of ¢. The element H defines also
a grading of p := W:

p=p_2+p_1-+po+p1+pe,
where
pj=A{p€v|ds(H)p=jp}
is the set of polynomials in p, homogeneous of degree j + 2. The subspaces
p; are invariant under K. Furthermore (o) : p; — p_;, and
p_2:C7 PQZ(CQ» p-1 :V7 P1 ~ V.
Let g=¢®p. Put E=0Q, F=1.

Theorem 4.1. There exists on g a unique Lie algebra structure such that:

() [X,X] = [X,X']. (X, X' €b),
(@) [X,p] = dr(X)p (X €¢tp€p),
(i) [E,F] = H.

Proof. Observe that (E, F, H) is an sly-triple, and that H defines a grading
of

g=9g2+tg1+g0+o+ 9o,
with

g2=p2 @g1=°t1+p1, go=¢Ft +po, g1==%8+p1, g2=rpo.

It is possible to give a direct proof of Theorem 4.1 (see Theorem 3.1. in
[Achab,2011]). It is also possible to see this statement as a special case of
constructions of Lie algebras by Allison and Faulkner [1984]. We describe
below this construction in our case.

a) Cayley-Dickson process.
Let © — x* denote the symmetry with respect to the one dimensional
subspace Ce:

rt = §<$,€>€—£C.

Observe that

(z,¢) = 7(T,) = Dylog Q(e), (e, €) =4
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On the vector space W =V @& V| one defines an algebra structure: if z; =
(21,91), 22 = (T2, Y2), then 2129 = 2 = (z,y) with

=12 — (Y1y3)", Y=y + (yiz3)",

and an involution

z=(z,y) = (z,—y").
This involution is an antiautomorphism: Zz1zZ; = 2»z;. For a,b € W, one
introduces the endomorphisms V, , and 7, given by

Vapz = {a,b, 2} = (ab)z + (2b)a — (za)b,
Toz = Vyez=az+ z(a—a).

By Theorem 6.6 in [Allison-Faulkner, 1984] the algebra W is structurable.
This means that, for a,b,c,d € W,

Vb Ved) = Wi yed — Vi ad- (%)

Moreover the structurable algebra W is simple. By (x), the vector space
spanned by the endomorphisms V,, (a,b € W) is a Lie algebra denoted
by Instrl(W). This algebra is the Lie algebra go in the grading, and its
subalgebra £, is the structure algebra of the Jordan algebra V. The space S
of skew-Hermitian elements in W, S = {z € W | Z = —z}, has dimension one.
Its elements are proportionnal to sy = (0, ¢e). The subspace {(2,0) | z € V'}
of W is identified to V, and any element z = (x,y) € W can be written
Z =T+ Soy.

b) Generalized Kantor-Koecher-Tits construction.
One defines a bracket on the vector space

KW)=8aW & InstrlW)aW @ S,

where S is a second copy of S, and W of W. This construction is described
in [Allison,1979], and, by Corollary 6 in that paper, (W) is a simple Lie
algebra. On the subspace K(V) = V @ ste(V) @ V, this construction agrees
with the classical Kantor-Koecher-Tits construction, which produces the Lie
algebra ¢ = ¢_; © € @ ;. This algebra K(W) satisfies property (i): the
restriction of the bracket of (W) to K(V') coincides to the one of (V).
It satisfies (iii) as well: [sq, o] = I, the identity of End(W). It remains to
check property (ii). This can be seen as a consequence of the theorem of the

21



highest weight for irreducible finite dimensional representations of reductive
Lie algebras. In fact, the representation dx of € on p is irreducible with highest
weight vector (), with respect to any Borel subalgebra b C ¢ + ¢ :

- If X € ¢, then dr(X)Q = 0.

- If X € ¢, such that dy(X) = 0, then dr(X)Q = 0, and dx(H)Q = 2Q.

On the other hand, for the bracket of (W),

-Ifu eV, |u, s =0.

- If X € ste(V), such that tr(X) = 0, then [X, so] = 0 and [H, so] = 2s.

It follows that the adjoint representation of K(V) =V @ ste(V) @V on

S@5V e Ty e sV &S,
where Ty = {1\, = Viye | w € W}, agrees with the representation dk of ¢ on

p. In the present case, T,, = L(w) + 3(v,e)1d, if w = u + spv (u,v € V).
On the vector space

g=92Dg_1DPgo Do D go,
with
g =W, g1=W, g=CEFE, go=CF, go=Instri(W),

one defines a bracket satisfying the following properties:
(1) g1 + g2 is a Heisenberg Lie algebra:

g1 X g1 — g2, (Wi, Ws) = wiWy — waty = Y (wy, ws)so.

The bilinear form v is skew symmetric, and [wy, we] = ¥ (wy, ws)E.
(2) g1 X g-1 — 8o, (’U),’UNJ) = Vw,u?-
(3) g2 X g-1 — g1, (AE, ) — . 0

With a different point of view the above construction is closely related to
the paper [Clerc,2003].

bigskip

We introduce now a real form gr of g which will be considered in the
sequel. In Section 2 we have considered the involution a of K given by

a(g):aogoa_l (g € K),
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and the compact real form Ky of K:
Kp={g€ K |alg) =g}

Recall that p has been defined as a space of polynomial functions on V. For
p € p, define

p=p(2),
and consider the antilinear involution (3 of p given by
Bp) = r(o)p

Observe that (E) = F. The involution 3 is related to the involution « of
K by the relation

k(alg)) 0B =pBoklg) (g€ K)
Hence, for g € Ky, (g) o 8 = o k(g). Define

pe={p€pl| B =0p}

The real subspace pp is invariant under Kp, and irreducible for that action.
The space p, as a real vector space, decomposes under Ky into two irreducible
subspaces

p = pr D thr.
One checks that F + F € pg (and hence i(E — F) as well).

Let u be a compact real form of g such that €N u = g, the Lie algebra of
Kyg. Then p decomposes as

p=pN(u)@pNu

into two irreducible Kp-invariant real subspaces. Looking at the subalgebra
g" isomorphic to si(2,C) generated by the triple (E,F, H), one sees that
E + F € pN (iu). Therefore pp = p N (iu), and

gr = tr D pr

is a Lie algebra, real form of g, and the above decomposition is a Cartan
decomposition of gg. This real form gz is not Hermitian since the adjoint
action of K on p is irreducible.
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For the table of next page we have used the notation:

©n(2) :zf%—---—l—zi, (z €cC).

In case of an exceptional Lie algebra g, the real form gz has been identified
by computing the Cartan signature.

Vv

Q t g gr
cn on(2)? so(n+2,C) siln + 2,C)  sl(n + 2,R)
CcP @ ©p(2)pg(2') so(p+2,C) @B so(q+2,C) so(p+q+4,C) so(p+2,q+2)
Sym(4,C) det z sp(8,C) ¢6 ¢6(6)
M(4,0) det z sI(8,C) e7 e7(7)
Skew(8,C) Pfaff(z) 50(16,C) es e8(8)
Sym(3,C) & C detz - 2/ sp(6,C) ®sl(2,C) 4 fa(a)
M(3,c)ecC detz - 2/ s1(6,C) P sl(2,C) ¢ ¢6(2)
Skew(6,C) & ¢ Pfaff(z) - 2’ s0(12,C) @ sl(2,C) er e7(—5)
Herm(3,0)c ®C detz - 2/ ¢ @5sl(2,C) eg e8(—24)
cocC 2 . 2 s1(2,C) @ sl(2,C) g2 92(2)
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5 Representation of the generalized Kantor-
Koecher-Tits Lie algebra

Following the method of R. Brylinski and B. Kostant, we will construct a
representation p of g = &+ p on the space of finite sums

such that, for all X € ¢, p(X) = dn(X). We define first a representation p of
the subalgebra generated by E, F, H, isomorphic to s{(2,C). In particular

p(H) =dr(H) m(exptH).

~ dtli=o

Hence, for ¢ € O,,(2), p(H)¢ = (€ — 2m)¢p, where £ is the Euler operator
d
dt
One introduces two operators M and D. The operator M is a multiplication
operator:

d(w,e'z).

t=0

Ep(w, z) =

(M¢) (’LU, Z) = w¢<wv z),

which maps O,,(Z) into O,,41(Z), and D is a differential operator:

Do), 2) = (Q(52)0 ) w.o),

which maps O,,(Z) into O,,_1(Z). (Recall that O_;(Z) = {0}.) We denote
by M? and D the conjugate operators:

M’ =7(o)Mn(o)t, D’ =mr(o)Dr(o) "

—_
—

Given a sequence (6, )men one defines the diagonal operator 6 on O(Z);, by

and put

p(F) = M—=§0D,
o(E) = m(o)p(F)n(o)™ = M" —50D"

(Observe that, since deg @ = 4, then Q is even, and o = o7 1.)
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Lemma 5.1.

p(E)] = 2p(E),
[p(H),p(F)] = —2p(F).

Proof. Since

PIH)M & (=)™ > (€ = 2(m + D)p(=)uw™,
Mp(H) = (=)™ o (€ — 2m)d(z)um ",

one obtains [p(H), M| = —2M. Since
p(H)SD = p(au™ v 51 (€ — 2m —~ 1)Q (- )z,
dDp(H) : ¢Y(z)w™ — 5m_1Q(%> (& —2m)yY(2)w™ 1,

and, by using the identity

o(z)-e1=1(z),

one gets

MGUﬁDyw&MWF»%ﬁ4QQ%>M@wm4.
Finally [p(H), p(F)] = —2p(F). Since the operator § commutes with 7(o),
and 7(o)p(H)m(0)™" = —p(H), we get also [p(H), p(E)] = 2p(E). 0

Let D(V)¥ denote the algebra of L-invariant differential operators on V.
This algebra is commutative. In fact it is isomorphic to the algebra of invari-
ant differential operators on the symmetric cone in the Euclidean real form
V. If V is simple and Q = A, the determinant polynomial, then D(V)F is
isomorphic to the algebra P(C")®" of symmetric polynomials in r variables.
The map

D — (D), D(V)l— P(cr)er,

is the Harish-Chandra isomorphism (see Theorem XIV.1.7 in [Faraut-Koranyi, 1994]).
In general V' decomposes into simple ideals,

V = é%a
=1
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and D(V)¥ is isomorphic to the algebra

[[P@e.
i=1
The isomorphism is given by

D= ~(D) = (n(D),..., (D)),
where ~; is the isomorphism relative to the algebra V;. For D € D(V)f,
we define the adjoint D* by D* = Jo D o J, where Jf(z) = foj(z) =
f(=z71). Then v(D*)(\) = v(D)(—=\). (See Proposition XIV.1.8 in [Faraut-
Korédnyi, 1994].)
In our setting we define the Maass operator D, as

D. = Q02

It is L-invariant. We write

If V is simple and Q = A, then

a(A) = ﬁ(xj —a+ %(9 -1),

i=1
([Faraut-Kordnyi,1994], p.296). If V is simple and Q = A*, then

D, - Ak+kaA(%>kA(z)‘ka

k
_ H Aka+kj+1A<g)A(ka+kj)
e 0z ’

and
,

%) =] Dy = ka+ %(ﬁ — 1),

, r
J=1

(We have used the Pochhammer symbol [a], = a(a —1)...(a — k +1).)
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Proposition 5.2. In general

TTT G L n
1) =TT DY = ke 562 = D,
i=1 j=1 '

for A= (A\D . X)) N\O ¢ ¢,

We say that the pair (V, Q) has property (T) if there is a constant 7 such
that, for X € 1= Lie(L),
Tr(X) = nr(X).
In such a case, for g € L,
Det(g) = 7(9)",
and, for x € V,
Det(P(z)) = Q(z)*".
Furthermore Q(z) "m(dz) is an L-invariant measure on the symmetric cone
Q C Vi, and Hy(z) = H(z)™2.
Let V' = ®;_,V; be the decomposition of V' into simple ideals. Property

(T) is equivalent to the following: there is a constant 1 such that

T

In fact, for z € V,

s

Te(T,) = Z Z—: try(x;), 7(T,) = Z ki tr;(z;),

i=1

with © = (z4,...,24), x; € V.
Property (T) is satisfied either if V' is simple, or if V' = C? & CP, and

Qz) = (4 -+ 20) (2o 4+ 23,).

Hence we get the following cases with property (T):
(1) V=c™, Q(z) = (2 + -+ 22)?, and then

g=sl(n+2,C), k=so(n+2,0C).
(2) V =P & P, and then

g=s0(2p+4,C), k=so(p+2,C)Pso(p+20C).
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(3) V is simple of rank 4, and ) = A, the determinant polynomial. Then
(g, k) = (eﬁ, sp(8, C)), (e7, s1(8, (C)), (eg, so(16, (C))

Observe that the case V = C?, Q(z1, 22) = (2122)* = 2723 belongs both
to (1) and (2). This corresponds to the isomorphisms:

sl(4,C) ~ so(6,C), so(4,C) ~so(3,C) @ so(3,C).

Proposition 5.3. The subspaces O,,(Z) are invariant under [p(E), p(F)],
and the restriction of [p(E), p(F)] to O (ZE) commutes with the L-action:

[P(E), p(F)] : Om(E) = Om(3),  ¢(2)w™ = (Pnt)(z)w™,

where Py, is an L-invariant differential operator on V' of degree < 4. It us
given by
Pm - (Sm(D,1 - Dtmfl) —|— 5m71<Dim - Do)

Proof. Restricted to O,,(2),
M°D =Dy, DM?°=D_, MD°=D*, 6 DM=D _,.

—

It follows that the restriction of the operator [p(E), p(F)] to O,,(E) is given
by

p(B), p(F)] = [M? —50D7 M—G0D)

M,60D%] + [6 o D, M?]

MOD? — 6D M + DM — M5 oD

O (DM —D° M) + 6,y 1(MD° — M?D)
= 0,(D_y —D*,, )+ ,_1(D*,, — Dy).

By the Harish-Chandra isomorphism the operator P,, corresponds to the
polynomial p,, = Y(Pn),

D) = 8 (11 (N) = Yo (< N) + Bt (1 (=3) = 70().

The question is now whether it is possible to choose the sequence (4,,) in
such a way that [p(E), p(F)] = p(H). Recall that restricted to O,,(2),

29



where £ is the Euler operator

Ep(w, 2)

t
dt|t _oP(w,e'z).

Then, by Proposition 5.3, it amounts to checking that, for every m,
Pm(A) = 7(E)(A) — 2m.

Theorem 5.4. [t is possible to choose the sequence (6,,) such that

[o(H), p(E)] = 2p(E), [p(H), p(F)] = =2p(F), [p(E), p(F)] = p(H),
if and only if (V,Q) has property (T), and then

A

Om = (m+n)(m+n+1)

where A is a constant depending on (V, Q).
(This corresponds to Theorem 6.3 in [Brylinski,1998].)

Proof. a) Let us assume first that the Jordan algebra V' is simple of rank 4.
In such a case

V=TI —atst-1) =")

7=1
(Proposition 5.2) . With X; = A; + (n — 1), the polynomial p,, can be
written

4

Pm(A) = bm <H(Xj +1) - ﬁ(Xj —m— 77))

j=1 j=1

(Xj—m+1—n)—f[xj>.

Fm (

<.
Il W~
hat:j

Furthermore

7(5)()\)—2mzz/\j—2m:ZXj—2(m—l—n—1).

j=1 j=1
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Lemma 5.5. The identity in the four variables X;

Jj=

-0) ([0 -

1

61262253—54—6,6——26,
1 3 1
o = = .
(b+1)(b+2) b(b+1)

Hence we apply the lemma, and get b =m +n — 1.

b) In the general case

")/a()\) = HH |:)\§l) — kiOé -+ 5(— — 1)}

s 1y ki (4)
A5 1 n
A (ﬂ__ ni
TG ot 5 G
=1 j=1 k=1
with A = [[°_, k/"". We introduce the notation
A g k-1
X(Z — J 1) =
gk l{iz 2]{31 (T’Z ) ]{fz
n.
b = L1
m + s
Then we obtain
s r; ky s kl
pnN) = As, (TTTITIXS + 1)
=1 j=1 k=1 =1 j= lkl
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s ri ki s ri ki

+ A4S x = o) - TITITIxD).

=1 j=1 k=1 =1 j=1 k=1

and o .
HOW =S XY IS

i=1 j=1 k=1 i=1 j=1 k=1

If the rank of V is equal to 4, then the k; are equal to 1, and the four
variables X (1) are independant. By Lemma 5.5, Theorem 5.4 is proven in
that case.

If the rank r of V' is < 4, then

(@) _ 5 (@)
Xjk —le - kO

and there are only r independant variables: X ](? In that case Theorem 5.4
is proven by using an alternative form of Lemma 5.5: [

Lemma 5.6. To a partition k = (ki,...,ke) of 4 and length £:
ky+ -+ ke = 4,

and the numbers v;; (1 <i < {,1<j <k;—1), one associates the polynomial
F in the ¢ variables Ty, ..., Ty:

ki—1
F(Ty,..., T, HTHT+%]~).

Given a, 3,¢ € R, and by, ...b, € R, then
Oé(F(Tl—l—l,...,D—i-l)—F(Tl—bl—1,...,Tg—bg—1))
¢

+B(F(Ty = by,... . Ty = b)) = F(Th,...,To) =) Ti+c

15 an identity in the variables T, ..., Ty if and only if there exists b such that
1 1

bi=.---=b,=0b e S — =
1 e=b =T ery P Ty
and
c=>_ > i~
i=1 j=1
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For p € p, define the multiplication operator M(p) given by
(M(p)¢)(w, z) = wp(2)p(w, 2).
Observe that M(1) = M. Then, for g € K,
M(k(g)p) = n(g)M(p)m(g7").

In fact
(M(p)m(g71)9) (w, 2) = wp(2)p(ulg, 2)w, g - 2),

and

(ulg ™, 2)ulg, 97" - 2)w, g7 'g - 2)

(<) (0L 2) = M(nlg)p) ol 2).
Proposition 5.7. There is a unique map
p — End(Os(Z)), pr D(p),
such that D(1) = D, and, for g € K,
D(k(g)p) = n(9)D(p)7(g").
(This corresponds to part of Theorem 6.1 in [Brylinski, 1998].)

Proof. Recall that, for g € Pax,

and
(7(9)0) (w, 2) = ¢(x(9)w, 97" - g)-
Let us show that, for g € Py,
m(9)Dr(g~") = x(9)D-
Observe first that, for £ € L and a smooth function ¢ on V,
0 0
Q(35;) (e 2) =10 (Q(5)v) (- 2).
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Therefore, for g € Py,

Dr(g " )d(w,2) = %Q(%@(X(g—l)w,g.z))
= %X(9)2 <Q(%)¢> (x(g Dw, g 2),
and
= 1 ) B
(w(9)Prlg™)6) (w2) = X9 (Q(5;)6) (w:2) = x(9)Po(w, 2).

It follows that the vector subspace in End(Og,(Z)) generated by the endo-
morphisms 7(g9)D7r(g~ ") (g9 € K) is a representation space for K equivalent
to p. (See Theorem 3.10 in [Brylinski-Kostant,1994].) Hence there exists a
unique K-equivariant map p — D(p) such that D(1) = D.

For p € p, define
p(p) = M(p) — dD(p).

Observe that this definition is consistent with the definition of p(E) and
p(F). Recall that, for X € k, p(X) = dn(X). Hence we get a map

p:g=kdp— End(O(E)um).

Theorem 5.8. Assume that Property (T) holds. Fiz (8,,) as in Theorem

5.4.
(i) p is a representation of the Lie algebra g on O(Z)y.
(ii) The representation p is irreducible.

Proof. (i) Since 7 is a representation of K, for X, X’ € k,

[p(X), p(X")] = p([X, X']).

It follows from Proposition 5.7 that, for X € k,p € p,

[p(X), p(p)] = p([X, p]).

It remains to show that, for p,p’ € p,



By Theorem 5.4, [p(E), p(F')] = p(H). Then this follows from Lemma 3.6 in
[Brylinski-Kostant,1995]: consider the map

2
T: /\ p — End(O(E)sn,

defined by
(oA P) = lp(p), p(0)] = p([p, P']).
We know that 7(E A F) = 0. It follows that, for g € K,

7(k(9)E A k(g)F) = 0.

Since the representation  is irreducible, and £ and F' are highest and lowest
vectors with respect to P, the vector E A F'is cyclic in /\2p for the action of
K. Therefore 7 = 0.

(i) Let V # {0} be a p(g)-invariant subspace of O(Z)g,. Then V is p(k)-
invariant. As O(Z)an = >, Om(E) and as the subspaces O,,(Z) are p(k)-
irreducible, then there exists T C N (Z # () such that V = Y O,,(Z).
Observe that if V contains O,,(Z), then it contains O,,,1(Z) too. In fact
denote by ¢, the function in O,,(Z) defined by ¢,,,(w, z) = w™. As D¢,, = 0,
it follows that

p(F)qu = Mobm = O,

and p(F)¢,, belongs to O,,11(Z), therefore O,,,1(Z) C V. Denote by mg the
minimum of the m such that O,,(Z) C V, then

V=@ 0.5

m=mg
The function ¢(w, z) = Q(z)™w™ belongs to O,,(Z), and

p(F)o(w, 2) = Q" 5, 1Q((2) Q)

By the Bernstein identity (Proposition 3.1)

(L))" = BmQ(,

dz
and since B(m) > 0 for m > 0, it follows that, if O,,(E) C V with m > 0,
then O,,—1(Z) C V. Therefore my =0 and V = O(Z)y. i
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6 The unitary representation of the Kantor-
Koecher-Tits

group

We consider, for a sequence (c,,) of positive numbers, an inner product on
O(Z)gn such that

=1
1611 =D —llwmllz:
m=0 "

for

b(w,2) = > ().

This inner product is invariant under Ky. We assume that Property (T)
holds, and we will determine the sequence (c,,) such that this inner product
is invariant under the representation p restricted to gz. We denote by H the
Hilbert space completion of O(Z)s, with respect to this inner product. We
will assume ¢y = 1.

The Bernstein polynomial B is of degree 4, and vanishes at 0 and oy =

1 —n. Let ay and a3 be the two remaining roots:

B(a) = Aa(a — ap)(a — as) (a — az).

(1) V=c",Q(z) = (z}+---+22)% Then

B0 = dnfa - 1) (a5 0) (o 272).

A=24ifn>2 A=4%ifn=1.

2)V=c? Q) =G+ -+ Zg)(ZZH + .+ zgp). Then

(3) V is simple of rank 4, complexification of Vz = Herm(4,F), Q(z) =
A(z), the determinant polynomial. Then

B(a) = a(a + g) (a + 2%) (a—i— 3;),
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where d = dimgF.

Here are the non zero roots of the Bernstein polynomial:

n Q1 Q2 a3
n n—4 1 n—2
S S S
/O S S P
(3) 1434 34 4 _od
Theorem 6.1. (i) The inner product of H is gg-invariant if

M+ Dm 1
n + OéQ)m(n + Oég)m m) )

T

(ii) The reproducing kernel of H is given by
K(&,€) = 1F2(n + Lin + az,n + ag; H(z, 2 )wu),
for & = (w,2), & = (W', 2).
(This corresponds to Theorems 6.6 and 8.1 in [Brylinski, 1998].)
Proof. (i) Recall that

p: ={p €p|B(p) =p},

where (3 is the conjugation of p, we introduced at the end of Section 4. Recall
also that

B(r(g)p) = k(a(9)) B(p)-

The inner product of H is gg-invariant if and only if, for every p € p,

p(p)* = —p(B(p)).

But this is equivalent to the single condition

In fact, assume that this condition is satisfied. Then, for p = k(g)FE, (g € K),

p(p) =m(g)p(E)m(g™"), p(p)* = —m(g ") p(F)r(9)*.
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Since m(g)* = W(a(g))_l, we get

p(p)* = —m(alg))p(F )W(a(g’l)) = —p(k(alg)F)
:_p( (a(g)) (E)) = —p(B(k(9)E)) = —p(B(p))-

Finally observe that the vector F is cyclic in p for the K-action.

The condition p(E)* = —p(F) is equivalent to: form >0, ¢ € O,,41(Z), ¢’ €
Onl=) 1 1
(¢ ‘ MG¢/)m+1 = C_ém(D¢ ‘ ¢/)m

Cm+1 m

Recall that my(dz) = Ho(z)m(dz) with

and the norm of O,,(V) can be written

lll2, = im /V (=) PH ()™ 2 (dz).

Then, the required condition of invariance becomes

[ ERETEH() m(az)
m+1Am+1 Jv

=2 [(Q(5) 0T HE) ™ mde)

CmQm Vv

By integrating by parts:

and, by the relation

Q) H ()1 = B(=m — m)QIH (=) 002,

the condition can be written

1 m 1
_ L5, B(—m — 2n)—.
Cm+1 Am Cm
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From Proposition 3.2 it follows that

U1 _ B(—m —n)
. B(—m —2n)’

We obtain finally

Cm+1 m+n+1

cm  (mAn+ay)(m+n+as)(m+1)

and, since ¢y = 1,
M+ Dm 1
n+ OéQ)m(T] + Oég)m m!’

(ii) By Theorem 2.5 the reproducing kernel of H is given by

T

K, ¢) = Z CmH (2, 2)"w™w™
m=0
= 1FB(n+ 1+ as,n+ as; H(z, 2 )ww),

with £ = (w, z), = (v, 2'). i

We will see that the Hilbert space H is a pseudo-weighted Bergman space.
By this we mean that the norm is given by an integral of |¢|* with respect
to a weight taking both positive and negative values. The weight involves a
Meijer G-function:

L HRT(B 4 )T (B + 5)T(Bs + 5)
oW =g | Mo+ 5)

u°ds,

where «, (31, B2, 3 are real numbers, and ¢ > o = —inf{3;, 52, F3}. This
function is denoted by

3,0 «
G(u) B G173 <$‘ Br B2 P )

(see for instance [Mathai, 1993]). By the inversion formula for the Mellin
transform

?

= o1, DB+ s)L(B2 + s)I'(Bs + )
/0 G(u)u® du = T(ats)
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for Res > o, and the integral is absolutely convergent. If the numbers
01, P2, B3 are distinct, then

G(u) = pr(w)u™ + pa(w)u™ + ga(u)u™,

where @1, @9, 3 are holomorphic near 0. (¢1, 9, p3 are 1 F» hypergeometric
functions.)

The function G may be not positive on |0, oo[, but is positive for u large
enough. In fact

Gu) ~ Vrule ™" (u — o),

where

9:514‘524‘53—06—1-

2
([Paris-Wood,1986], Theorem 3, p.32.)
Now take

a=n—1, =2n—1, Bo=2n+a—1, f3=2n+0—1.

a B B2 B3
1 F-1 =45 = e
2 -1 p-1 p—1 £
3) 3¢ 3d+1  5%4+1 2d+1

The Mellin transform of GG vanishes at —a, with changing sign. One can

check that —«a > o in all cases. Therefore there are real values s > o for
which the integral

/ G(u)u*tdu < 0.
0
This implies that the function G takes negative values on ]0, co.

Theorem 6.2. For ¢ € H,

62 = / o, 2)pl wpmdw)mo(d2),

with
p(w, z) = CG(|w|*H(2))H().

The integral is absolutely convergent.
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Proof. We will follow the proof of Theorem 5.7 in [Brylinski,1997].
a) From the proof of Theorem 6.1 it follows that

1 2)m(2n + a2)m (20 + a3)m
UmCm (7)m
_ CF(2n+m)F(277+a2 +m)['(2n 4+ az +m)
N I'(n+m)
= C/ G(u)u"du.
0

(One checks that o < 1, i.e. G is integrable.) By the computation we did
for the proof of Theorem 2.6, we obtain, for ¢(w, z) = w™p(z) € Oy,

| 1otw, 2z wm(du)mo(ds) = o]
CxV
Furthermore, if ¢ € O,,, ¢’ € O,,, with m # m/,
[ otw. 2w jm(du)maldz) =0,
CxV
It follows that, for ¢ € Ogy,

/C y |$(w, 2)|*p(z, w)m(dw)my(dz) = ||¢||*.

The computation is justified by the fact that, for s > o,

/ |G (u)|u*tdu < oo.
0

b) Let us consider the weighted Bergman space H! whose norm is given
by

M%/IWMWMMMM%W)
CcCxV
By Theorem 2.6,

o0

1
1913 = >~ —llmll,

m=0 ™

with
1

amel

C / |G (u)|u™du.
0
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Obviously ¢}, < ¢, therefore H!' C H. We will show that H C H'. For that
we will prove that there is a constant A such that

cm < Ac) .

As observed above there is uy > 0 such that G(u) > 0, for u > g, and then

/OOO |G (u)[u™ < /000 G(u)u™du + 2/0u0 |G(u)[u™du.

Hence

By the formula we gave at the beginning of a), the sequence a,,cnuf’ is
bounded. Therefore there is a constant A such that

1,

1
el Cm

and this implies that H C H;. [

Let Gy be the connected and simply connected Lie group with Lie algebra
gr and denote by Ky the subgroup of Gy with Lie algebra kg. It is a covering
of Kg. We denote by s : Kz — Kg, g — s(g) the canonical surjection.

Theorem 6.3. (i) There is a unique unitary irreducible representation 7 of
Gr on 'H such that dt = p. And, for all k € Ky, 7(k) = n(s(k)).
(ii) The representation 7 is spherical.

Proof. (i) Notice that if the operators p(E + F') and p(i(E — F')) are skew-
symmetric, then for each p € pg, the operator p(p) is skew-symmetric. In
fact, since the slo-triple (E, F, H) is strictly normal (see [Sekiguchi,1987]),
which means that H € ikg, E+F € pg,i(E—F) € pg, and since p = U(k)E,
hence pr = U(kg)(E + F) +U(kg)(i(E — F')), and the assertion follows.

Now, by Nelson’s criterion, it is enough to prove that the operator p(L) is
essentially self-adjoint where £ is the Laplacian of gg. Let’s consider a basis
{X1,..., X} of kg and a basis {p1,...,p} of pr, orthogonal with respect to
the Killing form. As gr = kg + pr is the Cartan decomposition of gg, then
the Laplacian and the Casimir operators of gy are given by

L = X2 4. +XP+pi+... +07F,
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C = Xi+...+Xf—pi—...—pl.

It follows that £ = 2(X?+...+ X2)—C and p(L) = 2p(X?+...+ X?) —p(C).
Since p(X?+...+X?) = dn(X?+...+X?) and as 7 is a unitary representation
of Kg, hence the image p(X?+ ...+ X?) of the Laplacian of kg is essentially
self-adjoint. Moreover, since the dimension of O(Z)g, is countable, then the
commutant of p, which is a division algebra over C, has a countable dimension
too, and is equal to C (see [Cartier,1979], p.118). It follows that p(C) is
scalar. We deduce that p(L) is essentially self-adjoint and that the irreducible
representation p of gr integrates to an irreducible unitary representation of
Gr, on the Hilbert space H.

(ii) The space Oy(E) reduces to the constant functions which are the

K-fixed vectors. [

We don’t know whether the representation m goes down to a representa-
tion of a real Lie group Gy with K as a maximal compact subgroup.
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