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The windtree model

The (periodic) windtree model is an infinite billard introduced by P. and
T. Ehrenfest (1912), and J. Hardy and J. Weber (1980).
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The windtree model

The (periodic) windtree model is an infinite billard introduced by P. and
T. Ehrenfest (1912), and J. Hardy and J. Weber (1980).

In the euclidean plane, we place a square with side 1/2 centered at each
integer point. A particule (identified to a point) bounds on square
scatterers with the standard law of reflexion.
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The windtree model
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Phase space and flow of the billiard

The billard is rationnal.
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Phase space and flow of the billiard

The billard is rationnal. Given the initial direction €, the phase space

consists of the position (an element of T, ;) and an element of the Klein
4-group K = 7Z/27 x 7./ 2.
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Phase space and flow of the billiard

The billard is rationnal. Given the initial direction €, the phase space
consists of the position (an element of T, ;) and an element of the Klein
4-group K = 7Z/27 x 7./ 2.

The flow (in direction ) of the billiard is the map

@Y Tap x K xR — T, x K which associates to a state

(p,7) € T x K and a time ¢, the position of a particule starting from
(p, ) after time t.
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Phase space and flow of the billiard

The billard is rationnal. Given the initial direction €, the phase space
consists of the position (an element of T, ;) and an element of the Klein
4-group K = 7Z/27 x 7./ 2.

The flow (in direction ) of the billiard is the map

@Y Tap x K xR — T, x K which associates to a state

(p,7) € T x K and a time ¢, the position of a particule starting from
(p, ) after time t. We note ¢¢(.) = ¢7(., t).
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Recurrence and divergence

Definition
An angle 0 is called a recurrent angle, if for almost every position p a
particule starting from p with direction 6 returns arbitrarily close to p.
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other words
liminf d(p, ¢¢(p)) = 0.
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particule starting from p with direction 6 returns arbitrarily close to p. In
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An angle 0 is called a divergent angle, if for almost every position p a
particule starting from p with direction 6 eventually leaves any compact.
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Recurrence and divergence

Definition
An angle 0 is called a recurrent angle, if for almost every position p a

particule starting from p with direction 6 returns arbitrarily close to p. In
other words

liminf d(p, ¢{(p)) = 0.

An angle 0 is called a divergent angle, if for almost every position p a
particule starting from p with direction 0 eventually leaves any compact. In
other words

iminf d(p. ¢¢(p)) = oc.
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Recurrence is generic

Theorem (Hubert-Leliévre-Troubetzkoy) J

Almost every angle 0 is recurrent.
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Divergence does appear

Theorem (Delecroix)

If 6 is such that the continuous fraction of 6 has only even partial quotient
then the angle 6 is divergent.

V. Delecroix (Paris VII) Windtree Praha 2011 6/8



Divergence does appear

Theorem (Delecroix)

If 6 is such that the continuous fraction of 6 has only even partial quotient
then the angle 6 is divergent.

It follows that the set of divergent angles has a Hausdorff dimension bigger
than 1/2.
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The slope tan(#) = [0; 2]

The simplest example corresponds to the angle 6 for which the

development of tan(6) is 2,2,2,.. ..
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The slope tan(#) = [0; 2]

The simplest example corresponds to the angle 6 for which the

development of tan(6) is 2,2,2,.. ..
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A simpler object : the L-shaped surface and a cocycle
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Remark that :
o Each time the side b, is crossed, the trajectory is reflected horizontally
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