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Abstract

We investigate relations between the entropy of a spherical density and those of its marginals, together with spherical convo-
lution type inequalities. We extend results by Carlen, Lieb and Loss to more general configurations. Our argument involves a
corresponding superadditivity result for Fisher information, which has a clear geometric meaning.
© 2006 Elsevier SAS. All rights reserved.

Résumé
Nous étudions les relations entre 1’entropie d’une densité sphérique et celles de ses marginales, ainsi que des inégalités de type
convolution sur les spheres. Nous étendons des résultats de Carlen, Lieb et Loss a des configurations plus générales. Notre argument

passe par un résultat analogue de sur-additivité de 1’information de Fisher, qui possede une interprétation géométrique simple.
© 2006 Elsevier SAS. All rights reserved.

Keywords: Entropy; Marginals; Spherical inequalities

1. Introduction

The present manuscript is motivated by the recent far-reaching work of Carlen, Lieb and Loss [5] on convolution-
type inequalities on the sphere $”~! C R”. These authors also studied such relations on permutation groups [6]. The
motivations for pushing forward the investigation on spherical inequalities are both mathematical and physical. We
would like to provide a new geometric insight on the problem and give possible extensions to the study of a system of
particles with given kinetic energy. In particular, we aim at understanding how information on each particle is reflected
on the whole system.

Given a random vector X = (X1, ..., X)) € R" with probability density f its entropy, defined as H(X) = H(f) =
—fR,, flog f is know to be subadditive, namely H(X) < Z?:] H(X;) (see, e.g., [7]). This classical fact can be
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reformulated in Gauss space as follows. Let y, be the standard Gaussian measure on R” and let g be a probability
density on R" with respect to y,, [ gdy, = 1. Let g; denote the ith marginal of this density, given by:

gi(x):/g(}’l,‘--,)’ifl,xi,)’i+1»~wyn)d3/n()’),

where x = (x1, ..., x,) € R". This marginal can be seen either as a function of the one real variable x; or as a function
of x € R" which depends only on the ith variable (g; is again a probability density with respect to y;,). Then, denoting
by S(h) = fR,, hlogh dy, the (relative) entropy of a probability density 4 with respect to y,,, one has

> S(gi) < S(g).
i=1

Motivated by the study of particle systems which preserve kinetic energy, Carlen, Lieb and Loss established a
corresponding fact for probability densities on spheres [5]. We denote by o the uniform probability measure on the
Euclidean sphere $”~!. For a probability density f on S"~!, let f; denote its marginal on the ith coordinate. More
precisely, this is the function so that f;(x) only depends on the ith coordinate x; of x € $”~! and for every bounded
measurable ¢ defined on [—1, 1],

/ @(x;) f(x)do (x) = / @(x;) fi(x)do (x).
sn—1 sn—1
The above mentioned authors established the inequality:

D S <280,
i=1
where

S(g) = / gloggdo
sn—1
is the spherical entropy of a probability density g (relative to o). The surprise here is that the factor 2 has to be there,
whatever the dimension. Indeed, the uniform measure on spheres of dimension 7 and radius /7 is in many aspects

close to a Gaussian measure. But in this particular situation, the Gaussian inequality cannot be recovered as a limit of
the spherical one. Somehow the effects on entropy of the coordinate dependence

i+ vl =1

of points v = (vy, ..., v,) on a sphere do not vanish as the dimension increases. Carlen, Lieb and Loss deduce their
entropy estimate from a beautiful new version of the Brascamp—-Lieb [3] inequalities for spheres which can be viewed
as a spherical convolution type inequality. It asserts that for every nonnegative measurable functions f; on [—1, 1] one
has:

n n 1/2
/ [[V/iG)dox) < H( / fi(xi)do(x)) .
sn—1 i=l1 i=l sn—1
In this paper we extend the work of Carlen, Lieb and Loss in several ways. In particular, we give another approach
to the entropy inequality on the sphere. It is very natural in the context of information theory since it relies on the

Fisher information:
VS
I(f)= / f do. (D)
n—1 f

s
We show that this quantity satisfies the analogous inequality:

Y I <2
i=1
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The argument is inspired by Carlen’s proof of strict superadditivity of Fisher information in R” [4]. The core of the
proof is a geometric observation on projections of the Euclidean basis onto tangent spaces. This new insight allows
us to consider more general configurations, where the marginals are taken with respect to sets of coordinates which
decompose the identity map. In particular this applies to systems of particles in R? with fixed kinetic energy and total
momentum. We also prove multidimensional extensions of the spherical Brascamp-Lieb inequality. For the latter, we
use the heat semi-group as in the paper by Carlen, Lieb and Loss, although in a different way (motivated again by
geometry).

2. Notation and geometric parameters

In this section we start with some notation and background on spherical functions depending only on a subspace
of R" and on marginals of a probability density. We then introduce the notions of geometric configuration and of
configuration constant which will be central for the functional inequalities under study.

Throughout the paper, given a subspace E C R”, we will denote by Pg the orthogonal projection onto E':

PexeE and x— PpxeEL. )

When E =0, P =0.

Let E be a vector subspace of R”. A function on the sphere x — h(x) depends only on the projection onto E, or
in short, depends only on E, if it is of the form & = k o Pr for some function k on the unit ball of E. An equivalent
condition is that

h=hoR
on 8"~ ! for every (direct) isometry R fixing E. We shall denote this set of isometries as
SO(E*) ={R € SO,; Rx =x, forallx € E}.

Let f be a probability density on $”~!. Its marginal on E is the function fg:$"~! — R* depending only on E,
such that for all bounded measurable functions ¢ also depending only on E it holds

/f(x)w(X)dU(X)=/fE(X)<p(x)d0(X)~

In probabilistic language, if X is a random vector on §”~! with distribution f do, then the law of PrX has density
fE with respect to the projected measure Pro. Changing variables x = Ry in the former integral for R € SO(E™)
and using the invariance of ¢ and the measure o, we get

/f(Ry)¢(y)da(y)=/fE(X)<p(x)da(x)-

Integrating in R with respect to the Haar measure u on SO(E") provides a simple representation for the marginal,
namely

JE(X) = / S(Rx)du(R). 3)
SO(EL)

Given a element x € §"~! of the sphere, the vector space x* is the tangent hyperplane to $"~! at x. We will use
the following notation for a subspace £ C R" and an element x of the sphere:

E(x):=P_E.

Definition 1 (Geometric configuration and configuration constant). A geometric configuration € in R" is a collection
(E1, ..., Ey) of (non-zero) subspaces of R” together with positive numbers (c1, ..., cg) for some k > 1. To a geomet-
ric configuration £ = ((E;) <k, (¢i)igk) We associate a configuration constant C,(€) > 0 defined by:

k

Cu(€):= sup D cil Pyl “)
x,yesS"1, (x,y)=0 ;1
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Note that P, (x) = Pp_, ;. We will see the configuration constant as the best possible constant in the inequality

k
Vxes" ! Vyext, > cilPrwyl < Cu©lyl. (5)
i=1
This constant will appear when comparing information theoretic quantities of a density with the ones of its marginals
on the directions of the configuration. We make no a priori hypothesis on the collection of subspaces E;. In the last
section, we shall see how to estimate the constant C,,(£) in some given geometric situations.

3. Functional inequalities

We will first prove an estimate for the Fisher information of a spherical marginal and then use this estimate in order
to prove superadditivity of Fisher information and (relative) entropy for a given geometric configuration. We will also
exhibit a multidimensional Brascamp-Lieb inequality associated with a geometric configuration.

A probability density is said to have finite Fisher information if «/f € W12($”~1) and (1) is finite (the integration
is on the set where f > 0). The gradient of a function f defined on the sphere is, of course, the spherical gradient
Vf(x) € xt for x € §"~!, which is also the usual gradient at x of the function f defined by f(y) = f(y/|y|) for
y # 0. The representation formula (3) allows us to estimate the Fisher information of the marginal f£ of a probability
density f.

Proposition 1. Let E be a vector subspace of R", n > 2. Let f be a probability density on S"~! with finite Fisher
information. Then the Fisher information of its marginal fg on E verifies:

|PE VY f(x)]?

I <
(fE) 700

sn—1

do (x). (6)

Proof. We will assume that f is a continuously differentiable probability density on the sphere bounded away from
zero (f 2 ¢€), hence with finite Fisher information. The general case follows by approximation. The marginal

JE(X) = / S(Rx)du(R)
SO(EL)

is differentiable with gradient given by:

V fe() = / 'RV f (Rx) du(R) = / RV £ (Rx) du(R).
SO(EL) SO(E1)
Since fg(x) only depends on Pgx, necessarily
Vfe(x)e P E=E(x). (N

Indeed differentiating fr(x) = ¢ (Pgx) yields for v € xt:

(VfE(x),v)=(Vo(PEgx), Ppv)=(PgVe(Pgx),v)= (P, PEV@(PEx), v),

where we have used v = P, 1 v. Therefore

V i (6) = Peoo V f5(x) = / Peco R~V f(Rx) du(R) = / R Py V £ (R) di(R).
SO(EL) SO(EL)

The last equality follows from elementary calculations: recall that for a subspace F' C R” and an isometry O € O, we
have Pr = O~ PprO. Thus

PeR™' = PPXLERA =R"! Prp  E
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and RP. E = Pg1yRE = P,y RE. Combining these facts for R € SO(E%), for which RE = E, we get
PE()C)R_1 = R_IPme)lE = R_IPE(RX) as claimed. The above expression of V fr may be combined with the
Cauchy—Schwarz inequality:

2
PeroyV f(Rx)2
|VfE(x>|2<( / |PE(RX>Vf<Rx)|du(R>> < / Peo VROV 4 gy / f(Rx)du(R).

J(Rx)

SO(EL) SO(EL) SO(EL)
The last integral in the above formula is exactly f£(x). Finally
v 2 PE(ro)V f (Rx)|? Pe)Vf(x)?
1(fr) = IV fE@I” do(x) < / / | PE(Rx)V [ (Rx)| du(R) do (x) = |PE)V f ()] do (x).
JE(x) f(Rx) f(x)

sn—1 sn—1 SO(EL) sn—1

by Fubini and the rotational invariance of . O
We can now turn to the superadditivity of information and entropy.

Theorem 2 (Superadditivity of information and entropy). Let £ = ((E;)i<k, (¢ci)i<k) be a geometric configuration
of R" (n > 2) with configuration constant C,(E). Then for any probability density f on S"~' with finite Fisher
information, we have:

k
> il (fE) < Ca@IS).
i=1
and for a probability density f on S"~' with finite entropy,
k

> eiS(fE) < CalE)S(f).

i=1

Proof. By definition (5) of C,,(§) we have, for every x € S*~!,
k

> i Peo V0P < Cu@)| V£ 0.
i=1
Integrating over the sphere gives, in view of (6), the inequality for the Fisher information.
It is classical that the derivative of the entropy function along the heat flow is related to the Fisher information. This
classical fact allows us to deduce the entropy inequality from the one we just proved for Fisher information. More
precisely if (P);>0 = (¢ A) >0 denotes the heat semigroup on §"=1 then for any probability density f we have:

d
T / P, flog P, fdo = /(1+10gP,f)AP,fdo:—/(VlogP[f,VP,f)da:—I(P[f).
sn—1 sn—1 sn—1

As a consequence,

+00 00
d
S(H==(SM) =S(fH))=- / ES(Ptf)dIZ/I(PIf)dL
0 0

We have omitted here the technical arguments supporting this calculation. They rely on the well-understood
regularizing properties of the heat equation. Let us also observe that the semigroup commutes with marginals: if
E C R" is a vector subspace, then

/ f o Rdu(R),

SO(E+)
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and since P; commutes with rotations

P(fe) = / P,(f o RYdu(R) = / (Pif) o Rdu(R) = (P f)E.
SO(EL) SO(EL)

Applying the inequality for Fisher information yields

=~

CaOI(Pf) > Z (P f)E) =Y il (P(fE))

i=1 i=1

and integrating in the time variable we get C,,(£)S(f) > Zf»‘zl ¢iS(fg;). O
We end this section with a multidimensional version of the spherical Brascamp-Lieb inequality obtained in [5].

Theorem 3 (Spherical Brascamp—-Lieb inequality). Let € = ((E;)i<k, (¢i)igk) be a geometric configuration of R"
(n = 2) with configuration constant Cy,(E) and set
ci

di = .
)
If fi, ..., fi: 8"~V — Ry are functions such that each f; depends only on E;, then

k k d,‘
f]_[fi(x)dfda(x)s]_[( / fi(x)dcr(x)) :

i=l sn—1

sn—1 i=1

Proof. We will use the heat semi-group as did Carlen, Lieb and Loss, although in a rather different way. We shall
need the following dual characterization of the conﬁguration constant:

ch PE (x)Yi

Indeed, it is easily checked that, fixing x, the inequalities (5) and (8) on x— are dual one to another.
Let f1, ..., fi be functions as in the theorem and let f;(z, x) := P;(fi)(x) = (¢'® f;)(x) denote the evolution of f;
along the heat semi-group:

Vx e S*1, Vy1,...,ynex

k
cn(e)chyiF. ®)
i=1

L

fi(0,x) = fi(x) and 8 fi(r,x) = Ay fi(t, x).

We can assume that the f;’s are C°°-smooth, which guarantees smoothness of (¢, x) — f;(t, x) on [0, +00) X gl
(this simplifies nonessential continuity issues at = 0) and that the f;’s are bounded away from O (this property always
holds for f; when ¢ > 0). The function f;(t, -) depends also only on E; since the invariance of the semi-group (or
equivalently of the spherical Laplacian) under rotations shows that

fi(t, Rx) = P (fi)(Rx) = Pi(fi o R)(x) = P (fi)(x)

for every R € SO(E l.J-). Introduce the smooth function:

k
alr) = / [ £ 0% do).

sn—1 i=l
Setting h; (¢, x) =log f;(¢t,x) and H(¢, x) := Zle dih;(t, x), we find:
dhi = Achi + |Vihi|?

and

k
o () = / <Zdi[Axh,-+|Vxh,-|2]>eHda.
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Integration by parts of A kel gives:

k
o (t) = (— > didjVihi - Vih, +Zd,-|Vxhi|2>eH do

gt N <k i=1

2/(_

sn—1

2

k
Y diVihit,x)
i

k
+ Y di|Vihit, x)|2> 9 dg (x).
i=1

Since h;(t, -) depends only on E;, the argument after (7) yields Vyh;(z, x) € E;(x). Hence we can use (8) in the form

k
D diVihi(t, x)

i=1

2k
<Y di|Vihi(, 0]
i=1

This shows that o’ (¢) > 0. Passing to the limit when  — +oo provides the claimed inequality «(0) < a(+00). O
4. Geometric parameters and applications

In this section we show how to estimate the configuration constant C,,(£) in some relevant geometric or physical
situations and how to recover and extend the results by Carlen, Lieb and Loss. The idea of considering decompositions
of the identity is inspired by the geometric version of the Euclidean Brascamp-Lieb inequality put forward by Ball
in [1].

Lemma 4. Let k,n > 1 be integers and cy, ..., cy > 0. Assume that E1, ..., Ex are subspaces of R" for which the
following decomposition of the identity map holds:
k
Idgr = Z ci Pg;.
i=1

Let S CR" be a subspace of codimension m, and for each i < k denote by Q; the orthogonal projection onto PsE;.
Then forall y € S:

k
P <Y al@iyl <A +m)lyl, ©)
i=1
In other words, if we consider the Q;’s as maps on S,

k
lds < ) e Qi < (1+m)lds.
i=1

Proof. We start with the lower bound, which is easy. Indeed for any subspace E C R" and for all y € § we have
|PEy| < |QEy| where Qg denotes the orthogonal projection onto PgE. To see this we first use the description of the
projection of a point x onto a subspace as the closest point to x:

— Pgy|=inf |y — and — = inf — f| = inf |y — Pgse|.
ly— Peyl= inf |y —e| ly = QEYl fePSEIy fl Inf |y — Psel
Next for y € S, we have |y —e| > | Ps(y — e)| = |y — Pse| and therefore:

ly = Qeyl<ly— Pyl

The orthogonality relations (2) for O and Pg then yield the claimed inequality |Pgy| < |QEY|. The decomposition
of the identity in R” then gives for y € §

k k
P =) clPylP <) clQiyl.
i=1

i=1
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Now, we address the upper bound. Let y € S. Assume that Q;y # 0. We set v; | := \g—l € PsE; and we choose
a unit vector ¢; | € E; such that there exists A > 0 with Pse; 1 = Av; ;. Next we choose an orthonormal basis of
E; starting with e; 1 and denoted by (e; ;) j<n; Where n; = dim(E;). In the case when Q;y = 0 we just choose any
orthonormal basis in E; and give the same name to it.

The decomposition of the identity of R” then reads as

n;

k
Idgn ZZCiPEi —Zc, Ze, i®e .
i=1

i=1 j=1

In order to avoid heavy notations we write P for Pg in the remaining of this proof. For j < n;, we set

“D% if |Pe; j| # 0 and v; ; = 0 otherwise (note that this definition

is consistent with the one of v; ;). Multiplying the above decomposition by P on the left and on the right yields:

di j == ci|Pe;, ]| < ¢;. We also define v; j =

k

P = ZCIZPe,ﬂX)Pe,]—ZC,ZWe,]lv,j®v,]— Z di jvi,j @V j.

i=1 j=1 i=1 i<k; j<n;

Taking traces, the decomposition of Idr» and the one of P give:

k
n=Zcini= Z ¢;i and Trace(P)=dim(S) = Z dij.

i=1 i<ks j<n; i<k; j<n;

The definition of v; ; ensures that |Q;y| = (y, v; 1). Therefore

k
Zci|Qiy| ch Y, vll Zdll Y, i1) +Z(Cl di )y, vll>
i=1

i=1

Z dij(y.vi))*+ Y (ci—diplyl*=1y>+ (n — dim(S))Iy|*,

i<k;j<n; i<k; j<n;

where the last equality comes from the decomposition of P and the trace relations. O

Remark. Equality conditions in (9) may be derived from our arguments. They show that the upper bound involving
(1 4 m) is achieved only in specific situations. This constant is not optimal in general.

If we apply the previous result to the case S = x (m = 1) for some x € §"~!, since Q; = PE,;(x) we obtain a
bound on the configuration constant (4) for a decomposition of the identity.

Corollary 5 (Configuration constant for a decomposition of the identity). Let € = ((E;)i<k, (¢i)i<k) be a geometric
configuration of R" which satisfies

k
Ian = ZC,‘ PE,-s

i=1
then 1 < Cp(€E) <2
If one only assumes Idg: > Zl 1¢i Pg;, it is still true that C,(€) < 2, as readily checked by writing
Idgn — Z{;l ¢; Pg; as a sum of rank one orthogonal projections and applying the above corollary. We conclude

this section with two physically relevant examples.

Example 1. Let us consider the case when R"” decomposes into a direct orthogonal sum of subspaces:

. 1L
R'=E & - @ Eg.
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Let £ be the geometric configuration given by the E;’s and ¢; =1 fori = 1,..., k. Since ) ; Pg, = Idgr» we know
that C;,(€) < 2. When k > 2 it is worth noticing that

Cu(E) =2.

To see this, choose two unit vectors ey € E1 and e € E3 and an angle 6 ¢ %Z. Set x = (cosf)e; + (sinf)er and
y = (sinf)e; — (cosf)ey € xT. Direct calculations show that

P.ei=e —{x,e;)x = (sinf)y, P

Ler =er — (x,ex)x = —(cosH)y.

Since cos 0 sin€ # 0 it follows that y € P.1 E1 NP1 E> = E1(x) N E2(x). In particular Pg,(x)y = Pg,x)y =Y. For
JZ23,E;jC x+ and therefore E;(x) = E;. The latter spaces are orthogonal to y, so PEj(x)y =0forj>3. Asa
conclusion y is a unit vector of x* with

k
D 1Pyl =21y

i=1
Note that the constant 2 can also be attained in the limit, for instance when x — E| and y € E(x).
It is physically relevant to assume all the E;’s have the same dimension d (the physical dimension) and n = kd.
Indeed, let us consider a system of k > 2 particles of equal mass, say one, in R?, with total kinetic energy 1. Their
speeds (V1, ..., Vi), which satisfy:

Vi 4+ Vl? =1, (10)

are assumed to be distributed according to some probability density fdo where o is uniform on S¥?~!. Let
Rid = {(x1, ..., %) € (RHK; x; =0 for j #1i} be the copy of R¢ in the ith place. Denoting by f; the marginal
of f on R;i, our results imply the multidimensional version of the entropy inequality of Carlen, Lieb and Loss:

k
DS <28(6),
i=1

or identifying random variables and their densities:

k
D SV <28V, ... Vo).

i=1

We may also state the corresponding multidimensional versions of the spherical Brascamp-Lieb inequality.

Remark. As shown in [5] the factor 2 in the above inequalities is best possible. It can however be improved under
additional assumptions on the functions f;. Let us illustrate this in the case of functions depending on one variable.
With the abuse of notation f;(x) = f;(x;), and provided the functions f; are even and non-increasing on [0, 1] then
one has:

n n
/ [[ficndo@) <]] / fitxi)do(x) =1.
g1 i=1 i:lS .

See [8] and the references therein for this functional version of subindependence of coordinates, put forward in a

different form in [2]. In this case, if a probability density f has marginals f; verifying the above assumptions, the
variational characterization of the entropy and the definition of f; as marginals of f yield:

S(f)=sup{/floghda;h>0and /hda<1}>/flog<1_[fi>da
i=1

sn—1 sn—1 sn—1
n

=Z/flogﬁda:Z/ﬁlogﬁdo:ZS(ﬁ).
i:lsn_| i=1

izlsn—]
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Example 2. Let us now consider a system of k particles of unit mass in R? with speeds (Vi, ..., V&), having as before,
kinetic energy one (10), and now also fixed momentum m € R?

Vit Ve=m,

with |m| € [0, Vk). If d = 1 we require k > 3, otherwise k > 2 is enough. The speeds of these particles are thus forced
to stay in a sphere of radius /1 — [m|2/k with center (m/k,...,m/k) in the affine space going through this point
with direction:

k
F .= (xl,...,xk)e(Rd)k; le:o .
i=1

Our hypotheses ensure that dim(F) = (k — 1)d > 2. The decomposition of the identity of R, Idgw = Zf: 1 Pra,
can be projected onto the space F as

k
Pr = ZPFP aPr.

i=1

Itis easily checked that Pr Ppa Pr = ]%1 Pg; where

E; .= PpRl-d = {(—x,...,—x, k—1Dx,—x,..., —x); X eRd}.
i

Thus the identity map of F' verifies the decomposition:

k—1¢
Idp:TZ;PE,.. (1)
=

Denote by S the unit sphere in F. The vector (V1, ..., Vi) has no density (and therefore no well defined entropy) on
Skd—1 pecause the distribution is concentrated on the set

m m |m|?
Si=(—,...,— - ——SF.
(k k>+\/ K oF

Let f be the density distribution of (V1, ..., Vi) with respect to o, the uniform probability measure on the sphere S.
We shall denote by g’(h) = [ hloghdog the entropy of a probability density with respect to o.s. We may also identify
S with S itself; of course, all the results stated for §”~! hold for arbitrary Euclidean spheres modulo the obvious
modifications. Let us now observe the following property of marginals:

le?J = fEl‘ .
Indeed, a function depends only on the ith component v; of its argument v € SF if and only if it depends only on
1
PEiv = m(—vi, ey —Ui,&— l)vi, —Vj, ..., —U,‘).
i

In view of (11), our entropy estimate applied to the sphere of F then gives:

k

k—1~ ~
> SUe) <250h),

i=1

or equivalently in terms of random variables:
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We have used that the geometric configuration in F' composed of the subspaces E; and the scalars (k — 1)/ k satisfying
(11) has a configuration constant upper bounded by 2. It is actually equal to 2 as seen by considering, for k > 3, a unit
vector v € RY, together with x = (v, —v,0, ..., O)/«/E € F and
1 (k -2 k=2
= v,
Y Vk(k—1) 2 2

v,—v,...,—v)exLﬂF.

In this case
k
k—1
Y 1PawylP =21y

i=1

Remark 3. Let us point out a slightly different approach to the latter example. Starting from x € S, we can apply
Lemma 4 to the decomposition Idgw =) ;_; Pra When the subspace S is chosen to be the tangent space to Sr at x,
of codimension d + 1. The lemma yields

k
> P < 2+ d)lds,

i=1

where we have used that PSRl.d = PsPr lei = PgE; = E;(x). Our arguments then imply that

k
DSV <@+ SV ... V).

i=1
In our case 2 + d > 2k/(k — 1) so this estimate is less precise than our previous one. However it is valid for arbitrary
subspaces of codimension d whereas the 2k/(k — 1)-bound relies on the fact that P Pps Pr = kk;l Pg; which is not

true in general.
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