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In [15] K. Hirachi showed that the logarithmic trace of the Szegö projec-
tor is an invariant of the CR structure. In [8] I showed that it is also defined
for generalized Szegö projectors associated to a contact structure (definitions
recalled below sect.4), that it is a contact invariant, and that it vanishes if the
base manifold is a 3-sphere, with arbitrary contact structure (not necessarily
the canonical one). Here we show that it always vanishes. For this use the fact
that this logarithmic trace is the residual trace of the identity (definitions re-
called below sect.5), and show that this always vanishes, because the Toeplitz
algebra associated to a contact structure can be embedded in the Toeplitz
algebra of a sphere, where the identity maps of all ‘good’ Toeplitz modules
have zero residual trace.

1 Notations

We first recall the notions that we will use. Most of the material below in §1-5
is not new; we have just recalled briefly the definitions and useful properties,
and send back to the literature for further details (cf. [16, 17, 20, 18]).

If X is a smooth manifold we denote T •X ⊂ T ∗X the set of non-zero
covectors. A complex subspace Z corresponds to an ideal IZ ⊂ C∞(T •X, C)).
Z is conic (homogeneous) if it is generated by homogeneous functions. It is
smooth if IZ is locally generated by k = codim Z functions with linearly
independent derivatives. If Z is smooth, it is involutive if IZ is stable by the
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Poisson bracket (in local coordinates {f, g} =
∑ ∂f

∂ξj

∂g
∂xj

− ∂f
∂xj

∂g
∂ξj

); it is � 0
if locally IZ has generators ui, vj (1 ≤ i ≤ p, 1 ≤ j ≤ q, p + q =codim Z) such
that the vj are real, ui complex, and the matrix 1

i ({uk, ūl) is hermitian � 0.
The real part ZR is then a smooth real submanifold of T •X, whose ideal is
generated by the Re ui, Im ui, vj. If I is � 0, it is exactly determined by its
formal germ (Taylor expansion) along the set of real points of ZR.

A Fourier integral operator (FIO) from Y to X, is a linear operator from
functions or distributions on Y to same on X defined as a locally finite sum
of oscillating integrals

f 7→ Ff(x) =
∫

eiφ(x,y,θ)a(x, y, θ)f(y) dθdy ,

where φ is a phase function (homogeneous w.r. to θ), a a symbol function.
Here we will only consider regular symbols, i.e. which are asymptotic sums
a ∼

∑
k≥0 am−k where am−k is homogeneous of degree m − k, k an integer.

m could be any complex number. There is also a notion of vector FIO, acting
on sections of vector bundles, which we will not use here.

The canonical relation of F is the image of the critical set of φ (dθφ = 0) by
the differential map (x, y, θ) 7→ (dxφ,−dyφ) - this is always assumed to be an
immersion from the critical set onto a Lagrangian sub-manifold of T •X×T •Y 0

(the sign 0 means that we have reversed the sign of the canonical symplectic
form; likewise ifA is a ring,A′ denotes the opposite ring). We will also use FIO
with complex positive phase function: then the canonical relation is defined
by its ideal (the set of complex functions u(x, ξ, y, η which lie in the ideal
generated by the coefficients of dθφ, ξ − dxφ, η + dyφ which do not depend on
θ); it should not be confused with its set of real points.

Following Hörmander [16, 17], the degree of F is defined as deg F =
deg (adθ)− 1

4 (nx+ny+2nθ), with nx, ny, nθ the dimensions of the x, y, θ-spaces,
deg (adθ) the degree of the differential form adθ = deg a +

∑
νk (νk = deg θk,

usually νk = 1 but could be any real number - not all 0); this only depends
on F and not on its representation by oscillating integrals). In what follows
we will always require that the degree be an integer (which implies m ∈ Z/4).

2 Adapted Fourier Integral Operators

The Toeplitz operators and Toeplitz algebras used here, associated to a CR or
a contact structure, were introduced and studied in [4, 5], using the analysis
of the singularity of the Szegö kernel (cf. [3, 19]), or in a weaker form, the
“Hermite calculus” of [2, 11]. The terminology “adapted” is taken from [5]:
lacking anything better I have kept it.

For k = 1, 2, let Σk ⊂ T •Xk be smooth symplectic sub-cones of T •Xk and
u : Σ1 → Σ2 an isomorphism.



Vanishing of the logarithmic trace 3

Definition 1. A Fourier integral operator A is adapted to u if its canonical
relation C is complex � 0, with real part the graph of u. It is elliptic if its
principal symbol does not vanish (on Re C).

As above, a conic complex Lagrangian sub-manifold Λ of T •X is � 0 if its
defining ideal IΛ is locally generated by n = dim X homogeneous functions
u1, . . . , un(n = dim X) with independent derivatives, u1, . . . , uk complex,
uk+1, . . . , un real for some k (1 ≤ k ≤ n), and the matrix ( 1

i {up, ūq})1≤p,q≤k

is hermitian � 0; equivalently; the intersection C ∩ C̄ is clean, and on the
tangent bundle the hermitian form 1

i ω(U, V̄ ) is positive, with kernel the com-
plexification of the tangent space of Re C.

Pseudo-differential operators are a special case of adapted FIO (X1 =
X2 = X, u = IdT•X); so are Toeplitz operators on a contact manifold (see
below).

Adapted FIO always exist (cf [5]), more precisely

Proposition 1. For any symplectic isomorphism u as above, there exists an
elliptic FIO adapted to u.

In fact if Λ is a complex � 0 Lagrangian sub-manifold of T •X, in particular
if it is real, it can always be defined by a global phase function with positive
imaginary part (Im φ % dist (.,ΛR)2) living on T •X: it is easy to see that such
phase functions exist locally, and the positivity condition makes it possible to
glue things together using a homogeneous partition of the unity. Once one
has chosen a global phase function, it is obviously always possible to choose
an elliptic symbol - of any prescribed degree (cf. also [5])1. Note that elliptic
only means that the top symbol is invertible on the real part of the canonical
relation, not that the operator is invertible mod. smoothing operators (this
is only true if the canonical relations is real, so Σk = T •Xk and X1, X2 have
the same dimension).

3 Model Example

Here is a generic example of adapted FIO: let X1, X2, Z be three vector spaces

Σk = TXk
Xk × T •Z ⊂ T •(Xk × Z) (k = 1, 2, TXk

Xk the zero section),

u the identity map IdT•Z : Σ1 → Σ2 . (1)

It follows immediately that, if C � 0 is a complex canonical relation with real
part the graph of u, the complex formal germ along Σ of the restriction to C
1 the intrinsic differential-geometric description of the symbol is elaborate: it is

a section of a line bundle whose definition incorporates half densities and the
Maslov index or an elaboration of this in the case of complex canonical relations.
However on real manifolds this line bundle is always topologically trivial
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of the projection (x, ξ, z, ζ, z′, ζ ′, y, η) 7→ (x, z, ζ ′, y) is an isomorphism (it is
an immersion since if a complex with zero projection v = (0, ξ, 0, ζ, z′, 0, 0, η)
is tangent to C, we have 1

i {v, v̄} = 0, because the space of complex vectors
(0, ξ, 0, ζ, z′, 0, 0, η) is Lagrangian it belongs to the real part of TC in the
complexification of TT •Z; since this is the tangent space to the diagonal of
Σ we get v = 0).

So we can choose the phase function as φ =< z − z′, ζ ′ > +iq(x, z, ζ ′, y)
where q = q(x, z, ζ ′, y) is smooth, homogeneous of degree 1 w.r. to ζ ′, vanishes
of order 2 for x = y = 0 and Re q % |ζ ′|(x2 + y2) (we leave the converse as
an exercise, i.e. any such phase function corresponds to a positive adapted
canonical relation as above). The operator is

Ff(x, z) =
∫

ei<z−z′,ζ′>−q(x,z,ζ′,y)a(x, z, ζ ′, y)f(z′, y)dζ ′dz′dy , (2)

with a a symbol as above.
Since any symplectic sub-cone of a cotangent manifold is always locally

equivalent to T •Z ⊂ T •(X×Z), the model above is universal i.e. any adapted
FIO is micro-locally equivalent to F1◦A◦F2 where F1, F2 are elliptic invertible
FIO with real canonical relations, graphs of local symplectic isomorphisms,
and F is as the model above.

For adapted FIO the Hörmander degree coincides with the degree in the
scale of Sobolev spaces, i.e. if F is of degree s it is continuous Hm(Y ) →
Hm−Re s(X); this is easily seen on the model example above (F is L2 con-
tinuous if its degree is 0 i.e. a is of degree − 1

4 (nx + ny)). (This not true for
general FIOs - in fact for a FIO with a real canonical relation C, this is only
true if C is locally the graph of a symplectic isomorphism.)

The following result also immediately follows from the positivity condition
(for general FIO the transversality condition is of course not always true):

Proposition 2. Let X1, X2, X3 be three manifolds, Σk ⊂ T •Xk symplectic
sub-cones, u resp. v a homogeneous symplectic isomorphism X1 → X2 resp.
X2 → X3, F,G FIO (with compact support) adapted to u, v. Then G ◦ F is
adapted to v ◦ u; its canonical relation is transversally defined and positive. It
is elliptic if F and G are elliptic.

This is mentioned in [5]; the crux of the matter is that if Q(y) is a quadratic
form with � 0 real part, the integral

∫
e−|ξ|Q(y)dy does not vanish: it is an

elliptic symbol of degree − 1
2ny, equal to disc(Q

π )−
1
2 |ξ|− 1

2ny .

4 Generalized Szegö projectors

These were called “Toeplitz projectors” in [7, 8]. C. Epstein suggested the
present name, which is better. References: [3, 4, 5, 6].
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Definition 2. Let X be a manifold, Σ ⊂ T •X a symplectic sub-cone. A gen-
eralized Szegö projector (associated to Σ) is an elliptic FIO S adapted to IdΣ

which is a projector (S2 = S)

The case we are most interested in is the case where Σ is the half line
bundle corresponding to a contact structure on X (i.e. the set of positive
multiples of the contact form). But everything works as well in the slightly
more general setting above.

We will not require here that S be an orthogonal projector; this makes
sense anyway only once one has chosen a smooth density to define L2-norms.

If S is a projector, its canonical relation C ⊂ T •X × T •X is idempo-
tent, positive. It can be described as follows: the first projection is a complex
positive involutive manifold Z+ with real part Σ; the second projection is a
complex negative manifold Z− with real part Σ (Z− = Z̄+ if S is selfadjoint).
The characteristic foliations define fibrations Z± → Σ (the fibers are the
characteristic leaves; they have each only one real point so are “contractible”
(they vanish immediately in imaginary domain), and there is no topological
problem for them to build a fibration). Finally we have C = Z+ ×Σ Z−

Generalized Szegö projectors always exist, so as orthogonal ones (cf. [5, 6]).
As mentioned in [8], generalized Szegö projectors mod. smoothing operators
form a soft sheaf on Σ, i.e. any such projector defined near a closed conic
subset of T •X or Σ is the restriction of a globally defined such projector.

5 Residual trace and logarithmic trace

The residual trace was introduced by M. Wodzicki [22]. It was extended to
Toeplitz operators and suitable Fourier integral operators by V. Guillemin
[12] (cf. also [13, 23]). It is related to the first example of ‘exotic’ trace given
by J. Dixmier [9].

Let C be a canonical relation in T •X×T •X. A family As(s ∈ C) of FIO of
degree s belonging to C is holomorphic if s 7→ (∆)−

s
2 As is a holomorphic map

from C to FIO of fixed degree deg A0 (in the obvious sense). If As has compact
support, the trace tr AS is then well defined and depends holomorphically on
s if Re s is small (As is of trace class if Re s < −n−deg A0). Often (e.g. if the
canonical relation is real analytic) this will extend as a meromorphic function
of s on the whole complex plane, but this is not very useful because the poles
are hard to locate and usually not simple poles.

Lemma 1. If C is adapted to the identity IdΣ, with Σ ⊂ T •X a symplectic
sub-cone, and As a holomorphic family, as above, then trAs has at most simple
poles are the points s = −n− degA0 + k, k ≥ 0 an integer, n = 1

2dimΣ (the
degree degA0 is defined as above)

Proof: this is obviously true is As is of degree −∞ (there is no pole at
all). In general we can write As as a sum of FIO with small micro-support
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(mod smoothing operators), and a canonical transformation reduces us to the
model case, where result is immediate.

Definition 3. If A is a FIO adapted to C, the residual trace trresA is the
residue at s = 0 of any holomorphic family As as above, with A = A0.

This does not depend on the choice of a family As: indeed if A0 = 0, the
family As is divisible by s i.e. As = sBs where Bs is another holomorphic
family, and since trBs has only a simple pole, tr As has no pole at all at
s = 0.

Proposition 3. The residual trace is a trace, i.e. A and B are adapted
Fourier integral operatorstrresAB = trresBA

This is true more generally AB and BA are Fourier integral operators
with good canonical relations as above: with the notations above trABs and
trBsA are well defined and equal for Re s small enough, so their meromorphic
extensions and poles coincide.

Logarithmic trace

Let Σ ⊂ T •X be a symplectic half-line bundle, defining a contact structure
on X. Let A be a Fourier integral operator adapted to IdΣ , and C its canonical
relation. The positivity condition implies that the projection C → X×X is of
rank 2 dim X−1 at all points above the diagonal, so C is the conormal bundle
T ∗Y (X × X) of a complex � 0 hypersurface Y of X × X with real part the
diagonal of X: the Schwartz kernel Ã of A can be defined by a Fourier integral
by a one dimensional Fourier integral

Ã(x, y) =
∫ ∞

0

e−Tφ(x,y)a(x, y, T )dT ,

with φ = 0 an equation of the hypersurface Y , φ = 0 on the diagonal, Re φ ≥
cst dist(.,diag)2, and a is a symbol: a ∼

∑
k≤N ak(x, y)T k−1 (N = deg A).

Its singularity is of the form

f(x, y)(φ + 0)−N + g(x, y) Log (
1

φ + 0
) , (3)

with f, g smooth functions on X ×X, and in particular g(x, x) = a0(x, x).

Lemma 2. The residual trace of A is the trace of the logarithmic coefficient:

trresA =
∫

X

g(x, x) . (4)

An obvious holomorphic family extending A (mod. a smoothing operator) is
the family As with Schwartz kernel
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Ãs(x, y) =
∫ ∞

1

e−Tφ(x,y)a(x, y, T )T sdT ,

and since φ(x, x) = 0 and as(x, x, T ) ∼
∑

k≤N T s+k−1ak(x, x), so the poles

of Ãs(x, x) are given (with an obvious notation) by Ãs(x, x) ∼
∑ ak(x,x)

s+k :
the meromorphic extension of the trace has just simple poles at each integer
j ≥ −N , with residue

∫
X

a−j(x, x). In particular the residue for s = 0 is the
logarithmic trace.

The residual trace is also equal to the logarithmic trace in the case of
pseudo-differential operators, or in the model case. In general the residual
trace is well defined, but I do not know if the logarithmic coefficient can be
reasonably defined e.g. if the projection Σ → X is not of constant rank. For
the equality with the residual trace, and for theorem 1 below, the sign is
important: the logarithmic trace is the integral of the coefficient of Log 1

φ , not
the opposite.

6 Trace on a Toeplitz algebra A and on End A(M)

If S is a generalized Szegö projector associated to Σ ⊂ T •X. The correspond-
ing Toeplitz operators are the Fourier integral operators of the form TP =
SPS, P a pseudo-differential operator (equivalently, the set of Fourier inte-
gral operators A with the same canonical relation, such that A = SAS). They
form an algebra A on which the residual trace is a trace: trresAB = trresBA.
Mod. smoothing operators, this can be localized, and the Toeplitz algebra AΣ

is this quotient; it is a sheaf on Σ (or rather on the basis).

Lemma 3. The Toeplitz algebra, so as the residual trace of S only depend on
Σ and not on the embedding Σk ⊂ T •X

Indeed if Σ → T •X ′ is another embedding, S′ a corresponding Szegö projec-
tor, it follows from prop. 1 that there exist elliptic adapted FIO F, F ′ from
X to X ′ resp. X ′ to X such that F = S′FS, F ′ = SF ′S′, FF ′ ∼ S, F ′F ∼ S
so S, S′ have the same residual trace, and A 7→ FAF ′ is an isomorphism of
the two Toeplitz algebras. In the lemma wa could as well embed Σ in another
symplectic cone endowed with a Toeplitz structure.

The definition of the residual trace extends in an obvious way to EndA(M)
when M is a free A-module (EndA(M) is isomorphic to a matrix algebra
with coefficients in A0, where trres(aij) =

∑
trresaii is obviously a trace,

independent of the choice of a basis of M). It extends further to the case
where M is locally free (a direct summand of a free module), and to the case
where M admits (locally or globally) a finite locally free resolution: if

0 → LN d−→ . . . L1 d−→ L0 → 0
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is such a resolution, i.e. a complex of are locally free A-modules Lj , exact in
degree 6= 0, with a given isomorphism ε : L0/dL1 → M : Then EndA(M) is
isomorphic to Rhom0(L,L), i.e. any a ∈ EndA(M) extends as morphism ã of
complexes of L (ã = (aj), aj ∈ EndA(Lj)) (if a has compact support, ã can
be chosen with compact support). Any two such extensions ã, ã′ differ by a
super-commutator [d, s] = ds+sd (s, of degree 1, can be chosen with compact
support if ã− ã′ has compact support). The super-trace

supertrres(ã) =
∑

(−1)jtrres(aj)

is then well defined; it only depends on a, because the super-trace of a super-
commutator [s, d] vanishes: this defines the trace in End (M). Below we will
use “good” modules, i.e. which have a global finite locally free resolution for
which this is already seen on the principal symbols (i.e. M and the Lj are
equipped with good filtrations for which gr d is a locally free resolution of
grM (in the analytic setting this always exists if M is coherent and has a
global good filtration, and the base manifold is projective).

Alternative description of the residual trace.

Let S be a generalized Szegö projector associated to a symplectic cone
Σ ⊂ T •X. Then the left annihilator of S is a � 0 ideal I in the pseudo-
differential algebra of X; its characteristic set is the first projection Σ+ of the
complex canonical relation of S; as mentioned earlier it is involutive � 0 with
real part Σ. (there is a symmetric statement for the right annihilator).

Proposition 4. Let M be the EX-module M = E/I. Then the Toeplitz algebra
is canonically isomorphic to End E(M).

Proof: let eM be the image of 1 ∈ E (it is a generator of M). It is ele-
mentary that End E(M) is identified with opposite algebra ([E : I]/I)0 where
[E : I] denotes the set of P ∈ E such that IP ⊂ I (to P corresponds the
endomorphism aP such that aP (e) = Pe). It is also immediate that the map
u which to aP assigns the Toeplitz operator TP = SPS = PS is an isomor-
phism (both algebras have a complete filtration by degrees, and the associated
graded algebra in both cases is the algebra of symbols on Σ); clearly u is a
homomorphism of algebras, of degree ≤ 0, and gr u = Id.

Now M is certainly “good” in the sense above: it is locally defined by
transverse equations and has, locally, a resolution whose symbol is a Koszul
complex. So the residual trace is well defined on End E(M). Since the trace
on an algebra of Toeplitz type is unique up to a constant factor, there exists
a constant C such that

trresaP = C trresTP . (5)

Below we only only need C 6= 0; however with the conventions above we have:

Theorem 1. The constant C above is equal to one (C = 1).
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Proof: to the resolution of M above corresponds a ‘complex’ of pseudo-
differential operators

0 → C∞(x) D−→ C∞(X, E1) → . . .
D−→ C∞(X, EN ) → 0 , (6)

exact in degree > 0 and whose homology in degree 0 is the range of S (mod.
smoothing operators), i.e. there exists a micro-local operator E on (Ek) such
that DE+ED ∼ 1−S (cf. [2]; E is a pseudo-differential operator of type 1

2 , not
a “classical” pseudo-differential operator, but it preserves micro-supports).

It is elementary that one can modify D, E, and if need be S, by smoothing
operators so that (6) is exact (on global sections) in degree 6= 0, and kerD0

is the range of S. Then if as = (ak, s) is a holomorphic family of pseudo-
differential homomorphisms of degree s, and Tas

is the Toeplitz operator Tas
=

a0,s|ker S , we have trTas =
∑

(−1)ktr ak,s for Re s � 0 hence also equality for
the meromorphic extensions and residues.

Here is an alternative proof (slightly more in the spirit of the paper because
it really uses operators mod. C∞ rather than true operators). Notice first that
theorem 1 is (micro) local, and since locally all bundles are trivial, we can
reason by induction on codim Σ. Thus it is enough to check the formula for
one example, where codim Σ = 2. Note also that above we had embedded in
the algebra of pseudo-differential operators on a manifold, but we could just
as well embed in another Toeplitz algebra.

We choose Σ corresponding to the standard contact (CR) sphere S2n−1 of
Cn, embedded as the diameter z1 = 0 in the sphere of Cn+1

The Toeplitz space Hn+1 is the space of holomorphic functions in the unit
ball of Cn+1 (more correctly: their restrictions to the sphere); we choose Hn

the subspace of functions independent of z1. There is an obvious resolution:
0 → Hn+1 → Hn+1 → 0 (Hn = ker ∂1). We choose on Hn the operator a,
restriction of ρ−n, with ρ =

∑
zj∂zj

(this is the simplest operator with a
nonzero residual - our convention is that ρσ kills constant functions for all σ).

Lemma 4. On the sphere S2n−1 the residual trace of the Toeplitz operator
ρ−n is trresρ

−n = 1
(n−1)! .

Proof: the standard Szegö kernel is S(z, w) = 1
vol S2n−1

(1 − z.w̄)−n. Now we
have the obvious identity

ρ(ρ + 1) . . . (ρ + n− 1) Log
1

1− z.w̄
= (n− 1)!((1− zw̄)−n − 1) ,

so that the leading coefficient of the logarithmic part of ρ−n is 1
vol S2n−1(n−1)! ,

whose integral over the sphere is 1
(n−1)! .

On the sphere S2n+1 we have ∂1ρ = (ρ+1)∂1 so we choose for (ã) the pair
(a0 = ρ−n, a1 = (ρ+1)−n). Since terms of degree < −n− 1 do not contribute
on S2n+1, the super-trace is

trres(ρ−n − (ρ + 1)−n) = trres(nρ−n−1) =
n

n!
= trresa ,
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7 Embedding

If Σ1, Σ2 are two symplectic cones, with contact basis X1, X2, symplectic
embeddings Σ1 → Σ2 exactly correspond to contact embeddings X1 → X2,
i.e. an embedding u : X1 → X2 such that the inverse image u∗(λ2) is a positive
multiple of the contact form λ1 (the corresponding symplectic map take the
section u∗λ2 of T •X1 to the section λ2 of T •X2. With this in mind we have

Lemma 5. If X is a compact oriented contact manifold, it can be embedded
in the standard contact sphere.

Proof: the standard R-contact sphere in R2n has coordinates xj , yj(1 ≤ j ≤
n,

∑
x2

j+y2
j = 1) and contact form λ =

∑
xjdyj−yjdxj (or a positive multiple

of this). If X is a compact contact manifold, its contact form can always be
written 2

∑m
2 xjdyj for some suitable choice of smooth functions xj , yj , or

just as well
∑m

1 xjdyj − yjdxj , setting for instance x1 = 1, y1 =
∑m

2 xjyj (m
may be larger than the dimension). Adding suitably many other pairs (xj , yj)
with yj = 0, xN = (R2 −

∑
x2

j + y2
j )

1
2 , R large enough, we get an embedding

in a contact sphere of radius R.

Theorem 2. For any generalized Szegö projector Σ associated to a symplectic
cone with compact basis, we have trresS = 0. In particular if Σ corresponds
to a contact structure on a compact manifold, its logarithmic trace vanishes.

By lemma 5 we can suppose that Σ is embedded in the symplectic cone of
an odd sphere Y with its canonical contact structure. Let B be the canonical
Toeplitz algebra on the sphere: then by prop. 4 A is isomorphic to EndB(M)
where M is a suitable good B module. Now on the sphere any locally free
B-module is free (any complex vector bundle on an odd sphere is trivial), and
the Szegö projector has no logarithmic term, so and trres1M = 0, for any good
B-module M .

This result is rather negative since it means that the logarithmic trace
cannot define new invariants distinguishing CR or contact manifolds. Note
however that that it is not completely trivial: it holds for the Toeplitz algebras
associated to a CR or contact structure, as constructed in [5], but a contact
manifold carries many other star algebras which are locally isomorphic to the
Toeplitz algebra (I showed in [7] how Fedosov’s classification of star products
[10] can be adapted to classify these algebras). All such algebras carry a
canonical trace, because the residual trace is invariant by all isomorphisms,
so that local traces glue together. If the contact basis is compact, the trace
trres1A is well defined, but there are easy examples showing that it is not
always zero.
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symplectique et phys. mathématique , Éditions C.N.R.S. Paris (1975), 217-252.

12. Guillemin, V. Residue traces for certain algebras of Fourier integral operators.
J. Funct. Anal. 115 (1993), no. 2, 391-417.

13. Guillemin, V. Wave-trace invariants. Duke Math. J. 83 (1996), no. 2, 287-352.
14. Hirachi, K. Construction of boundary invariants and the logarithmic singularity

of the Bergman kernel. Ann. of Math. (2) 151 (2000), no. 1, 151-191.
15. Hirachi, K. Logarithmic singularity of the Szegö kernel and a global invariant
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