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1 Introduction

Let us first recall what a star-product is (detailed definitions are given in section
2) : let X be a manifold and let Ô denote the algebra of formal series

f =
∑
k≥k0

fkhk

where the fk are smooth functions on X and h is a “small” formal parameter.
A star product on X is a unitary algebra law on Ô for which the unit is 1 and
the product is local, i.e. given by a formula :

f, g → B(f, g) = fg +
∑
k≥k0

hkBk(f, g)

where the Bk are bidifferential operators on X : in local coordinates Bk(f, g) =∑
aαβ∂αf∂βg with smooth coefficients aαβ (it is further required that the unit

is 1, i.e. B0(f, g) = fg and Bk(1, f) = Bk(f, 1) = 0 for any k > 0 and any
f ; the addition law is the usual addition of Ô. A star product can be thought
of as a non-commutative deformation of the usual product. The leading term
of commutators {f, g} = hB1(f, g)− hB1(g, f) defines a Poisson bracket on X
(star products are also called “deformation quantization of Poisson manifolds”).

In this paper I will use a slightly extended definition, where star products live
on cones. A cone Σ with basis BΣ = X is the complement of the zero section
in a line bundle L → X (a complex line bundle if X is a complex manifold,
and preferably a half-line bundle if X is real) ; in the semi-classical case above
Σ = X × R+ and h = 1

r if r denotes the fiber variable (the small “Planck
constant” plays the role of the inverse of a large frequency). In this context
Ô is the set of formal series f =

∑
k≤k0

fk where for each k, fk is a function
homogeneous of degree k on Σ and, locally, a star product is defined as above
as a bidifferential product law on Ô

f, g → B(f, g) = fg +
∑
k≤k0

Bk(f, g)

where Bk is now a bidifferential operator on Σ, homogeneous of degree k → −∞
with respect to fiber homotheties. The Bk may involve derivations in any direc-
tion, so there is no longer a distinguished “Planck constant” commuting with
the rest 1. The associated Poisson bracket now lives on Σ and is homogeneous of
degree −1. This definition includes the algebras of pseudo-differential operators
or Toeplitz operators, which are after all among the most important and belong
to the same formalism.

Complex star algebras arrive naturally and unavoidably in many problems
concerning differential operators, whose symbols are polynomials and always

1 There is absolutely no reason that the Planck constant should commute with the rest,
especially when it is a parameter without physical significance
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live on a complex manifold. So it is important to study them, and to study
their relations with “polynomial” objects associated to differential operators.

In his paper [22] M. Kontsevitch has shown that any homogeneous Poisson
bracket on a real manifold comes from a star product. His proofs extend without
changing a word to star -products on a cone. Kontsevitch’s formula giving a
star product from a Poisson bracket on an affine space also works without any
modification in the complex case (i.e. Σ = Cn×C×). But the argument used to
go from local to global does not work for complex manifolds, because it uses in an
unavoidable manner partitions of unity and tubular neighborhoods. In general
I do not know if a global star product exists for a given Poisson bracket, even in
the symplectic case, nor do I know what the classification of such algebras looks
like (see however [20], where it is shown that even if such an algebra E may not
exist, the category of sheaves of E-modules can be defined up to equivalence).

In this paper I investigate those star algebras which live on a complex cotan-
gent cone T ∗X − {0} deprived of its zero section, equipped with its canonical
symplectic Poisson bracket. All star algebras associated to this Poisson bracket
are locally isomorphic, and there exists a global such algebra, viz. the algebra
of pseudo-differential operators ; so there is at least a starting point for the
classification. This will turn out to be essentially trivial in dimension n ≥ 3
(Theorem1), but instructively not in dimension 2. More precisely algebras over
a manifold X of dimension 2 or ≥ 2 are described in section 4, and compared
to D-algebras, i.e. sheaves of algebras over X locally isomorphic to E , the al-
gebra of pseudo-differential operators coming from differential operators on X.
It turns out that if dimX ≥ 3 we get nothing new : the functor which takes
a D-algebra to the associated star-algebra is an equivalence. If dimX = 2 the
same functor is faithful, i.e. two D-algebras are isomorphic if and only if the
associated star-algebras are isomorphic, and an isomorphism between such star-
algebras comes from a unique isomorphism between the original D-algebras ;
however there are in general many more “exotic” star-algebras which do not
come from a D-algebra.

If X is of dimension 1 the classification depends on whether X is open, of
genus ≥ 2, of genus 1 or of genus 0.

An inner automorphism of the algebra E of pseudo-differential operators on
X (U : P → APA−1) has a symbol σ(U) = d Log σ(A), which is a section of
the sheaf ω (on the “basis” BΣ = Σ/C× of closed forms homogeneous of degree
0 on Σ, and an exponent which is the degree of A ; we will see in section 2 that
any automorphism U of E has likewise a symbol and an exponent ∈ C. Similarly
a star algebra has a symbol σ(A) ∈ H1(BΣ, ω) and an exponent ∈ H1(BΣ,C).
We will see in section 3 that if X is an open curve or a curve of genus ≥ 1, star
algebras on Σ are completely determined by their exponent. The classification
is more subtle when X is closed of genus 1 or 0.

The techniques used in this paper are a mixture of non-commutative coho-
mology, holomorphic cohomology, and the relation between the cohomology of
a sheaf with a filtration and the cohomology of the associated graded sheaf.
This contains nothing really new or difficult, but the mixture can be somewhat
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muddling.
As far as I know the questions studied here have not been investigated before

and the results are new.

In sections 2 and 3 we recall the definition of star algebras, and some clas-
sification principles.

In section 4 we describe the classification when dim X ≥ 2.

In section 5 we describe the case where X is a curve (dim X = 1) : results
are substantially different if X is open, X = P1, X is of genus 1, or X is of
genus g ≥ 2.

I thank J.J. Sansuc for his kind help in proofreading the manuscript, and the

reviewer for many detailed comments and suggestions.

2 Star Algebras

2.1 Cones

Definition 1 A real (resp. complex) cone is a C∞ (resp. holomorphic) prin-
cipal bundle Σ with group R×

+ (resp. C×). The basis is BΣ = Σ/R×
+ (resp.

Σ/C×).

A real cone is isomorphic to a product cone BΣ × R×
+. 2 A complex cone is

isomorphic to L−{0} (L deprived of its zero section) where L is a complex line
bundle over BΣ. L will usually not be a trivial bundle.

Definition 2 (i) We denote O(m) the sheaf on BΣ of homogeneous functions
of degree m of Σ (holomorphic in the complex case).

(ii) We denote Ô the sheaf on BΣ of formal symbols (“asymptotic expansions”
for ξ →∞ in Σ) :

(1) f ∈ Ô if f =
∑

m≤m0

fm with fm ∈ O(m)

(m an integer, m → −∞).

Definition 3 For an integer k ≥ 1 we denote D̂k the sheaf (on BΣ) of formal
k-differential operators : P (f1, . . . , fk) =

∑
m≤m0

Pm(f1, . . . , fk) with Pm a k-
linear differential operator homogeneous of degree m with respect to homotheties
(m an integer, m → −∞).

If k = 1 we will just write D̂.
2 at least if we are dealing with paracompact manifolds, which will always be the case in

this article.
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Locally Σ is a product cone and we may choose homogeneous coordinates
(real or complex) xj of degree 0 on the basis, and r of degree 1 on the fiber.
Then Pm(f1, . . . , fk) is a sum of monomials

ϕ(x) rm ∂α1
x (r∂r)m1(f1) . . . ∂αk

x (r∂r)mk(fk).

There is no restriction on the order of Pm.

The presence of two “degrees” is confusing so in what follows degree will
always refer to the degree with respect to homotheties, and order refers to the
degree as a differential operator; thus if P ∈ D̂k each term Pm of degree m is of
finite order, although the resulting infinite sum P may be of infinite order.

We will denote D̂× ⊂ D̂ the sheaf of invertible formal differential operators :
P =

∑
Pk ∈ D̂× is invertible iff its leading term σ(P ) = Pm0 is invertible, i.e.

Pm0 is of order 0, the multiplication by a nonvanishing function homogeneous
of degree m0. We denote by D̂×− the subsheaf of those invertible P such that
P (1) = 1, i.e. P is of degree 0, its leading term is P0 = 1 and terms of lower
degree have no constant term : Pm(1) = 0 if m < 0.

Remark 1 Sheaves are of course useless in the real case but must be used in
the complex case where global sections do not necessarily exist.

Remark 2 For analytic cones there is also a notion of convergent symbol
(introduced by the author in [6] to define analytic pseudodifferential operators).
These are in fact the more important and for many questions it is essential
to use convergent rather than formal symbols.3 However for the classification
results below, there is no significant qualitative difference between formal and
convergent symbols, so we will stick to formal symbols and avoid convergence
technicalities.

2.2 Star Products on a Real or Complex Cone.

Definition 4 A star product on Σ is a sheaf A on the basis BΣ, locally isomor-
phic to Ô as a sheaf of vector spaces (the structural sheaf of groups is described
below), equipped with an associative unitary algebra law whose product (star
product) f ∗ g = B(f, g) is locally a formal bidifferential operator.

Locally f ∗ g =
∑

Bm(f, g) with Bm a bidifferential operator homogeneous
of degree m → −∞, B0 = 1. The first idea is that the structural sheaf of groups
used to patch together local frames of A is the sheaf D̂× (on BΣ) of invertible
formal differential operators, but there is a unit that we can choose equal to 1
in all local frames so this obviously reduces to D̂×−.

3 e.g. convergent rather than formal symbols are essential in the finiteness theorems of T.
Kawai and M. Kashiwara [22], or for going from E-modules to D-modules in the thesis of D.
Meyer [23], and probably in most problems involving a comparison between E and D-modules.
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Note that homotheties (hence degrees) are not respected by D̂×−. However
if P ∈ D̂×−, f and Pf have the same leading term ; so P respects the filtration
defined by degrees (f ∈ Ôm if f =

∑
j≤m fj) and grP is the identity on gr Ô =⊕

O(m).

In the semi-classical definition, Σ is a product cone Σ = BΣ × L (L = R+

or C×), the star product law is defined on Ô and does not involve vertical
derivatives, so the “Planck constant” h = r−1 plays the role of a constant.
The definition above includes the “semi-classical” case and also the algebras of
pseudodifferential or Toeplitz operators. This conic framework for star products
was described in [4].

In the real case, using partitions of unity, it is immediate to see that A
is always isomorphic to Ô as a sheaf (“there exists a global total symbolic
calculus”). This is no longer true in the complex case, and in particular it is
not true in the most simple and natural examples as we will see below, so the
sheaf theoretic presentation cannot be avoided.

2.3 Associated Poisson bracket

If A is a star algebra on Σ it has a canonical filtration coming from the filtration
of Ô by homogeneity degrees, and there is a canonical isomorphism :

grA ' Ô

because the structural sheaf of groups D̂×− induces the identity on gr Ô). The
commutator law then defines a Poisson structure on grA = Ô i.e. the leading
term of the commutator law

{f, g} = B1(f, g)−B1(g, f)

is a Poisson bracket on Σ, homogeneous of degree −1. This means that it is a
skew-symmetric bivector field

{f, g} = −{g, f}, {f, gh} = {f, g}h + g{f, h}

satisfying the Jacobi identity (i.e. it is a Lie bracket) :

{f{g, h}} = {{f, g}h}+ {g{f, h}}

and it is homogeneous of degree −1 with respect to homotheties

deg{f, g} = deg f + deg g − 1 if f, g are homogeneous.

Existence of a global star-algebra on a real symplectic cone Σ was proved by
V. Guillemin and myself in [5] (see also [3]), and by M. De Wilde and P. Lecomte
([9],[10]) in the semiclassical symplectic case (cf. also the nice deformation proof
of B.V. Fedosov [11]).
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In [22] M. Kontsevitch proved that any Poisson bracket comes from a star-
product in the real semiclassical case. More precisely he proves that there is
a one to one correspondence between isomorphic classes of star-products and
isomorphic classes of formal families of Poisson brackets depending on the “small
parameter” h. His result extends, without changing a word, to star-products
on a real cone with the definition above ; families of Poisson brackets should be
replaced by formal Poisson brackets on Σ :

(2) c =
∑

k≤−1

cm.

Kontsevitch’s formula giving a star product from a Poisson bracket on an affine
space also works without any modification in the complex case (i.e. Σ = Cn ×
C×). But as mentioned above the argument used to go from local to global does
not work for complex manifolds, and in general I do not know if a global star
product exists for a given Poisson bracket, even in the symplectic case, nor do I
know what the classification of such algebras looks like (see however [20], where
it is shown that even if E may not exist, the category of sheaves of E-modules
is defined up to equivalence).

In the rest of the paper we investigate a special class of star algebras, i.e.
those which live on a cotangent bundle Σ = T ∗X −{0}, X a complex manifold,
equipped with its canonical Poisson bracket. In this case there is a canonical
global star-algebra, viz. the algebra E of pseudo-differential operators, which
is the “microlocalization” of the sheaf DX of differential operators on X. It
is known and easy (cf. below) that any two star algebras with the same sym-
plectic Poisson bracket are locally isomorphic, so our algebras are classified by
H1(BΣ,Aut E). It is also interesting to compare these with algebras of differen-
tial operators, locally isomorphic to DX on X hence classified by H1(X, AutD) :
this is done in the next three sections.

3 Pseudo-differential Algebras

3.1 E-algebras

Let Σ = T ∗X − {0} be the cotangent bundle (minus the zero section) of a
complex manifold X, equipped with its canonical symplectic structure. The
basis is BΣ = Σ/C× = PX, the projective cotangent bundle. There is a
canonical star algebra on Σ, viz. the algebra of pseudo-differential operators,
microlocalization of the algebra of differential operators on X, whose Poisson
bracket is the standard Poisson bracket of T ∗X. If we choose local coordinates
x = (x1, . . . , xn) on X and the dual cotangent coordinates ξ = (ξ1, . . . , ξn) on
the fibers, the pseudodifferential product is given by the Leibniz rule for symbols
f, g ∈ Ô :

(3) f ∗ g =
∑ 1

α!
∂α

ξ f ∂α
x g.
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The patching cocycle is the cocycle defined by changes of coordinates : this is
a cocycle because it does patch together total symbols of differential operators
(locally : polynomials in ξ), to give the global sheaf DX of differential operators.

We are interested in star algebras on Σ associated to the canonical Poisson
bracket : we will call E-algebra such an algebra.

Proposition 1 Any E-algebras is locally isomorphic to E through an operator
P ∈ D̂×−.

This result is well known and we just give an indication of the proof : locally
the pseudo-differential algebra E has (topological) generators xi, ξi satisfying
the canonical relations

[xi, xj ] = [ξi, ξj ] = [ξi, xj ]− δij = 0.

If A is a star algebra with the same Poisson bracket, one can construct by
successive approximations symbols Xi,Ξi with the same principal part as xi, ξi

and satisfying the same canonical relations

[Xi, Xj ]A = [Ξi,Ξj ]A = [Ξi, Xj ]A − δij = 0.

Now there is a unique isomorphism U : E → A which takes xi to Xi and ξi to
Ξi and this is always a differential operator U ∈ D̂×−.

Remark 3 The construction also works globally over any open subcone U ⊂
T ∗Cn which is Stein and contractible (e.g. the set {ξi 6= 0} ⊂ T ∗B, B a ball in
Cn, or a Stein contractible set). Over such a set, any E-algebra A is isomorphic
to E , and any section α of O(m) is the symbol of a section of Am.

Thus one obtains all E-algebras by gluing together models of E over a cover-
ing of Σ by open conic subsets Σi, using automorphisms of E on the intersections.
The following proposition sums up what was said above :

Proposition 2 Star algebras on Σ = T ∗X − {0} are locally isomorphic to the
pseudo-differential algebra E. The set AlgE of isomorphy classes is canonically
isomorphic to H1(PX, Aut E).

Aut E denotes the sheaf of automorphisms of E ; the noncommutative coho-
mology H1(PX, Aut E) is described below in section 3.4.

3.2 Differential Operators and D-algebras

If X is a complex manifold, the sheaf DX of differential operators on X is
well defined. If U is an automorphism of DX preserving symbols, it fixes the
subalgebra OX ⊂ DX of operators of order 0, (because it fixes symbols and
preserves invertible operators, which are necessarily of order 0). It follows that
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U is locally an inner automorphism of the form Int ef (f holomorphic). We
have Int ef = Id iff f is (locally) constant, so the automorphism sheaf is

(4) Aut DX ' O×
X/C× ' OX/C.

We will call D-algebra a sheaf of algebras on X locally isomorphic to DX (such
algebras appear in [2] where they are called “twisted algebras of differential
operators”). The set AlgD of isomorphic classes of these algebras is canonically
isomorphic to H1(X,OX/C).

A D-algebra obviously also defines a star-algebra on PX, and it is natural
to compare the two sets AlgD and AlgE .

3.3 Automorphisms and Symbols of Automorphisms

To understand how local E-algebras can be patched together to make global
objects, we have to know what automorphisms of E look like.

Let U ∈ D̂×− be an automorphism of E : U preserves symbols and the unit 1,
so U−1 is of degree ≤ −1 and the logarithm D = LogU = −

∑
n≥1−

1
n (1−U)n

is well defined ; it is a derivation of degree ≤ −1 of E .
Now if D is a derivation of degree ≤ k its symbol δ = σk(D) is a homogeneous

derivation of degree k of the Poisson algebra Ô, i.e. a symplectic vector field on
Σ, homogeneous of degree k. This corresponds, via the symplectic structure of
Σ, to a closed differential form α, homogeneous of degree k + 1.

Let ρ denote the radial vector field, infinitesimal generator of the action of
C× (ρ =

∑
ξj∂ξj

in local coordinates on X, T ∗X as above) : the associated Lie
derivation is Lρ = iρd + diρ (iρ denotes the interior product) so

diρ α = (k + 1)α.

Hence α is exact (the differential of a homogeneous function) if k + 1 6= 0. If
k + 1 = 0, s = iρ α is locally constant, and α is locally the differential of a
homogeneous function of degree 0 iff s = 0.

By successive approximations, it follows that locally any derivation D of E
is of the form s ad(Log P1) + adQ with P1 elliptic of degree 1, Q ∈ E , and any
automorphism of E is locally of the form

(5) U = (Int P1)sIntQ0

with P1 elliptic of degree 1, Q0 elliptic of degree 0. 4 IntP denotes the inner
automorphism a → P aP−1.

If U is an automorphism of E , we define its symbol σ(U) as the closed 1-form
on Σ homogeneous of degree 0 corresponding to the leading term of Log U .

We have σ(U) = dLog σ(P ) if U = Int P .global section of ω (this is a closed
1-form on Σ). If σ(U) = 0 (Log U of degree ≤ 2) there exists a unique P ∈ E×
of degree 0 and symbol 1 such that U = Int P . Summing up we have proved :

4 as usual in the context of pseudodifferential operators, elliptic = invertible.
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Proposition 3 There is an exact sequence of sheaves of groups on PX:

(6) 0 → E×− → Aut E → ω → 0

where E×− denotes the multiplicative sheaf of groups on BΣ of sections of E of
symbol 1, and ω is the sheaf on PX of closed 1-forms homogeneous of degree 0
on Σ.

If A ∈ AlgE ' H1(PX, Aut E) its symbol σ(A) ∈ H1(PX, ω) is defined as
the image cocycle.

Remark 4 If U is an automorphism of A, it defines a one parameter group
Us = exp sLog U, s ∈ C. This is polynomial in s mod.An for any n < 0.

3.4 Non Commutative Cohomology Classes

In this section we recall the elementary resuls of noncommutative cohomology
that we will use (for more information see [16]). Let Y be a space and G a sheaf
of groups on Y . We denote H0(Y,G) = Γ(Y,G) the set of global sections of G
over Y : this is a group.

We denote H1(Y,G) the set of equivalence classes of cocycles

uij ∈ Γ(Yij = Yi ∩ Yj ,G) such that uijujk = uik

associated to open coverings Y =
⋃

Yi ; two cocycles are equivalent if, after
a suitable refinement of the covering, we have uij = uiu

′
iju

−1
j for some family

ui ∈ Γ(Yi,G).
H1(Y,G) classifies the set of isomorphy classes of G principal homogeneous

right G sheaves, i.e. sheaves α on Y , equipped with a right action of G, locally
isomorphic to G considered as a right G-sheaf.

Proposition 4 Let

(7) 0 → A → B → C → 0

be an exact sequence of sheaves of groups on Y , with A normal in B. Then
there is a long cohomology sequence ;

(8) 0 → H0(Y,A) → H0(Y, B) → H0(Y, C) →

→ H1(Y,A) → H1(Y, B) → H1(Y, C).

This is “exact” in the sense that
i) it is exact at the first three places (the H0 are groups, the H1 are pointed

sets).

ii) The group H0(Y, C) acts on the set H1(Y, A), and its orbits are the fibers
of the map H1(Y,A) → H1(Y, B) (the action is given by c · (aij) = (biaijb

−1
j )
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if c is a global section of B, and bi ∈ Γ(Yi, B) a lifting of c to B over a fine
enough covering Yi).

iii) If β ∈ H1(Y, B) it defines twisted sheaves of groups Aβ ⊂ Bβ (where Bβ

is the sheaf of B-automorphisms of the principal B-sheaf β), and the fiber of
the map H1(Y, B) → H1(Y, C) is the image of H1(Y, Aβ) in H1(Y, C).

More explicitly if β, β′ are two principal B-sheaves, then γ = HomB(β, β′)
is a principal Bβ-sheaf. If β, β′ have the same image in H1(Y, C) then γ/Aβ =
HomC(β/A, β′/A) has a global section, i.e. is trivial, so γ is the image of a sheaf
α ∈ H1(Y, Aβ). Finally β′ ∼ α×Aβ

β is in the image of H1(Y,Aβ).
In this paper the noncommutative cohomology sequence stops there, and we

will not use higher cohomology Hj , j ≥ 2 whose definition is more elaborate
(the substitutes are more complicated objects sometimes described by means of
“stacks”). Exact sequences concerning torsors as above were introduced by J.
Frenkel [12, 13]. Of course if A,B, C are commutative, the higher cohomology
groups Hj , j ≥ 0 are well defined commutative groups, and we will occasionally
use the long cohomology exact sequence in that case up to order j = 2.

3.5 Symbols

If A ∈ AlgE ' H1(PX, Aut E) we have defined its symbol as the image of its
defining cocycle in H1(PX, ω). To compute H0 and H1 for automorphisms, it
will be useful to compute them first for symbols.

The following exact sequences of sheaves are also useful to handle ω :

(9) 0 → OPX/C → ω → C → 0

(10) 0 → C → OPX → OPX/C → 0

These give rise to long exact cohomology sequences. We will call “exponent
map” the cohomology maps coming from the map ω → C in (9).

With slight abuse we will call “Chern maps” 5 the maps :

(11) ch : Hj(Y,O/C) → Hj+1(Y,C).

in the long exact cohomology sequence derived from (10).

The sheaf O/C (Y = X or PX) identifies with the sheaf of closed holomor-
phic 1-forms on Y . If Y is a Stein manifold we have Hj(Y,O) = 0 for j ≥ 1 so
the Chern map Hj(Y,O/C) → Hj+1(Y,C) is an isomorphism for j ≥ 1.

If Y is a compact Kähler manifold, the long exact cohomology sequence from
(10) splits into a sequence of short split exact sequences :

0 → Hj−1(Y,O/C) → Hj(Y,C) → Hj(Y,O) → 0 (j ≥ 0)
5 The standard Chern map : H1(Y,O×) → H2(Y,C) factors through H1(Y,O/C).

11



and for j ≥ 0 we have an isomorphism

(12) Hj(Y,O/C) =
∑

p+q=j+1,p>0

Hpq

where (here, and whenever possible) Hpq denotes the space of harmonic forms
of type p, q on Y .

Proposition 5 (i) If n = dim X ≥ 2, or if X is a closed curve of genus 6= 1,
the map H0(X,O/C) → H0(PX, ω) is an isomorphism.

(ii) If X is an open curve or a closed curve of genus 1, then ω is split and

H0(PX, ω) ' H0(X,O/C)⊕H0(X,C).

Proof : A global section of ω is a closed 1-form on T ∗X − {0}, homogeneous
of degree 0. Locally on X such a form α reads

(13) α =
∑

αkdxk + βkdξk

where the coefficients αk resp. βk are of degree 0 resp. −1. If n ≥ 2 this implies
βk = 0 so the αk only depend on x. Hence (i) for n ≥ 2.

If X is a closed curve of genus 6= 1 (n = 1 so PX = X), then the Chern map
H0(X,C) ' C → H1(X,O/C) = C is injective : it maps s ∈ C to s chO(1)
(where as above O(1) denotes the sheaf of homogeneous functions of degree 1 on
T ∗X) and chO(1) 6= 0 if g 6= 1.6 So the exponent map H0(X, ω) → H0(X,C)
vanishes, and the map H0(X,O/C) → H0(X, ω) is an isomorphism, hence (i)
in this case.

If n = 1 and X is open or of genus 1, there exists a global nonvanishing
vector field, so ω is split : ω = O/C⊕C hence (ii).

Proposition 6 (i) If n = dim X ≥ 2 the map H1(X,O/C) → H1(PX, ω) is
an isomorphism.

(ii) If n = dim X = 1 (PX = X) and X is open or closed of genus 1 (ω
split), then H1(X, ω) = H1(X,O/C)⊕H1(X,C).

(iii) If X is a closed curved of genus g 6= 1 the exponent map H1(X, ω) →
H1(X,C) ' C2g is an isomorphism.

This should be complemented as follows in case (ii) : if X is an open curve,
H1(X,O/C) = 0 so H1(X, ω) ' H1(X,C).

If X is closed of genus 1, then H20 = 0 so H1(X,O/C) ' H20 + H11 '
H11 ' C, and H1(X, ω) ' H11 + H1(X,C) ' C3.

6 The corresponding cocycle is dLog ( ξi
ξj

) if ξi is the symbol of a nonvanishing vector field

on a covering Xi of X , whose image in H1(X, ω) is dξi
ξi
− dξj

ξj
, obviously a coboundary.
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Lemma 1 If X is a ball (or more generally Stein contractible space), we have
H1(PX, ω) = 0.

Proof : We have PX ' X×Pn−1, so H1(PX,C) = 0 (PX is simply connected)
and the map H1(PX,O/C) → H1(PX, ω) is onto (if n = 1 we are finished).

Next we wave Hj(PX,O) = 0 for any j > 0 (O has no cohomology on
Pn−1) so the Chern map H1(PX,O/C) → H2(PX,C) ' C is one to one.
Now, as above for curves of genus 6= 1, H2(PX,C) ' C is generated by the
Chern class of O(1), corresponding to the cocycle d Log ( ξi

ξj
) for ξi an elliptic

symbol of degree 1 over a covering Ui of PX. This is also precisely the image
of 1 ∈ H0(PX,C) ' C by the exponent map H0(PX,C) → H1(PX,O/C), so
the exponent map is onto and the map H1(PX,O) → H1(PX, ω) vanishes.This
proves the lemma.

Proof of Proposition 6. (i) Let α be a principal ω-sheaf on PX corre-
sponding to a cocycle in H1(PX, ω), and let X =

⋃
Xi be a covering of X

by complex balls (or Stein contractible open sets). Then αi = α|Xi
is triv-

ial. The patching isomorphism uij : αj → αi is the translation by a section
uij ∈ H0(PXi ∩ PXj , ω) = H0(Xi ∩Xj ,O/C) ; thus α is defined by a cocycle
(uij) ∈ H1(X,O/C). If n ≥ 2 and if (uij) = (αi − αj) ∼ 0 in H1(PX, ω) then
again αi ∈ H0(Xi,O/C) by Proposition 5, so (uij) ∼ 0 in H1(X,O/C). This
proves (i).

If n = 1 (PX = X) and X is open or of genus 1, ω is split so H1(X, ω) =
H1(X,O/C)⊕H1(X,C).

If X is open then H1(X,O/C) = 0 because in the long exact cohomology se-
quence from (10) we have H1(X,O) = H2(X,C) = 0, so H1(X, ω) ' H1(X,C).

If X is of genus g = 1, we have H1(X,O/C) = H20 + H11 = C and
H1(X, ω) ' H11 + H1(X,C) ' C3.

If X is a closed curve of genus g 6= 1 we have seen that the map H0(X,C) →
H1(X,O/C) is one to one, and H2(X,O/C) = H30 + H21 + H12 = 0 so from
the long exact cohomology sequence from (9)

· · · → H0(X,C) → H1(X,O/C) → H1(X, ω) → H2(X,O/C) → . . .

we see that the map H1(X, ω) → H1(X,C) is one to one.
This proves Proposition 6 and its complement. Note that if X is a curve,

the only case where H1(X, ω) = 0 is when X is simply connected.

3.6 Filtrations

As mentioned above Aut E has a natural filtration (as well as E×− ⊂ Aut E) : any
a ∈ Aut E is of degree ≤ 0 and a ∈ E×− is of degree n < 0 if a = Int (1+b), b ∈ En.
The corresponding graded sheaf is

(14) grAut E =
⊕
k≤0

(Aut E)k/(Aut E)k−1 ' ω +
⊕
k<0

O(k).

13



It is commutative, and this will help to extract more information. This also
works for any E-algebra A because the filtration above, and the leading terms,
are by definition invariant by automorphisms so grAutA ' grAut E .

Proposition 7 Let A be an E-algebra.

(i) The natural map grH0(PX, AutA) → H0(PX, grAut E) is injective. If
H1(PX, grAut E) = 0 it is one to one.

(ii) If H1(PX, grAut E) = 0 then H1(PX,A×−) = 0.

(iii) If H2(PX, E×− ) = 0 the symbol map induces a surjective map

(15) H1(PX, grAut E) → grH1(PX, AutA).

Proof : (i) The map grH0(PX, AutA) → H0(PX, grAut E) takes any U of
degree m ≤ 0 to its symbol σm(U) which is a section of ω if m = 0 or of O(m)
if m < 0. σm(U) = 0 means that U is really of degree ≤ m− 1 so the resulting
graded map is injective.

Conversely let Xi be a covering of PX, and ai ∈ H0(Xi,AutA) be such
that aia

−1
j is of degree m < 0 (this is true if σ(ai) = a, a global section of

gr m+1(PX, Aut E)). Then σm(aia
−1
j ) is a 1-cocycle with coefficients in O(m).

If H1(PX, E×− ) = 0 this is a coboundary i.e. of the form σm(bi) − σm(bj),
bi ∈ Am so the Int (1 + bi)−1ai Int (1 + bj) are equal to ai mod. AutAm and
patch together mod. (AutA)m−1. Note that if the Xi and their intersections are
Stein it is not necessary to shrink the covering, so by successive approximations
we get a cocycle a ∈ H0(PX; AutA) equal to (ai) mod. (AutA)m.

(ii) If H1(PX, gr E×− ) = 0 and if (aij) is a cocycle of degree n < 0 with
coefficients in A×−, then σn(aij) is a 1-cocycle with coefficients in O(n), hence a
coboundary σn(bi)− σn(bj), bi ∈ An. So a is equivalent to the cocycle

(1 + bi)−1aij(1 + bj)

which is of degree n− 1. Again we do not need to shrink the covering if it has
been chosen as above (Stein, contractible), so by successive approximations we
get a ∼ 0.

(iii) If bij is a cocycle with coefficients in Aut mA (m ≤ 0) its symbol σ(bij)
is a cocycle with coefficients in grmAut E but in general this does not give rise
to a map grH1(PX, AutA) → H1(PX, grAut E) nor the other way round, at
best an ill-defined “noncommutative spectral sequence”.

However if H2(PX, grAut E = 0), the same argument as above shows that
if a cochain aij ∈ H0(Ui ∩ Uj ,AutA) is a cocycle mod. (AutA)m,m < 0,
i.e. aijajkaki ∈ (AutA)m then σm(aijajkaki) is a coboundary

∑
σm(bjk) with

coefficients in O(m), and again by successive approximations there exists a
cocycle a′ij with coefficients in AutA equal to aij mod. Am.

In particular, by successive approximations, we see that any cocycle a with
coefficients in gr mAut E (m ≤ 0) is the symbol of a cocycle b ∈ H1(PX, Aut mA)
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which is well defined mod. H1(PX, Aut m−1A) and vanishes if a is a cobound-
ary. Thus our map is well defined and onto (if H0(PX, AutA) 6= 0 it may not
be injective because two cocycles of degree m with coefficients in AutA can
then be equivalent although their symbols are not).

4 E-Algebras on T ∗X, dimX ≥ 2

4.1 General Results.

We first point out the following results (which will also be useful in section 5) :

Lemma 2 (Global automorphisms of E) If A is an E-algebra A on X and
n = dim X ≥ 2 the symbol map

H0(PX, AutA) ' H0(PX, ω) ' H0(X,OX/C).

is injective. It is bijective if A = E.

Proof : If n ≥ 2,A and AutA have no global section of degree < 0 so the symbol
map u → σ(u) is injective. More generally if A,A′ are two E-algebras and u, v
two isomorphisms A → A′ the difference symbol σ(u−1v) ∈ H0(PX, ω) is well
defined and completely determines v (given u) (note that we have σ(u−1v) =
σ(vu−1)).

On the other hand if A = E (more generally if A comes from a D-algebra) the
symbol map is onto because, by Proposition 5, H0(PX, ω) ' H0(X,O/C) '
AutD, and this obviously lifts to Aut E .

If X is a ball of Cn or more generally a Stein contractible domain, we have
H1(PX, ω) = 0 (Lemma 1) so H1(PX, E×− ) → H1(PX, Aut E) is onto, i.e. any
E-algebra can be defined by a cocycle with coefficients inE×− .

Now let A,A′ be two algebras defined by cocycles a = (aij), a′ = (a′ij) ∈ E
×
−

and let u : A′ → A be an isomorphism, i.e. a family (ui) ∈ Aut E such that
uia

′
ij = aijuj . Then the symbols σ(ui) patch together since σ(aij) = σ(a′ij) = 0,

and the resulting symbol σaa′(u) is well defined. It only depends on the classes
of a, a′ in H1(PX, E×− ) (however it does depend on a, a′ ∈ H1(PX, E×− ) and
not just on their images in H1(PX, Aut E) : any other representatives are of
the form α · a, α′ · a′ with α, α′ ∈ H0(PX, ω) for the action of H0(PX, ω) of
Proposition 4, and we get σα·a,α′·a′(u)) = σ(u) + α− α′.

If X ⊂ Cn, n ≥ 2, is a Stein contractible domain, the exponent of σaa′(u)
vanishes : σaa′(u) ∈ H0(X,O/C), and again σaa′(u) completely determines u.

Let now A ∈ AlgE . There exists a covering X =
⋃

Xi where all finite
intersections are isomorphic to Stein contractible domains of Cn. Then Ai =
A|Xi

can be defined by a cocycle (ai) with coefficients in E×− ; this being so
the patching isomorphisms uij all have exponent 0 and are determined by their
symbols σaiaj

(uij) (for fixed Ai). In particular we have proved :
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Proposition 8 If dim X ≥ 2 any E-algebra A has exponent 0 (the image of
σ(A) ∈ H1(PX, ω) in H1(PX,C) by the exponent map is zero), so A can be
defined by a cocycle with coefficients in Int E0 = E×0 /C× (E0 is the sheaf of
pseudo-differential operators of degree ≤ 0).

4.2 The case dimX ≥ 3

If X is a ball and dim X ≥ 3 we have H1(PX,O(−k)) = 0 for all k > 0, i.e.
H1(PX, gr E×− ) = 0 (this is also true if X is a Stein manifold).

It follows that we have H1(PX, E×− ) = 0, and more generally for any E-
algebra A we have H1(PX,A×−) = 0.

Hence if A is an E-algebra, it is built by patching together models of E over
a covering Xi of X, where the patching cocycle belongs to H1(X,OX/C).

Moreover if A,B are two such algebras, any isomorphism B → A comes
from a ϕ ∈ H0(X,OX/C) i.e. comes locally from an inner automorphism
P → ϕ P ϕ−1. Summing up we have proved :

Theorem 1 If dim X ≥ 3 the functor which to a D-algebra associates the cor-
responding E-algebra is an equivalence.

This result is closely related to the result of [8] on microlocally free D-modules
in dimension ≥ 3.

4.3 The case dimX = 2

If dim X = 2 what was said above remains true, in particular any symbol
α ∈ H1(PX, ω) is the symbol of an E-algebra (in fact of a D-algebra). However
the picture changes considerably because H1(PX, E×− ) is usually very large. The
following examples show what can happen, and also how, in global situations
on compact manifolds, things can nevertheless at least partially cancel out.

Example 1. Let X be the unit ball of C2 (or more generally a Stein con-
tractible manifold). 7

Then H1(X, ω) = H1(X,O/C) = 0 so H1(PX, Aut E) is the quotient of
H1(PX, E×− ) by the action of H0(X, Aut E) = H0(X,O/C).

Now PX is the union of the two Stein subcones Ui = {ξi 6= 0} (i = 1, 2) so
a cocycle is represented by just one section a12 ∈ E×− (U1 ∩U2). It is elementary
that any a ∈ H1(PX, E×− ) has a unique normalized representative of the form

(16) a12 =
∑

p,q<0

apq(x)ξp
1ξq

2

i.e. with no holomorphic term in ξ1 or ξ2 (this is obvious for the additive
cohomology H1(PX, gr E−1) and follows by successive approximation for E×− ).

7 what is used is H1(X,O/C) = 0 and the fact that T ∗X is a trivial holomorphic vector
bundle.
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So H1(PX, Aut E) is the set of conjugate classes of normalized symbols a12 as
above, with a12 ∼ ϕ(x)a12ϕ(x)−1 for ϕ a nonvanishing function on X. This set
is still very large ; on the other hand such algebras tend to have very few global
sections or automorphisms.

The analysis of these algebras is closely related to that of “microlocally” free
D-modules in dimension 2, made by M. Carette [7].

For global compact manifolds, some things may cancel out.

Example 2. Let X = P2(C) be the complex projective plane : then
PX is isomorphic to the incidence manifold {x · ξ = 0} ⊂ X × X∗ (X∗

the dual projective space). T ∗X itself is the quotient of the incidence cone
Γ = {x.ξ = 0} ⊂ C− {0} ×C by the group action (x, ξ) ∼ (λx, 1

λξ). The sheaf
OPX(n) of homogeneous functions of degree n on T ∗X identifies with the sheaf
of restrictions to Γ of functions f(x, ξ) such that f(λx, ξ) = f(x, λξ) = λnf(x, ξ)
i.e. OPX(n) = OX(n) ⊗OX∗(n) (where exceptionally here OX(n) denotes the
canonical sheaf of the projective space). It follows easily that H1(PX, gr E×− ) =
0 so H1(PX,A×−) = 0 for any E-algebra A.

The symbol map H1(X, Aut E) → H1(X, ω) = H1(X,O/C) is one to one,
and again, as in dimension ≥ 3, the correspondence D-algebras → E-algebras
is an equivalence.

Note that in this case we have H1(PX,O/C) ' H20 +H11 ' H11 = C, and
E-algebras ∼ D-algebras are parameterized by H11 = C.

Example 3 Let X be a holomorphic complex torus of dimension 2 (a torus
C2/Γ with Γ ' Z4 acting by translations).

The group of automorphisms of E or D is

(17) H0(PX, Aut E) = H0(X,O/C) = H10 = C2

and any automorphism comes from an inner automorphism of E and D on C2

of the form :

(18) P = P (x, d) → ea.xPe−a.x (x → x, d → d− a).

Any E- or D-algebra on X lifts as the trivial algebra EC2 on the universal
cover C2, and is the quotient of EC2 by a group of isomorphisms over the
translation group of periods Γ.

By Proposition 6 we have

H1(PX, ω) = H1(X,O/C) = H20 + H11 = C5.

More precisely an element α ∈ H20 + H11 is represented by a harmonic form

(19) α = a dz1dz2 +
∑

aijdzidzj .
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There is a unique corresponding D-algebra, which is isomorphic to the quotient
of DC2 by the lifting µ → Uµ of the group Γ of periods (acting by translations) :

(20) Uµ :
x → x + µ
d → d + p(µ, µ)

where p = (p1, p2) is a linear map C4 = C2 ×C2 → C2 such that dp(z, z).dz =
dp1dz1 + dp2dz2 = α, where z, resp. z denotes the variable in C2 resp. C2,
and we use the notations of differential calculus. Such a map p splits into
holomorphic and antiholomorphic parts : p = p′(z) + p′′(z). They form an
8-dimensional space, but it is classical that maps which differ by a symmetric
holomorphic map (dp.dz = 0) define isomorphic algebras.

Remark 5 Cocycles coming from H11 are related to holomorphic line bundles
on X : if L is a line bundle, DL the sheaf of differential operators on L, the
corresponding cocycle is the image in H1(X,O/C) of the multiplicative cocycle
with coefficients in O× defining L ; the corresponding harmonic form is an
integral form in H11, and such forms generate H11 if X is algebraic.

The cocycle associated to dz1dz2 ∈ H20 corresponds to the group of isomor-
phisms

(21) Uµ : z → z + µ, d1 → d1, d2 → d2 + µ1

This corresponds to the 1-form p(x) · dx = x1dx2 (which could be replaced by
any holomorphic primitive of dx1dx2). It never appears in a context of line
bundles.

We may now classify E-algebras. The map H1(PX, Aut E) → H1(PX, ω)
is onto, and for α ∈ H1(PX, ω) ' H20 + H11 the fiber σ−1(α) is the image of
H1(PX,A×−) for A the unique D-algebra as above with this symbol.

Let us examine H1(PX,A×−) : by (18) two elements of H1(PX,A×−) give
the same E-algebra iff there is a translation ξ → ξ + a which transforms one to
the other. An a ∈ H1(PX,A×−) lifts to an element ã ∈ H1(C2, E×− ) invariant
by the Uµ, so the normalized representative (16) is invariant:

(22) a(x, ξ) = a(x + µ, ξ + p′(µ) + p′′(µ))

where as above p′ : C2 → C2, resp. p′′ : C2 → C2 denote the holomorphic and
antiholomorphic parts of p, which correspond to the H20,H11 components of
the symbol α. Equivalently the symbol b(x, ξ) = a(x, ξ − p′(x)) satisfies

(23) b(x, ξ) = b(x + µ, ξ + p′′(µ)) =
∑ 1

γ!
∂γ

ξ b(x + µ, ξ)(p′′(µ))γ .

If p′′ = 0 this means that b does not depend on x (it is periodic hence constant).
If p′′ 6= 0, the periodicity condition implies b = 0 : for if b is of degree n ≤ −1,
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its leading term is periodic in x hence independent of x : bn = bn(ξ) ; the next
term satisfies

(24) bn−1(x, ξ)− bn−1(x + µ, ξ) = b′n(ξ) · p′′(µ)

so it is linear in x : bn−1 = β(ξ) + γ(ξ) · x with p′′(µ) = −γ(ξ).µ. Since p′′ is
antiholomorphic this implies b′n = 0 so bn = 0 since its degree is negative.

Summing up we have proved :

Proposition 9 If X is a torus (C2/Γ,Γ ' Z4), we have

(25) H1(PX, ω) ' H1(X,O/C) ' H20(X) + H11(X) ' C5.

Any symbol α ∈ H1(PX, ω) is the symbol of a unique D-algebra on X.

If the H11 component of α is 6= 0 there is no other E-algebra with this symbol.

If α ∈ H20 the E-algebras with symbol α can be defined by a mormalized cocycle

(26) b(ξ) =
∑

p,q<0

bpqξ
p
1ξq

2 (bpq ∈ C)

whose coefficients are translation invariant (independant of x). Two such cocy-
cles b, b′ define the same E-algebra iff b′(ξ) ' b(ξ + a) for some constant vector
a.

(this is an asymptotic relation between symbols : b(ξ + a) =
∑

1
α!∂

α
ξ b aα)

5 E-Algebras over Curves (dimX = 1)

We now describe E-algebras, and compare them to D-algebras, when X is a
curve (dim X = 1). In this case PX = X. The general method is the same but
as we will see the classification is strikingly different depending on whether X
is an open curve, or a closed curve of genus g = 0, 1 or ≥ 2.

5.1 Open curves

If X is an open curve, the exponent map H1(X, ω) → H1(X,C) is an isomor-
phism (Proposition 6). Also X is Stein, so Hj(X,O(n)) = 0 for j > 0 and for
all n, j ≥ 1, so Hj(X, gr E×− ) = 0 for j = 1, 2, and H1(X, E×− ) = 0 (Proposition
7). Finally we have

(27) H1(X; Aut E) ' H1(X, ω) ' H1(X,C).

Typically if (sij) is a cocycle with coefficients in C, the corresponding algebra
is defined by a cocycle with symbol (Int ξ)sij , ξ a global nonvanishing vector
field.
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These algebras have many sections because we have H1(X, E×− ) = 0 so by
Proposition 7 the map H0(X, gr E) ' O(X)[ξ, ξ−1] → grH0(X,A) is one to one.
They also have many automorphisms, because the sequence 0 → H0(X,A×−) →
H0(X, AutA) → H0(X, ω) → 0 is exact.

D-algebras are classified by H1(X,O/C) = 0 and all give isomorphic E-
algebras. All non trivial E-algebras come from the exponent map. 8

5.2 Curves of genus g ≥ 2

Note that in any case OPX(1) identifies with the sheaf of sections of TX (vector
fields) and the dual OPX(−1) identifies with the sheaf of sections of T ∗X. If X
is of genus ≥ 2, we have H1(X, O(−k)) = 0 if k > 1, but H1(X, O(−1)) = C.9

Proposition 10 If X is a closed curve of genus g > 1, E-algebras on X are
classified by H1(X, Aut E) = C⊕C2g. D-algebras are classified by H1(X,O/C) =
H1(X,C) = C and give isomorphic E-algebras.

We have a split exact sequence of sheafs of groups

0 → E−1 → Int E → O×
X/C× → 0

It follows that we have H1(X, Int E) = C ⊕ C : the second factor comes from
H1(X,O×

X/C×) ∼ H1(X, O(−1)) = C; it classifies twisted D-algebras.
The first factor is the image of H1(X, E−1) ∼ H1(X, O(−1)) = C (E−k

denotes the multiplicative group of elements (1 + a),deg a ≤ −k ; the graded
sheaf associated to E−1 is

⊕
k≤−1 O(k), and O(k) is cohomologically trivial for

k < −1).

Consider the cohomology exact sequence (where the four last terms are com-
mutative groups, even though Int E and Aut E are not):

0 → H0(X, Int E) → H0(X,Aut E) → H0(X, C) →

→ H1(X, Int E) → H1(X,Aut E) → H1(X, C) → 0.

The second factor C2g in prop.10 lifts H1(X, C) ; it classifies ”exotic” alge-
bras as for open curves. Such an algebra can be defined by a cocycle Ad ξsij

where ξ is a nonvanishing vector field over X minus one point, subordinate to
a covering X =

⋃
Xj where all Xj except one avoid the point.

In the long exact sequence, the unit 1 ∈ H0(X, C) maps to the cocycle
(ξiξj

−1) ∈ H1(X,O×
X/C×) ⊂ H1(X, Int E), where (ξi) is a family on nonva-

nishing vector fields over a covering (Xi) of X. This is is not zero since the
Chern class of TX is not zero ; it is obviously killed by the map H1(X, Int E) →
H1(X,Aut E) (the E-algebra defined by a D algebra is always trivial). In prop.

8 the fact that such “exotic” algebras exist is related to the fact that coherent D-modules
do not always possess global good filtrations.

9the original manuscript contained an error, corrected by P.Polesello.
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10 the first factor, range of the map H1(X, Int E) → H1(X,Aut E), is isomorphic
to H1(X, E−1) ∼ C.

Here again E-algebras on X have many sections of negative degree and many
automorphisms.

5.3 Curves of genus 1

This is the most complicated of the cases examined here. Let X be a closed curve
of genus 1 : X = C/Γ where the group of periods Γ ' Z2 acts by translations.

We denote ξ the symbol of the constant vector field ∂/∂x on C.

Since TX is trivial, ω is split : ω = O/C + C. Also, for all n, we have
H0(O(n)) = H00 ' H1(X,O(n)) = H01 ' C, H2(O(n)) = 0.

We denote

(28) G , resp. G− ⊂ G

the group of automorphisms of E of the form Int ξsInt (1 + a(ξ−1)), resp. the
sub-group s = 0 : this is the commutant of ξ, it is a constant subsheaf of Aut E .

For any α ∈ C we set ξa = eaxξ. This is only defined up to a multiplicative
constant eaµ, µ ∈ Γ, but the inner automorphism

Int (eaxξ)

is well defined, as well as the corresponding commutator sheaf

(29) Ga− ⊂ Ga

which is a locally constant subsheaf of Aut E .

Proposition 11 We have

H0(X, ω) = H0(X,O/C) + H0(X,C) = H10 + H00 ' C2

H1(X, ω) = H1(X,O/C) + H1(X,C) = H11 + (H10 + H01) = C3.

For the commutative locally constant sheaf Ga− we have 10

Hj(G−) = Hj(X,C)⊗ G− if a = 0, 0 if a 6= 0.

We have gr E− =
⊕

n<0O(n)ξn and with an obvious notation

H0(X, gr E×− ) = grG ' ξ−1C[ξ−1]

H1(X, gr E×− ) ' H10 ⊗ ξ−1C[ξ−1]

H2(X, gr E×− ) = 0.

10 the cohomology of the locally constant sheaf generated by eaxξ or enaxξn vanishes if
na 6= 0, because eanµ cannot be identically 1 for µ ∈ Γ, so H∗(X, grGa−) = 0.
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Theorem 2 If X is of genus 1, the symbol map AlgE → H1(X, ω) is onto. We
will denote σ(A) = α = (α11, α10, α01) ∈ H11 × H10 × H01 the symbol of an
E-algebra A. Then

(i) Algebras such that α11 = 0 are characterized by the fact that they possess
a global section of degree 6= 0, or an automorphism of symbol dξ

ξ = σ(Int ξ). For
such an algebra the set of global sections is C((ξ−1)) and except for E the group
of automorphisms is G.

E is distinguished by the fact that its symbol map H0(X, Aut E) → H0(X, ω)
is onto.

(ii) If α11 6= 0, A has no section of degree 6= 0 (H0(X,A) = C), and A is
completely determined by its symbol, in other words the image of H1(X,A) in
H1(X, AutA) is reduced to a single point.

For such an algebra the group of automorphisms is a one parameter group
with symbol C(a dx + bdξ

ξ ) for some (a, b) 6= 0, except in the case α01 =
0, α11, α10 6= 0 where there is no automorphism other than Id.

(iii) Among these, E-algebras associated to a nontrivial D-algebra are those
for which σ(A) = α11 ∈ H11 (α10 = α01 = 0). They are characterized by the
fact that their group of automorphisms is a one parameter group with symbol
σ(Int etx), (t ∈ C).

Thus for a torus X of genus 1, D-algebras which give isomorphic E-algebras
are already isomorphic as D-algebras, and E-automorphisms are the same as
D-automorphisms, except for the canonical algebra E .

Let A be an E-algebra. The symbol map AlgE → H1(X, ω) is onto because
H2(X, gr E×− ) = 0 so (Proposition 7) any cocycle with coefficients in ω is the
symbol of an E-algebra.

Next note that any star algebra on X lifts as the trivial E-algebra EC on C
with an action of the group Γ over the translation group :

(30) µ → Tµ = TµUµ

where Tµ is the translation (x → x + µ, ξ → ξ) and the Uµ are automorphisms
of EC, subjected to the cocycle condition expressing that µ → TµUµ is a group
homomorphism.

Here are typical examples (models) :

Example 4 Let µ ∈ Γ → Uµ = α(ξ) ∈ G be an additive map. This defines
such a cocycle, because the Uµ commute with translations, hence an E-algebra,
obviously of the first type. since ξ is invariant. Typically the period group

µ → Uµ = (Int ξ)α10µ+α01µ
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defines such an E-algebra with symbol α10 + α01 (α11 = 0).

Example 5 Let α(µ) = α10µ + α01µ be an additive map Γ → C and a ∈ C.
Then the automorphisms Int (exp α(µ)(ax+Log ξ)) commute and also commute
with translations (because the commutator [ξ, ax + Log ξ] = a is a constant so
exp s(ax+Log ξ) commutes with translations, mod. constant factors which give
trivial inner automorphisms). So the group homomorphism

µ → Uµ = exp α(µ)(ax + Log ξ)

defines an E-algebra, whose symbol is aα01, α10, α01 ∈ H11 ×H10 ×H01. If we
identify the Hpq with spaces of differential forms, the symbol of A writes

σ(A) = (a dα(x, x)dx , dα(x, x)).

Such an algebra admits the automorphisms Int exp s(ax + Log ξ), s ∈ C.

The only symbols we have missed are those for which

a = α11 6= 0, b = α10 6= 0, α01 = 0

As model for this case we can take the algebra defined by

Uµ = (Int ξ)bµ Int (eaµx̃)

with x̃ = x(1 + b
ξ )−1 so that σ(x̃) = x, [ξ + bLog ξ , x̃] = 1 : with this choice

the Tµ (Int ξ)bµ (symbolically expµ(ξ + bLog ξ)) commute with the Int eaµx̃, so
again the Uµ define an E-algebra with symbol α11 = a , α10 = b , α01 = 0.

We now prove Theorem 2.

(i) First suppose that A has a nonzero section s of degree 6= 0. Then σ(s) = cξk

for some constant c 6= 0 and integer k 6= 0; c−1s has a unique k-th root with
symbol ξ (this is true locally because it works for pseudo-differential calculus;
the roots with symbol ξ are unique and patch together into a global section).
Similarly if a is an automorphism with symbol σ(Int ξ), locally there exists a
unique section s with symbol ξ such that a = Int s (a = Int b determines b
locally up to a constant, and σ(b) = ξ fixes the constant so again these patch
into a global section with symbol ξ).

If A has a section s with symbol ξ, then clearly all global sections of A are of
the form

∑
k≤k0

cksk, and H0(X, AutA) contains the group G (formula (28)).

Furthermore, again by elementary pseudo-differential calculus, any two sec-
tions, resp. automorphisms of E of symbol ξ are locally conjugate, so (A, a) is
locally isomorphic to (E , Int eξ), and A can be defined by a cocycle with coef-
ficients in G, the commutator of Int ξ (formula (28)). Hence α = σ(A) belongs
to the image of H1(X,G) in H1(X, ω) i.e. α ∈ H1(X,C) and α11 = 0.
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Conversely let α ∈ H1(X,C) (α11 = 0). Example 4 gives an algebra A with
symbol α which has a section of symbol ξ.

Now any other algebra A′ with symbol α is defined by a cocycle (aij) ∈
H1(X,A×−). We know that there is a surjective map from H1(X, grA×−) to
grH1(X,A×−) and also that the map H1(X,G) → H1(X, E×− ) = H1(X,A×−)
is surjective. It follows that the embedding G− → A×− gives a surjective map
H1(X,G) → H1(X,A×−) (the symbol map (gr) is onto, and surjectivity follows
by successive approximations). Thus any E-algebra with symbol α can be de-
fined from A by a cocycle with coefficients in G−, or from E with coefficients in
G; in particular it has a section with symbol ξ.

Lemma 3 If such an algebra A (α11 = 0) is not trivial, it has no other global
automorphism than those of G.

Proof : If A has two automorphisms a, b with independent symbols, we may
suppose that these symbols are σ(Int ξ), σ(Int ex). So A has a section α with
symbol ξ such that a = Int α. The section Log b = β is locally well defined up to
an additive constant, so the section γ = [α, β] is globally defined and commutes
with α (as any global section of degree < 0).

Now the symbol of γ is 1, so γ is invertible, and replacing β by βγ−1,
we see that we can suppose [α, β] = 1 (or equivalently b−1ξb = ξ + 1). It
follows again, by successive approximations, that A equipped with two such
automorphisms is locally isomorphic to E equipped with Int ξ and Int ex; but
the only automorphisms which commute with both are obviously trivial (the
leading term is constant because it commutes with x and ξ), so A is isomorphic
to E .

(ii) Suppose now α11 6= 0. Then any any section is a constant (of degree 0)
and there is no global section of degree 6= 0. Let us choose an algebra A with
symbol α (one of the models above). Here again since H2(X, gr E×− ) = 0 the
graded map H1(X, grA×−) → grH1(X,A×−) is surjective, and any cochain with
coefficients in A×− which is a cocycle mod. An(n < 0) is equivalent mod. An to
a cocycle.

Lemma 4 We have H1(X,A×−) = C.

Proof : Let A be defined by a cocycle Uij relative to some Stein covering
X =

⋃
Xi. We can choose Uij = Int eαijxInt ξsij mod. lower order terms, with

constant αij , sij .
Then α11 = σ(A)11 ∈ H11 corresponds to the (01) part of the cocycle αij ,

and does not vanish. Let a = (ai) be the “constant” 1-cochain ai = ξn (n ≤ 0)

on Xi. Its coboundary with coefficients in A×− (computed in A(Xi)) is of degree
n− 1; more precisely on Xi we have

(31) ai − αij(aj) = ξn − aij(ξn) = ξn − (ξ − αij)n + · · · = nαijξ
n−1 + . . .
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where the . . . are lower order terms, because Int ξ commutes with ξ and the rest
only contributes to terms of degree ≤ n− 2.

It follows by successive approximations that any cocycle of degree < −1
is equivalent to 0, and the same computation shows that two cocycles with
the same leading term are equivalent. Since the symbol map H1(X,A×−) →
H1(X,O(−1)) = H01 is onto, we have H1(X,A×−) = C : any cocycle βijξ

−1 is
the symbol of a unique element of H1(X,A×−).

Lemma 5 The map H1(X,A×−) → H1(X, AutA) is constant.

Proof : The fibers of this map are the orbits of the action of H0(X, ω) (Propo-
sition 4). We will prove that this is transitive.

For this action σ(Intξ) acts by u = (uij) → us = us
ij with Int us

ij =
Int ξs

i Intuij Int ξs
j (mod. coboundary equivalence), where ξi ∈ A(Xi) has sym-

bol ξ, and multiplication is the multiplication of A. Now in the local frame on
Xi we have ξj = Uij(ξ) = x− αij + . . . so for leading terms we get

(32) σ(us
ij) = σ(uij)

ξ

ξ − αij
= σ(u) (1 + αijξ

−1)

or with additive notation σ(us) = σ(u) + sα11.

This proves Lemma 4, and the other assertions of Theorem 2 are immediate
consequences.

5.4 The projective line

Let X be the projective line (X = P1(C)). It is the union of the two open sets
X0 = {z 6= ∞}, X∞ = {z 6= 0}, and since these are Stein, contractible (' C), E
or D-algebras are classified by cocycles reduced to one function on X0 ∩X∞.

D-algebras are classified by H1(X,O/C) = H2(X,C) = C. The D-algebra
Ds (s ∈ C = H1(X,O/C)) is defined by the cocycle (Int z)s.

Let us introduce homogeneous coordinates x, y (z = x
y ). We make use of

the sheaf of homogeneous differential operators Dhom on C2, i.e. differential
operators of x and y which commute with the generator of homotheties ρ =
x∂x + y∂y ; this algebra is generated by ρ and the operators

(33) e = x∂y, h = x∂x − y∂y, f = y∂x

which satisfy the relations

(34) [h, e] = 2e, [h; f ] = −2f, [e, f ] = h, h2 + 2(ef + fe) = ρ(ρ + 2).

Ds is isomorphic to the quotient sheaf Dhom/(ρ+s) and can be thought of as
the sheaf of differential operators on the virtual sheaf O(s) on X of homogeneous
functions of degree s of x, y (which really only exists s when s is an integer).

We now turn to E-algebras.
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Lemma 6 If X = P1 is the projective line then

(i) H0(X, grAut E) = 0 hence H0(X, AutA) = 0 for any E-algebra A.

(ii) H1(X, ω) = 0 and H1(X, E×− ) → H1(X, Aut E) is one to one.

Proof : In homogeneous coordinates as above, O(n) is the sheaf of homoge-
neous functions of degree 2n of x, y and has no global section if n < 0 , hence
H0(X, gr E×− ) = H0(X, E×− ) = 0.

We have proved above (Proposition 5, 6) that for the projective line we have
H0(X, ω) = H1(X, ω) = 0, hence the lemma.

Note that any q ∈ H1(X, Aut E) has a unique “normalized” representative :

(35) q0∞ =
∑

0>p>2q

apqz
pζq ∈ Ô(X0 ∩X∞).

This is because the two vector fields ∂0 = ∂z, ∂∞ = ∂1/z are globally holomorphic
and elliptic on X0, resp. X∞ and their symbols are ζ,−z2ζ, so any cocycle can
uniquely be reduced to the form above, as for the additive cohomology group
H1(X, gr E×− ).

To compare D-algebras and E-algebras it is convenient to use the follow-
ing intermediate exact sequence ; let Int E0 ' E×0 /C× be the group of inner
automorphisms of E0 ; we have an exact sequence :

0 → Int E0 → Aut E → C → 0

hence a surjection

(36) H1(X, Int E0) → H1(X, Aut E)

whose fibers are the orbits of the action of C = H0(X,C) on H1(X, Int E)
(q0∞ → (Int ∂0)s q0∞ (Int ∂∞)−s, cf. Proposition 4).

Lemma 7 We have the following relation :

(37) (Int z)−s−2 = (Int ∂0)s+1(Int z)s(Int ∂∞)−s−1.

Proof : If s = k is a positive integer we have

z−k−2(z2∂)k+1 = ∂k+1zk.

Indeed both are ordinary differential operators of order k+1, with leading term
zs∂s+1, which kill all monomials zj , 0 ≥ j ≥ −k.

Identity (37) for arbitrary s follows, because it is polynomial in s mod.
(Aut E)m, for any m < 0.

It follows that Ds resp. D−s−2 give isomorphic E-algebras, although they
are not isomorphic D-algebras. This is the only case where two D-algebras on
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X = P1 give isomorphic E-algebras: the algebra of global sections is obviously
an invariant of an E-algebra, and in this the global sections e, h, f (with the
notations above) are well defined (up to an additive constant by their symbols,
and the commutation relations fix these constants). It follows that s(s + 2) =
h2 + 2(ef + fe) is an invariant of the E-algebra coming from Ds.

Note that D-algebras form a one-parameter family, so there are many E-
algebras which do not come from an E-algebra.

As last remark we turn to the following problem: does there exist a global
symbolic calculus, i.e. is the underlying sheaf of a given E-algebra isomorphic to
Ô? This is always true for real E-algebras, where one can patch global symbols
using a partition of the unity.

Let us examine what happens on X = P1(C) . There is a canonical 2-
covering of T ∗X − {0} by C2 − {0} : (u, v) → (z = u/v, ζ = 1

2v2). If A is a
E-algebra on Σ = T ∗X its pull-back on Σ′ = C2 − {0} is a star-algebra for the
canonical Poisson bracket ({v, u} = 1), equipped with an involution above the
symmetry (u, v) → (−u,−v) (note that on Σ′, u and v are of degree 1

2 ). If A
has a global symbolic calculus, its pull-back defines a star-product on Ô(Σ′).

Now on Ô(Σ′) there is (up to isomorphism) only one star-algebra law for the
canonical Poisson bracket, generated by u, v with the relation [v, u] = 1. Up to
isomorphism this is given by the representation

∑
apqu

pvq →
∑

apqu
p∂q

u. For
this law there are many global sections (i.e. all polynomials of u, v) : the global
sections e, h, f are necessarily

(38) e = −1
2
u2, h = 2u ∗ v +

1
2
, f =

1
2
v2

because their respective symbols are

σ(e) = −z2ζ ∼ −1
2
u2 σ(h) = 2zζ ∼ u v, σ(f) = ζ ∼ 1

2
v2

these determine e, h, f up to additive constants, and the commutation relations
(34) determine the constants as above.

For these constants we get

(39) h2 + 2(ef + fe) = −3
4

so s = −1
2
. or s = −3

2
We have proved :

Proposition 12 The only D-algebras on P1 for which there is a global total
symbolic calculus are D−1/2 and D−3/2. In particular there is no global total
symbolic calculus for D.
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