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1. Introduction

Consider real reductive group G, as defined in [Wal88]. Let Π be an irreducible admis-
sible representation of G with the distribution character ΘΠ, [Har51]. Denote by uΠ the
lowest term in the asymptotic expansion of ΘΠ, [BV80]. This is a finite linear combina-
tion of Fourier transforms of nilpotent coadjoint orbits, uΠ =

∑
O cOµ̂O. As shown by

Rossmann, [Ros95], the closure of the union of the nilpotent orbits which occur in this
sum is equal to WF (Π), the wave front set of the representation Π, defined in [How81].
Furthermore there is a unique nilpotent coadjoint orbit OΠ in the complexification g∗C
of the dual Lie algebra g of G such that the associated variety of the annihilator of the
Harish-Chandra module of Π in the universal enveloping algebra U(g) of g is equal to the
closure of OΠ, [BB85]. Moreover, the closure of OΠ coincides with the complexification
of WF(Π), see [BV80, Theorem 4.1] and [Ros95]. Given a Cartan subalgebra of gC we
have the corresponding Weyl group W. Springer correspondence associates an irreducible
representation of W to each complex nilpotent coadjoint orbit, assuming the group is
connected. See [Ros91] for a convenient geometric construction. We shall use this con-
struction in Appendix A to extend the notion of Springer correspondence to cover the
case when the reductive group is an orthogonal group (which is disconnected) and refer to
this extended version as the “combinatorial Springer correspondence”, denote it by CSC,
see (21) below. Thus CSC(OΠ) is an irreducible representation of W corresponding to the
complex nilpotent coadjoint orbit OΠ.

Let us be more specific and consider a real reductive dual pair (G′,G) in a symplectic
group Sp(W). We shall always assume that the rank of G′ is less or equal to the rank of

G. Let Π′ be an irreducible admissible representation of G̃′, the metaplectic cover of G′,

and let Π be the irreducible admissible representation of G̃ which corresponds to Π′ via
Howe correspondence for the pair (G′,G), [How89]. Howe correspondence is governed by
a Capelli - Harish-Chandra homomorphism

C : U(gC)G → U(g′C)G′

which has the property that if γΠ′ : U(g′C)G′ → C is the infinitesimal character of Π′

then γΠ = γΠ′ ◦ C is the infinitesimal character of Π, see (28) below. Let P(g∗C)G be the
algebra of the G-invariant complex valued polynomials on the dual of the complexification
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of g. The homomorphism C may be thought of as a “smooth deformation” of another
homomorphism

c : P(g∗C)G → P(g′∗C)G′

defined by the correspondence of the semisimple coadjoint orbits induced by the moment
maps

τ : W→ g∗ τ ′ : W→ g′∗,

τ(w)(x) = 〈x(w), w〉, τ(w)(x′) = 〈x′(w), w〉, w ∈W, x ∈ g, x′ ∈ g′,

see Lemma 13 below.
Here are some natural problems in this context. Express the character ΘΠ in terms of

ΘΠ′ , uΠ in terms of uΠ′ , WF (Π) in terms of WF (Π′), OΠ in terms of OΠ′ . Roughly, not
much is known about them in general, though the following equality holds for pairs in the
stable range with Π′ unitary

OΠ = τ(τ ′−1(OΠ′)), (1)

see [Prz93]. (Under some strong assumptions the above equality holds for the wave front
sets, see [He07].)

As an attempt to solve the first problem the third author constructed an integral

kernel operator Chc which maps invariant distributions on G̃′ to invariant distributions

on G̃, [Prz00, Def. 2.17]. In fact, with an appropriate normalization of all the measures
involved, this operator maps invariant eigendistributions with the infinitesimal character
γ′ to invariant eigendistributions with the infinitesimal character γ′ ◦ C,

Chc : D′(G̃′)G′

γ′ → D′(G̃)G
γ′◦C,

see [BP06, (7) and Theorem 4]. There are reasons to believe that Chc(ΘΠ′) is a non-
zero constant multiple of ΘΠ′1

, where Π′1 is the quasisimple admissible representation of

G̃ whose unique irreducible quotient is Π, as in [How89]. Often Π′1 = Π. (For instance
this equality holds when the dual pair is in the stable range and Π′ is unitary.) By a
limiting process, parallel to that one which leads from C to c, one obtains a Cauchy -
Harish-Chandra integral on the Lie algebra

chc : S∗(g′)G′

0 → S∗(g)G
0 ,

see (65) and (51) below. Here the subscript 0 indicates the 0-eigensubspace for the action
of non-constant invariant constant coefficient differential operators, see Theorem 15 below.
Also, the domain of chc is not always the whole space S∗(g′)G′

0 . The limiting process is
such that if Chc(ΘΠ′) is a non-zero constant multiple of ΘΠ, then chc(uΠ′) is a non-zero
constant multiple of uΠ.

In this context it makes sense to ask if chc maps the Fourier transform of a nilpotent
orbital integral µ̂O′ to a non-zero constant multiple of the Fourier transform of a nilpotent
orbital integral µ̂O, and how are the two orbits, O′ and O related. We don’t know the
answer in general, but our main result concerning the real reductive dual pairs, Theorem
29 below, says the following.
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As explained above, µ̂O′ is ‘harmonic’ with respect to the non-constant invariant con-
stant coefficient differential operators. Hence the product of the restriction of µ̂O′ to the
regular set of any Cartan subalgebra of g, when multiplied by the product of the positive
roots, is a harmonic function, see Corollary 16 below. Hence the action of the Weyl group
W on the polynomial functions defined on that Cartan subalgebra generates a represen-
tation of W. We shall refer to it as to the Weyl group representation generated by the
restriction of chc(µ̂O′) to the Cartan subalgebra.

For simplicity of exposition, let us assume that (G′,G) is not a complex dual pair.
The groups G′, G come with the defining modules V′, V respectively, see [How79]. The
complexified groups (G′C,GC) also form a dual pair with the defining modules V′(C)
and V(C) respectively (which don’t need to be the complexifications of V′, V). Given a
nilpotent coadjoint orbit O′ ⊆ g′∗ let O′C ⊆ g′∗C denote the complex orbit containing O′.
Then O′ = O′(λ′) corresponds to a partition λ′, see [CM93]. Denote by ht(λ′) the hight
of the partition λ′ (see section 3 below).

Theorem 1. Assume that chc(µ̂O′) 6= 0. If the pair (G′,G) is of type I assume that

ht(λ′) < dimV(C)− dimV′(C).

Let r = dim(V(C))− dim(V′(C)) and let λ = (1r)⊕λ′ be the partition obtained by adding
a column of length r to λ′ on the very left. Denote by OC(λ) ⊆ g∗C the corresponding
nilpotent coadjoint orbit. Then

OC(λ) = τ(τ ′−1(OC(λ′))

and the Weyl group representation generated by the restriction of chc(µ̂O′) to any Cartan
subalgebra of g is equal to CSC(OC(λ)). In other words, in the context of Wallach’s
approach to Springer correspondence (see section 2), chc(µ̂O′) behaves like µ̂O, where the
complexification of O is equal to OC(λ).

The idea behind Chc is to make sense out of the following, often divergent, integral∫
G′

Θ(g′g) ΘΠ′c(g
′) dg′ (g ∈ G̃),

where Θ is the character of the oscillator representation and Π′c is the representation
contragredient to Π′.

In case of a dual pair defined over a finite field (see section 9) the above integral,

with the G̃ replaced by G, is a finite sum which obviously converges and defines a class
function on G. This class function decomposes into a sum of several irreducible characters
ΘΠ. In other words Howe’s correspondence often does not associate a single irreducible
representation to Π′ and the situation is quite complex. Instead of considering the above
integral we follow Srinivasan, [Sri79]. Further, we focus on an ortho-symplectic pair, where
the defining module of the orthogonal group has an even dimension and work under the
assumption that Conjecture 3.11 in [AMR96] holds. In particular we verify the following
theorem (see Theorem 29 below).
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Theorem 2. Let Fq be a finite field with q elements, with q odd and let O+
2n(Fq) denote

the split orthogonal group. Consider the dual pair (G′ = Sp4(q),G = O+
2n(q)) with n ≥

4. (This is a dual pair in the stable range with G′ the smaller member.) Assume that
Conjecture 3.11 in [AMR96] holds. Recall Alvis-Curtis duality D = DG′.

Let Π′ be an irreducible representation of G′ such that D(Π′) is unipotent and belongs
to the principal series of G′. Then there is a unique irreducible representation Π of G
such that D(Π) corresponds to D(Π′) via Howe correspondence for the pair (G′,G) and
the closure of the unipotent support of Π contains the unipotent support of any irreducible
representation Π̃ of G such that D(Π̃) corresponds to D(Π′). Furthermore the unipotent
supports OΠ of Π and OΠ′ of Π′, when lifted to the Lie algebras via the exponential map,
satisfy (1).

Here are more details. Let O−2n(Fq) denote the non-split orthogonal group. Let ε ∈
{−,+}. We set (G′,G) = (Sp2n(Fq),Oε

2n′(Fq)) or (G′,G) = (Oε
2n(Fq), Sp2n′(Fq)). As

shown in [AM93], the Howe correspondence for this pair induces a (non-bijective) cor-
respondence between unipotent representations of Sp2n(Fq) and Oε

2n′(Fq). This corre-
spondence between unipotent representations was described conjecturally in [AMR96] in
terms of an correspondence between irreducible representations of two Weyl groups. We
compute explicitly that correspondence in the case where one Weyl group is W2 = W(B2)
(see Proposition 25), give its translation into a correspondence between u-symbols and
extract a bijective correspondence which behaves well with respect to unipotent classes
(see Theorem 26).

For simplicity of the exposition, we assume in this Introduction that ε = + and we con-
sider only representations of G′ belonging to the principal series. Then the corresponding
representations of G belong to the principal series of G and the two Weyl groups cited
above coincide with the those of G and G′, respectively. The irreducible representations of
the Weyl groups of G and G′, respectively (and hence also the irreducible representations
in the principal series of G, resp. G′) are parametrized by pairs (ξ, η) of partitions of n
and pairs (ξ′, η′) of partitions of n′, respectively. Assuming the validity of the conjectural
description of the correspondence in this case, and that we have n ≥ 3 and n′ = 2, we
prove that the representation of G, say Π, that is parametrized by (ξ′, η′ ∪ (n − n′)),
occurs in the image by the correspondence of the representation of G′, say Π′, that is
parametrized by (ξ′, η′). Moreover, every representation of G which occurs in the image
of Π′ is such that the closure of its unipotent support contains the unipotent support of
Π (see Corollary 28).
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2. Wallach’s approach to Springer Correspondence

Let g be a semisimple Lie algebra over the reals, G ⊆ End(g) the corresponding ad-
joint group, h ⊆ g a Cartan subalgebra and W = W(hC, GC), the Weyl group of (gC, hC).
Let D(g)G denote the algebra of the G-invariant polynomial coefficient differential op-
erators on g, and let D(h)W denote the algebra of the W-invariant polynomial coeffi-
cient differential operators on h. Let a(x)f(y) = d

dt
f(y + t[x, y])|t=0, x, y ∈ g. Set

I = D(g)G ∩ (D(g)a(g)). As a culmination of the works of [Har57], [Wal93], [LS95] and
[LS96] we have the following short exact sequence

0→ I → D(g)G → D(h)W → 0, (2)

where I → D(g)G is the inclusion and δ : D(g)G → D(h)W stands for the Harish-Chandra
homomorphism.

Consider an invariant tempered distribution u ∈ S∗(g)G. Then, a(g)u = 0 and therefore
the D(g)G-module generated by u, D(g)Gu, satisfies ID(g)Gu = 0. Hence, by (2), D(g)Gu
may be viewed as a D(h)W-module.

Let P(h) denote the space of the complex valued polynomial functions on h and let Ŵ
be the set of the (equivalence classes of) irreducible representations of W. The algebra
D(h)W acts on P(h), as usual, and so does the group W. Furthermore these actions
commute. Wallach showed that

P(h) =
∑
ρ∈Ŵ

ρ′ ⊗ ρ, (3)

as a (D(h)W ,W)-module, where ρ′ stands for a simple D(h)W-module and the function

ρ → ρ′, defined on Ŵ, is injective, see [Wal93]. (Here ρ′ ⊗ ρ = P(h)ρ is the ρ-isotypic
component of P(h) under the action of W.) By taking a Fourier transform on h, the
symmetric algebra S(h) becomes a D(h)W-module and (3) is transformed to

S(h) =
∑
ρ∈Ŵ

ρ̂′ ⊗ ρ, (4)

s a (D(h)W ,W)-module, where ρ̂′ is a simple D(h)W-module equal to the Fourier transform
of ρ′.

Let π ∈ P(h) be the product of all the positive roots for the pair (gC, hC), with respect
to some fixed order of the roots, hreg = {x ∈ h; π(x) 6= 0} the subset of the regular
elements and let C ⊆ hreg a connected component. Let O ⊆ g be a nilpotent G-orbit
and let µO ∈ S∗(g) be the corresponding invariant measure, as in [Rao72]. Let µ̂O be the
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Fourier transform of µO defined with respect to a non-degenerate G-invariant symmetric
bilinear form on g. According to Harish-Chandra Regularity Theorem, [Har65], µ̂O is a

function on g. Wallach showed that there is a unique ρ ∈ Ŵ such that, in terms of (4),
D(g)GµO = ρ̂′ and that

(µ̂Oπ)|C ∈ P(h)ρ|C , (5)

where µ̂O is viewed as a function on hreg and |C stands for the restriction of functions
from hreg to C. Wallach deduced form [HK84] that ρ corresponds to the complex orbit
OC = GCO ⊆ gC via Springer correspondence, [Spr78].

3. Representations of the Weyl groups

Partitions, tableaux, tabloids, etc. Let n be a integer. A partition of n is a finite
sequence λ = [λ1 ≥ λ2 ≥ · · · ≥ λk ≥ 0] of integers λi such that

∑k
i=1 λi = n. Let ht(λ)

denote the hight of the partition λ (that is, the largest i with λi 6= 0). Flipping a Young
diagram of a partition λ of n over its main diagonal (from upper left to lower right),
we obtain the Young diagram of another partition tλ of n, which is called the conjugate
partition of λ. Thus, for λ = [λ1 ≥ λ2 ≥ · · · ≥ λk], we have tλ = [tλ1 ≥ tλ2 ≥ · · · ≥ tλl],
where l = λ1 and tλj = |{i : 1 ≤ i ≤ k, λi ≥ j}| for 1 ≤ j ≤ l.

First we consider the group of permutations of n letters, W = Sn. The irreducible
representations of W are parameterized by partitions λ = [λ1 ≥ λ2 ≥ · · · ≥ λk] of n as
follows. A tabloid of the shape λ is the Cartesian product A1 × A2 × · · · × Ak, where
A1 ∪ A2 ∪ · · · ∪ Ak = {1, 2, . . . , n} and |Ai| = λi. The group Sn acts on the set of all the
tabloids of shape λ in the obvious way. Let Vλ be the complex vector space spanned by
all the tabloids of shape λ.

A tableau T of shape λ is defined to be the Young diagram of λ filled labels 1, 2, ..., n,
which are increasing (from left to right) in rows and (from top to bottom) in columns:

T =
1 4 6
2 5 7
3

.

To every tableau T we associate a tabloid {T} equal to the Cartesian product of the sets
made of the rows of T :

{T} = {1, 4, 6} × {2, 5, 7} × {3}.
Let C(T ) ⊆ Sn be the subgroup preserving the columns, T1, T2, . . ., T` of T .

A polytabloid of T is the element of Vλ defined by∑
σ∈C(T )

sgn(σ)σ{T}. (6)

The subspace of Vλ spanned by all the polytabloids is irreducible under the action of Sn,
is denoted by Sλ and is called the Specht module corresponding to λ. This establishes a
one to one correspondence between the partitions of n and the (equivalence classes of the)
irreducible representations of the group Sn (see for example [Jam77]). The trivial repre-
sentation and the sign representation correspond to the partitions (n), (1n), respectively.



HOWE CORRESPONDENCE AND SPRINGER CORRESPONDENCE 7

We would like to realize each Sλ in the space of the polynomials C[x1, x2, . . . , xn]. This
is done as follows. Let ti1, ti2, . . ., tiλi be the ith row of a tableau T . We associate to T
the product

ht(λ)∏
i=1

xi−1
ti1
xi−1
ti2
· · ·xi−1

tiλi
.

For the above example we get

x0
1 x0

4 x0
6

x1
2 x1

5 x1
7

x2
3

.

This extends to a Sn-intertwining map from Vλ to C[x1, x2, . . . , xn]. The restriction of this
map to Sλ is not zero. In fact image of (6) is equal to the product of the Vandermonde
determinants made of the variables which are in the columns of T :

∆T = ∆T1∆T2 · · ·∆T` .

Here

∆Tj := (xm − xh)(xm − xj)(xh − xj) if Tj =
xj
xh
xm

.

The polynomial ∆T where T1 = (1, 2, 3, . . . , tλ1), T2 = (tλ1+1, tλ1+2, tλ1+3, . . . , tλ1+tλ2),
. . ., shall be denoted by ∆λ. The Sn-submodule of C[x1, x2, . . . , xn] generated by ∆λ is
isomorphic to Sλ and shall be denoted by ρλ. It occurs in the space of the homogeneous
polynomials of degree n(λ), the degree of the polynomial ∆λ, which is the sum of the
degrees of the corresponding Vandermonde determinants. This number may be visualized
as follows. Fill the first row of Young diagram λ with zeros, the second row with 1s, the
third row with 2s and so on. Then add all these numbers. The result is n(λ). This is
the lowest degree in which (an isomorphic module to) ρλ occurs in C[x1, x2, ..., xn] and it
occurs in this degree with multiplicity one (see [Lus77] or [GP00, § 5.4.4]).

Now we consider the hyperoctahedral group Wn = W (Bn), which is equal to the semidi-
rect product of Sn acting on (Z/2Z)n. There is a unique character sgnCD,n : Wn → {±1}
whose restriction to the normal subgroup (Z/2Z)n is the product of the sign characters
and that is trivial on the subgroup Sn. The kernel of sgnCD,n is isomorphic to the Weyl
group W (Dn). The restriction of the character sgnCD,n to the subgroup Wn−1 of Wn

equals the character sgnCD,n−1. Because of this, we will denote sgnCD,n simply by sgnCD.
Let (ξ, η) be a pair of partitions with |ξ| = s, |η| = t where s + t = n. We extend

the action of the group Ss on the Specht module Sξ to an action of the Ws by letting
(Z/2Z)s act trivially. Similarly, we extend the action of the group St on the Specht
module Sη to an action of the Wt by letting each Z/2Z act via the non-trivial character.
The induced representation IndWn

Ws×Wt
(Sξ ⊗ Sη) is irreducible. This way the irreducible

representations of Wn are parameterized by the pairs of partitions of n (see [Lus77]).
The trivial representation of Wn corresponds to ((n), ∅) while the sign representation
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corresponds to (∅, (1n)) and the representation afforded by the character sgnCD = sgnCD,n

corresponds to (∅, (n)).

Let ∆ξ,η be the product of ∆ξ (in the variables x2
1, x

2
2, . . . , x

2
s), ∆η (in the variables x2

s+1,
x2
s+2, . . ., x2

n) and the monomial xs+1xs+2 · · ·xn. The Wn-submodule of C[x1, x2, . . . , xn]
generated by ∆ξ,η is isomorphic to the irreducible representation corresponding to (ξ, η).
We denote it by ρ(ξ,η). It occurs in the degree

2n(ξ) + 2n(η) + |η|. (7)

As in the previous case, this is the lowest degree in which (an isomorphic module to) ρ(ξ,η)

occurs in C[x1, x2, . . . , xn] and it occurs in this degree with multiplicity one (see [Lus77]
or [GP00, § 5.5.3]).

Notice the following formulas

max
1≤j≤n

degxj ∆λ(x) = ht(λ)− 1, (8)

max
1≤j≤n

degxj ∆ξ,η(x) = max{2 ht(ξ)− 1, 2 ht(η)} − 1.

For later use, we will now introduce some more notation. If λ = [λ1 ≥ λ2 ≥ · · · ≥ λk]
is a partition of n and µ = [µ1 ≥ µ2 ≥ · · · ≥ µl] is a partition of m, by adding zero parts
if necessary we can assume that l = k, and we define the partition λ⊕ µ of n+m as

(λ⊕ µ)i := λi + µi, for 1 ≤ i ≤ k.

For a partition λ and for any integer i, let ni(λ) be the numbers of j ≥ 1 such that λj = i.
Then we will define the partition λ ∪ µ as the unique partition of n+m such that

ni(λ ∪ µ) = ni(λ) + ni(µ), for each i ≥ 1.

We observe that t(λ ⊕ µ) = tλ ∪ tµ and t(λ ∪ µ) = tλ ⊕ tµ. Also, for L = 0, 1, 2, ...,
(L) ∪ µ = [µ1 ≥ ... ≥ L ≥, ... ≥ µl] (or [L ≥ µ1 ≥ ... ≥ µl] or [µ1 ≥ ... ≥ µl ≥ L]).

If λ = [λ1 ≥ λ2 ≥ · · · ≥ λk] and µ = [µ1 ≥ µ2 ≥ · · · ≥ µh] are any partitions, we
write µ ⊂ λ if the followings holds: ht(µ) ≤ ht(λ) and µi ≤ λi for all 1 ≤ i ≤ ht(µ).
If we identify λ and µ with their Young diagrams, this means that the diagram of µ is
contained in those of λ. Removing the boxes of λ which belong to µ, we obtain a skew
diagram which we denote by λ−µ. Then a generalized tableau of shape λ−µ is a filling of
the boxes of λ− µ with positive integers such that the entries are weakly increasing from
the left to the right along each row and strictly increasing down each column. Tableaux
of shape λ are examples of generalized tableaux. Let T be a generalized tableau. Let
ni = ni(T ) denote the number of occurrences of the integer i in T . The weight of T is
defined as the sequence (n1, n2, . . .). The word w(T ) of T is the sequence obtained by
reading the entries of T from right to left in successive rows, starting with the top row.
On the other hand, any sequence a = (a1, a2, . . . , aN) with ai ∈ {1, 2, . . . , n} is called a
lattice permutation if, for 1 ≤ j ≤ N and 1 ≤ i ≤ n − 1, the number of occurrences of i
in (a1, a2, . . . , aj) is not less than the number of occurrences of i+ 1.
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Let λ, µ, ν be partitions such that |λ| = |µ|+ |ν|. The Littlewood-Richardson coefficient
cλµ,ν is defined as the number of generalized tableaux T of shape λ− µ and weight ν such
that w(T ) is a lattice permutation.

The Littlewood-Richardson rule (cf. for instance [GP00, 6.1.1, 6.1.6]) says that

IndSnS`×Sn−`(ρµ ⊗ ρν) =
∑
λ

cλµ,ν ρλ,

where the sum runs over all partitions λ of n.

A similar rule occurs in the group Wn = W (Bn) (cf. [GP00, 6.1.3]):

IndWn
W`×Wn−`

(ρξ1,η1 ⊗ ρξ2,η2) =
∑
(ξ,η)

cξξ1,ξ2 c
η
η1,η2

ρξ,η, (9)

where the sum runs over all pairs of partitions (ξ, η) with |ξ| = |ξ1|+|ξ2| and |η| = |η1|+|η2|.
The next Lemma will be used in section 9.

Lemma 3. We have
IndWn

W`×Wn−`
(ρξ1,η1 ⊗ 1) =

∑
ξ

ρξ,η1 , (10)

where the sum is over all partitions ξ of n − |η1| = n − ` + |ξ1| whose Young diagram is
obtained from that of ξ1 by adding n− ` boxes, with no two boxes in the same column. In
particular ρ(n−l)∪ξ1,η1 occurs in (10).

In a similar way, we have:

IndWn
W`×Wn−`

(ρξ1,η1 ⊗ sgnCD) =
∑
η

ρξ1,η, (11)

where the sum is over all partition η of n − |ξ1| = n − ` + |η1| whose Young diagram is
obtained from that of η1 by adding n− ` boxes, with no two boxes in the same column. .
In particular ρξ1,(n−l)∪η1 occurs in (11).

Proof. As already mentioned, the trivial character of Wn−` corresponds to the pair of
partitions ((n− `), ∅). Hence we have to consider certain generalized tableaux T of shape
ξ−ξ1 and weight (n−`). The integer 1 occurs n1(T ) = n−` times in T . It follows that all
the entries of T are equal to 1 and so the condition of w(T ) is empty. On the other hand,
the fact that the entries of T have to be strictly increasing down each column implies
that there is at most one box in each column of T . The first equality follows. The second
equality is proved in an analogous way, using the fact that sgnCD,n−` = ρ∅,(n−`). �

The following examples will be used in Section 9 in the proof of Proposition 25 and
Theorem 26.

Example 1. Assume n = 2 and ` = 1. Then we have (ξ1, η1) ∈ {(1, ∅), (∅, 1)}, that is,
ρξ1,η1 ∈ {1, sgnCD}. We get

IndW2
W1×W1

(ρ∅,(1) ⊗ 1) = IndW2
W1×W1

(ρ(1),∅ ⊗ sgnCD) = ρ(1),(1),

IndW2
W1×W1

(ρ(1),∅ ⊗ 1) = ρ(2),∅ ⊕ ρ(12),∅,
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IndW2
W1×W1

(ρ∅,(1) ⊗ sgnCD) = ρ∅,(2) ⊕ ρ∅,(12).

Example 2. Assume ` = 1 and n ≥ 2. As a generalization of example 1, we obtain

IndWn
W1×Wn−1

(ρ(1),∅ ⊗ 1) = ρ(n),∅ ⊕ ρ(n−1,1),∅,

IndWn
W1×Wn−1

(ρ∅,(1) ⊗ 1) = ρ(n−1),(1),

IndWn
W1×Wn−1

(ρ(1),∅ ⊗ sgnCD) = ρ(1),(n−1),

IndWn
W1×Wn−1

(ρ∅,(1) ⊗ sgnCD) = ρ∅,(n) ⊕ ρ∅,(n−1,1).

Example 3. Assume ` = 2 and n ≥ 3. We obtain

IndWn
W2×Wn−2

(ρ(2),∅ ⊗ 1) = ρ(n),∅ ⊕ ρ(n−1,1),∅ ⊕ ρ(n−2,2),∅,

IndWn
W2×Wn−2

(ρ(12),∅ ⊗ 1) = ρ(n−1,1),∅ ⊕ ρ(n−2,12),∅,

IndWn
W2×Wn−2

(ρ(1),(1) ⊗ 1) = ρ(n−1),(1) ⊕ ρ(n−2,1),(1),

IndWn
W2×Wn−2

(ρ∅,(2) ⊗ 1) = ρ(n−2),(2),

IndWn
W2×Wn−2

(ρ∅,(12) ⊗ 1) = ρ(n−2),(12),

IndWn
W2×Wn−2

(ρ(2),∅ ⊗ sgnCD) = ρ(2),(n−2),

IndWn
W2×Wn−2

(ρ(12),∅ ⊗ sgnCD) = ρ(12),(n−2),

IndWn
W2×Wn−2

(ρ(1),(1) ⊗ sgnCD) = ρ(1),(n−1) ⊕ ρ(1),(n−2,1),

IndWn
W2×Wn−2

(ρ∅,(2) ⊗ sgnCD) = ρ∅,(n) ⊕ ρ∅,(n−1,1) ⊕ ρ∅,(n−2,2),

IndWn
W2×Wn−2

(ρ∅,(12) ⊗ sgnCD) = ρ∅,(n−1,1) ⊕ ρ∅,(n−2,12).

Symbols and u-symbols We will recall part of the formalism of symbols due to Lusztig.
(See [Lus84] and references there.)

Asymbol is an ordered pair Λ =

(
A
B

)
of finite subsets (including the empty set ∅) of

{0, 1, 2, . . .}. The rank of Λ is defined to be

rank(Λ) :=
∑
a∈A

a+
∑
b∈B

b−

⌊(
|A|+ |B| − 1

2

)2
⌋
,

where for any real number r we denote by brc the largest integer not greater than r. The
defect of Λ, to be denoted by def(Λ), is defined to be the absolute value of |A| − |B|.
There is an equivalence relation on such pairs generated by the shift(

A
B

)
∼
(
{0} ∪ (A+ 1)
{0} ∪ (B + 1)

)
.

We shall identify a symbol with its equivalence class. The functions rank(Λ) and def(Λ)
are invariant under the shift operation, hence are well-defined on the set of symbol classes.
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A symbol Λ =

(
A
B

)
is said to be degenerate if A = B, and non-degenerate otherwise.

The entries appearing in exactly one row of Λ are called singles.
There is also a notion of u-symbols due to Lusztig related to unipotent classes.

Let (ξ, η) be a pair of partitions of n (that is, ξ and η are two partitions with |ξ|+ |η| =
n).

We ensure that ξ has exactly one more part than η by adding zeros as parts where
necessary. Let m denote the number of parts of η. We then attach to (ξ, η), where
ξ = (ξ1 ≥ ξ2 ≥ · · · ≥ ξm ≥ ξm+1) and η = (η1 ≥ η2 ≥ · · · ≥ ηm), a symbol Λ = Λξ,η of
defect 1 and two u-symbols Λu,sp

ξ,η and Λu,or
ξ,η to be defined by

Λξ,η :=

(
ξm+1 ξm + 1 ξm−1 + 2 · · · · · · · · · ξ1 +m

ηm ηm−1 + 1 ηm−2 + 2 · · · η1 +m− 1

)
,

Λu,sp
ξ,η :=

(
ξm+1 ξm + 2 ξm−1 + 4 · · · · · · ξ1 + 2m

ηm + 1 ηm−1 + 3 · · · η1 + 2(m− 1) + 1

)
,

Λu,or
ξ,η :=

(
ξm+1 ξm + 2 ξm−1 + 4 · · · · · · ξ1 + 2m
ηm+1 ηm + 2 ηm−1 + 4 · · · η1 + 2m

)
,

where in the orthogonal case we arranged for the two partitions to have the same length
m+ 1. The symbol Λξ,η is called special if

ξm+1 ≤ ηm ≤ ξm + 1 ≤ ηm−1 + 1 ≤ ξm−1 + 2 ≤ · · · ≤ η1 +m− 1 ≤ ξ1 +m.

Similarly, Λu,sp
ξ,η is called distinguished if

ξm+1 ≤ ηm + 1 ≤ ξm + 2 ≤ ηm−1 + 3 ≤ · · · ≤ η1 + 2(m− 1) + 1 ≤ ξ1 + 2m,

and Λu,or
ξ,η is called distinguished if

ξm+1 ≤ ηm+1 ≤ ξm + 2 ≤ ηm + 2 ≤ · · · ≤ ξ1 + 2m ≤ η1 + 2m.

We observe that the fact that Λξ,η is special implies the distinguishness of Λu,sp
ξ,η .

The set of all the symbols (resp. u-symbols) which contain the same entries with the
same multiplicities as a given symbol (resp. u-symbol) is called the similarity class of the
latter. If Λ, Λ′ belong to the same similarity class, we will write Λ∼simΛ′. Each similarity
class of symbols (resp. u-symbols) contains exactly one special (resp. distinguished)
element.

Definition 4. A partition λ is called symplectic (resp. orthogonal) if each odd (resp.
even) row occurs with even multiplicity.

For N a given integer, let Psp(N) (resp. Por(N)) denote the set of symplectic (resp.
orthogonal) partitions of N .

Let K be an algebraically closed field of characteristic p ≥ 0, with p 6= 2. For each group
G = GLn(K), Sp2n(K), O2n+1(K) or O2n(K) we have the defining module Kn, K2n, K2n+1,
K2n respectively. The nilpotent orbits in the corresponding Lie algebra are parameterized
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by partitions λ of the dimension of the defining module, as in [CM93]. The partition λ is
symplectic (resp. orthogonal) if G = Sp2n(K) (resp. O2n(K) or O2n+1(K)).

We will now recall the algorithm described in [Car93, §13.3]. To each partition λ =
(λ1 ≥ λ2 ≥ · · · ≥ λk) we attach the sequence of β-numbers

λ∗ = (λ∗1 < λ∗2 < · · · < λ∗k), defined by λ∗j := λk−j+1 + j − 1, for 1 ≤ j ≤ k. (12)

For instance, we have

(n)∗ = (n), (n− 1, 1)∗ = (1, n), (n− 2, 2)∗ = (2, n− 1), (n− 2, 1, 1)∗ = (1, 2, n).

(In the proof of Proposition 8 below it will be simpler to work with partitions with
increasing terms, λ = (λ̄1 ≤ λ̄2 ≤ · · · ≤ λ̄k) where λ̄i := λk−i+1.)

Consider a symplectic or orthogonal partition λ and the corresponding group G. We
ensure that the number of parts of λ has same parity as the defining module of G, by calling
the last part 0 if necessary. Thus λ1 ≥ λ2 ≥ · · · ≥ λ2k (resp. λ1 ≥ λ2 ≥ · · · ≥ λ2k+1) if
G = Sp2n(K) or O2n(K) (resp. G = O2n+1(K)). We then divide λ∗ into its odd and even
parts. Let the odd parts and the even parts of λ∗ be

2ξ∗1 + 1 < 2ξ∗2 + 1 < · · · < 2ξ∗k + 1 (resp. 2ξ∗k+1 + 1) and 2η∗1 < 2η∗2 < · · · < 2η∗k,

respectively. Then we have

0 ≤ ξ∗1 < ξ∗2 < · · · < ξ∗k (resp. ξ∗k+1) and 0 ≤ η∗1 < η∗2 < · · · < η∗k.

Next we define ξi := ξ∗k−i+1 − (k − i) and ηi := η∗k−i+1 − (k − i) for each i. We then have
ξi ≥ ξi+1 ≥ 0, ηi ≥ ηi+1 ≥ 0, and |ξ|+ |η| = n.

Thus we obtain a map

ϕ : λ 7→ (ξ, η) (13)

from Psp(2n) or Por(2n) (resp. Por(2n + 1)) to the set of pairs of partitions of n, which
is injective.

A pair of partitions (ξ0, η0) of n is in the image of the map (13) of a symplectic partition,
say λsp

ξ0,η0
(resp. an orthogonal partition, say λor

ξ0,η0
) if and only if the u-symbol Λu,sp

ξ0,η0
(resp.

Λu,or
ξ0,η0

) is distinguished, see [Car93, page 420].

Definition 5. If (ξ, η) is not in the image of the map ϕ defined by (13), we put λsp
ξ,η := λsp

ξ0,η0

(resp. λor
ξ,η := λor

ξ0,η0
), where Λu,sp

ξ0,η0
(resp. Λu,or

ξ0,η0
) is the distinguished u-symbol in the

similarity class of Λu,sp
ξ,η (resp. Λu,or

ξ,η ).

Example 4. Let n ≥ 2 and 1 ≤ h ≤ 2. We have

Λu,sp
(n−h,h),∅ =

(
h n− h+ 2

1

)
and Λu,or

(n−h,h),∅ =

(
h n− h+ 2
0 2

)
.

• Λu,sp
(n−1,1),∅ is distinguished. Because (n − 1, 1)∗ = (1, n) and ∅∗ = (0, 1), we obtain

λsp,∗
(n−1,1),∅ = (0, 2, 3, 2n+ 1), that gives λsp

(n−1,1),∅ = (2n− 2, 12).
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• Λu,sp
(n−2,2),∅ is not distinguished. The distinguished u-symbol in its similarity class is(

1 n
2

)
= Λu,sp

(n−2,1),(1,0).

Because (n − 2, 1)∗ = (1, n − 1) and (1, 0)∗ = (0, 2), we obtain λsp,∗
(n−2,1),(1,0) =

(0, 3, 4, 2n− 1), that gives λsp
(n−2,2),∅ = λsp

(n−2,1),(1) = (2n− 4, 22).

• For h = 1, 2, the distinguished u-symbol in the similarity class of Λu,or
(n−h,h),∅ is(

0 2
h n− h+ 2

)
= Λu,or

∅,(n−h,h).

Because (02)∗ = (0, 1) and (n− h, h)∗ = (h, n− h+ 1), we obtain

λ∗,or
(02),(n−h,h) =

{
(1, 2, 3, 2n) if h = 1,

(1, 3, 4, 2n− 2) if h = 2,

that is,

λor
(n−h,h),∅ = λor

(02),(n−h,h) =

{
(2n− 3, 13) if h = 1,

(2n− 5, 22, 1) if h = 2.

Example 5.

Λu,sp
(n−2,12),∅ =

(
1 3 n+ 2

1 3

)
and Λu,or

(n−2,12),∅ =

(
1 3 n+ 2
0 2 4

)
.

• Λu,sp
(n−2,12),∅ is distinguished. Because (n− 2, 12)∗ = (1, 2, n) and (03)∗ = (0, 1, 2), we

obtain λsp,∗
(n−2,12),∅ = (0, 2, 3, 4, 5, 2n+ 1), that gives λsp

(n−2,12),∅ = (2n− 4, 14).

• Λu,or
(n−2,12),∅ is not distinguished. If n ≥ 3, the distinguished u-symbol in its similarity

class is (
0 2 4
1 3 n+ 2

)
= Λu,or

∅,(n−2,12).

We have λor,∗
∅,(n−2,12) = (1, 2, 3, 4, 5, 2n), that gives λor

(n−2,12),∅ = (2n− 5, 15).

Example 6.

Λu,sp
(n−2),(12) =

(
0 2 n

2 4

)
and Λu,or

(n−2),(12) =

(
0 n
1 3

)
.

• Λu,sp
(n−2),(12) is distinguished if n ≥ 4, (n− 2, 0)∗ = (0, n− 1), (12)∗ = (1, 2). Hence

λsp,∗
(n−2),(12) = (1, 2, 4, 2n− 1) and λsp

(n−2),(12) = (2n− 4, 2, 12).

• Λu,or
(n−2),(12) is not distinguished if n ≥ 4. The distinguished u-symbol in its similarity

class is (
0 3
1 n

)
= Λu,or

(1),(n−2,1).

(1, 0)∗ = (0, 2), (n − 2, 1)∗ = (1, n − 1). Hence λor,∗
(1),(n−2,1) = (1, 2, 5, 2n − 2), and

λor
(n−2),(12) = (2n− 5, 3, 12).
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Example 7.

Λu,sp
(n−2),(2) =

(
0 n

3

)
and Λu,or

(n−2),(2) =

(
n− 2

2

)
.

• λsp,∗
(n−2),(2) = (4, 2n− 3), and λsp

(n−2),(2) = (2n− 4, 4), when n ≥ 3.

• λor,∗
(n−2),(2) = (5, 2n− 4), and λor

(n−2),(2) = (2n− 5, 5).

Example 8.

Λu,sp
(n−1),(1) =

(
0 n+ 1

2

)
and Λu,or

(n−1),(1) =

(
n− 1

1

)
.

• Λu,sp
(n−1),(1) is distinguished, λsp,∗

(n−1),(1) = (2, 2n− 1), and λsp
(n−1),(1) = (2n− 2, 2).

• Λu,or
(n−1),(1) is not distinguished. The distinguished u-symbol in its similarity class is

Λu,or
(1),(n−1). We have λor,∗

(n−1),(1) = (3, 2n− 2), and λor
(n−1),(1) = (2n− 3, 3).

Example 9.

Λu,sp
(2),(n−2) =

(
0 4

n− 1

)
and Λu,or

(2),(n−2) =

(
2

n− 2

)
.

• Λu,sp
(2),(n−2) is not distinguished if n ≥ 6. Then the distinguished u-symbol in its

similarity class is (
0 n− 1

4

)
= Λu,sp

(n−3),(3).

We have (n−3, 0)∗ = (0, n−2) and (3, 0)∗ = (0, 4). Hence λsp,∗
(2),(n−2) = (0, 1, 8, 2n−

3), and λsp
(2),(n−2) = (2n− 6, 6).

• λor,∗
(2),(n−2) = (5, 2n− 4), and λor

(2),(n−2) = (2n− 5, 5), n ≥ 5.

Example 10.

Λu,sp
(n−2,1),(1) =

(
1 n

2

)
and Λu,or

(n−2,1),(1) =

(
1 n
0 3

)
.

• Λu,sp
(n−2,1),(1) is distinguished if n ≥ 2, (n − 2, 1)∗ = (1, n − 1) and (1, 0)∗ = (0, 2).

Hence λsp,∗
(n−2,1),(1) = (0, 3, 4, 2n− 1), and λsp

(n−2,1),(1) = (2n− 4, 22).

• Λu,or
(n−2,1),(1) is not distinguished if n ≥ 4. The distinguished u-symbol in its similarity

class is (
0 3
1 n

)
= Λu,or

(1),(n−2,1).

Hence λor,∗
(1),(n−2,1) = (1, 2, 5, 2n− 2), and λor

(1),(n−2,1) = (2n− 5, 3, 12).

Example 11.

Λu,sp
(1),(n−2,1) =

(
0 2 5

2 n+ 1

)
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is not distinguished if n ≥ 5. The distinguished u-symbol in its similarity class is

Λu,sp
(n−3),(2,1) =

(
0 2 n+ 1

2 5

)
.

We have λsp,∗
(n−3),(2,1) = (1, 2, 6, 2n− 3), and hence λsp

(1),(n−2,1) = (2n− 6, 4, 12).

Example 12.

Λu,sp
∅,(n−2,2) =

(
0 2 4

3 n+ 1

)
is not distinguished if n ≥ 4. The distinguished u-symbol in its similarity class is

Λu,sp
(n−3,1),(12) =

(
0 3 n+ 1

2 4

)
.

We have λsp,∗
(n−3,1),(12) = (2, 3, 4, 2n− 3), and λsp

∅,(n−2,2) = (2n− 6, 23).

Example 13.

Λu,sp
∅,(n−2,12) =

(
0 2 4 6

2 4 n+ 3

)
is not distinguished if n ≥ 3. The distinguished u-symbol in its similarity class is

Λu,sp
(n−3),(13) =

(
0 2 4 n+ 3

2 4 6

)
.

Hence λsp,∗
∅,(n−2,12) = (1, 2, 3, 4, 6, 2n− 1), and λsp

∅,(n−2,12) = (2n− 6, 2, 14).

Example 14.

Λu,sp
(12),(n−2) =

(
1 3

n− 1

)
is not distinguished if n ≥ 5. The distinguished u-symbol in its similarity class is
Λu,sp

(n−3,1),(2). We have λsp,∗
(n−3,1),(2) = (0, 3, 6, 2n− 3). Hence λsp

(12),(n−2) = (2n− 6, 4, 2).

The following lemma and corollary concern the partitions only and have nothing to do
with the symbols. We are going to use them in the proof of Theorem 21.

Lemma 6. Let λ be either a symplectic or an orthogonal partition and let (ξ, η) be the
corresponding pair of partitions. Then

ht(λ) =

{
max{2 ht(ξ)− 1, 2 ht(η)} if |λ| is even,
max{2 ht(ξ)− 1, 2 ht(η) + 1} if |λ| is odd.

(14)

Proof. Let λ be a symplectic partition.
Suppose ht(λ) = 2k. If λ2k is even then ηk 6= 0. Thus ht(λ) = 2 ht(η). Since ht(ξ) ≤ k,

(14) follows. If λ2k is odd then λ2k−1 = λ2k is odd. Hence, λ∗2 ≥ 2 is even. This is the
smallest even part of λ∗. Therefore ht(η) = k and (14) follows.

Suppose ht(λ) = 2k − 1. Since λ2k = 0, ht(η) < k. If λ2k−1 is even then λ∗2 is odd
and greater or equal to 3. Therefore ht(ξ) = k and (14) follows. If λ2k−1 is odd then
λ2k−2 = λ2k−1 and therefore λ∗3 = λ2k−2 + 2 ≥ 3 is odd. This is the smallest odd part of
λ∗. Thus ht(ξ) = k and (14) follows.
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Let λ be an orthogonal partition with |λ| even. Then ht(λ) = 2k.
If λ2k is even then ht(η) = k and (14) follows. If λ2k is odd and greater than 1 then

λ∗1 > 1. Hence the smallest even part of λ∗ is positive. Thus ht(η) = k, which implies
(14). If λ2k = 1, then λ∗2 > 1, which implies ht(η) = k. Again (14) follows.

Let λ be an orthogonal partition with |λ| odd. Then ht(λ) = 2k + 1.
If λ2k+1 is even, then ht(ξ) = k+1 and ht(η) = k. Thus (14) follows. If λ2k+1 > 1 is odd,

then ht(ξ) = k + 1 and ht(η) ≤ k, which implies (14). If λ2k = 1, then ht(ξ) = ht(η) = k,
which implies (14). �

By combining (8) with Lemma 6 we deduce the following Corollary.

Corollary 7. For any partition λ,

max
1≤j≤n

degxj ∆λ(x) = ht(λ)− 1. (15)

For a symplectic or orthogonal partition λ and the corresponding pair of partitions (ξ, η)

max
1≤j≤n

degxj ∆ξ,η(x) = ht(λ)− 1, (16)

unless λ is orthogonal with |λ| odd and 2ht(ξ)−1 < 2ht(η)+1. (Equivalently the smallest
part of λ is 1.) In this case

max
1≤j≤n

degxj ∆ξ,η(x) = ht(λ)− 2. (17)

4. Springer Correspondence

For an irreducible complex dual pair (G,G′), let τ , τ ′ be the corresponding moment
maps. We assume that the rank of G′ is smaller than the rank of G. Let O(λ) denote

the nilpotent orbit in the Lie algebra of G parameterized by the partition λ and let O(λ)
denote the closure of O(λ).

Given a nilpotent orbit O(λ′) there is a unique partition λ such that

τ(τ ′−1(O(λ′))) = O(λ), (18)

see [DKP97]. Let V be the defining module for G and V ′ for G′. If

r := dim V − dim V′ ≥ ht(λ′), (19)

then [DKP97, Theorems 5.2, 5.6] show that λ is obtained from λ′ by adding a column of
length r on the very left. (The condition (19) implies, that in the notation of [DKP97,
Definitions 5.1, 5.5], we are in the case where i0 = r + 1 and ri0 = 0.) In other words,

λ = (1r)⊕ λ′, (20)

that is, if λ′ = (λ′1 ≥ λ′2 ≥ · · · ≥ λ′k′) (here k′ = ht(λ′)) then λ = (λ1 ≥ λ2 ≥ · · · ≥ λr),
where λi = λ′i + 1 for 1 ≤ i ≤ k, with the convention that λ′i = 0 for k′ + 1 ≤ i ≤ r. It is
clear that the partition λ defined by (20) has the right type. Indeed, if λ′ is symplectic,
the condition that each odd row of λ′ occurs with even multiplicity implies that each even
row of λ has the same property. Hence λ is orthogonal. If λ′ is orthogonal, each odd λi
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with 1 ≤ i ≤ k′ occurs with even multiplicity. In particular, it implies that the hight of λ
has same parity as r, that is, r − k′ is even. Hence λ is symplectic.

Springer constructed irreducible representations of the Weyl group in cohomology groups
of varieties associated to nilpotent orbits, [Spr78]. This is known as Springer correspon-
dence. We shall use a combinatorial description of this correspondence, which may be
found in [Car93], section 13.3. (The description in [CM93] for the group Sp2n(C) is incor-
rect and for the group O2n(C) is very sketchy.) Since the orthogonal group O2n(C) occurs
as a member of dual pair, we need a “Springer correspondence” in this case, which seems
not to be available in the literature. In order to include this case we provide an extension
of Rossmann’s approach to Springer Correspondence, [Ros91], in Appendix A.

If G = GLn(K) then the Weyl group coincides with Sn and Springer correspondence
associates to an orbit O(λ) the representation ρλ.

In all remaining cases the Weyl group is the semidirect product of Sn acting on (Z/2Z)n.
For the groups Sp2n(K) and O2n+1(K), we associate the representation ρξ,η to the orbit
O(λ), where (ξ, η) := ϕ(λ), with ϕ defined by (13).

Consider the group O2n(K). In this case the nilpotent orbits are parameterized by
partitions λ of 2n where the even rows occur with even multiplicities. We attach to such
a partition λ the ordered pair of partitions (ξ, η) defined by (ξ, η) := ϕ(λ). Then we
associate to O(λ) the representation ρη,ξ.

Thus in any case we have a “combinatorial Springer correspondence”

CSC: O 7→ ρ, (21)

which is compatible with our extension of Rossmann’s work, [Ros91], as explained in A.2.
The following Proposition shows what happens to the Weyl group representations if we

map a nilpotent orbit from one Lie algebra to a nilpotent orbit in the other Lie algebra via
the moment maps, as in (18), and apply our “combinatorial Springer correspondence”.

Proposition 8. Let (G,G′) be a reductive dual pair over K, and O(λ′) be a nilpotent orbit
in the Lie algebra of G′ satisfying the condition (19).

Let O(λ) be the corresponding orbit in the Lie algebra of G, as in (18), or equivalently
in (20). Let CSC(O(λ′)) = ρξ′,η′ and CSC(O(λ)) = ρξ,η. Set ` be the difference of the
rank of G and G′. Then

(ξ, η) =


((1`)⊕ ξ′, η′) if G′ = Sp2n′(K) and G = O2n(K)
(ξ′, (1`)⊕ η′) if G′ = O2n′(K) and G = Sp2n(K)
((1`)⊕ η′, ξ′) if G′ = Sp2n′(K) and G = O2n+1(K)
((1`)⊕ ξ′, η′) if G′ = O2n′+1(K) and G = Sp2n(K).

(22)

Proof. We proceed via a case by case analysis and write the partitions in the increasing
order (λ1 ≤ λ2 ≤ · · · ) as in [Car93].

Case G′ = Sp2n′(K) and G = O2n(K).
Here λ′1 ≤ λ′2 ≤ · · · ≤ λ′2k and λ = (12n−2n′)⊕ λ. Therefore,

λ∗j = λj + j − 1 =

{
j if 1 ≤ j ≤ 2n− 2n′ − 2k,
λ′j−2n+2n′+2k + j if 2n− 2n′ − 2k < j ≤ 2n− 2n′,
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where λ′j−2n+2n′+2k + j = λ′∗j−2n+2n′+2k + 2n− 2n′ − 2k + 1. Therefore,

2η∗ν = 2ν if 2 ≤ 2ν ≤ 2n− 2n′ − 2k,
2η∗ν = 2ξ′∗ν′ + 1 + 2n− 2n′ − 2k + 1 if ν = n− n′ − k + ν ′, 1 ≤ ν ′ ≤ k.

Thus,

η∗ν = ν if 1 ≤ ν ≤ n− n′ − k,
η∗ν = ξ′∗ν′ + n− n′ − k + 1 if ν = n− n′ − k + ν ′, 1 ≤ ν ′ ≤ k.

If 1 ≤ ν ≤ n−n′− k then ην = η∗ν − ν + 1 = 1. If ν = n−n′− k+ ν ′ and 1 ≤ ν ′ ≤ k then

ην = η∗ν − ν + 1 = ξ′∗ν′ + n− n′ − k + 1− n+ n′ + k − ν ′ + 1 = ξ′∗ν′ − ν + 1 + 1 = ξ′ν′ .

Thus η = (1`)⊕ ξ′.
Similarly,

2ξ∗ν + 1 = 2ν − 1 if 1 ≤ 2ν − 1 ≤ 2n− 2n′ − 2k − 1,
2ξ∗ν + 1 = 2η′∗ν′ + 2n− 2n′ − 2k + 1 if ν = n− n′ − k + ν ′, 1 ≤ ν ′ ≤ k.

If 1 ≤ ν ≤ n− n′ − k, then

ξν = ξ∗ν − ν + 1 = ν − 1− ν + 1 = 0.

If ν = n− n′ − k + ν ′ and 1 ≤ ν ′ ≤ k then

ξν = ξ∗ν − ν + 1 = η′∗ν′ + n− n′ − k− ν + 1 = η′∗ν′ + n− n′ − k− n+ n′ + k− ν ′ + 1 = η′ν′ .

Hence, ξ = η′. Recall that in this case we associate to λ the pair (η, ξ), which (as we just
computed) is equal to ((1`)⊕ ξ′, η′).
Case G′ = O2n′(K) and G = Sp2n(K).
Here, λ′, λ, ξ and η are exactly as in the previous case except that we associate to λ the
pair (ξ, η) = (η′, (1`)⊕ ξ′).
Case G′ = Sp2n′(K) and G = O2n+1(K).
Here, λ′1 ≤ λ′2 ≤ ... ≤ λ′2k and λ = (12n−2n′+1)⊕ λ′. Therefore,

λ∗j =

{
j if 1 ≤ j ≤ 2n− 2n′ + 1− 2k,
λ′j−2n+2n′−1+2k + j if 2n− 2n′ + 1− 2k < j ≤ 2n− 2n′ + 1,

where λ′j−2n+2n′−1+2k + j = λ′∗j−2n+2n′−1+2k + 2n− 2n′ + 1− 2k + 1
Therefore,

2ξ∗ν + 1 = 2ν − 1 if 1 ≤ ν ≤ n− n′ + 1− k,
2ξ∗ν + 1 = 2ξ′∗ν′ + 1 + 2n− 2n′ + 1− 2k + 1 if ν = n− n′ + 1− k + ν ′, 1 ≤ ν ′ ≤ k.

Thus for 1 ≤ ν ≤ n− n′ + 1− k,

ξν = ξ∗ν − ν + 1 = 0

and for the remaining ν,

ξν = ξ∗ν − ν + 1 = ξ′∗ν′ + n− n′ + 1− k − ν + 1 = ξ′∗ν′ − ν ′ + 1 = ξ′ν′ .
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Hence, ξ = ξ′. Also,

2η∗ν = 2ν if 1 ≤ ν ≤ n− n′ − k,
2η∗ν = 2η′∗ν′ + 2n− 2n′ + 1− 2k + 1 if ν = n− n′ − k + ν ′, 1 ≤ ν ′ ≤ k.

Therefore ην = 1, if 1 ≤ ν ≤ n− n′ − k. If ν = n− n′ − k + ν ′ and 1 ≤ ν ′ ≤ k, then

ην = η∗ν − ν + 1 = η′∗ν′ + n− n′ + 1− k − ν + 1 = η′ν′ + 1.

Hence, η = (1`)⊕ η′. Thus (ξ, η) = (ξ′, (1`)⊕ η′).
Case G′ = O2n′+1(K) and G = Sp2n(K).
Here, λ′1 ≤ λ′2 ≤ ... ≤ λ′2k−1 and λ = (12n−2n′−1) ⊕ λ′. Since the number of the parts
(rows) of λ is odd, we introduce artificially λ1 = 0, as required by Lusztig’s algorithm
[Car93]. Then

λ1 = 0, λ2 = 1, λ3 = 1, ..., λ2n−2n′−2k+1 = 1,

λ2n−2n′−2k+2 = λ′1 + 1, λ2n−2n′−2k+3 = λ′2 + 1, . . . , λ2n−2n′ = λ′2k−1 + 1.

Hence,

λ∗1 = 0, λ∗2 = 2, λ∗3 = 3, ..., λ∗2n−2n′−2k+1 = 2n− 2n′ − 2k + 1,

λ∗2n−2n′−2k+2 = λ′∗1 + 2n− 2n′ − 2k + 2, λ∗2n−2n′−2k+3 = λ′∗2 + 2n− 2n′ − 2k + 2, . . . ,

λ∗2n−2n′ = λ′∗2k−1 + 2n− 2n′ − 2k + 2.

Therefore,

ξ∗1 = 1, ξ∗2 = 2, ξ∗3 = 3, ..., ξ∗n−n′−k = n− n′ − k,
ξ∗ν = ξ′∗ν′ + n− n′ − k, ν = n− n′ − k + ν ′.

Thus,

ξ1 = 1, ξ2 = 1, ξ3 = 1, ..., ξn−n′−k = 1,

ξν = ξ′∗ν′ + n− n′ − k − ν + 1 = ξ′ν′ + 1.

Hence, ξ = (1`)⊕ ξ′.
Also, Therefore,

η∗1 = 0, η∗2 = 1, η∗3 = 2, ..., η∗n−n′−k = n− n′ − k − 1,

η∗ν = η′∗ν′ + n− n′ − k, ν = n− n′ − k + ν ′.

Thus,

η1 = 0, η2 = 0, η3 = 0, ..., ηn−n′−k = 0,

ην = η′∗ν′ + n− n′ − k − ν + 1 = η′ν′ .

Hence, η = η′. �
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5. W-Harmonic Polynomials

For a Weyl group W, as before, let us define the type of W, [W ], to be A if W = Sn
and B otherwise.

Let HWC[x1, x2, ..., xn] ⊆ C[x1, x2, ..., xn] be the space of the W-harmonic polynomials.
Let

∆A = ∆(1n) (23)

∆B = ∆∅,(1n) (24)

Then
HWC[x1, x2, ..., xn] = C[∂1, ∂2, ..., ∂n]∆[W](x1, x2, ..., xn). (25)

Lemma 9. If f ∈ C[x1, x2, ..., xn] transforms under the sign representation of W then it
is divisible by ∆[W].

For both (25) and Lemma 9, see [Hel84].

Corollary 10. For any irreducible representation ρ of the Weyl group W, the corresponding
polynomial ∆ρ is W-harmonic. (In this notation we identify ρ with the corresponding
partition or a pair of partitions.)

Proof. Let D ∈ C[∂1, ∂2, ..., ∂n] be W-invariant of positive degree. Suppose W = Sn. Then
∆ρ = ∆λ = ∆T , where T is the standard tableau, as in section 3. ∆T is skew-symmetric
with respect to the group C(T ) ⊆ Sn. Hence, so is D∆T . Lemma 9 implies that it is
divisible by ∆T . However the degree of D∆T is smaller than the degree of ∆T . Therefore,
D∆T = 0.

The case W 6= Sn is analogous. �

Let (G,G′) be a complex dual pair with the rank of G equal n and the rank of G′ equal
n′ < n, and let ` = n− n′. In these terms define the following map.

C[x1, x2, ..., xn′ ] 3 P 7→ Q ∈ C[x1, x2, ..., xn],
Q(x1, x2, ..., xn′ , .., xn) = P (x1, x2, ..., xn′)∆ρ(xn′+1, xn′+2, ..., xn),

(26)

where

ρ =


(1`) if (G,G′) = (GLn(C),GLn′(C)),
(1`, ∅) if (G,G′) = (O2n(C), Sp2n′(C)),
(∅, 1`) if (G,G′) = (Sp2n(C),O2n′(C)),
(∅, 1`) if (G,G′) = (O2n+1(C), Sp2n′(C)),
(1`, ∅) if (G,G′) = (Sp2n(C),O2n′+1(C)).

Lemma 11. The map (26) sends W′-harmonic polynomials to W-harmonic polynomials.

Proof. We see from (25) that there is a differential operator D′ such that P = D′∆[W′].
Notice that ∆[W′](x1, x2, ..., xn′)∆ρ(xn′+1, xn′+2, ..., xn) is W-harmonic (by the argument
used in the proof of Corollary 10). Hence, by (25), Q is W-harmonic. �

(Lemma 11 also follows from Corollary 16 below.) As an obvious consequence of Propo-
sition 8 we obtain the following Theorem.
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Theorem 12. Let (G,G′) be an irreducible complex dual pair and let O(λ′) be a nilpotent
orbit in the Lie algebra of G′ satisfying the condition (19). Let O(λ) be the corresponding
orbit in the Lie algebra of G, as in (18). We identify CSC(O(λ′)) and CSC(O(λ) with
their realizations in harmonic polynomials as in Section 5. Then the image of CSC(O(λ′))
under the map (26) is equal to CSC(O(λ)).

6. Differential Operators and chc

Let G, G′ be a real reductive pair acting on the symplectic space W, with rk(G) ≥
rk(G′), as before. Let τ : W→ g∗, τ ′ : W→ g′∗ be the corresponding moment maps. Let
P(g∗C)G be the algebra of the G-invariant complex valued polynomials on the dual of the
complexification of g. There is an algebra homomorphism

c : P(g∗C)G → P(g′∗C)G′ , (27)

determined by f ◦ τ = c(f) ◦ τ ′, f ∈ P(gC)G. (See the beginning of the proof of Lemma
13 below for an explanation.)

Similarly, if U(gC)G denotes the algebra of the G-invariants in the universal enveloping
algebra of g over C, then we have the Capelli Harish-Chandra homomorphism

C : U(gC)G → U(g′C)G′ , (28)

which determines the relation between the infinitesimal characters for representations
which occur in Howe’s correspondence, [Prz96] or [Prz04]. (Specifically, if a representation
Π with the infinitesimal character γΠ : U(gC)G → C corresponds to a representation Π′

with the infinitesimal character γΠ′ : U(g′C)G′ → C, then γΠ = γΠ′ ◦ C.) Recall the
symmetrization map, from the symmetric algebra S(gC) onto the universal enveloping
algebra U(gC)

s : S(gC)→ U(gC), (29)

[Har57]. The action of C× on gC, gC 3 x → tx ∈ gC, extends to an action on S(gC),
denoted by

S(gC) 3 u→ t.u ∈ S(gC). (30)

We shall identify the symmetric algebra S(gC) with the polynomial algebra on the dual
P(g∗C). Then t.u(ξ) = u(tξ), ξ ∈ g∗C. Also, since the Lie algebra h is commutative,
U(hC) = S(hC) = P(h∗C).

The following Lemma points to a known fact that C is a “smooth deformation/quantization”
of c.

Lemma 13. The following formula holds

lim
t→0

t−1.s−1(C(s(t.u))) = c(u) (u ∈ S(gC)G).

Proof. The map (27) may be explained in more detail as follows. Let us view the sym-
plectic space W as the odd part of the Lie superalgebra corresponding to our dual pair.
Then we may talk about the semisimple elements in W. Every semisimple GG′-orbit in
W passes through a Cartan subspace h1 ⊆ W, [Prz06]. Let us identify g with the dual
g∗ via a G-invariant bilinear symmetric non-degenerate form on g, and similarly for g′.
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Then the moment maps τ and τ ′ take values in g and g′ respectively. The linear span,
span(τ ′(h1)) ⊆ g′, is a Cartan subalgebra of g′. Also, the subset

{(τ ′(w), τ(w)); w ∈ h1} ⊆ span(τ ′(h1))× span(τ(h1))

extends to a linear bijection

span(τ ′(h1))→ span(τ(h1)). (31)

We shall use (31) to identify

span(τ ′(h1)) = span(τ(h1)) (32)

and denote both by h′. Thus h′ is a Cartan subalgebra of g′ and a commutative subalgebra
of g, consisting of semisimple elements. In these terms, f ∈ P(gC) and c(f) ∈ P(g′C) have
the same restriction to h′, and this determines the map c.

Next we recall the definition of the homomorphism (28), [Prz04, (5.5)]. Let z ⊆ g be
the centralizer of h′ and let z′′ be the orthogonal complement of h′ in z so that z = h′⊕ z′′.
Denote by Z,Z′′ ⊆ G the corresponding subgroups. Let

γg/h : U(gC)G → U(h)W (33)

be the Harish-Chandra isomorphism and let

εz′′ : U(z′′C)Z → C (34)

be the augmentation homomorphism, if G′ is not an orthogonal group of type B, i.e.
G′ 6= Oodd. If G′ is an orthogonal group of type B, then z′′ is a symplectic Lie algebra
and we denote by εz′′ the infinitesimal character of the oscillator representation of z′′.
(Unfortunately, this case is misrepresented in [Prz04], but the necessary correction is easy
(see http : //crystal.ou.edu/ tprzebin/chch corrected.pdf . The corresponding statement
in [Prz96] is correct.)

Fix a Cartan subalgebra h ⊆ z. Then h′ ⊆ h, h is a Cartan subalgebra of g and

C : U(gC)G →
γg/h
U(h)W →

γ−1
z/h

U(zC)Z →
1⊗εz′′

U(h′)W
′ →
γ−1
g′/h′

U(g′C)G′ . (35)

The isomorphism (33) is constructed as follows, [Wal88, sec. 3.2]. Fix a system of positive
roots of h in gC and let n+ denote the sum of the corresponding positive root subspaces
of gC. Similarly, n− is the sum of the negative root subspaces so that gC = n−⊕ hC⊕ n+.
Then

U(gC) = U(hC)⊕ (n−U(gC) + U(gC)n+). (36)

Denote by

Pg/h : U(gC)→ U(hC) (37)

the projection onto the first summand. Similarly we have

S(gC) = S(hC)⊕ (n−S(gC) + S(gC)n+). (38)

Let

Rg/h : S(gC)→ S(hC) (39)
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be the projection onto the first summand. If we identify the symmetric algebra with the
algebra of the polynomials, as above, then (39) coincides with the restriction from gC to
hC.

Since h is commutative, U(hC) = S(hC). Therefore

Pg/h ◦ s : S(gC)→ S(hC).

Furthermore,

lim
t→0

t−1.Pg/h ◦ s(t.u) = Rg/h(u) (u ∈ S(gC)). (40)

Indeed, if u ∈ S(hC) then

t−1.Pg/h ◦ s(t.u) = t−1.Pg/h(t.u) = t−1.(t.u) = u

and (40) follows. Suppose u ∈ (n−S(gC) + S(gC)n+) is homogeneous of degree d ≥ 1.
Then Pg/h ◦ s(u) ⊆ S(hC) is a sum of terms of degrees smaller than d. Since t.u = tdu, the
left hand side of (40) is zero. In this case the right hand side of (40) is also zero. Since a
general element of the symmetric algebra is the sum of the two elements just considered
(40) follows.

For ρ ∈ h∗C let

Trρ : P(h∗C)→ P(h∗C) (41)

denote the translation by ρ, that is the linear map which transforms f(ξ) to f(ξ − ρ). If
we identify the polynomial algebra with the symmetric algebra then (41) coincides with
the unique linear map

Trρ : S(hC)→ S(hC) (42)

which is obtained from the linear transformation

hC 3 X → X − ρ(X) ∈ S(hC)

via the universal property of S. We see from the definition that

Tr−1
ρ = Tr−ρ and Trρ(t.u) = t.T rtρ(u). (43)

If ρ = ρg is equal to one half times the sum of all the positive roots, then the restriction
of Trρ ◦Pg/h to U(gC)G is the Harish-Chandra isomorphism γg/h. Notice that, by (43) and
(40),

t−1. ◦ Trρ ◦ Pg/h ◦ s ◦ t. = t−1. ◦ Trρ ◦ t. ◦ (t−1. ◦ Pg/h ◦ s ◦ t.) (44)

= Trtρ ◦ (t−1. ◦ Pg/h ◦ s ◦ t.) →
t→0

Tr0 ◦Rg/h = Rg/h.

Furthermore,

t.(S(gC)G) = S(gC)G and s(S(gC)G) = U(gC)G.

Therefore,

lim
t→0

t−1. ◦ γg/h ◦ s ◦ t.(u) = Rg/h(u) (u ∈ S(gC)G), (45)

and by taking the inverse,

lim
t→0

t−1. ◦ s−1 ◦ γ−1
g/h ◦ t.(u) = R−1

g/h(u) (u ∈ S(hC)W). (46)
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Moreover, if εz′′ is the augmentation map then clearly

lim
t→0

(t−1. ◦ (1⊗ εz′′) ◦ s ◦ t.) = Rz/h′ (47)

is the restriction from zC to h′C. Suppose εz′′ is the infinitesimal character of the oscillator
representation of z′′, or in fact any algebra homomorphism from U(z′′C)Z to C×. Let h′′ ⊆ z′′

be a Cartan subalgebra. Then there is an element λ ∈ h′′C
∗ such that εz′′(z) = γz′′/h′′(z)(λ)

for z ∈ U(z′′C)Z. Hence, (46) shows that for any u ∈ S(z′′C)Z,

εz′′(t.u) = γz′′/h′′(s(t.u))(λ) = (t.t−1.γz′′/h′′(s(t.u)))(λ)

= (t−1.γz′′/h′′(s(t.u)))(t.λ) →
t→0

Rz′′/h′′(u)(0) = u(0).

Therefore the equation (47) still holds when both sides are applied to an element of
S(gC)G.

Furthermore,

t−1. ◦ s−1 ◦ C ◦ s ◦ t.
= (t−1. ◦ s−1 ◦ γ−1

g′/h′ ◦ t.) ◦ (t−1. ◦ (1⊗ εz′′) ◦ s ◦ t.
◦(t−1. ◦ s−1 ◦ γ−1

z/h ◦ t.) ◦ (t−1 ◦ γg/h ◦ s ◦ t.).

Hence, (40), (45) and (47) show that

lim
t→0

t−1. ◦ s−1 ◦ C ◦ s ◦ t. = R−1
g′/h′ ◦Rz/h′ ◦R−1

z/h ◦Rg/h = c.

�

Let

∂(x)ψ(y) =
d

dt
ψ(y + tx)|t=0 (x, y ∈ g, ψ ∈ C∞(g)).

The map ∂ extends to an isomorphism from S(gC) onto the algebra of the constant
coefficient differential operators on g. Recall the Cauchy Harish-Chandra integral

chc : C∞c (g)→ C∞(g′reg)G′ , (48)

[Prz00], [BP06], where g′reg is the set of the regular semisimple elements in g′.

Theorem 14. The following formula holds,

∂(c(u)) ◦ chc = chc ◦ ∂((−1).u) (u ∈ S(gC)G).

Proof. Let G̃′ be the preimage of G′ in the metaplectic group, G̃′reg is the set of the

regular semisimple elements in G̃′ and let L be the left regular representation. We shall

use analogous notation for G̃. Recall the Cauchy Harish-Chandra integral

Chc : C∞c (G̃)→ C∞c (G̃′reg)G′ , (49)

and the formula

L(C(u)) ◦ Chc = Chc ◦ L(ǔ) (u ∈ U(gC)G), (50)
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where u → ǔ be the involution on the universal enveloping algebra, extending the map
gC 3 u→ −u ∈ gC, [BP06, Theorem 3]. Furthermore, the following equation holds,

lim
t→0+

tm
∫
g

Chc(−c̃(tx′)c̃(tx))ψ(x) dx (51)

= Θ(−1̃)

∫
g

chc(x′ + x)ψ(x) dx (x′ ∈ g′reg, ψ ∈ C∞c (g)),

where c : g 3 x → (x + 1)(x − 1)−1 ∈ G is the Cayley transform (defined where x − 1 is

invertible), c̃ : g→ G̃ is a lift of c, m is one half of the dimension of the symplectic space W
and Θ(−1̃) ∈ C is the value of the character Θ of the underlying oscillator representation
at the preimage of minus identity in the metaplectic group, [Prz00, Theorem 2.13]. Our
Theorem follows from (49) and (51), as explained below.

Let c−(x) = −c(x), so that c−(0) = 1. For y ∈ g we have the differential operator L(y)
on the group and its pullback to the Lie algebra, c∗−(L(y)) defined by

c∗−(L(y))ψ(x) = (L(y)(ψ ◦ c−1
− )) ◦ c−(x).

Recall the following formula

c∗−(L(y))ψ(x) = ∂(
1

2
(x− 1)y(x+ 1))ψ(x), (52)

[Prz04, (2.3)]. We also have

c∗(L(y))ψ(x) = ∂(
1

2
(x− 1)y(x+ 1))ψ(x). (53)

Indeed, by definition, the left hand side of (53) is equal to

d

dt
(ψ ◦ c)(exp(−ty)c(x))|t=0 =

1

2

d

dt
ψ(c(c−(ty)−1c(x)))|t=0,

because c = c−1 and the derivative of c− at zero is two times the identity. Notice that
c−1
− (g) = c(−g). Hence,

c(c−(y)−1c(x)) = c(−c(y)−1c(x)) = c−1
− (c(y)−1c(x)) = c−1

− (c(−y)c(x))

= c−1
− (c−(−y)c−(x)) = c−1

− (c−(y)−1c−(x)).

Thus (53) follows from (52). Let

δtψ(x) = ψ(t−1x) (t ∈ R, x ∈ g).

Then

(δt−1c∗−(L(−2ty)δt)ψ(x) = ∂((1− tx)y(tx+ 1))ψ(x) (54)

and

(δt−1c∗(L(2ty)δt)ψ(x) = ∂((1− tx)(−y)(tx+ 1))ψ(x). (55)
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Indeed, the left hand side of (54) is equal to

(c∗−(L(−2ty))δt)ψ(tx) = c∗−(L(−2ty))(δtψ)(tx)

= ∂(
1

2
(tx− 1)(−2ty)(tx+ 1))(δtψ)(tx)

= ∂(
1

2
(tx− 1)(−2y)(tx+ 1)t−1)ψ(x),

which coincides with the right hand side. Similarly, the left hand side of (55) is equal to

(c∗(L(2ty))δt)ψ(tx) = c∗(L(2ty))(δtψ)(tx)

= ∂(
1

2
(tx− 1)(2ty)(tx+ 1))(δtψ)(tx)

= ∂(
1

2
(tx− 1)(2y)(tx+ 1)t−1)ψ(x),

which coincides with the right hand side.
In particular, (54) and (55) imply

lim
t→0

δt−1 ◦ c∗−(L(s((−2t).u))) ◦ δt = ∂(u) (u ∈ S(gC)), (56)

and

lim
t→0

δt−1 ◦ c∗(L(s((2t).u))) ◦ δt = ∂((−1).u) (u ∈ S(gC)). (57)

Let ψt = t− dim g δtψ. In these terms, (51) shows that for t > 0,

tm
∫

G̃

Chc(c̃(tx′)g)(ψt ◦ c̃−1
− )(g) dg = tm

∫
g

Chc(c̃(tx′)c̃−(x))ψt(x)j(x) dx (58)

= tm
∫
g

Chc(−c̃(tx′)c̃(tx))ψ(x)j(tx) dx →
t→0

Θ(−1̃)j(0)

∫
g

chc(x′ + x)ψ(x) dx

where j(x) is the Jacobian of c−. On the other hand, since s(u)̌ = s((−1).u) for u ∈
S(gC)G, (49) shows that

L(C(s((2t).u)))

∫
G̃

Chc(g′g)(ψt ◦ c̃−1
− )(g) dg (59)

=

∫
G̃

Chc(g′g)L(s((−2t).u))(ψt ◦ c̃−1
− )(g) dg.
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By (56) and (58),

tm
∫

G̃

Chc(c̃(tx′)g)L(s((−2t).u))(ψt ◦ c̃−1
− )(g) dg (60)

= tm
∫
g

Chc(c̃(tx′)c̃−(x))L(s((−2t).u))(ψt ◦ c̃−1
− )(c̃−(x))j(x) dx

= tm
∫
g

Chc(c̃(tx′)c̃−(x))c̃∗−(L(s((−2t).u)))ψt(x)j(x) dx

= tm
∫
g

Chc(c̃(tx′)c̃−(tx))(δt−1 c̃∗−(L(s((−2t).u)))δt)ψ(x)j(tx) dx

→
t→0+

Θ(−1̃)j(0)

∫
g

chc(x′ + x)(∂(u)ψ)(x) dx.

Moreover, if g′ = c̃(tx′), then

L(C(s((2t).u)))tm
∫

G̃

Chc(g′g)(ψt ◦ c̃−1
− )(g) dg (61)

= (δt−1 c̃∗(L(C(s((2t).u))))δt)t
m

∫
G̃

Chc(c̃(tx′)g)(ψt ◦ c̃−1
− )(g) dg

We see from Lemma 13 and (57) that

(δt−1 c̃∗(L(C(s((2t).u))))δt) (62)

= (δt−1 c̃∗(L(s((2t).(2t)−1.s−1C(s((2t).u))))δt)

→
t→0+

∂(c((−1).u)).

Therefore,

tmL(C(s((2t).u)))

∫
G̃

Chc(c̃(tx′)g)(ψt ◦ c̃−1
− )(g) dg (63)

→
t→0+

Θ(−1̃)j(0)∂(c((−1).u))

∫
g

chc(x′ + x)ψ(x) dx.

The theorem follows from (59), (60) and (63). �

A G-invariant distribution f on g is called an S(gC)G-eigendistribution if there is an
algebra homomorphism γ : S(gC)G → C such that

f ◦ ∂(u) = γ(u)f (u ∈ S(gC)G). (64)

By Harish-Chandra’s Regularity Theorem on a semisimple Lie algebra, [Har65, Theorem
1], any such distribution coincides with a locally integrable function which is real analytic
on greg.
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For a G′-invariant, S(g′C)G′-eigendistribution f ′ on g′ define a G-invariant distribution
chc(f ′) on g by the formula

chc(f ′)(ψ) =
∑ 1

|W(H′)|

∫
h′reg

f ′(x′)|πg′/h′(x′)|2chc(ψ)(x′) dx′, (65)

where ψ ∈ C∞c (g), the summation is over a maximal family of mutually non-conjugate
Cartan subgroups H′ ⊆ G′, W(H′) = W(H′,G′) is the Weyl group of H′ in G′, πg′/h′ is
the product of all the positive roots of h′ in g′C under some fixed order of roots, and we
assume that all the integrals in (65) are absolutely convergent. We shall quantify this
last assumption later, in (97), for the case when f ′ is the Fourier transform of a nilpotent
orbital integral.

Theorem 15. If f ′ is a G′-invariant S(g′C)G′-eigendistribution corresponding to a homo-
morphism γ′ : S(g′C)G′ → C as in (64), then chc(f ′) is a G-invariant S(gC)G-eigendistribution
corresponding to the homomorphism γ : S(gC)G 3 u→ γ′ ◦ c((−1).u) ∈ C.

Proof. Let ψ ∈ C∞c (g). Fix a completely G′-invariant open set U ′ ⊆ g′ and a subset
K ′ ⊆ U ′ which is compact modulo the conjugation by G′. Assume that the closure of U ′
is also compact modulo the conjugation by G′. Then, by [Bou94, Corollary 2.3..2] there
is a smooth G′-invariant function χ supported in U ′ which has values between 0 and 1,
and is equal to 1 on K ′. Theorem 1 in [BP06] says that the function chc(ψ) satisfies the
conditions I1(g′), I2(g′) and I3(g′) in [Bou94, page 171]. Hence the product χ chc(ψ)
satisfies I1(g′), I2(g′), I3(g′) and I4(g′). Therefore, by [Bou94, Theorem 4.1.1 (i)], there
is a function ψχ ∈ C∞c (g′) whose orbital integrals are equal to χ chc(ψ):

I(ψχ)(x′) =

∫
G′/G′x′

ψχ(g.x′) d(gG′x
′
) = χ(x′) chc(ψ)(x′) (x′ ∈ g′reg). (66)

(Here G′x
′

is the centralizer of x′ in G′.)
If the sets K ′ ⊆ U ′ increase to fill up g′, i.e. χ → 1, then by Lebesgue’s Dominated

Convergence Theorem,

chc(f ′)(ψ) = lim
χ→1

∑ 1

|W(H′)|

∫
h′reg

f ′(x′)|πg′/h′(x′)|2χ(x′)chc(ψ)(x′) dx′ (67)

= lim
χ→1

∑ 1

|W(H′)|

∫
h′reg

f ′(x′)|πg′/h′(x′)|2I(ψχ)(x′) dx′

= lim
χ→1

f ′(ψχ).

Furthermore, by (66) and Theorem 13, for u ∈ S(gC)G,

I((∂(u)ψ)χ) = χ chc(∂(u)ψ) = χ∂(c((−1).u))chc(ψ) = ∂(c((−1).u))(χ chc(ψ))

= ∂(c((−1).u))I(ψχ) = I(∂(c((−1).u))ψχ).

Therefore,

f ′((∂(u)ψ)χ) = f ′(∂(c((−1).u))ψχ). (68)
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We see from (67) and (68) that

chc(f ′)(∂(u)ψ) = lim
χ→1

f ′((∂(u)ψ)χ) = lim
χ→1

f ′(∂(c((−1).u))ψχ)

= lim
χ→1

γ′(c((−1).u))f ′(ψχ)

= γ′(c((−1).u))chc(f ′)(ψ).

�

Harish-Chandra homomorphism (2), when restricted to ∂(S(gC)G) is an isomorphism
of algebras

δg/h : ∂(S(gC)G)→ ∂(S(hC)W) (69)

given explicitly by

δg/h(∂(u)) = ∂(Rg/h(u)) (u ∈ S(hC)W). (70)

(Here W is the complex Weyl group.) Thus for a G-invariant S(gC)G-eigendistribution f
corresponding to a homomorphism γ : S(gC)G → C,

∂(Rg/h(u))(πg/h f |hreg) = πg/h (∂(u) f)|hreg (u ∈ S(gC)G). (71)

By a theorem of Chevalley, [Wal88, sec. 3.1.2], the restriction map Rg/h is bijective.
Hence, πg/h f |hreg corresponds to the homomorphism γ ◦R−1

g/h : S(hC)W → C:

∂(u)(πg/h f |hreg) = γ ◦R−1
g/h(u)(πg/h f |hreg) (u ∈ S(hC)W). (72)

A G-invariant S(gC)G-eigendistribution f corresponding to a homomorphism γ : S(gC)G →
C is called S(gC)G-harmonic if the homomorphism γ annihilates all the elements of posi-
tive degree. In this case (72) shows that πg/h f |hreg is S(hC)W-harmonic in the same sense.
Furthermore, an argument of Harish-Chandra, [Har56, pages 130-133] shows that the re-
striction of πg/h f |hreg to any connected component C(h) ⊆ hreg is a polynomial. Moreover,
by [Har65, Theorem 2, page 19], πg/h f |hreg coincides with an analytic function on each
connected component Cr(h) in the complement of the union of the zeros of the real roots
for h. Thus for every such component, πg/h f |Cr(h) is a S(hC)W-harmonic polynomial.

Corollary 16. For any nilpotent orbit O′ ⊆ g′ satisfying the condition (97) below,

chc(µ̂O′) is S(gC)G-harmonic, (73)

and for each component Cr(h),

πg/h chc(µ̂O′)|Cr(h) is a S(hC)W-harmonic polynomial. (74)

Proof. The condition (97) ensures that the integrals in (65) are absolutely convergent,
so that chc(µ̂O′) is well defined. As is well known, the Fourier transform of an invariant
measure supported on a nilpotent orbit is harmonic. Therefore Theorem 15 implies (73).
The statement (74) follows from (72). �
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7. A closer look at Cartan subalgebras and the orbit correspondence

Fix a Cartan involution θ on G and consider a θ-stable Cartan subgroup H ⊆ G. Then
H = TA, where T is the compact part and A is the ”vector part”, as in [Wal88, 2.3.6].
(Explicitly, A = H ∩ exp(p), where p ⊆ g is the (−1) - eigenspace for θ.) Let V be
the defining module for G. (This is a finite dimensional left vector space over a division
algebra D = R,C or H.) Then V = Vs ⊕ Vc, where Vc is the trivial component for the
action of A and both summands are preserved by H. It could very well happen that
Vc = 0. In fact this is always the case if G is a general linear group or a complex group
other than Oodd(C) or a group isomorphic to O1,1.

Denote by Hs the restriction of H to Vs and by Hc the restriction of H to Vc. Then
H = HsHc is isomorphic to the direct product Hs×Hc. As before, let W(H) = W(H,G) be
the Weyl group equal to the normalizer of H in G divided by H. Let h be the Lie algebra
of H. Then

h = hs ⊕ hc, (75)

where hs, hc are the Lie algebras of Hs, Hc respectively. Fix a positive root system
Ψ = Ψ(h) for the roots of h in gC and let πg/h =

∏
α∈Ψ α, as before. Then we have the

Weyl integration formula∫
g

ψ(x) dx =
∑ 1

|W(H)|

∫
h

|πg/h(x)|2
∫

G/H

ψ(g.x) d(gH) dx, (76)

where ψ is a test function and the summation is over a maximal family of mutually non-
conjugate Cartan subgroups H ⊆ G and, unlike in section 6, g.x denotes the adjoint action
of G on g.

The group Hc is compact (and is contained in T). Let

Vc = Vc0 ⊕
n(hc)∑
j=1

Vcj (77)

be the decomposition into Hc-irreducibles over D. (Here Vc0 = 0 unless G(Vc) is isomorphic
to the real orthogonal group Oodd,even, in which case Hc acts trivially on Vc0 and dim Vc0 =

1.) There is an element J ∈ hc such that the restriction of J to
∑n(hc)

j=0 Vcj is a complex

structure on that space (i.e. the square of it equals minus the identity). Let Jj denote
the restriction of J to Vcj. Then every element x ∈ hc may be written uniquely as

x =

n(hc)∑
j=1

xjJj, (78)

where xj ∈ R. According to [Sch75], the Cartan subalgebras of g(Vc) are parameterized
by certain equivalence classes [S] of sets S of positive non-compact roots of hc in g(Vc)C.
Let us pick an S in each [S] and write hc(S) for the corresponding Cartan subalgebra.
Then there is a Cayley transform

c(S) : hcC → hc(S)C. (79)
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Furthermore, c(S) extends to

ch,h(S) : hC → h(S)C, (80)

where h(S) = hs ⊕ hc(S), the restriction of ch,h(S) to hs is the identity and the restriction
of ch,h(S) to hc(S) is equal c(S). As in (75) we have

h(S) = h(S)s ⊕ h(S)c, (81)

where h(S)s = hs ⊕ hc(S)s and h(S)c = hc(S)c.
Once for all we shall select a representative h from each conjugacy class of the Cartan

subalgebras of g. For that selection (75) holds. Then we choose the strongly orthogonal
sets S so that (81) is consistent with (75). For two Cartan subalgebras h1 6= h2 in that
selection we have the Cayley transform

ch1,h2 : h1C → h2C, (82)

if and only if h1c ⊇ h2c (and h1s ⊆ h2s). We shall also assume that our systems of positive
roots Ψ(h) for each Cartan subalgebra h are chosen so that they coincide via the Cayley
transform (82):

Ψ(h2) ◦ ch1,h2 = Ψ(h1). (83)

If G is a general linear group or a complex group or a group isomorphic to O1,1, then
h = hs for all h and we don’t need any Cayley transforms.

Consider a dual pair G, G′ with the defining modules V, V′. We shall always assume
that the rank of G is greater or equal to the rank of G′. The embedding

h′ ⊆ g, (84)

introduced in (32) may be realized as follows. As in the case of the group G we have
a selection of Cartan subgroups H′ = H′sH

′
c ⊆ G′ and the corresponding decompositions

V′ = V′s ⊕ V′c. Because of our assumption on the ranks, dim V′s ≤ dim V . Hence, we may
assume that

V = V′s ⊕ U, (85)

where U = V′s
⊥ in the type I case. This leads to an embedding

h′s ⊆ g(V′s) ⊆ g. (86)

If h′ = h′s then (75) is the embedding (84). Suppose h′c 6= 0. Then our pair is of type I.
Assume that G(U) is not isomorphic to any real orthogonal group of the form Oodd,odd.
Then G(U) has a compact Cartan subgroup H(U). Let

U = U0 ⊕
n(U)∑
j=1

Uj (87)

be the decomposition into H(U)-irreducibles over D. Similarly, we have

V′c = V′c0 ⊕
n(h′c)∑
j=1

V′cj (88)
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with respect to H′c. We shall identify

Uj = V′cj (1 ≤ j ≤ n(h′c)), (89)

which is possible, again because of our assumption on the ranks. Hence,

h′c ⊆ h(U) ⊆ g(U) ⊆ g. (90)

The combination of (86) and (90) gives the embedding (84).
Suppose G(U) is isomorphic to Oodd,odd. Let H(U) be a fundamental Cartan subgroup

of G(U). Then again we have the decomposition (87) with U = 0 and the identifications
(89). We may assume that H(U)|Uj is compact for 1 ≤ j ≤ n(U)− 1. If n(h′c) ≤ n(U)− 1,
then again we have the embedding (90). If n(h′c) = n(U), then there is no such embedding
and (84) doesn’t happen. However, in this case we shall encounter a inclusion

h′ ⊆ gC, (91)

constructed as follows. Let h̃′ ⊆ g′ be another Cartan subalgebra defined by

h̃′|Vs = h′|Vs = h′s, h̃′|V′cj = h′|V′cj for 1 ≤ j ≤ n(h′c)− 1, and (92)

h̃′|V′
cn(h′c)

is a split Cartan subalgebra of g′(V′cn(h′c)
)(= sl2(R)).

There is an R-linear injection

h′|V′
cn(h′c)

→ (h̃′|V′
cn(h′c)

)C, (93)

and (84) holds for h̃′. This leads to (91).

8. An explicit formula for chc(µ̂O′)

Let O′ ⊆ g′ be a nilpotent G′-orbit and let µO′ be a positive G′-invariant measure
supported on O′ and viewed as a tempered distribution on g′. Recall that for any Cartan
subalgebra h′ ⊆ g′,

πg′/h′(x′) = (−1)aπg′/h′(x
′) (x′ ∈ h′),

where a is the number of the positive imaginary roots. Therefore, as explained at the end
of section 6, the restriction of

µ̂O′(x
′)πg′/h′(x′) (x′ ∈ h′)

to any connected component Cr(h
′) ⊆ h′ of the complement of the union of the kernels of

the real roots is a S(h′C)W
′
-harmonic polynomial.

Recall that for a non-complex dual pair of type I there is a number p, [Prz00, (1.12)]
which plays a role in the estimates for the Cauchy Harish-Chandra integral. Explicitly,

Dual pair G,G′ division algebra D p

Op,q, Sp2n(R) R p+ q − 2n
Sp2n(R), Op,q R 2n− p− q + 1

Up,q, Ur,s C p+ q − r − s
Spp,q, O∗2n H 2p+ 2q − 2n+ 1
O∗2n, Spp,q H 2n− 2p− 2q

(94)
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Let V(C) be the defining module for the complexification GC of G and let V′(C) be the
defining module for the complexification G′C. (If D = R, then V(C) is the complexification
of V, if D = C, then V(C) = V and if D = H then V(C) is the space V considered as a
vector space over C.) We see from (94) that

p =

{
dim V(C)− dim V′(C) if G′C = Sp2n(C) or GLn(C),
dim V(C)− dim V′(C) + 1 if G′C = Op(C).

(95)

Let p = p if D = C or if p is even. If D 6= C and p is odd, let p = p − 1. Then a simple
case by case verification shows that

p =

{
dim V(C)− dim V′(C)− 1 if G′ = Sp2n(R) and G = Or,s with r + s odd,
dim V(C)− dim V′(C) otherwise.

(96)

If G′ is not a general linear group or a complex group or a group isomorphic to O1,1, then
we shall assume that for all the Cartan subalgebras h′ ⊆ g′, in terms of (78),

max
1≤j≤n(h′c)

degx′j µ̂O′(x
′)πg′/h′(x′) < p. (97)

Then, [BPa, Theorem 1] shows that the integrals (65), with f ′ = µ̂O′ , are absolutely
convergent and therefore chc(µ̂O′) is well defined. Furthermore, we know from (73) that
chc(µ̂O′) is a G-invariant S(gC)G-harmonic distribution on g and from (74) that the restric-
tion of πg/hchc(µ̂O′) to any connected component Cr(h) is a S(hC)W-harmonic polynomial.
We shall give a formula for that polynomial below.

Given Cartan subalgebras h′ ⊆ g′ and h ⊆ g such that h′s = h|V′s , let h00 ⊆ gh
′
s ∩ h′s⊥ be

a fundamental Cartan subalgebra containing h′c (see (90)) and let

h0(h′) = h′s + h00. (98)

This is a Cartan subalgebra of g and, as explained in (80), there is a Cayley transform

ch0(h′),h : h0(h′)C → hC.

Furthermore, h0(h′) = h′⊕h0(h′)∩h′⊥, so that any function defined on h′C may be extended
to a function defined on h0(h′)C by the composition with the projection h′C⊕h0(h′)C∩h′⊥ →
h′C. Moreover, the condition h′s = h|V′s implies that h = h′s ⊕ h ∩ h′s

⊥. Hence each real
root of h′ in g′C may be first restricted to h′s and then extended to h via the composition
with the projection onto the first summand. We shall use these conventions in Theorem
17 below.

Let z = gh
′ ⊆ g be the centralizer of h′, as in (35). Let πz/h denote the product of all

the positive roots of h in zC, as usual. If G′ is not isomorphic to Oodd,even, let π̃z/h = πz/h.
If G′ is isomorphic to Oodd,even, let π̃z/h be the product of the short roots only. (In this
case G is a symplectic group.) Similarly, for the purpose of the proof of the Theorem 17,
we define π̃gh′s/h0(h′) and a character

s̃gn : W(H0(h′)C,G
h′s
C )→ C×, (99)

π̃gh′s/h0(h′)(s.x) = s̃gn(s)π̃gh′s/h0(h′)(x) (x ∈ h0(h′))
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and notice that the group W(H0(h′)C,G
h′s
C ) may be identified with the stabilizer of h′s in

W(H0(h′)C,GC) and, via the Cayley transform, with the stabilizer of h′s in W(HC,GC).

Theorem 17. Under the assumption (97), for any Cartan subalgebras h′ ⊆ g′, h ⊆ g
and s ∈ StabW(HC,GC)(h

′
s) there are (explicitly computed in the proof below) functions

Fh′,h,s : h→ C, constant on each connected component of the complement of the union of
the kernels of the real roots of h in gC and the kernels of the real roots of h′ in g′C, such
that, for any regular element x ∈ h,

(πg/hchc(µ̂O′))(x) (100)

=
∑

h′, h′s=h|V′s

∑
s∈StabW(HC,GC)(h

′
s)

(µ̂O′πg′/h′)(c
−1
h0(h′),hs

−1.x)π̃z/h(s
−1.x)Fh′,h,s(x).

Here, the first sum is over all the Cartan subalgebras h′ ⊆ g′ such that h′s = h|V′s. If
h′ = h′s, then the summation over StabW(HC,GC) in (100) is equal to one term

(µ̂O′πg′/h′)(x)π̃z/h(x)Fh′,h,1(x). (101)

Proof. We shall proceed via a case by case analysis, following [BPb, Theorems 3 and 7]
and [BPa, Theorem 7.3]. Also, since we already know that the distribution in question
coincides with a function, we may assume that the test function ψ we are going to use
is compactly supported in the set of the regular semisimple elements of g. Then all the
orbital integrals of ψ define smooth compactly supported functions on the corresponding
Cartan subalgebras.

Let G = GL(V), G′ = GL(V′), n = Hom(U,V′) ⊆ g and λ =
√

2
dimR W

√
dimD V

dimR V′ . Theorems 3

in [BPb] says that∫
g

chc(x′ + x)ψ(x) dx (102)

= λ

∫
G/H′G(U)

∫
g(U)

| det ad(x′ + y)n|ψ(g.(x′ + y)) dy d(g(H′G(U)))

=

∫
G/H′G(U)

∑
h(U)

λ

|W(H(U),G(U))|

∫
h(U)

| det ad(x′ + y)n|| det ad(x′ + y)g(U)/h(U)|∫
G(U)/H(U)

ψ(g.(x′ + k.y)) d(k(H(U)) dy d(g(H′G(U)))

=
∑
h(U)

λ

|W(H(U),G(U))|

∫
h(U)

| det ad(x′ + y)g′/h′ |−
1
2 | det ad(x′ + y)g(U)/h(U)|

1
2

| det ad(x′ + y)g/(h′+h(U))|
1
2

∫
G/H′H(U)

ψ(g.(x′ + y)) d(g(H′H(U)) dy.
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Notice that in terms of (32)-(33), g(U) = z′′. Hence (102) may be rewritten as

|πg′/h′(x′)|
∫
g

chc(x′ + x)ψ(x) dx =
∑
h′′

λ

|W(H′′,Z′′)|

∫
h′′
|πz′′/h′′(x′′)| (103)

|πg/(h′+h′′)(x
′ + x′′)|

∫
G/H′H′′

ψ(g.(x′ + y)) d(g(H′H′′)) dx′′.

Therefore, ∫
h′
µ̂O′(x

′)|πg′/h′(x′)|2
∫
g

chc(x′ + x)ψ(x) dx (104)

=
∑
h′′

λ

|W(H′′,Z′′)|

∫
h′

∫
h′′
µ̂O′(x

′)|πg′/h′(x′)||πz′′/h′′(x′′)|

|πg/(h′+h′′)(x
′ + x′′)|

∫
G/H′H′′

ψ(g.(x′ + y)) d(g(H′H′′)) dx′′ dx′.

=
∑
h′′

λ

|W(H′′,Z′′)|

∫
h′

∫
h′′
µ̂O′(x

′)πg′/h′(x
′)πz′′/h′′(x

′′)(
|πg′/h′(x′)|
πg′/h′(x′)

|πz′′/h′′(x′′)|
πz′′/h′′(x′′)

|πg/(h′+h′′)(x
′ + x′′)|

πg/(h′+h′′)(x′ + x′′)

)

πg/(h′+h′′)(x
′ + x′′)

∫
G/H′H′′

ψ(g.(x′ + y)) d(g(H′H′′)) dx′′ dx′.

The term in the large parenthesis is equal to a constant multiple of

det(x′ + x′′)n
| det(x′ + x′′)n|

(105)

which is smooth, except for the zeros of some real roots. Also, h′ = h′s. We see that with
Fh′,h′+h′′,1(x′ + x′′) equal to an appropriate constant multiple of (105), (100) follows from
(104).

From now on we consider dual pairs of type I. Let

V′s = X′s + Y′s (106)

be a complete polarization. Define

n′ = Hom(X′,V′c)⊕ Hom(X′,Y′) ∩ g′ ⊆ g′, (107)

n = Hom(X′,U)⊕ Hom(X′,Y′) ∩ g ⊆ g.

(These are nilradicals of some parabolic subalgebras.) Recall the number γ(V,V′,X′),
[BPb, (0.5)].

Suppose V′c = 0 and U = 0. Then, according to [BPb, Theorem 7],

| det(ad x′)n′ |
∫
g

chc(x′ + x)ψ(x) dx = γ(V,V′,X′)| det(ad x′)n|
∫

G/H′
ψ(g.x′) d(gH′). (108)
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Hence,

∫
h′
µ̂O′(x

′)|πg′/h′(x′)|2
∫
g

chc(x′ + x)ψ(x) dx (109)

=

∫
h′
µ̂O′(x

′)|πg′/h′(x′)|2| det(ad x′)n′|−1γ(V,V′,X′)

| det(ad x′)n|
∫

G/H′
ψ(g.x′) d(gH′)

= γ(V,V′,X′)

∫
h′
µ̂O′(x

′)|πg′/h′(x′)||πg/h′(x′)|
∫

G/H′
ψ(g.x′) d(gH′)

= γ(V,V′,X′)

∫
h′
µ̂O′(x

′)πg′/h′(x
′)

(
|πg′/h′(x′)|
πg′/h′(x′)

|πg/h′(x′)|
πg/h′(x′)

)

πg/h′(x
′)

∫
G/H′

ψ(g.x′) d(gH′)

The term in the large parenthesis is equal to 1 unless (G′C,GC) is isomorphic to (O2n(C), Sp2n(C))
or (Sp2n(C),O2n(C)). In these cases, it is equal to the product of the signs of the long real
roots for the symplectic Lie algebra. Thus this case gives the contribution to (100), with
h = h′ = h′s and Fh′,h,1(x) is equal to a constant multiple of the term in the parenthesis.
(There might be additional summands for this h coming from different h′, see (65).)

Suppose h′ acts trivially on V′c and U 6= 0. Recall the symplectic space Wc = Hom(V′c,U).
Then, by [BPb, Theorem 7],

1

γ(V,V′,X′)
| det(ad x′)n′|

∫
g

chc(x′ + x)ψ(x) dx (110)

=

∫
G/H′G(U)

∫
g(U)

| det ad(x′ + y)n|chcWc(y)ψ(g.(x′ + y)) dy d(g(H′G(U)))

=

∫
G/H′G(U)

∑
h(U)

1

|W(H(U),G(U))|

∫
h(U)

| det ad(x′ + y)n|chcWc(y)|πg(U)/h(U)(y)|2∫
G(U)/H(U)

ψ(g.(x′ + k.y)) d(kH(U)) dy d(g(H′G(U)))

=
∑
h(U)

1

|W(H(U),G(U))|

∫
h(U)

| det ad(x′ + y)n|chcWc(y)|πg(U)/h(U)(y)|2πg/(h′+h(U))(x
′ + y)−1

πg/(h′+h(U))(x
′ + y)

∫
G/H′H(U)

ψ(g.(x′ + y)) d(g(H′H(U))) dy



HOWE CORRESPONDENCE AND SPRINGER CORRESPONDENCE 37

Therefore,∫
h′
µ̂O′(x

′)|πg′/h′(x′)|2
∫
g

chc(x′ + x)ψ(x) dx (111)

=

∫
h′
µ̂O′(x

′)πg′/h′(x
′)πg′/h′(x

′)| det(ad x′)n′|−1

| det(ad x′)n′ |
∫
g

chc(x′ + x)ψ(x) dx dx′

=
∑
h(U)

γ(V,V′,X′)

|W(H(U),G(U))|

∫
h′

∫
h(U)

µ̂O′(x
′)πg′/h′(x

′)

(
πg′/h′(x

′)| det(ad x′)n′|−1| det(ad(x′ + y)n)|chcWc(y)|πg(U)/h(U)(y)|2πg/(h′+h(U))(x
′ + y)−1

)
πg/(h′+h(U))(x

′ + y)

∫
G/H′H(U)

ψ(g.(x′ + y)) d(g(H′H(U))) dy dx′.

Here if V′c = 0 then Wc = 0 and chcWc = 1. If V′c 6= 0, then G′ = Oodd,even and chcWc(y)
is a constant multiple of det(y)−1

Wc
, which is a constant multiple of the reciprocal of the

product of the long roots for the symplectic Lie algebra. Also,

πg′/h′(x
′) det(ad x′)−1

n′ = πgl(X′)/h′|X′ (x
′)

and
det(ad(x′ + y)n)πg(U)/h(U)(y)πg/(h′+h(U))(x

′ + y)−1 = πgl(X′)/h′|X′ (x
′)−1.

Therefore the term in the parenthesis is equal to a constant multiple of

sgn(det ad x′)n′ · sgn(det ad(x′ + y)n′) · π̃g(U)/h(U)(y)

and (100) follows, with Fh′,h′+h(U),1(x′+y) equal to a constant multiple of sgn(det ad x′)n′ ·
sgn(det ad(x′ + y)n′).

Now we consider the remaining case when h′ does not act trivially on Wc. We assume
first that h′ = h′c is elliptic and begin with the following two well known lemmas, included
for reader’s convenience.

Lemma 18. For any non-zero y ∈ R,

lim
R→∞

∫ R

−R

dx

x− iy
= π i sgn(y).

Proof. By taking the complex conjugate we may assume that y > 0. Then, for R large
enough,

2π i =

∫ R

−R

dx

x− iy
+

∫ π

0

Reiθi dθ

Reiθ − iy
and

lim
R→∞

∫ π

0

Reiθi dθ

Reiθ − iy
=

∫ π

0

i dθ = π i.

�
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Lemma 19. As a generalized function of x ∈ R, i.e. in terms of distributions,

lim
R→∞

∫ R

−R

1

x′ − x− εi0
dx′ = εiπ (ε = ±1).

Proof. Let ln(z) = ln(|z|) + i Arg(z), z ∈ C \ 0, so that

ln(x+ i0) =

{
ln(|x|) if x > 0,

ln(|x|) + iπ if x < 0.

Thus for a test function ψ ∈ C∞c (R),∫
R

1

x+ i0
ψ(x) dx = −

∫
R
ln(x+ i0)

d

dx
ψ(x) dx = −iπψ(0)−

∫
R
ln(|x|) d

dx
ψ(x) dx.

Hence, with ψ′(t) = d
dt
ψ(t),∫

R

1

x′ − x− εi0
ψ(x) dx = εiπψ(x′) +

∫
R
ln(|x|)ψ′(x′ − x) dx. (112)

Furthermore, if ψ is supported in the bounded interval [−A,A], with A+Z > 1, then the
integral ∫

R
|ln(|x|)||ψ′(x′ − x)| dx

is dominated by∫ R

−R

∫ A

−A
|ln(|x′ − x|)| dx dx′ ≤

∫ R

−R

(∫ 1

−1

|ln(|x|)| dx+ 2A ln(A+R)

)
dx′,

which is finite. Therefore,∫ R

−R

∫
R
ln(|x|)ψ′(x′ − x) dx dx′ =

∫
R

∫ R

−R
ln(|x|)ψ′(x′ − x) dx′ dx (113)

=

∫
R
ln(|x|)(ψ(R− x)− ψ(−R− x)) dx =

∫
R
(ln(|x−R|)− ln(|x+R|))ψ(x) dx

=

∫
R
ln

(
|x−R|
|x+R|

)
ψ(x) dx.

We may assume that R is so large comparing to A that

2 < R− A ≤ |x±R| ≤ R + A (|x| ≤ A).

Then ∫ A

−A

∣∣∣∣ln( |x−R||x+R|

)∣∣∣∣ dx ≤ 2A ln

(
R + A

R− A

)
→

R→∞
0.

Therefore (113) tends to zero if R→∞. Hence, by (112),∫ R

−R

∫
R

1

x′ − x− εi0
ψ(x) dx dx′ →

R→∞
εiπ

∫
R
ψ(x′) dx′.

�
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In order to formulate Corollary 20 below we need to recall some notation from [BPa].
Let h ⊆ g be an elliptic Cartan subalgebra. For a strongly orthogonal set S of no-compact
positive roots α of h in gC let hS = c(S)−1h(S) ⊆ hC. Define the support of S, S to be the
set of the integers j between 1 and n = dim h such that there is α ∈ S with α(Jj) 6= 0.
(We shall denote the dimension of h′ by n′.) The Weyl group W(HC) = W(HC,GC) is
isomorphic either to the permutation group on n letters Σn or to the semidirect product
Σn n Zn2 , where Z2 = {0, 1}. We shall denote by σ the elements of Σn and by ε the
elements of Zn2 . Thus any element of the Weyl group may be written uniquely as σε. For
ε ∈ Z2 let ε̂ = (−1)ε. Recall the embedding h′ ⊆ h induced by (89). Let Wh′ ⊆W be the
subspace of the elements which commute with h′.

As explained in [BPa, sec.3], the Weyl group W(HC) acts on the symplectic space W.
In particular, for s ∈ W(HC), sWh′ is image of Wh′ under this action. Furthermore, given
s = σε ∈ W(HC) there is ys ∈ h [BPa, Def. 3.4] a convex cone Γs,S ⊆ h [BPa, Lemma 7.1]
and a positive definite symmetric bi-linear form κ̃ on sp(W) [BPb, page 1].

Corollary 20. For R > 0 let BR = {x ∈ h′; |x′j| ≤ R, 1 ≤ j ≤ n′}. Then, as a generalized
function of x ∈ hS,

lim
R→∞

lim
y∈Γs,S , y→0

∫
BR

1

det(x′ + x+ iy)sWh′
dx′ (114)

=
n′∏
j=1

(πκ̃(Jj, Jj)
1
2 ε̂j) ·

∏
1≤j≤n′, σ(j)/∈S

sgn(J∗σ(j)(ys)) ·
∏

α∈S, 1≤j≤n′, σ(j)∈α

sgn(α(iJσ(j))) sgn(α(x)).

Proof. Recall, that if we view W as Hom(V,V′), as we may, then [BPa, Apendix B]

det(x′ + x+ iy)sWh′ =
n′∏
j=1

i(x′j − ε̂j(xσ(j) + iyσ(j))).

Hence, up to the constant multiple
∏n′

j=1 κ̃(Jj, Jj)
1
2 , coming from the normalization of all

the measures involved [BPb], the limit (114) is equal to

lim
R→∞

lim
y∈Γs,S , y→0

n′∏
j=1

1

i

∫ R

−R

dx′

x′j − ε̂jxσ(j) − ε̂jiyσ(j)

. (115)

Notice that for α ∈ S and k ∈ α,

sgn(Imxk) = sgn(α(iJk)) sgn(α(x)). (116)

Indeed,

α = α(Jk)J
∗
k + α(Jl)J

∗
l , α(Jk) ∈ iR, and α(x) ∈ R,

and either α(Jl) = 0 or α(Jl) 6= 0. In the first case,

α(x) = α(Jk)J
∗
k (x) = α(Jk)xk = α(iJk)(−ixk)

= Re(α(iJk)(−ixk)) = α(iJk)Re(−ixk) = α(iJk)Imxk.
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In the second case, α(Jl) = −α(Jk) and

α(x) = α(Jk)(xk − xl) = α(Jk)2i Imxk,

and (116) follows.
We see from (116) and Lemma 18 that

lim
R→∞

lim
y∈Γs,S , y→0

∏
(α,j)∈S×[1,n′], σ(j)∈α

1

i

∫ R

−R

dx′

x′j − ε̂jxσ(j) − ε̂jiyσ(j)

(117)

= lim
R→∞

∏
(α,j)∈S×[1,n′], σ(j)∈α

1

i

∫ R

−R

dx′

x′j − ε̂jxσ(j)

=
∏

(α,j)∈S×[1,n′], σ(j)∈α

πε̂j sgn(Imxσ(j)).

Also, Lemma 19 implies that

lim
R→∞

lim
y∈Γs,S , y→0

∏
1≤j≤n′, σ(j)/∈S

1

i

∫ R

−R

dx′

x′j − ε̂jxσ(j) − ε̂jiyσ(j)

(118)

=
∏

1≤j≤n′, σ(j)/∈S

πε̂j sgn(J∗σ(j)(ys)).

The corollary follows form (115), (117) nd (118). �

We shall need some more notation from [BPa]. Let ΨS,R denote the set of the positive
roots for h which are real on hS. For a set of roots A, let A(A) =

∏
α∈A

α
|α| . Given our test

function ψ define the pull-back of the Harish-Chandra orbital integral of ψ, from h(S) to
hS via c(S) by

HSψ(x) = A(ΨS,R)(x)πg/h(x)

∫
G/H(S)

ψ(g.c(S)x) d(gH(S)) (x ∈ hS). (119)

Let Ψ̃S,R = ΨS,R unless G′ = Oodd,even. In this case we let Ψ̃S,R be the product of the short
roots only. For S as above define

m[S] =
u
√

2
dim W

|W(H(S))| |W(HC,ZC)|
·

{
1 if G′ 6= Oodd,even,

2n−n
′

if G′ = Oodd,even,
(120)

where u = 1,−1, i,−i depends on our choice of the positive roots for h′ in g′C and for h in
gC. Recall also the normalizing factor

µ(H′) =
n′∏
j=1

(κ̃(Jj, Jj)
1
2 2π), (121)

which is used to pass from the un-normalized chc in [BPa] to the normalize chc in [BPb]
and [BP06]. The function µ̂O′(x

′)πg′/h′(x
′), x′ ∈ h′, is a polynomial, which we shall denote
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by P (x′) below. Then,

∫
h′
µ̂O′(x

′)πg′/h′(x
′)πg′/h′(x

′)

∫
g

chc(x′ + x)ψ(x) dx dx′ (122)

= lim
R→∞

∫
BR

P (x′)πg′/h′(x
′)

∫
g

chc(x′ + x)ψ(x) dx dx′

= lim
R→∞

∑
[S]

∑
s∈W(HC)

m[S]

µ(H′)
s̃gn(s)

∫
BR

lim
y∈Γs,S , y→0

∫
hS

P (s−1.x)π̃z/h(s
−1.x)

det(x′ + x+ iy)sWh′
A(−Ψ̃S,R)(x)HSψ(x) dx dx′,

where the first equality holds because we have absolute convergence in (65) and the second
one follows from [BPa, Theorem 7.3]. Furthermore, since ψ is supported in the set of the
regular semisimple elements, HSψ is smooth and compactly supported, and therefore
Corollary 20 applies. Hence, (122) is equal to

∑
[S]

∑
s∈W(HC)

m[S]

µ(H′)
s̃gn(s)

∫
hS

P (s−1.x)π̃z/h(s
−1.x) (123)

 n′∏
j=1

(πκ̃(Jj, Jj)
1
2 ε̂j) ·

∏
1≤j≤n′, σ(j)/∈S

sgn(J∗σ(j)(ys)) ·
∏

α∈S, 1≤j≤n′, σ(j)∈α

sgn(α(iJσ(j))) sgn(α(x))


A(−Ψ̃S,R)(x)HSψ(x) dx.

Furthermore, by [BPa, Definition 3.4],

sgn(J∗σ(j)(ys)) = sgn〈J , 〉
s(Hom(Vj ,Vj)J )

(1 ≤ j ≤ n),

where the right hand side is 1 if the symmetric form 〈J , 〉
s(Hom(Vj ,Vj)J )

on the two-

dimensional real vector space s(Hom(Vj,Vj)
J) is positive definite and −1 if it is negative
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definite. The indefinite case doesn’t occur. Therefore,∫
h′
µ̂O′(x

′)πg′/h′(x
′)πg′/h′(x

′)

∫
g

chc(x′ + x)ψ(x) dx dx′ (124)

=
∑
[S]

1

|W(H(S))|

∫
h(S)

∑
s∈W(H(S)C)

P (c(S)−1s−1.x)π̃z/h(S)(s
−1.x)

s̃gn(s)|W(H(S))|m[S]2
−n′

n′∏
j=1

(ε̂j) ·
∏

1≤j≤n′, σ(j)/∈S

sgn〈J , 〉
s(Hom(Vj ,Vj)J )

·
∏

α∈S, 1≤j≤n′, σ(j)∈α

sgn(α(iJσ(j))) sgn(α(c(S)−1x))A(−Ψ̃S,R)(c(S)−1x)A(ΨS,R)(c(S)−1x)


πg/h(S)(x)

∫
G/H(S)

ψ(g.x) d(gH(S)) dx,

where π̃z/h(S)(x) = π̃z/h(c(S)−1x) and πg/h(S)(x) = πg/h(c(S)−1x). In this case Fh′,h(S),s(x)
is a constant multiple of the term in the parenthesis. This is the contribution to (100)
associated to the Cartan subalgebras h(S) ⊆ g and h′ ⊆ g′.

Suppose h′ = h′s + h′c with both h′s 6= 0 and h′c 6= 0. Then, by [BPb, Theorem 7],

| det(ad x′)n′ |
∫
g

chc(x′ + x)ψ(x) dx (125)

= γ(V,V′,X′)

∫
G/H′G(U)

∫
g(U)

| det(ad(x′ + y)n)|chcWc(x
′ + y)ψ(g.(x′ + y)) dy d(g(H′G(U))).

Let C ′ ⊆ h′ be a connected component in the complement of the union of the kernels of
the real roots. Then C ′ = C ′ ∩ h′s + h′c. Hence, for a fixed x′s ∈ C ′ ∩ h′s, the function

h′c 3 x′c → µ̂O′(x
′
s + x′c)πg′/h′(x

′
s + x′c) ∈ C (126)

is a polynomial, which shall be denoted by P (x′s +x′c), (see [Var77, Theorem 3, page 93]).
We don’t include the C ′ in the notation, because this information is encoded in x′s. For
a fixed x′s and g ∈ G consider the integral∫

h′c

P (x′s + x′c)πg′(V′c)/h′c(x
′
c)

∫
g(U)

chcWc(x
′
c + y)ψ(g.(x′ + y)) dy dx′c, (127)

where x′ = x′s + x′c. Notice that h′c ⊆ g′(V′c) is an elliptic Cartan subalgebra, that
(G′(V′c),G(U)) is a dual pair in Sp(Wc) and that the number p, [Prz00, (1.12)] for this
dual pair is the same as for the pair (G′,G). Hence, we may apply the argument leading
to (124). Let h(U) ⊆ g(U) be as in section 7 and let Ψn

st(U) denote the family of the
sets S of positive strongly orthogonal non-compact imaginary roots of h(U) in g(U)C. Let
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z(U) = g(U)h
′
c . Then (127) is equal to

∑
[S]⊆Ψnst(U)

1

|W(H(U)(S),G(U))|

∫
h(U)(S)

∑
s∈W(H(U)(S)C,G(U)C)

(128)

P (x′s + c(S)−1s−1.x)π̃z(U)/h(U)(S)(s
−1.x) s̃gn(s)|W(H(U)(S))|m[S](U)2−n

′(U)

n′(U)∏
j=1

(ε̂j) ·
∏

1≤j≤n′(U), σ(j)/∈S

sgn〈J , 〉
s(Hom(Vcj ,Vcj)J )

·

∏
α∈S, 1≤j≤n′(U), σ(j)∈α

sgn(α(iJσ(j))) sgn(α(c(S)−1x))A(−Ψ̃S,R(U))(c(S)−1x)A(ΨS,R(U))(c(S)−1x)


πg(U)/h(U)(S)(x)

∫
G(U)/H(U)(S)

ψ(g.(x′s + k.x)) d(kH(U)(S)) dx.

Notice that the function

h′c 3 x′c → det ad(x′s + x′c)Hom(X′,V′c)
∈ R

has no zeros. Furthermore,

sgn(det(ad x′)Hom(X′,Y′)∩g′)

is constant on C ′. Therefore,

| det(ad x′)n′ | = ε′(x′) det(ad x′)n′ (x′ ∈ h′), (129)

where ε′(x′) = ±1 is constant on each C ′. Similarly,

| det(ad(x′ + y))n| = ε(x′) det(ad(x′ + y))n (x′ ∈ h′, y ∈ g(U)), (130)

where ε(x′) = ±1. Furthermore,

πg′/h′(x
′) = πgl(X′)/h′s(x

′) · det(ad x′)n′ · πg′(V′c)/h′c(x
′) (x′ ∈ h′) (131)

and

πg/(h′+h(U)(S))(x) = πgl(X′)/h′s(x) · det(ad x)n · πg(U)/h(U)(S)(x) (x ∈ h′ + h(U)(S)). (132)

Moreover,

z = gh
′
= h′s + g(U)h

′
c = h′s + z(U). (133)
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By combining (125) - (133) we obtain the following formula,∫
h′
µ̂O′(x

′)πg′/h′(x
′)πg′/h′(x

′)

∫
g

chc(x′ + x)ψ(x) dx dx′ (134)

=
∑

[S]⊆Ψnst(U)

γ(V,V′,X′)

|W(H′H(U)(S),G)|

∫
h′s

∫
h(U)(S)

∑
s∈W(H(U)(S)C,G(U)C)

µ̂O′(x′s + c(S)−1s−1.x)πg′/h′(x′s + c(S)−1s−1.x)π̃z/(h′s+h(U)(S))(x
′
s + s−1.x)s̃gn(s)γ(V,V′,X′)ε(x′)ε′(x′)|W(H′H(U)(S),G)|m[S](U)2−n

′(U)

n′(U)∏
j=1

(ε̂j)

·
∏

1≤j≤n′(U), σ(j)/∈S

sgn〈J , 〉
s(Hom(Vcj ,Vcj)J )

·

∏
α∈S, 1≤j≤n′(U), σ(j)∈α

sgn(α(iJσ(j))) sgn(α(c(S)−1x))A(−Ψ̃S,R(U))(c(S)−1x)A(ΨS,R(U))(c(S)−1x)


πg/(h′+h(U)(S))(x)

∫
G/H′H(U)(S)

ψ(g.(x′s + x)) d(g(H′H(U)(S))) dx dx′s.

Here we see the contribution to (100) on the Cartan subalgebra h = h′s + h(U)(S). The
function Fh′,h,s(x) is a constant multiple of the term in the parenthesis.

This ends the proof of Theorem 17. �

Here is our main result concerning the real reductive dual pairs.

Theorem 21. Suppose G,G′ is not a complex dual pair, so that the complexification
GC,G

′
C is an irreducible dual pair over C.

Let O′ ⊆ g′ be a nilpotent G′-orbit. Let h′ ⊆ g′ be a Cartan subalgebra and let H′ ⊆ G′

be the Cartan subgroup with the Lie algebra h′. Let C ′ ⊆ h′ be a connected component
of the complement of the union of the kernels of the real roots of h′ in g′C. Denote by
ρ′ the irreducible representation of the Weyl group W(H′C,G

′
C) generated by the harmonic

polynomial equal to µ̂O′πg′/h′ on C ′. Let λ′ be the partition associated to the nilpotent G′C-
orbit in g′C attached to ρ′ via Springer correspondence. Assume (19). Recall the number
p (96). If the pair G,G′ is of type I, assume that

ht(λ′) ≤ p. (135)

Then the integrals defining chc(µ̂O′) are absolutely convergent. Assume chc(µ̂O′) 6= 0.
Let h ⊆ g be a Cartan subalgebra and let H ⊆ G be the Cartan subgroup with the

Lie algebra h. Let C ⊆ h be a connected component of the complement of the union of
the kernels of the real roots of h in gC. Then (πg/hchc(µ̂O′))|C is W(HC,GC)-harmonic
and generates an irreducible representation ρ of this Weyl group. Let λ be the partition
associated to the nilpotent GC-orbit in gC attached to ρ via Springer correspondence. Then
λ is obtained from λ′ by adding a column of the appropriate length, as in (20).



HOWE CORRESPONDENCE AND SPRINGER CORRESPONDENCE 45

If the irreducible dual pair G,G′ is complex, then the complexification GC,G
′
C is the

direct sum of two copies of G,G′. Assume chc(µ̂O′) 6= 0. Let ρ′ = ρ′1 ⊗ ρ′2 denote the
irreducible representation of the Weyl group W(H′C,G

′
C) = W(H′,G′)×W(H,G′) generated

by the harmonic polynomial µ̂O′πg′/h′ on h. Denote by λ′1, λ′2 the pair of partitions associ-
ated to the nilpotent G′C-orbit in g′C attached to ρ′ = ρ′1⊗ ρ′2 via Springer correspondence.
Assume (19) for both λ′1 and λ′2. Then πg/hchc(µ̂O′) is W(HC,GC) = W(H,G)×W(H,G)-
harmonic and generates an irreducible representation ρ = ρ1 ⊗ ρ2 of this Weyl group.
Let λ1, λ2 be the pair of partitions associated to the nilpotent GC-orbit in gC attached to
ρ = ρ1⊗ ρ2 via Springer correspondence. Then λi is obtained from λ′i (i = 1, 2) by adding
the same column of the appropriate length, as in (20).

Proof. By Corollary 7, (135) implies (97). Therefore, according to [BPa, Theorem 1], the
integrals defining chc(µ̂O′) are absolutely convergent. Also, the formulas (100) and (101)
of Theorem 17 holds.

Assume first that G,G′ is not a complex dual pair. The polynomial π̃z/h does not
depend on the real form G,G′ of the complexification GC,G

′
C. If we choose the real form

to be compact and introduce the coordinates on the Cartan subalgebras as in (78), then
we obtain the following identifications

hC = {x = (x1, x2, ..., xn); xj ∈ C}, (136)

h′C = {x′ = (x1, x2, ..., xn′); xj ∈ C},

so that the complex Weyl groups act via the permutations of the coordinates if the dual
pair is of type II, and the permutations and all the sign changes if the dual pair is of type
I. Recall that we assume n′ ≤ n. If n′ < n, then (for an appropriate choice of the positive
root system) π̃z/h(x), is equal to∏

n′+1≤i<j≤n

(xi − xj) if GC = GLn(C),G′C = GLn′(C) (137)

∏
n′+1≤i<j≤n

(x2
i − x2

j) if GC = O2n(C),G′C = Sp2n′(C),

∏
n′+1≤i<j≤n

(x2
i − x2

j)
∏

n′+1≤j≤n

2xj if GC = Sp2n(C),G′C = O2n′(C),

∏
n′+1≤i<j≤n

(x2
i − x2

j)
∏

n′+1≤j≤n

xj if GC = O2n+1(C),G′C = Sp2n′(C),

∏
n′+1≤i<j≤n

(x2
i − x2

j) if GC = Sp2n(C),G′C = O2n′+1(C).

If n = n′, then π̃z/h(x) = 1.
Recall the Cartan subalgebra h0(h′) ⊆ g, (98). By the construction

h0(h′) = h′ ⊕ h′⊥ ∩ h0(h′).
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Any function f : h′C → C may be extended to f : h0(h′)C → C via the composition with
the projection h0(h′)C → h′C. Then (137) implies that the map

P(h′C) 3 f → f π̃z/h ∈ P(hC) (138)

coincides with (26).
By assumption, (µ̂O′πg′/h′)(x) generates the irreducible representation ρ′ of the Weyl

group W(H′C,G
′
C). Hence, every non-zero term

(µ̂O′πg′/h′)(c
−1
h0(h′),hs

−1.x)π̃z/h(s
−1.x) (s ∈ W(HC,GC)),

in Theorem 17, generates the representation ρ of W(HC,GC), constructed in Theorem 12.
In particular the statement about the partitions follows.

If G,G′ is a complex dual pair, then (138) coincides with (26) on each of the two copies
of h in hC = h ⊕ h. Hence, the term (101) in Theorem 17 generates the representation
ρ = ρ1 ⊗ ρ2 of W(HC,GC), where each ρi (i = 1, 2) is constructed in Theorem 12 and the
statement about the pairs of the partitions follows.

�

9. Dual pairs over finite fields

In this section we assume that K is the algebraic closure of a finite field Fq with q
elements.

Let G be the group of Fq-rational points of a connected algebraic reductive group G
over K, defined over Fq, and let F : G→ G be the corresponding Frobenius map so that
G = GF (fixed points by F ).

To each G-conjugacy class of pairs (T, θ) where T is an F -stable maximal torus in
G and θ is an irreducible character of T = TF , Deligne and Lusztig attached a virtual
character RG

T (θ) of G, [DL76]. Recall that the uniform class functions on G are, by
definition, the complex linear combinations of Deligne-Lusztig characters RG

T (θ), [Sri79].
Recall also that an irreducible representation of G is called unipotent if its character has
non-zero scalar product with RG

T (1) for some T, [DL76, Definition 7.8]. In general, the
uniform class functions do not span the space of all class functions on G. For instance, the
representation θ10 of the symplectic group Sp4(Fq) defined by Srinivasan, is simultaneously
cuspidal (in the usual Harish-Chandra sense, [Har70]) and unipotent, but not uniform.

Because we will need to include the case of orthogonal groups, it is necessary to extend
the definition of RG

T (θ) to the case when G is a disconnected reductive algebraic group.
In this case, we put RG

T (θ) := IndG
G◦(R

G◦
T (θ)), where G◦ denotes the identity connected

component of G and G◦ := (G◦)F . We will call uniform functions class all the linear com-
binations of RG

T (θ). An irreducible representation of G is called unipotent if its character
has non-zero scalar product with RG

T (1) for some T.

Since the cyclic group Fq∗ is of even order, |Fq∗/Fq∗2| = 2. Therefore there are exactly
two non-equivalent non-degenerate symmetric bilinear forms on the vector space Fq2n, see
[Jac74, Theorem 6.9], one is split and the other one is not split. Let O+

2n(q) = O+
2n(Fq)
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(resp. O−2n(q) = O−2n(Fq)) denotes the corresponding split (resp. non-split) orthogonal
group. See [DM91, sec. 15.3] for more details. Also, we shall write Sp2n(q) := Sp2n(Fq).

We recall some results from [Lus80]. The group Sp2n(q) has a unipotent cuspidal ir-
reducible representation if and only if n is a triangular number, that is, n = k2 + k for
some k ∈ N. The group Sp2(k2+k)(q) has a unique unipotent cuspidal representation.
Similarly, the group SOε

2n(q), with ε ∈ {−,+}, has a unipotent cuspidal irreducible rep-
resentation if and only if n is a square, that is, n = k2 for some k ∈ N. The group
SOε

2k2(q) has a unique unipotent cuspidal representation, say Πk. It follows that Oε
2n(q)

admits unipotent cuspidal representations if and only if n = k2 for some k ∈ N, and that
Oε

2k2(q) has exactly two unipotent cuspidal representations, ΠI
k and ΠII

k . (Indeed, we have

Ind
Oε

2k2
(q)

SOε
2k2

(q)Πk = ΠI
k +ΠII

k . Both ΠI
k and ΠII

k have the same restriction to SOε
2k2(q) and thus

differ by tensoring with the determinant character of Oε
2k2(q).) See [Lus77, Theorem 8.2]

or [AM93, Theorem 5.1] for the details.

Let M := Sp2(k2+k) ×T (resp. M := Oε
2k2 ×T), where T is a split torus of G = Sp2n

(resp. G = Oε
2n), and let ΠM be a unipotent cuspidal irreducible representation of M.

The representation ΠM is the tensor product of the unipotent cuspidal representation
of Sp2(k2+k) (resp. ΠI

k or ΠII
k ) with the trivial representation of T. On the other hand,

M is an Fq-rational Levi subgroup of an Fq-rational parabolic subgroup P of G and
the commuting algebra EndG(IndG

P (ΠM)) (where the cuspidal representation ΠM of M
is trivially extended to the unipotent radical of P, that is, IndG

P (ΠM), also denoted by
RG

M(ΠM), is the usual Harish-Chandra induction) is an Iwahori-Hecke algebra of type Bñ,
with ñ := n − (k2 + k) (resp. ñ := n − k2), see for instance [Lus80] or [AMR96, § 3.A].
Hence the irreducible representations of G which occur in IndG

P (ΠM) are in bijection with

Ŵñ, see for example [Car93, Chapter 10] or [Lus84, Corollary 8.7]. We will denote by

ΠG
ΠM,ρ the irreducible representation of G which corresponds to ρ ∈ Ŵñ by this bijection.

We put

Sp := {Sp2n(q) : n ∈ N} and Oε := {Oε
2n(q) : n ∈ N}.

We call Sp (resp. Oε) a Witt tower of symplectic (resp. orthogonal) type. Let T , T ′ be
two Witt towers, one is of symplectic type and the other one is of orthogonal type.

For a finite group H letR(H) denote the free abelian group generated by the irreducible
characters of H. Thus the subset of the irreducible characters Irr(H) ⊆ R(H) is a based
of R(H) over Z. Let G′m′ be an element of T ′ and let Gm be an element of T . Denote
by ωm′,m the projection onto the space of the uniform class functions on G′m′ × Gm of
the pullback of the character of the oscillator representation (determined by one fixed
character of the field Fq) via the map G′m′ × Gm 3 (g′, g) → g′g ∈ Sp4m′m(q). By Howe
correspondence for the dual pair (G′m′ ,Gm) we shall understand the map

θGm : R(G′m′)→ R(Gm) (139)
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defined by

ωm′,m =
∑

Π′∈Irr(G′
m′ )

Π′ ⊗ θGm(Π′). (140)

(See [AMR96, (1.4)], where θGm(Π′) was denoted by ΘGm(Π′).)
Let Π′ be a cuspidal irreducible representation of an element G′m′ of T ′. Then there

exists Gm ∈ T such that θGm(Π′) is a cuspidal irreducible representation of Gm, see
[AMR96, Theorem 3.7]. Moreover (see loc. cit.), the image by Howe correspondence
for the dual pair (G′m′+l′ ,Gm+l), with l′, l ∈ N, of each component of the Harish-Chandra

parabolic induced representation R
G′
m′+l′

G′
m′×T

′(Π′) (where T′ is a split torus in G′m′+l′) belongs

to the Harish-Chandra parabolic induced representation R
Gm+l

Gm×T(θGm(Π′)) (where T is a
split torus in Gm+l).

Using the description of the uniform part of the restriction of Gm × G′m′ of the Weil
representation obtained by Srinivasan in [Sri79], Adams and Moy proved that Howe cor-
respondence sends unipotent representations to unipotent representations, [AM93, Theo-
rem 3.5], and that the unique cuspidal unipotent representation of the group Sp2(k2+k)(q)

corresponds to the representation ΠII
k of Oε

2k2(q) if ε is the sign of (−1)k and to the
representation ΠI

k+1 of Oε
2(k+1)2(q), where ε is the sign of (−1)k+1, otherwise, [AM93,

Theorem 5.2]. (In fact this defines the representations ΠI
k and ΠII

k .)

Let (n1, n2) be a pair of positive integers. Let k be an integer such that 0 ≤ k2 +k ≤ n1

and k2 ≤ n2, and let Πsp
k denote the unipotent cuspidal representation of Sp2(k2+k). We

denote by εk the sign of (−1)k.
It follows that:

– Howe correspondence for the dual pair (Sp2n1
(q),Oεk

2n2
(q)) induces a correspon-

dence between irreducible components of R
Sp2n1
Sp2(k2+k)×T

(Πsp
k ⊗ 1) and irreducible

components of R
O
εk
2n2

O
εk
2k2
×T(ΠII

k ⊗ 1),

– Howe correspondence for the dual pair (Sp2n1
(q),O

εk+1

2n2
(q)) induces a correspon-

dence between irreducible components of of R
Sp2n1
Sp2(k2+k)×T

(Πsp
k ⊗ 1) and irreducible

components of R
O
εk+1
2n2

O
εk+1

2(k+1)2
×T

(ΠI
k+1 ⊗ 1).

All these irreducible components are unipotent, see [Lus84, (8.5.1)].
Let k2 ∈ {k, k + 1}. We set

Πor
k2

:=

{
ΠII
k if k2 = k,

ΠI
k+1 if k2 = k + 1,

(141)

ñ1(k) := n1 − (k2 + k), ñ2(k2) := n2 − (k2)2. (142)

Then Howe correspondence for the dual pair (G,G′) = (Sp2n1
(q),O

εk2
2n2

(q)) induces a cor-

respondence, ΘG,G′

k , between Ŵñ1(k) and Ŵñ2(k2), defined as follows.
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Definition 22. We will say that the representations ρ ∈ Ŵñ1(k) and ρ′ ∈ Ŵñ2(k2) correspond

by ΘG,G′

k if the character of ΠG
Πsp
k ⊗1,ρ

⊗ΠG′

Πor
k2
⊗1,ρ′ has a non-zero scalar product with ωn1,n2.

In particular, taking k = k2 = 0, we obtain a correspondence between Ŵn1 and Ŵn2 .

We put

N ′ := min(ñ1(k), ñ2(k2)) N := max(ñ1(k), ñ2(k2)), and L := N −N ′. (143)

A conjectural description of the correspondence ΘG,G′

k was stated in [AMR96]. It can
be formulated as follows:

Conjecture 1. The representations ρ ∈ Ŵñ1(k) and ρ′ ∈ Ŵñ2(k2) correspond by ΘG,G′

k if
and only if ρ⊗ ρ′ has a non-zero scalar product with∑

0≤r≤N ′

∑
ρ∈Ŵr

Ind
Wñ1(k)

Wr×Wñ1(k)−r
(σ ⊗ sgnCD)⊗ Ind

Wñ2(k2)

Wr×Wñ2(k2)−r
(σ ⊗ sgnCD)

(resp.
∑

0≤r≤N ′

∑
σ∈Ŵr

Ind
Wñ1(k)

Wr×Wñ1(k)−r
(σ ⊗ 1)⊗ Ind

Wñ2(k2)

Wr×Wñ2(k2)−r
(σ ⊗ sgnCD)),

where k2 = k (resp. k2 = k + 1).

In Conjecture 1, G stands for a symplectic group and G′ for an orthogonal group. How-
ever we would like to consider Howe’s correspondence (139) in any of the two directions.
Therefore we will consider the following cases and keep in mind that Conjecture 1 applies
to any of them:

Case 1:

(a) G′ = Oεk
2(k2+N ′)(q) and G = Sp2(k2+k+N))(q).

(Here we have N ′ = ñ2(k) and N = ñ1(k).)
(b) G′ = Sp2(k2+k+N ′)(q) and G = Oεk

2(k2+N)(q).

(Here we have N ′ = ñ1(k) and N = ñ2(k).)

Case 2: G′ = Sp2(k2+k+N ′)(q) and G = O
εk+1

2((k+1)2+N)(q).

(Here we have N ′ = ñ1(k) and N = ñ2(k + 1).)

Case 3: G′ = O
εk+1

2((k+1)2+N ′)(q) and G = Sp2(k2+k+N)(q).

(Here we have N ′ = ñ2(k + 1), N = ñ1(k).)

Definition 23. We define θN
′,N : ŴN ′ → ŴN by

θN
′,N(ρξ′,η′) :=

{
ρξ′,(L)∪ η′ in Cases 1 and 2,

ρ(L)∪ ξ′,η′ in Case 3.

Theorem 24. If Conjecture 1 holds, then the representations ρξ′,η′ ∈ ŴN ′ and θN
′,N(ρξ′,η′)

correspond by ΘG,G′

k .
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Proof. This follows easily from the description given in Conjecture 1, combined with
Lemma 3. �

In the case when N ′ = 2 we will describe Conjecture 1 in a more explicit manner. For

j ∈ {1, 2, 3}, and N ≥ 2, let θ2,N
j : Ŵ2 → ZŴN be the maps defined by (where in each

case, the underlined representation ρξ,η is equal to θ2,N(ρξ′,η′)):

θ2,2
1 :

ρ(2),∅ 7→ ρ(2),∅

ρ(1),(1) 7→ ρ(1),(1) ⊕ ρ(1),(1)

ρ(12),∅ 7→ ρ(12),∅

ρ∅,(2) 7→ ρ∅,(2) ⊕ 2ρ∅,(2) ⊕ ρ∅,(12)

ρ∅,(12) 7→ ρ∅,(2) ⊕ ρ∅,(12) ⊕ ρ∅,(12)

, θ2,2
2 :

ρ(2),∅ 7→ ρ(2),∅ ⊕ ρ(1),(1) ⊕ ρ∅,(2)

ρ(1),(1) 7→ ρ(1),(1) ⊕ ρ∅,(2) ⊕ ρ∅,(12)

ρ(12),∅ 7→ ρ(12),∅ ⊕ ρ(1),(1)

ρ∅,(2) 7→ ρ∅,(2)

ρ∅,(12) 7→ ρ∅,(12)

,

θ2,2
3 :

ρ(2),∅ 7→ ρ(2),∅

ρ(1),(1) 7→ ρ(2),∅ ⊕ ρ(1),(1) ⊕ ρ(12),∅

ρ(12),∅ 7→ ρ(12),∅

ρ∅,(2) 7→ ρ(2),∅ ⊕ ρ(1),(1) ⊕ ρ∅,(2)

ρ∅,(12) 7→ ρ(1),(1) ⊕ ρ∅,(12)

,

θ2,N
1 :

ρ(2),∅ 7→ ρ(2),(N−2)

ρ(1),(1) 7→ 2ρ(1),(N−1) ⊕ ρ(1),(N−2,1)

ρ(12),∅ 7→ ρ(12),(N−2)

ρ∅,(2) 7→ 3ρ∅,(N) ⊕ 2ρ∅,(N−1,1) ⊕ ρ∅,(N−2,2)

ρ∅,(12) 7→ ρ∅,(N) ⊕ 2ρ∅,(N−1,1) ⊕ ρ∅,(N−2,12)

, if N ≥ 3,

θ2,N
2 :

ρ(2),∅ 7→ ρ∅,(N) ⊕ ρ(2),(N−2) ⊕ ρ(1),(N−1)

ρ(1),(1) 7→ ρ(1),(N−1) ⊕ ρ(1),(N−2,1) ⊕ ρ∅,(N) ⊕ ρ∅,(N−1,1)

ρ(12),∅ 7→ ρ(12),(N−2) ⊕ ρ(1),(N−1)

ρ∅,(2) 7→ ρ∅,(N) ⊕ ρ∅,(N−1,1) ⊕ ρ∅,(N−2,2)

ρ∅,(12) 7→ ρ∅,(N−1,1) ⊕ ρ∅,(N−2,12)

, if N ≥ 3,

θ2,N
3 :

ρ(2),∅ 7→ ρ(N),∅ ⊕ ρ(N−1,1),∅ ⊕ ρ(N−2,2),∅

ρ(1),(1) 7→ ρ(N),∅ ⊕ ρ(N−1,1),∅ ⊕ ρ(N−1),(1) ⊕ ρ(N−2,1),(1)

ρ(12),∅ 7→ ρ(N−1,1),∅ ⊕ ρ(N−2,12),∅

ρ∅,(2) 7→ ρ(N),∅ ⊕ ρ(N−1),(1) ⊕ ρ(N−2),(2)

ρ∅,(12) 7→ ρ(N−1),(1) ⊕ ρ(N−2),(12)

, if N ≥ 3.
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Proposition 25. We assume that N ′ = 2, N ≥ 2 and that Conjecture 1 holds. Then
Howe correspondence for the dual pair (G′,G) is given by the map

θ2,N
1 if G′ = Oεk

2(k2+2)(q) and G = Sp2(k2+k+ñ1(k))(q),

θ2,N
1 if G′ = Sp2(k2+k+2)(q) and G = Oεk

2(k2+ñ2(k))(q),

θ2,N
2 if G′ = Sp2(k2+k+2)(q) and G = O

εk+1

2((k+1)2+ñ2(k+1))(q),

θ2,N
3 if G′ = O

εk+1

2((k+1)2+2)(q) and G = Sp2(k2+k+ñ1(k))(q).

Proof. We will consider the three cases listed after Conjecture 1 separately.

Case 1:
The combination of Conjecture 1 and Example 1 gives

ρ(2),∅ 7→ IndWN
W2×WN−2

(ρ(2),∅ ⊗ sgnCD)

ρ(1),(1) 7→ IndWN
W1×WN−1

(1⊗ sgnCD) ⊕ IndWN
W2×WN−2

(ρ(1),(1) ⊗ sgnCD)

ρ(12),∅ 7→ IndWN
W2×WN−2

(ρ(12),∅ ⊗ sgnCD)

ρ∅,(2) 7→ ρ∅,(N) ⊕ IndWN
W1×WN−1

(sgnCD ⊗ sgnCD) ⊕ IndWN
W2×WN−2

(ρ∅,(2) ⊗ sgnCD)

ρ∅,(12) 7→ IndWN
W1×WN−1

(sgnCD ⊗ sgnCD) ⊕ IndWN
W2×WN−2

(ρ∅,(12) ⊗ sgnCD).

Using the computations done in Examples 2, 3, we obtain the map θ2,N
1 .

Case 2:
The combination of Conjecture 1 and Example 1 gives

ρ(2),∅ 7→ sgnCD ⊕ IndWN
W1×WN−1

(1⊗ sgnCD) ⊕ IndWN
W2×WN−2

(1⊗ sgnCD)

ρ(1),(1) 7→ IndWN
W1×WN−1

(sgnCD ⊗ sgnCD) ⊕ IndWN
W2×WN−2

(ρ(1),(1) ⊗ sgnCD)

ρ(12),∅ 7→ IndWN
W1×WN−1

(1⊗ sgnCD) ⊕ IndWN
W2×WN−2

(ρ(12),∅ ⊗ sgnCD)

ρ∅,(2) 7→ IndWN
W2×WN−2

(ρ∅,(2) ⊗ sgnCD)

ρ∅,(12) 7→ IndWN
W2×WN−2

(ρ∅,(12) ⊗ sgnCD).

Using the computations done in Examples 2, 3, we obtain θ2,N
2 .

Case 3:
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O(4) ↔ Λu,sp
(2),∅

|
O(22) ↔ {Λu,sp

(1),(1),Λ
u,sp
∅,(2)}

|
O(2, 12) ↔ Λu,sp

(12),∅
|

O(14) ↔ Λu,sp
∅,(12)

Table 1. Unipotent classes and the corresponding similarity classes of
the u-symbols for Sp4(F̄q)

The combination of Conjecture 1 and Example 1 gives

ρ(2),∅ 7→ IndWN
W2×WN−2

(ρ(2),∅ ⊗ 1)

ρ(1),(1) 7→ IndWN
W1×WN−1

(1⊗ 1) ⊕ IndWN
W2×WN−2

(ρ(1),(1) ⊗ 1)

ρ(12),∅ 7→ IndWN
W2×WN−2

(ρ(12),∅ ⊗ 1)

ρ∅,(2) 7→ ρ(N),∅ ⊕ IndWN
W1×WN−1

(sgnCD ⊗ 1) ⊕ IndWN
W2×WN−2

(ρ∅,(2) ⊗ 1)

ρ∅,(12) 7→ IndWN
W1×WN−1

(sgnCD ⊗ 1) ⊕ IndWN
W2×WN−2

(ρ∅,(12) ⊗ 1).

Using the computations done in Examples 2, 3, we get θ2,N
3 . �

To the representation ρξ,η of WN we shall associate the u-symbol Λu,sp
ξ,η (resp. Λu,or

ξ,η ) of

the group G = Sp2N(F̄q) (resp. G = O
εk2
2N (F̄q)).

If G = Sp2N(K), then we let Oξ,η = Oρξ,η = O(λsp
ξ,η) denote the unipotent class cor-

responding to the distinguished u-symbol in the similarity class of Λu,sp
ξ,η , as in Definition

5.
If G = O2N(K), then in order to be consistent with (21), we let Oξ,η = Oρξ,η = O(λor

η,ξ)
denote the unipotent class corresponding to the distinguished u-symbol in the similarity
class of Λu,or

η,ξ , as in Definition 5.
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O(3, 1) ↔ {Λu,or
(2),∅,Λ

u,or
∅,(2)}

|
O(22) ↔ Λu,or

(1),(1)

|
O(14) ↔ {Λu,or

(12),∅,Λ
u,or
∅,(12)}

Table 2. Unipotent classes and and the corresponding similarity classes
of the u-symbols for O4(F̄q)

Let N (G) denote the set of unipotent classes of G. This set is partially ordered by
the relation O1 ≤ O2 meaning that O1 is contained in O2, the closure of O2. Let S(G)
denote the set of u-symbols attached to G. Let

ϑ2,2
1,a : S(O4(F̄q))→ N (Sp4(F̄q)) and ϑ2,2

1,b : S(Sp4(F̄q))→ N (O4(F̄q))

be defined by (where in each case, if the input symbol is indexed by ξ′, η′, then the
underlined orbit in the output corresponds to the representation θ2,N(ρξ′,η′))

ϑ2,2
1,a :

Λu,or
(2),∅ 7→ O(4)

Λu,or
(1),(1) 7→ O(22)

Λu,or
(12),∅ 7→ O(2, 12)

Λu,or
∅,(2) 7→ {O(22),O(14)}

Λu,or
∅,(12) 7→ {O(22),O(14)}

, ϑ2,2
1,b :

Λu,sp
(2),∅ 7→ {O(3, 1),O(22)}

Λu,sp
(1),(1) 7→ {O(3, 1),O(22),O(14)}

Λu,sp
(12),∅ 7→ {O(22),O(14)}

Λu,sp
∅,(2) 7→ O(3, 1)

Λu,sp
∅,(12) 7→ O(14)

Let

ϑ2,2
2 : S(Sp4(F̄q))→ N (O4(F̄q)) and ϑ2,2

3 : S(O4(F̄q))→ N (Sp4(F̄q))

be defined by

ϑ2,2
2 :

Λu,sp
(2),∅ 7→ {O(3, 1),O(22),O(3, 1)}

Λu,sp
(1),(1) 7→ {O(22),O(3, 1),O(14)}

Λu,sp
(12),∅ 7→ {O(14),O(22)}

Λu,sp
∅,(2) 7→ O(3, 1)

Λu,sp
∅,(12) 7→ O(14)

, ϑ2,2
3 :

Λu,or
(2),∅ 7→ {O(4),O(22)}

Λu,or
(1),(1) 7→ {O(4),O(22),O(2, 12)}

Λu,or
(12),∅ 7→ {O(22),O(14)}

Λu,or
∅,(2) 7→ O(4)

Λu,or
∅,(12) 7→ O(2, 12)

.

If N ≥ 3, let ϑ2,N
1,a : S(O4(F̄q))→ N (Sp2N(F̄q)) be defined by

ϑ2,N
1,a :

Λu,or
(2),∅ 7→ O(2N − 6, 6)

Λu,or
(1),(1) 7→ {O(2N − 4, 4),O(2N − 6, 4, 12)}

Λu,or
∅,(2) 7→ {O(2N − 2, 2),O(2N − 4, 2, 12),O(2N − 6, 23)}

Λu,or
(12),∅ 7→ {O(2N − 2, 2),O(2N − 4, 2, 12),O(2N − 6, 2, 14)}

Λu,or
∅,(12) 7→ O(2N − 6, 4, 2)

.
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If N ≥ 3, let ϑ2,N
1,b : S(Sp4(F̄q))→ N (O2N(F̄q)) be defined by

ϑ2,N
1,b :

Λu,sp
(2),∅ 7→ O(2N − 5, 5)

Λu,sp
(1),(1) 7→ {O(2N − 3, 3),O(2N − 5, 3, 12)}

Λu,sp
(12),∅ 7→ O(2N − 5, 3, 12)

Λu,sp
∅,(2) 7→ {O(2N − 1, 1),O(2N − 3, 13),O(2N − 5, 22, 1)}

Λu,sp
∅,(12) 7→ {O(2N − 1, 1),O(2N − 3, 13),O(N − 5, 12)}

.

If N ≥ 3, let ϑ2,N
2 : S(Sp4(F̄q))→ N (O2N(F̄q)) be defined by

ϑ2,N
2 :

Λu,sp
(2),∅ 7→ {O(2N − 1, 1),O(2N − 5, 5),O(2N − 3, 3)}

Λu,sp
(1),(1) 7→ {O(2N − 3, 3),O(2N − 5, 3, 12),O(2N − 1, 1),O(2N − 3, 13)}

Λu,sp
(12),∅ 7→ {O(2N − 5, 3, 12),O(2N − 3, 3)}

Λu,sp
∅,(2) 7→ {O(2N − 1, 1),O(2N − 3, 13),O(2N − 5, 22, 1)}

Λu,sp
∅,(12) 7→ O(2N − 3, 13),O(2N − 5, 15)}

.

If N ≥ 3, let ϑ2,N
3 : S(O4(F̄q))→ N (Sp2N(F̄q)) be defined by

ϑ2,N
3 :

Λu,or
(2),∅ 7→ {O(2N),O(2N − 2, 2),O(2N − 4, 4)}

Λu,or
(1),(1) 7→ {O(2N),O(2N − 2, 12),O(2N − 2, 2),O(2N − 4, 22)}

Λu,or
(12),∅ 7→ {O(2N − 2, 2),O(2N − 4, 2, 12)}

Λu,or
∅,(2) 7→ {O(2N),O(2N − 2, 12),O(2N − 4, 22)}

Λu,or
∅,(12) 7→ {O(2N),O(2N − 4, 14)}

.

Notice that in each case, for N ≥ 3, the underlined orbit is in the closure of any orbit
in the set.

Howe correspondence over finite fields is not bijective on the level of the irreducible
characters. Nevertheless, Theorem 26 below shows that it should be possible to extract

from ΘG,G′

k a bijective correspondence at least when N ′ = 2, given by the map θ2,N

introduced in Definition 23.

Theorem 26. We assume that N ′ = 2, N ≥ 2 and that Conjecture 1 holds. Then Howe
correspondence for the dual pair (G′,G) induces the map

ϑ2,N
1,a in Case 1 (a),

ϑ2,N
1,b in Case 1 (b),

ϑ2,N
2 in Case 2,

ϑ2,N
3 in Case 3.

Moreover, if N ≥ 3, then the following holds:

Let ρξ′,η′ ∈ Ŵ2, and let ρξ0,η0 = θ2,N(ρξ′,η′). Then every irreducible representation ρξ,η
of WN which corresponds to ρξ′,η′ by ΘG,G′

k satisfies

Oξ0,η0 ≤ Oξ,η. (144)
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Proof. We will use the examples studied in Section 3 and we will also need the following
additional computations:

• Λu,sp
(N),∅ =

(
N
−

)
. We have λu,sp

(N),∅ = (2N).

• Λu,sp
∅,(N) =

(
0 2

N + 1

)
∼sim

(
0 N + 1

2

)
= Λu,sp

(N−1),(1). Example 8 gives λu,sp
∅,(N) =

(2N − 2, 2).

• Λu,sp
(2),(N−2) =

(
0 4

N − 1

)
∼sim

(
0 N − 1

4

)
= Λu,sp

(N−2),(2). Example 9 gives

λsp
(2),(N−2) = (2N − 6, 6).

• Λu,sp
∅,(N−1,1) =

(
0 2 4

2 N + 2

)
∼sim

(
0 2 N + 2

2 4

)
is distinguished if

N ≥ 2. Example 6 gives λsp
∅,(N−1,1) = (2N − 4, 2, 12).

• Λu,sp
(1),(N−1) =

(
0 3

N

)
∼sim

(
0 N

3

)
= Λu,sp

(N−2),(2). Example 7 gives λu,sp
(1),(N−1) =

(2N − 4, 4).

• Λu,or
(N),∅ =

(
N
0

)
∼sim

(
0
N

)
. Hence λor

N,∅ = (2N − 1, 1).

• Λu,or
∅,(N) =

(
0
N

)
. Hence λor

∅,N = (2N − 1, 1).

• Λu,or
(2),(N−2) =

(
2

N − 2

)
∼simΛu,or

(N−2),(2). Example 7 gives λor
(2),(N−2) = (2N − 5, 5).

• Λu,or
(1),(N−1) =

(
1

N − 1

)
∼simΛu,or

(N−1),(1). Example 8 gives λor
(1),(N−1) = (2N − 3, 3).

• Λu,or
(1),(N−2,1) =

(
0 3
1 N

)
. Example 10 gives λor

(1),(N−2,1) = (2N − 5, 3, 12).

• Λu,or
∅,(N−1,1) =

(
0 2
1 N + 1

)
. Example 4 gives λor

∅,(N−1,1) = (2N − 3, 13).

• Λu,or
∅,(N−2,2) =

(
0 2
2 N

)
. Example 4 gives λor

∅,(N−2,2) = (2N − 5, 22, 1).

• Λu,or
(12),(N−2) =

(
1 3
0 N

)
= Λu,or

(n−2),(12). Example 6 gives λor
(12),(N−2) = (2N−5, 3, 12).

• Λu,or
∅,(N−2,12) =

(
0 2 4
1 3 N + 2

)
. Example 5 gives λor

∅,(N−2,12) = (2N − 5, 15).

We will consider the four above cases separately.
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Case 1 (a): The map θ2,N
1 induces the following correspondence between u-symbols:

Λu,or
(2),∅ 7→ Λu,sp

(2),(N−2)

Λu,or
(1),(1) 7→ {Λu,sp

(1),(N−1),Λ
u,sp
(1),(N−2,1)}

Λu,or
(12),∅ 7→ Λu,sp

(12),(N−2)

Λu,or
∅,(2) 7→ {Λu,sp

∅,(N),Λ
u,sp
∅,(N−1,1),Λ

u,sp
∅,(N−2,2)}

Λu,or
∅,(12) 7→ {Λu,sp

∅,(N),Λ
u,sp
∅,(N−1,1),Λ

u,sp
∅,(N−2,12)}

, if N ≥ 3. (145)

Here and in the rest of this proof the underlined symbols correspond to the representations
ρξ0,η0 = θ2,N(ρξ′,η′).

Combining the above computations with Example 11, Example 12, Example 13, and
Example 14, we obtain the following closure order on the unipotent classes of Sp2N(F̄q)
occurring in the above correspondence:

O∅,(N) = O(2N − 2, 2)

O(1),(N−1) = O(2N − 4, 4)

eeeeeeeeeeeeeeee

O(2),(N−2) = O(2N − 6, 6) O∅,(N−1,1) = O(2N − 4, 2, 12)

O(12),(N−2) = O(2N − 6, 4, 2)

XXXXXXXXXX

O(1),(N−2,1) = O(2N − 6, 4, 12)

O∅,(N−2,2) = O(2N − 6, 23)

O∅,(N−2,12) = O(2N − 6, 2, 14)

.

Hence (145) induces ϑ2,N
1,a and the second assertion of the Theorem follows in the case 1 (a).

Case 1 (b): The map θ2,N
1 induces the following correspondence between u-symbols (keep-

ing in mind that (21) induces the permutation (ξ, η)→ (η, ξ) of the pairs of partitions for
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the orthogonal group):

Λu,sp
(2),∅ 7→ Λu,or

(N−2),(2)

Λu,sp
(1),(1) 7→ {Λu,or

(N−1),(1),Λ
u,or
(N−2,1),(1)}

Λu,sp
(12),∅ 7→ Λu,or

(N−2),(12)

Λu,sp
∅,(2) 7→ {Λu,or

(N),∅,Λ
u,or
(N−1,1),∅,Λ

u,or
(N−2,2),∅}

Λu,sp
∅,(12) 7→ {Λu,or

(N),∅,Λ
u,or
(N−1,1),∅,Λ

u,or
(N−2,12),∅}

, if N ≥ 3. (146)

We obtain the following closure order on the unipotent classes of O2N(F̄q) occurring in
the above correspondence:

O∅,(N) = O(2N − 1, 1)

O(1),(N−1) = O(2N − 3, 3)

eeeeeeeeeeee
YYYYYYYYYYYY

O∅,(N−1,1) = O(2N − 3, 13)

YYYYYYYYYYYY
O(2),(N−2) = O(2N − 5, 5)

eeeeeeeeeeee

O(1),(N−2,1) = O(12),(N−2) = O(2N − 5, 3, 12)

O∅,(N−2,2) = O(2N − 5, 22, 1)

O∅,(N−2,12) = O(2N − 5, 15)

.

Hence (146) induces ϑ2,N
1,b and the second assertion of the Theorem follows in the case 1 (b).

Case 2: The map θ2,N
2 induces the following correspondence between u-symbols (keeping

in mind that (21) induces the permutation (ξ, η)→ (η, ξ) of the pairs of partitions for the
orthogonal group):

Λu,sp
(2),∅ 7→ {Λu,or

(N),∅,Λ
u,or
(N−2),(2),Λ

u,or
(N−1),(1)}

Λu,sp
(1),(1) 7→ {Λu,or

(N−1),(1),Λ
u,or
(N−2,1),(1),Λ

u,or
(N),∅,Λ

u,or
(N−1,1),∅}

Λu,sp
(12),∅ 7→ {Λu,or

(N−2),(12),Λ
u,or
(N−1),(1)}

Λu,sp
∅,(2) 7→ {Λu,or

(N),∅,Λ
u,or
(N−1,1),∅,Λ

u,or
(N−2,2),∅}

Λu,sp
∅,(12) 7→ Λu,or

(N−1,1),∅,Λ
u,or
(N−2,12),∅}

, if N ≥ 3. (147)

We obtain the following closure order on the unipotent classes of O2N(F̄q) occurring in
the above correspondence:
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O∅,(N) = O(2N − 1, 1)

O(1),(N−1) = O(2N − 3, 3)

ffffffffffffff
XXXXXXXXXXXXXX

O∅,(N−1,1) = O(2N − 3, 13)

XXXXXXXXXXXXXX
O(2),(N−2) = O(2N − 5, 5)

ffffffffffffff

O(12),(N−2) = O(1),(N−2,1) = O(2N − 5, 3, 12)

O∅,(N−2,2) = O(2N − 5, 22, 1)

O∅,(N−2,12) = O(2N − 5, 15)

.

Hence (147) induces ϑ2,N
2 and the second assertion of the Theorem follows in the case 2.

Case 3: The map θ2,N
3 induces the following correspondence between u-symbols:

Λu,or
(2),∅ 7→ {Λu,sp

(N),∅,Λ
u,sp
(N−1,1),∅,Λ

u,sp
(N−2,2),∅}

Λu,or
(1),(1) 7→ {Λu,sp

(N),∅,Λ
u,sp
(N−1,1),∅,Λ

u,sp
(N−1),(1),Λ

u,sp
(N−2,1),(1)}

Λu,or
(12),∅ 7→ {Λu,sp

(N−1,1),∅,Λ
u,sp
(N−2,12),∅}

Λu,or
∅,(2) 7→ {Λu,sp

(N),∅,Λ
u,sp
(N−1),(1),Λ

u,sp
(N−2),(2)}

Λu,or
∅,(12) 7→ {Λu,sp

(N−1),(1),Λ
u,sp
(N−2),(12)}

, if N ≥ 3. (148)

We obtain the following closure order on the unipotent classes of Sp2N(F̄q) occurring in
the correspondence above.
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O(N),∅ = O(2N)

O(N−1),(1) = O(2N − 2, 2)

ffffffffffffff
XXXXXXXXXXXXXX

O(N−1,1),∅ = O(2N − 2, 12)

XXXXXXXXXXXXXX
O(N−2),(2) = O(2N − 4, 4)

ffffffffffffff

O(N−2,2),∅ = O(N−2,1),(1) = O(2N − 4, 22)

O(N−2),(12) = O(2N − 4, 2, 12)

O(N−2,12),∅ = O(2N − 4, 14)

.

Hence (148) induces ϑ2,N
3 and the second assertion of the Theorem follows in the case 3.

�

Property (144) shows that the map θ2,N plays a special role in Howe correspondence.
We will now restrict our attention to it and see how it relates to (22).

Let s̃gn := sgn⊗sgnCD denote the product of the sign character sgn = ρ∅,(1N ) of the
group WN by the character sgnCD = ρ∅,(N), i.e., :

s̃gn⊗ ρξ,η = ρtξ,tη.

(This is consistent with the notation used in (99).) Then, when k2 = k, let θ2,N
twist be the

map defined by

θ2,N
twist :=

{
sgn ◦ θ2,N ◦ sgn if G′ symplectic,

s̃gn ◦ θ2,N ◦ s̃gn if G′ orthogonal.
(149)

We obtain

θ2,N
twist(ρξ′,η′) =

{
ρ(12)⊕ξ′,η′ if G′ symplectic,

ρξ′,(12)⊕η′ if G′ orthogonal.
(150)

In the case where k = 0 and ε = +, we have ñ1(k) = n1, ñ2(k) = n2, N = max(n1, n2)
and N ′ = min(n1, n2). Hence Howe correspondence between the irreducible components of
the unipotent principal series of the groups G and G′ (where (G,G′) = (Sp2n(q),O+

2n′(q))

or (G,G′) = (O+
2n′(q), Sp2n(q)) is given by the correspondence ΘG,G′

0 between irreducible
characters of the groups WN and WN ′ , and (150) coincides with (22).

On the other hand, recall (see [Lus92], [GM99], [AA07]) that for every irreducible
character χΠ of the Fq-points G = GF of a split connected reductive group G defined
over Fq (assuming that the characteristic p of Fq is “good for G”: for instance, if G a
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symplectic group or a split special orthogonal group, then p must be odd) there is a unique
rational unipotent class OΠ in G which has the property that there exists u ∈ OΠ(q) such
that χΠ(u) 6= 0 and OΠ has maximal dimension among classes with that property. The
class OΠ is called the unipotent support of χΠ. It coincides with the class defined in
[Lus84, §13.3].

More precisely, suppose Π is unipotent. Then there exists an irreducible representation
ρ of the Weyl group W of G such that the scalar product between χΠ and the almost
character Rρ (which is defined as a certain linear combination of Deligne-Lusztig gener-
alized characters in [Lus84, page 347 and (4.24.1)]) is non-zero. Moreover, if ρ′ is another
irreducible representation of W such that χΠ has non-scalar product with Rρ′ , then ρ and
ρ′ belong to the same family of characters of W (see [Lus84, Theorems 5.25 and 6.17]).
Thus, we can associate with χΠ a unique family of characters of W, or equivalently, a
unique two-sided cell in W. Let ρspe be the unique special character in this family (for G
of classical type a family of characters of W corresponds to a similarity class of u-symbols,
and the symbol corresponding to ρspe is the unique distinguished u-symbol in that family,
[Lus84, (4.5.6)]). Then the class OΠ coincides with the unipotent class corresponding to
ρspe by the Springer correspondence for the group W. In particular the unipotent class
OΠ is always special.

Moreover, every rational unipotent class O on which χΠ does not vanish (i.e., such that
there exists u ∈ O(q) with χΠ(u) 6= 0) satisfies

O ≤ OΠ, (151)

see [AA07, Theorem 6.1].

Suppose Π is an irreducible unipotent representation of a split group G, such as O+
2N(q)

or Sp2N(q), which belongs to the principal series. The algebra of the endomorphisms of
the principal series which commute with the action of G is the Iwahori-Hecke algebra,
whose irreducible representations coincide with the irreducible representations of the Weyl
group W. Hence, as we remarked previously, there is a one to one correspondence between
the irreducible representations of W and the irreducible representations of G which occur
in the principal series. Given an irreducible representation ρ of W we denoted by Πρ the
corresponding representation of G. Furthermore, the almost character Rρ has a non-zero
scalar product with the character of Πρ. (This follows from [Lus84, Theorem 4.23]. For
an explicit argument see pages 297 and 298 in [Lus84].)

If the group G is disconnected and Π be an irreducible representation of G = GF , we
define the unipotent support of Π, denoted OΠ, to be the union of the rational unipotent
classes O ⊆ G of maximal dimension, such that O∩G has a non-empty intersection with
the support of the character χΠ.

Let Π = Πρξ,η be an irreducible unipotent representation of O+
2N(q) which belongs to the

principal series, where (ξ, η) of partitions of N . Two cases can occur: the restriction ΠSO

of Π to SO+
2N(q) is either irreducible, or is the direct sum of two nonequivalent irreducible

representations ΠI
SO and ΠII

SO. The latter case arises if and only if the restriction of the
representation ρξ,η to the Weyl group of the special orthogonal group splits into the sum
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of two inequivalent representations, i.e. the partition (ξ, η) is such that ξ = η, see [Car93,
Prop. 11.4.4].

(∗) We recall (see for instance [Spa82]) that any rational unipotent class O in O+
2N is

either a rational unipotent class in SO+
2N or is the disjoint union of a rational unipotent

class O(u) in SO+
2N and a rational unipotent class O(sus−1) in SO+

2N , with u ∈ SO+
2N(q)

unipotent and some s ∈ O2N(q) \ SO2N(q). Both these classes have the same dimension.

Lemma 27. If ΠSO is irreducible then

OΠ = OΠSO
. (152)

If ΠSO = ΠI
SO ⊕ ΠII

SO, then

OΠ = OΠI
SO
∪ OΠII

SO
. (153)

In both cases, OΠ is a single unipotent class in O+
2N .

Proof. Let us assume first that ΠSO is irreducible. Then the restrictions of the two char-
acters χΠ and χΠSO

to SO2N(q) are equal. In particular, χΠSO
(g) = χΠ(g) = χΠ(sgs−1) =

χΠSO
(sgs−1) for any g ∈ SO2N(q) and s as in (∗). Let O(u) be a rational unipotent

class in O+
2N , as in (∗). We see that, with the notation of (∗), the restriction of χΠ to

O(u) ∩ SO+
2N(q) is non-zero if and only if the restriction of χΠ to O(sus−1) ∩ SO+

2N(q) is
non-zero. But the classes O(sus−1) and O(u) have the same dimension. Therefore, if that
dimension is maximal among the unipotent classes which have a non-empty intersection
with the support of χΠSO

, we get a contradiction. Thus the unipotent support of ΠSO is
the unipotent class in O+

2N which is also a single unipotent class in SO+
2N . Hence, (152)

follows.
Assume now that ΠSO = ΠI

SO ⊕ ΠII
SO. In this case the representations ΠI

SO and ΠII
SO

are permuted via the action of the group element s, as in (∗), and so are their unipotent
supports. More precisely, χΠII

SO
(u) = χΠI

SO
(sus−1), OΠI

SO
= O(u), OΠII

SO
= O(sus−1) and

the right hand side of (153) is a single unipotent rational class in O2N . (Since, as we
noticed before, ξ = η, these classes have the same set of elementary divisors and hence
the same dimension, see [Car93, page 399]. They are described explicitly in [Car93, § 13.3,
Type Dl]).

Let u ∈ SO+
2N(q) ∩ OΠ be such that χΠ(u) 6= 0. Since χΠ(u) = χΠI

SO
(u) + χΠII

SO
(u), we

see that that χΠI
SO

(u) 6= 0 or χΠII
SO

(u) 6= 0. Hence, OΠ = OΠI
SO
∪ OΠII

SO
.

�

Since (151) holds for the representations of SO2N(q), we see from Lemma 27 that it
also holds for the representations of O+

2N(q).

Corollary 28. Let Π′ρξ′,η′ be an irreducible unipotent representation of G′ = Sp4(q) (resp.

G′ = O+
4 (q)) which belongs to the principal series of G′. Let N ≥ 3, and let (ξ0, η0) :=

(ξ′, (N − 2) ∪ η′).
Assume that Conjecture 1 holds. Then every representation of G = O+

2N(q) (resp.
G′ = Sp2N(q)) which occurs in the image of Π′ by Howe correspondence for the dual
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pair (G′,G) is such that the closure of its unipotent support contains the closure of the
unipotent support of Πξ0.η0.

Proof. This follows directly from (144) and from the fact that, for the map ϑ2,N
1 with

N ≥ 3, the underlined orbit in the output set is contained in the closure of each orbit in
that set.

�

Recall Alvis-Curtis duality D : R(G) → R(G), ([Alv79], [Cur80], [Aub92]), which is
defined for representations of G = GF , when G is connected. Let Π be an irreducible
unipotent representation of O+

2N(q), as in Lemma 27. If ΠSO is irreducible, define D(Π)

to be the the only irreducible representation Π̃ of O+
2N(q) such that Π̃SO = D(Π̃SO). If

ΠSO = ΠI
SO ⊕ ΠII

SO, let D(Π) to be the only irreducible representation Π̃ of O+
2N(q) such

that Π̃SO = D(ΠI
SO) ⊕ D(ΠII

SO). Then in both cases, D(Πρξ,η) = Πρtη,tξ
. In other words,

D(Πρ) = Πρ⊗sgn, see [Lus84, (6.8.6)]. Hence, OΠ = Oξ,η if and only if OD(Π) = Otξ,tη.
Also, tensoring with the sign representation of the Weyl group translates via Springer
correspondence to an order reversing involution on the special unipotent orbits, see [Car93,
pages 389, 390]. By combining this with Corollary 28, (150), (149) and Proposition 8, we
deduce the following theorem.

Theorem 29. Consider the dual pair (G′ = Sp4(q),G = O+
2n(q)) with n ≥ 4. (This is

a dual pair in the stable range with G′ the smaller member.) Assume that Conjecture 1
holds.

Let Π′ be an irreducible representation of G′ such that D(Π′) is unipotent and belongs to
the principal series of G′. Then there is a unique irreducible representation Π of G such
that D(Π) corresponds to D(Π′) via Howe correspondence for the pair (G′,G) and the
unipotent support OΠ of Π contains in its closure the unipotent support of any irreducible
representation Π̃ of G such that D(Π̃) corresponds to D(Π′).

Let λ′ be the partition describing the rational unipotent class OΠ′ and let λ be the
partition describing the rational unipotent class OΠ. Then λ is obtained from λ′ by adding
a column of length 2N − 4 to λ′, as in (20).

10. Appendix A

We begin by recalling Rossmann’s construction of Springer’s correspondence, [Ros91].
At this point it seems fair to mention that the first construction of Springer correspon-
dence independent of étale cohomology, [Spr78], was done in [KL80]. In fact on the level
cohomology (see below) Rossmann’s construction coincides with that of [KL80], as ex-
plained in [Ros91, Appendix]. We prefer to use [Ros91] mainly because of the connection
with the Weyl group action on harmonic polynomials on a Cartan subalgebra described
explicitly in [Ros91].

Rossmann considers the adjoint group, but everything he does is valid for any connected
semisimple complex group. For our applications G = Sp2n(C), SO2n+1(C) or SO2n(C).
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Also, in these cases the adjoint group and G have the same Weyl group and the same
nilpotent orbits.

Let g be the Lie algebra of G and let B be the flag manifold realized as the variety
of the Borel subalgebras b ⊆ g. Denote by B∗ the cotangent bundle of B. Explicitly,
B∗ = {(b, ν); b ∈ B, ν ∈ b⊥ ⊆ g∗}. When convenient we shall identify g∗ with g via a
Killing form. Then the ν belongs to the nilradical of b.

Let us fix a Borel subalgebra b1 ⊆ g and let h ⊆ b1 be a Cartan subalgebra of g. Denote
by W the Weyl group, equal to the normalizer of h in G divided by the centralizer of h in
G.

Fix a regular element λ ∈ h∗ and let Ωλ ⊆ g∗ be the G-orbit through λ. Let U ⊆ G be
a maximal compact subgroup. The U acts transitively on B and we have a bijection

pλ : B∗ 3 u.(b1, ν)→ u.(λ+ ν) ∈ Ωλ (u ∈ U, ν ∈ b⊥1 ). (A.1)

Since for any w ∈ W, Ωwλ = Ωλ, the following formula defines a transformation of B∗:
aλ(w) = p−1

wλ ◦ pλ : B∗ → B∗ (w ∈ W). (A.2)

Then
aλ(w1w2) = aw2λ(w1)aλ(w2) (w1, w2 ∈ W). (A.3)

Let N ⊆ g be the nilpotent cone. Fix an element ν ∈ N . Define

B∗(ν) = {(b, ν) ∈ B∗} = {(b, ν ′) ∈ B∗, ν ′ = ν}. (A.4)

Let | | denote an Euclidean norm on g. For ε > 0 let Uε = {ν ′ ∈ N ; |ν ′ − ν| < ε} and let

B∗(Uε) = {(b, ν ′) ∈ B∗, ν ′ ∈ Uε} = {(b, ν ′) ∈ B∗, |ν ′ − ν| < ε}. (A.5)

According to Rossmann, for any sufficiently small ε, the inclusion ι : B∗(ν)→ B∗(Uε) has
a proper homotopy inverse p : B∗(Uε)→ B∗(ν):

p ◦ ι ∼ 1 on B∗(ν) and ι ◦ p ∼ 1 on B∗(Uε). (A.6)

Rossmann shows that for all λ small enough,

aλ(w)(B∗(ν)) ⊆ B∗(Uε) (w ∈ W). (A.7)

The the transformations

aνλ(w) = p ◦ aλ(w) ◦ ι : B∗(ν)→ B∗(ν) (w ∈ W) (A.8)

are well defined for all regular λ ∈ h∗ in a small ball about zero. Since these λ form a
connected set, the proper homotopy class of aν(w) of aνλ(w) is independent of λ and the
equation (A.3) implies

aν(w1w2) = aν(w1)aν(w2) (w1, w2 ∈ W). (A.9)

This way aν gives a proper homotopy action of W on B∗(ν). As a consequence, we have
a representation of W on the relative homology

H∗(B∗(ν)) := H∗(B∗(ν), ∂B∗(ν); C). (A.10)

The group U acts on B∗ by

B∗ 3 u.(b1, ν)→ vu.(b1, ν) ∈ B∗ (u, v ∈ U, ν ∈ b⊥1 ) (A.11)
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Since the maps pλ, (A.1), are U-equivariant, the operators aλ(w) = p−1
wλ ◦ pλ, (A.2),

commute with the action of U. Let A(ν) denote the component group of the stabilizer
of ν in G. This group acts on H∗(B∗(ν)) via (A.11). Hence, the actions of A(ν) and W
on H∗(B∗(ν)) commute. Denote by H∗(B∗(ν))A(ν) the subspace of the A(ν)-invariants in
H∗(B∗(ν)). Let e(ν) = dimC H∗(B∗(ν)). Rossmann proved (a theorem of Springer) that

H2e(ν)(B∗(ν))A(ν) is an irreducible W module. (A.12)

Let O(ν) ⊆ N be the G-orbit through ν. Since G is connected, this representation
does not depend on the choice of ν in the orbit. Thus each nilpotent orbit provides an
irreducible representation of W. This is known as Springer correspondence for G.

Let Bν = {b ∈ B; ν ∈ b⊥}. Obviously the projection B∗ → B restricts to a bijection

B∗(ν) 3 (b, ν)→ b ∈ Bν (A.13)

and e(ν) = dimC Bν . We may use (A.13) to transfer the actions of the groups W and
A(ν) from H2e(ν)(B∗(ν)) to H2e(ν)(Bν). In these terms, Springer correspondence attaches

the orbit O(ν) the irreducible representation of W on H2e(ν)(Bν)A(ν).
The Weyl group acts on the flag manifold B by

B 3 u.b1 → uw.b1 ∈ B (u ∈ U, w ∈ W). (A.14)

(Here, for any w ∈ W, we choose a representative of w in U.) Rossmann showed that the
inclusion Bν ⊆ B induces a W-equivariant injection

H2e(ν)(Bν)A(ν) → H2e(ν)(B). (A.15)

(On the left W acts via (A.8) and on the right by (A.14).) Furthermore, we have Borel’s
isomorphism

H∗(B)→ H(h∗), (A.16)

where H(h∗) is the space of the W-harmonic polynomials on h∗. The map (A.16) is W-
equivariant. (For the obvious action of W on the polynomials.) By composing (A.15)
and (A.16) we obtain a realization of the Springer representation in a subspace H(h∗)ν ⊆
H(h∗) of the harmonics, which is contained in He(ν)(h

∗) - the subspace of the harmonic
polynomials homogeneous of degree e(ν).

The groups SO2n+1(C) and O2n+1(C) have the same Weyl group and the same co-adjoint
orbits. Hence, we have (the obvious) Springer correspondence for the group O2n+1(C).

From now on let G = SO2n(C) and let G′′ = O2n(C). Then G ⊆ G′′. Let W′′ be the
normalizer of h in G′′ divided by the centralizer of h in G′′ (which is equal to the centralizer
of h in G). Then W is a subgroup of W′′ of index 2. Fix an element s ∈ W′′ \W. When
convenient we’ll think of s as of an element of G′′ \G.

As before, we have a fixed nilpotent ν ∈ N and the G-orbit O(ν) through ν. Let O′′(ν)
be the G′′-orbit through ν. There are two possibilities: either

O′′(ν) = O(ν) i.e. there is g ∈ G such that g.ν = s.ν, (A.17)

or
O′′(ν) = O(ν) ∪ O(s.ν) (disjoint union). (A.18)
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Lemma A.1. The representation of W′′ on the subspace ofHe(ν)(h
∗) generated byHe(ν)(h

∗)ν+
He(ν)(h

∗)s.ν is irreducible.

We shall refer to this representation as to the Springer representation attached to the
orbit O′′(ν).

Proof. We may assume that s.b1 = b1. Recall, [Ros91] the following U-invariant two-form
on B:

τλ(xb1, yb1) = λ([x, y]) (x, y ∈ u).

Then
τs−1.λ(xb1, yb1) = λ([sx, sy]) (x, y ∈ u).

Hence, the map
B 3 u.b1 → sus−1.b1 ∈ B (A.19)

intertwines the action of s on H∗(B) with the action of s on H(h∗) via Borel isomorphism
(A.16).

We need to construct an action of s on H∗(Bν) compatible with (A.15). Notice that

B∗ 3 u.(b1, ν
′)→

pλ
u.(λ+ ν ′)→

s
su.(λ+ ν ′) = sus−1.(sλ+ sν ′) ∈ Ωsλ (A.20)

and
B∗ 3 u.(b1, ν

′) →
psλ

u.(sλ+ ν ′) ∈ Ωsλ.

Set aλ(s) = p−1
sλ ◦ pλ. Then

aλ(s) : B∗ 3 u.(b1, ν
′)→ sus−1.(b1, sν

′) = su.(b1, ν
′) ∈ B∗. (A.21)

In particular aλ(s) = a(s) does not depend on λ. Furthermore, the action of s on B∗
defined by (A.21) coincides with the action induced by the adjoint action on the Borel
subalgebras b ⊆ g.

Notice that for any w ∈ W and any regular λ ∈ h∗,

a(s)aλ(w)a(s)−1 = asλ(sws
−1). (A.22)

Indeed, suppose
a(s)aλ(w)a(s)−1(u.(b1, ν

′)) = u′′.(b1, ν
′′).

Then
pλa(s)−1(u.(b1, ν

′)) = pwλa(s)−1(u′′.(b1, ν
′′)).

Equivalently,
pλ(s

−1us.(b1, s
−1ν ′)) = pwλ(s

−1u′′s.(b1, s
−1ν ′′)),

which means that
s−1us.(λ+ s−1ν ′) = s−1u′′s.(wλ+ s−1ν ′′).

Hence,
u.(sλ+ ν ′) = u′′.(sws−1(sλ) + ν ′′) = psws−1(sλ)(u

′′.(b1, ν
′′)).

Therefore,
u′′.(b1, ν

′′) = p−1
sws−1(sλ) ◦ pλ(u.(b1, ν

′)),

which verifies (A.22).
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Clearly, a(s) : B∗(ν)→ B∗(sν) and the resulting map

ã(s) : H∗(B∗(ν))→ H∗(B∗(sν)) (A.23)

intertwines the action of A(ν) with the action of A(sν) = sA(ν)s−1.
Suppose O(ν) = O(sν) as in (A.17). Since G is connected, there is a homotopy equiv-

alence B∗(ν) ∼ B∗(sν). Hence, (A.23) gives

s̃ : H∗(B∗(ν))→ H∗(B∗(ν)). (A.24)

Also, the action (A.24) commutes with the action of A(ν). Thus

s̃ : H2e(ν)(B∗(ν))A(ν) → H2e(ν)(B∗(ν))A(ν). (A.25)

This way, H2e(ν)(B∗(ν))A(ν) = H2e(ν)(Bν)A(ν) becomes a representation of W′′ which re-
stricts to an irreducible representation of W.

Suppose O(ν) 6= O(sν) as in (A.18). Then H2e(ν)(Bν)A(ν) and H2e(sν)(Bsν)A(sν) are two
non-isomorphic W-modules. As representations of W, the second one is isomorphic to
the first one transformed via the composition with the automorphism of W equal to the
conjugation by s. Furthermore, e(sν) = e(ν). Thus

H2e(ν)(Bν)A(ν) ⊕ H2e(ν)(Bsν)A(sν) (A.26)

is a representation of W′′ which restricts to the sum of the two inequivalent representa-
tions of W corresponding to O(ν) and O(sν) via Springer. The representation (A.26) is
irreducible, because (as is easy to check) the only endomorphism which commutes with
the action of W′′ is a constant multiple of the identity. �

We still need to explain the combinatorial description of the representation described
in Lemma A.1.

Let λ be the partition of 2n associated to the orbit O′′(ν). Suppose O′′(ν) = O(ν) ∪
O(sν) as in (A.18). Then all the parts of λ are even and Lusztig’s algorithm associates to λ
a pair of identical partitions (ξ, η), ξ = η. The corresponding representation of W′′, ρ(ξ,η),
has the property that it restriction to W splits into the direct sum of two inequivalent
representations. These representations occur in the harmonics of degree e(ν) and not in
any lower degree. Thus this is the representation constructed in Lemma A.1.

Suppose O′′(ν) = O(ν) as in (A.17). Then there are two representations of W′′ which
restrict to the same irreducible representation of W and we have to make the correct choice
in our combinatorial description, (21). We’ll show that one of these representations occurs
in the correct degree e(ν) among the harmonics and the other one does not.

Lemma A.2. Let λ be the partition of 2n corresponding to the orbit O′′(ν) and let (ξ, η)
be the ordered pair of partitions obtained from λ via the modified Lusztig algorithm, as
described in Proposition 8. Then

deg ∆ξ,η = e(ν) (A.27)

and

deg ∆η,ξ = e(ν) if and only if ξ = η. (A.28)
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Proof. We shall transfer the problem from the orthogonal group O2n(C) to the symplectic
group Sp2m(C), m > n, using Proposition 8 which is purely combinatorial in nature.

In order to use this proposition we change the notation. Let λ′ be the orthogonal
partition of 2n′ and let (ξ′, η′) be the ordered pair of partitions obtained from λ′ via the
modified Lusztig algorithm. Let λ = (12`)⊕ λ′ be the symplectic partition obtained from
λ′ by adding a column of hight 2`. Denote by (ξ, η) the ordered pair of partitions obtained
from λ via Lusztig’s algorithm [Car93, §13.3]. Let G′ = O2n′(C) and let G = Sp2(n′+l)(C).
Denote by ν ′ ∈ g′ a nilpotent element in the G′-orbit described by λ′ and let ν ∈ g a
nilpotent element in the G-orbit corresponding to λ. Let C(ν ′) ⊆ G′ be the centralizer of
ν ′ and let C(ν) ⊆ G be the centralizer of ν. Then, [Car93, Theorem 5.10.2(a)],

2e(ν ′) + rank G′ = dim C(ν ′) (A.29)

and

2e(ν) + rank G = dim C(ν). (A.30)

We would like to compare deg ∆ξ,η and deg ∆η,ξ to e(ν ′). Since Lusztig’s algorithm does
describe Springer correspondence for the symplectic group, (A.30) translates to

2 deg ∆ξ,η + rank G = dim C(ν). (A.31)

We see from (A.29) that in order to verify (A.27) we need to show

2 deg ∆ξ′,η′ + rank G′ = dim C(ν ′). (A.32)

Proposition 8 shows that (ξ, η) = (ξ′, (1`) ⊕ η′). Notice that rankG = rank G′ + ` and
that

deg ∆ξ,η = 2n(ξ) + 2n(η) + |η| = 2n(ξ′) + 2n(η′) + `(`− 1) + `+ |η′|
= deg ∆ξ′,η′ + `2.

Also, in terms of the notation in [CM93, page 89]

dim C(ν) =
1

2

(∑
i≥1

s2
i +

∑
i odd

ri

)
=

1

2

(
(2`)2 +

∑
i≥2

s2
i +

∑
i odd

ri

)

= 2`2 + dim C(ν ′) +
1

2

(∑
i odd

r′i +
∑
i odd

ri

)

= 2`2 + dim C(ν ′) +
1

2

(∑
i odd

r′i +
∑
i even

r′i + 2`− ht(λ′)

)
= 2`2 + dim C(ν ′) + `.

Hence, (A.32) follows. This completes the proof of (A.27).
In order to verify (A.28) we choose ` > ht(ξ), greater than the number of parts in

ξ = ξ′. Then, as in [Car93, page 420] we extend ξ to ξ̃ by adding zeros so that ξ̃ has
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`+ 1 parts, which is one more than the number of parts in η. Then ξ̃1 = 0. As shown by
Lusztig [Car93, page 420], the pair (ξ̃, η) satisfies the following inequalities:

ξ̃1i ≤ η1 + 1 ≤ ξ̃2 + 2 ≤ η2 + 3 ≤ ξ̃3 + 4 ≤ η3 + 5 ≤ ξ̃4 + 6 ≤ . . .

≤ η` + 2`+ 1 ≤ ξ̃`+1 + 2`+ 2.

Since, ηi = η′i + 1, we have

ξ̃1 ≤ η′1 + 2 ≤ ξ̃2 + 2 ≤ η′2 + 4 ≤ ξ̃3 + 4 ≤ η′3 + 6 ≤ ξ̃4 + 6 ≤ . . .

≤ η′` + 2`+ 2 ≤ ξ̃`+1 + 2`+ 2.

Therefore

η′1 ≤ ξ̃2, η
′
2 ≤ ξ̃3, . . . , η

′
` ≤ ξ̃`+1. (A.33)

Since ξ̃1 = 0, we have |ξ̃| = |ξ| = |ξ′|. Thus (A.33) implies

|η′| ≤ |ξ′|. (A.34)

Also, equality in (A.34) implies equalities in (A.33). Thus

|η′| ≤ |ξ′| if and only if η′ = ξ′. (A.35)

Since, deg ∆ξ′,η′ − deg ∆ξ,η = |η′| − |ξ′|, (A.35) implies (A.28). �

The aim of the last part this section is to extend the above results to the case of
an orthogonal group O2n(K) where K is the algebraic closure of a finite field Fq of odd
characteristic.

Let TC ⊂ SO2n(C) and T ⊂ SO2n(K) be maximal tori such that the root data of
SO2n(C) and SO2n(K) with respect to TC and T, respectively, are isomorphic. We also
fix a Borel subgroup B ⊂ SO2n(K) containing T. Let W be the Weyl group of SO2n(K)
with respect to T and let S ⊂ W denote the set of simple reflections determined by B.
Then the pair (W, S) can be canonically identified with the corresponding pair in SO2n(C)
defined with respect to TC ⊂ BC.

Let N (SO2n(C)), N (SO2n(K)) denote the set of unipotent classes of SO2n(C), SO2n(K),
respectively. Let Ξ: N (SO2n(C)) → N (SO2n(K)) be Spaltenstein’s map, see [Spa82,
Théorème III 5.2]. This map is uniquely characterized by the following three properties:

(1) It preserves the usual partial orderings ≤ on N (SO2n(C)) and on N (SO2n(K));
(2) it preserves the dimensions of classes;
(3) it satisfies certain compatibility conditions with respect to parabolic subgroups in

SO2n(C) and SO2n(K) containing BC and B, respectively.

Moreover, since q is assumed to be odd, Ξ is an isomorphism of partially ordered sets.
We can also canonically identify the component group

A(u) := π0(CSO2n(K)(u))

of the centralizer of u in SO2n(K) with the component group π0(CSO2n(C)(u
′)) where u ∈ O

for some O ∈ N (SO2n(K)) and u′ ∈ Ξ(O). Then it follows from its explicit description
that the Springer correspondence coincides for SO2n(K) and for SO2n(C) (see [Sho87] and
the references there).
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Let u be a unipotent element in SO2n(K), let O(u) ∈ N (SO2n(K)) denote the conjugacy
class of u in SO2n(K), and let O′′(u) denote the conjugacy class of u in O2n(K). As before,
there are two possibilities: either O′′(u) = O(u), or O′′(u) = O(u) ∪ O(sus−1) (disjoint
union), where we think of s ∈ W′′\W as an element of O2n(K)\SO2n(K).

We assume first that O′′(u) = O(u) ∪ O(sus−1) (disjoint union). Then the inverse
images by Ξ of O(u) and O(sus−1) are also disjoint, and similarly for O(ν) and O(sν),
with u = exp ν. It follows from the above discussion that

H2e(ν)(Bν)A(ν) ⊕ H2e(ν)(Bsν)A(sν) (A.36)

is an irreducible representation of W′′ which restricts to the sum of two inequivalent
representations of W corresponding to O(u) and O(sus−1) by the Springer correspondence
for the group SO2n(K). Let λ be the partition of 2n associated to O′′(u). All the parts
of λ are even and Lusztig’s algorithm associates to λ a pair of identical partitions (ξ, η),
ξ = η. The restriction to W of the corresponding representation of W′′, ρξ,η, splits into the
direct sum of two inequivalent representations. The b-invariant of these representations
(as defined in (7)) equals

e(ν) =
1

2
dimBu,

where Bu is the Springer fiber of all the Borel subgroups of SO2n(K) which contain u.
Thus ρξ,η is the representation given in (A.36).

We suppose now that O′′(u) = O(u). As previously, we have then two representations
of W′′ which restrict to the same irreducible representation of W and we have make the
correct choice. Formulas (A.29) and (A.30) are still valid with K instead of C. Then the
same proof as that of Lemma A.2 gives the result.

References

[AA07] P. Achar and A.-M. Aubert. Supports unipotents de faisceaux caractères. J. of the Inst. of Math.
Jussieu, 6:173–207, 2007.

[Alv79] D. Alvis. The duality operation in the character ring of a finite Chevalley group. Bull. Amer.
Math. Soc., 1:907–911, 1979.

[AM93] J. Adams and A. Moy. Unipotent representations and reductive dual pairs over finite fields.
Trans. Amer. Math. Soc., 340:309–321, 1993.

[AMR96] A.-M. Aubert, J. Michel, and R. Rouquier. Correspondance de Howe pour les groupes réductifs
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