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1. INTRODUCTION

Consider real reductive group G, as defined in [Wal88]. Let II be an irreducible admis-
sible representation of G with the distribution character Oy, [Har51]. Denote by up the
lowest term in the asymptotic expansion of O, [BV80]. This is a finite linear combina-
tion of Fourier transforms of nilpotent coadjoint orbits, un = Y, cofio. As shown by
Rossmann, [Ros95], the closure of the union of the nilpotent orbits which occur in this
sum is equal to W F(II), the wave front set of the representation II, defined in [How81].
Furthermore there is a unique nilpotent coadjoint orbit O in the complexification g¢
of the dual Lie algebra g of G such that the associated variety of the annihilator of the
Harish-Chandra module of IT in the universal enveloping algebra U(g) of g is equal to the
closure of Oy, [BB85]. Moreover, the closure of O coincides with the complexification
of WF(II), see [BV80, Theorem 4.1] and [Ros95]. Given a Cartan subalgebra of gc we
have the corresponding Weyl group W. Springer correspondence associates an irreducible
representation of W to each complex nilpotent coadjoint orbit, assuming the group is
connected. See [Ros91] for a convenient geometric construction. We shall use this con-
struction in Appendix A to extend the notion of Springer correspondence to cover the
case when the reductive group is an orthogonal group (which is disconnected) and refer to
this extended version as the “combinatorial Springer correspondence”, denote it by CSC,
see (21) below. Thus CSC(Oy) is an irreducible representation of W corresponding to the
complex nilpotent coadjoint orbit Or.

Let us be more specific and consider a real reductive dual pair (G’, G) in a symplectic
group Sp(W). We shall always assume that the rank of G’ is less or equal to the rank of
G. Let II" be an irreducible admissible representation of G,LI , the metaplectic cover of G/,
and let II be the irreducible admissible representation of G which corresponds to I’ via
Howe correspondence for the pair (G’, G), [How89]. Howe correspondence is governed by
a Capelli - Harish-Chandra homomorphism

C: U(ge)® — U(gp)®

which has the property that if v : U(gh)® — C is the infinitesimal character of IT
then yp = v o C is the infinitesimal character of II, see (28) below. Let P(g)¢ be the
algebra of the G-invariant complex valued polynomials on the dual of the complexification
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of g. The homomorphism C' may be thought of as a “smooth deformation” of another
homomorphism

c: P(ag)¢ = P(g's)”
defined by the correspondence of the semisimple coadjoint orbits induced by the moment
maps

T W—=g 7 W= ¢
T(w)(z) = (z(w), w), T(w)(z') = (2'(w),w), we W, z€g, 2’ €g,

see Lemma 13 below.

Here are some natural problems in this context. Express the character O in terms of
O, upr in terms of ury, WF(II) in terms of WF(II'), Oy in terms of Op. Roughly, not
much is known about them in general, though the following equality holds for pairs in the
stable range with II" unitary

On = 7(7"~(Ow)), (1)
see [Prz93]. (Under some strong assumptions the above equality holds for the wave front
sets, see [He07].)

As an attempt to solve the first problem the third author constructed an integral
kernel operator Chc which maps invariant distributions on G’ to invariant distributions
on G, [Prz00, Def. 2.17]. In fact, with an appropriate normalization of all the measures
involved, this operator maps invariant eigendistributions with the infinitesimal character
~' to invariant eigendistributions with the infinitesimal character 7’ o C,

Che : D'(G)S — D'(G)S

g 7o

see [BP06, (7) and Theorem 4]. There are reasons to believe that Chc(©r) is a non-
zero constant multiple of Oy, where II} is the quasisimple admissible representation of

G whose unique irreducible quotient is II, as in [How89]. Often IIj = II. (For instance
this equality holds when the dual pair is in the stable range and II’ is unitary.) By a
limiting process, parallel to that one which leads from C to c, one obtains a Cauchy -
Harish-Chandra integral on the Lie algebra

che: S*(g)§ — S* (),

see (65) and (51) below. Here the subscript 0 indicates the 0-eigensubspace for the action
of non-constant invariant constant coefficient differential operators, see Theorem 15 below.
Also, the domain of che is not always the whole space S*(g')§". The limiting process is
such that if Che(Ory) is a non-zero constant multiple of O, then che(uy) is a non-zero
constant multiple of ury.

In this context it makes sense to ask if chc maps the Fourier transform of a nilpotent
orbital integral fio to a non-zero constant multiple of the Fourier transform of a nilpotent
orbital integral [ip, and how are the two orbits, @' and O related. We don’t know the
answer in general, but our main result concerning the real reductive dual pairs, Theorem
29 below, says the following.
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As explained above, [io is ‘harmonic’ with respect to the non-constant invariant con-
stant coefficient differential operators. Hence the product of the restriction of jio to the
regular set of any Cartan subalgebra of g, when multiplied by the product of the positive
roots, is a harmonic function, see Corollary 16 below. Hence the action of the Weyl group
W on the polynomial functions defined on that Cartan subalgebra generates a represen-
tation of W. We shall refer to it as to the Weyl group representation generated by the
restriction of che(fior) to the Cartan subalgebra.

For simplicity of exposition, let us assume that (G’,G) is not a complex dual pair.
The groups G'; G come with the defining modules V', V respectively, see [How79]. The
complexified groups (Gg, Ge¢) also form a dual pair with the defining modules V'(C)
and V(C) respectively (which don’t need to be the complexifications of V', V). Given a
nilpotent coadjoint orbit O’ C g”* let O C ¢t denote the complex orbit containing O'.
Then O = O'(N') corresponds to a partition A, see [CM93]. Denote by ht()\’) the hight
of the partition X (see section 3 below).

Theorem 1. Assume that che(fior) # 0. If the pair (G',G) is of type I assume that
ht(\) < dimV(C) — dim V'(C).

Let r = dim(V(C)) —dim(V'(C)) and let A = (1) & X be the partition obtained by adding
a column of length r to X' on the very left. Denote by Oc(\) C g the corresponding
nilpotent coadjoint orbit. Then

Oc(A) = 7(7""H(Oc (X))

and the Weyl group representation generated by the restriction of che(fior) to any Cartan
subalgebra of g is equal to CSC(Oc¢(N)). In other words, in the context of Wallach’s
approach to Springer correspondence (see section 2), che(fior) behaves like [io, where the
complezification of O is equal to O¢(N).

The idea behind Che is to make sense out of the following, often divergent, integral

O(g'9) One(g)dg" (g9 €G),
G/
where © is the character of the oscillator representation and IT’® is the representation
contragredient to II'.
In case of a dual pair defined over a finite field (see section 9) the above integral,

with the G replaced by G, is a finite sum which obviously converges and defines a class
function on G. This class function decomposes into a sum of several irreducible characters
Op. In other words Howe’s correspondence often does not associate a single irreducible
representation to II” and the situation is quite complex. Instead of considering the above
integral we follow Srinivasan, [Sri79]. Further, we focus on an ortho-symplectic pair, where
the defining module of the orthogonal group has an even dimension and work under the
assumption that Conjecture 3.11 in [AMRO96] holds. In particular we verify the following
theorem (see Theorem 29 below).
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Theorem 2. Let F, be a finite field with q elements, with q odd and let O3, (F,) denote
the split orthogonal group. Consider the dual pair (G' = Sp,(q), G = 03, (¢)) with n >
4. (This is a dual pair in the stable range with G’ the smaller member.) Assume that
Congecture 3.11 in [AMROI6] holds. Recall Alvis-Curtis duality D = Dgy.

Let TI' be an irreducible representation of G’ such that D(I1') is unipotent and belongs
to the principal series of G'. Then there is a unique irreducible representation 11 of G
such that D(II) corresponds to D(I") via Howe correspondence for the pair (G',G) and
the closure of the unipotent support of I contains the unipotent support of any irreducible
representation 11 of G such that D(I1) corresponds to D(I"). Furthermore the unipotent
supports On of I1 and O of TI', when lifted to the Lie algebras via the exponential map,
satisfy (1).

Here are more details. Let O3, (F,) denote the non-split orthogonal group. Let ¢ €
{—+} Weset (G,G) = (Spa,(Fy), 05, (Fy)) or (G, G) = (O3,(Fg), Spy,(Fg)). As
shown in [AM93], the Howe correspondence for this pair induces a (non-bijective) cor-
respondence between unipotent representations of Sp,,(F,) and O3, (F,). This corre-
spondence between unipotent representations was described conjecturally in [AMR96] in
terms of an correspondence between irreducible representations of two Weyl groups. We
compute explicitly that correspondence in the case where one Weyl group is Wy = W(B,)
(see Proposition 25), give its translation into a correspondence between u-symbols and
extract a bijective correspondence which behaves well with respect to unipotent classes
(see Theorem 26).

For simplicity of the exposition, we assume in this Introduction that ¢ = + and we con-
sider only representations of G’ belonging to the principal series. Then the corresponding
representations of G belong to the principal series of G and the two Weyl groups cited
above coincide with the those of G and G’, respectively. The irreducible representations of
the Weyl groups of G and G, respectively (and hence also the irreducible representations
in the principal series of G, resp. G’) are parametrized by pairs (£,7) of partitions of n
and pairs (£, 1) of partitions of n’, respectively. Assuming the validity of the conjectural
description of the correspondence in this case, and that we have n > 3 and n’ = 2, we
prove that the representation of G, say II, that is parametrized by (¢',n' U (n — n’)),
occurs in the image by the correspondence of the representation of G’, say II’, that is
parametrized by (£',7’). Moreover, every representation of G which occurs in the image
of IT" is such that the closure of its unipotent support contains the unipotent support of
IT (see Corollary 28).
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2. WALLACH’S APPROACH TO SPRINGER CORRESPONDENCE

Let g be a semisimple Lie algebra over the reals, G C End(g) the corresponding ad-
joint group, h C g a Cartan subalgebra and W = W(h¢, G¢), the Weyl group of (gc, be).
Let D(g)¢ denote the algebra of the G-invariant polynomial coefficient differential op-
erators on g, and let D(h)W denote the algebra of the W-invariant polynomial coeffi-
cient differential operators on . Let a(z)f(y) = %f(y + t[z,y])|i=0, 2,y € g. Set
T =D(g)® N (D(g)a(g)). As a culmination of the works of [Har57], [Wal93], [LS95] and
[LS96] we have the following short exact sequence

0—=7Z—D(g%—DMHYW =0, (2)

where Z — D(g)¢ is the inclusion and 6 : D(g)¢ — D(h)"W stands for the Harish-Chandra
homomorphism.

Consider an invariant tempered distribution u € S*(g)®. Then, a(g)u = 0 and therefore
the D(g)“-module generated by u, D(g)%u, satisfies ZD(g)%u = 0. Hence, by (2), D(g)%u
may be viewed as a D(h)V-module.

Let P(h) denote the space of the complex valued polynomial functions on b and let W
be the set of the (equivalence classes of) irreducible representations of W. The algebra
D(H)W acts on P(h), as usual, and so does the group W. Furthermore these actions
commute. Wallach showed that

Ph)=> o ®p, (3)

peEW

as a (D(h)",W)-module, where p’' stands for a simple D(h)"W-module and the function
p — pl, defined on W, is injective, see [Wal93]. (Here o/ @ p = P(h), is the p-isotypic
component of P(h) under the action of W.) By taking a Fourier transform on b, the
symmetric algebra S(h) becomes a D(h)W-module and (3) is transformed to

Sh)y=>_ i ep, (4)

pEW

sa (D(h)", W)-module, where p' is a simple D(h)V-module equal to the Fourier transform
of p'.

Let m € P(h) be the product of all the positive roots for the pair (gc, hc), with respect
to some fixed order of the roots, h™ = {x € b; w(x) # 0} the subset of the regular
elements and let C' C h™ a connected component. Let O C g be a nilpotent G-orbit
and let upo € S*(g) be the corresponding invariant measure, as in [Rao72|. Let fip be the



6 A.-M. AUBERT, W. KRASKIEWICZ, T. PRZEBINDA

Fourier transform of po defined with respect to a non-degenerate G-invariant symmetric
bilinear form on g. According to Harish-Chandra Regularity Theorem, [Har65], o is a
function on g. Wallach showed that there is a unique p € W such that, in terms of (4),
D(g)“no = p’ and that

(hom)|c € P(h)lc, (5)
where [in is viewed as a function on h™ and |¢ stands for the restriction of functions
from h™9 to C'. Wallach deduced form [HK84] that p corresponds to the complex orbit
Oc = GcO C gc¢ via Springer correspondence, [Spr78].

3. REPRESENTATIONS OF THE WEYL GROUPS

Partitions, tableaux, tabloids, etc. Let n be a integer. A partition of n is a finite
sequence A = [A; > Ay > --- > A, > 0] of integers ); such that S35 | A = n. Let ht()\)
denote the hight of the partition A (that is, the largest ¢ with A; # 0). Flipping a Young
diagram of a partition A of n over its main diagonal (from upper left to lower right),
we obtain the Young diagram of another partition !\ of n, which is called the conjugate
partition of \. Thus, for A = [A\; > Xy > -+ > N\i], we have ‘A = [PA; > 1Ay > - > 1\,
where [ =X\ and P\, = |[{i : 1 <i<k, N\ >j} for1<j<lLl

First we consider the group of permutations of n letters, W = S,. The irreducible
representations of W are parameterized by partitions A = [A\; > Ao > -+ > M| of n as
follows. A tabloid of the shape A is the Cartesian product A; x Ay X --- X Ay, where
AjUAU---UA, ={1,2,...,n} and |A;| = A\;. The group S,, acts on the set of all the
tabloids of shape A in the obvious way. Let V) be the complex vector space spanned by
all the tabloids of shape A.

A tableau T of shape X is defined to be the Young diagram of A filled labels 1, 2, ..., n,
which are increasing (from left to right) in rows and (from top to bottom) in columns:

11416
T=|2|5|T7|
3

To every tableau T we associate a tabloid {T'} equal to the Cartesian product of the sets
made of the rows of T

[T} = {1,4,6} x {2,5,7) x {3},
Let C(T) C S,, be the subgroup preserving the columns, 7, Ty, ..., T, of T
A polytabloid of T is the element of V) defined by

> sen(0)o{T}. (6)

ceC(T)

The subspace of V), spanned by all the polytabloids is irreducible under the action of .9,,,
is denoted by S, and is called the Specht module corresponding to A. This establishes a
one to one correspondence between the partitions of n and the (equivalence classes of the)
irreducible representations of the group S, (see for example [Jam77]). The trivial repre-
sentation and the sign representation correspond to the partitions (n), (1"), respectively.
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We would like to realize each Sy in the space of the polynomials C[zy, x9, ..., z,]. This
is done as follows. Let t;1, t;2, ..., t;5, be the ith row of a tableau 7. We associate to T’
the product

hto)

i—1 _i—1 i—1
| | Ltin Ltin xtui'
i=1

For the above example we get

0 0 .0
Ty Ty g

75
This extends to a S,-intertwining map from V) to Clzy, xs, ..., z,]. The restriction of this
map to Sy is not zero. In fact image of (6) is equal to the product of the Vandermonde

determinants made of the variables which are in the columns of 7"
Ar = ApAp, - Arg,.

Here

Z;
Ar, = (Tm — 2n)(@m — ) (xn —25) if T =| xp
Tm
The polynomial Ay where Ty = (1,2,3,...,A1), To = (‘Ai+1, 042, "M +3, ..., A+ ),
.., shall be denoted by A,. The S,-submodule of C[x1,xs,...,z,]| generated by A, is
isomorphic to &y and shall be denoted by p). It occurs in the space of the homogeneous
polynomials of degree n(\), the degree of the polynomial Ay, which is the sum of the
degrees of the corresponding Vandermonde determinants. This number may be visualized
as follows. Fill the first row of Young diagram A with zeros, the second row with 1s, the
third row with 2s and so on. Then add all these numbers. The result is n(A). This is
the lowest degree in which (an isomorphic module to) p, occurs in Clzy, xs, ..., x,] and it
occurs in this degree with multiplicity one (see [Lus77] or [GP00, § 5.4.4]).

Now we consider the hyperoctahedral group W,, = W(B,,), which is equal to the semidi-
rect product of S, acting on (Z/2Z)". There is a unique character sgncp ,,: W, — {£1}
whose restriction to the normal subgroup (Z/27)" is the product of the sign characters
and that is trivial on the subgroup S,. The kernel of sgncp,, is isomorphic to the Weyl
group W(D,). The restriction of the character sgngp,, to the subgroup W, _; of W,
equals the character sgnep, ,,_;. Because of this, we will denote sgncp, ,, simply by sgnep.

Let (£,m) be a pair of partitions with |£| = s, |n| = ¢ where s + ¢t = n. We extend
the action of the group S on the Specht module S to an action of the W, by letting
(Z/2Z)® act trivially. Similarly, we extend the action of the group S; on the Specht
module S, to an action of the W, by letting each Z/2Z act via the non-trivial character.
The induced representation Indy”, . (S¢ ® S,) is irreducible. This way the irreducible
representations of W, are parameterized by the pairs of partitions of n (see [Lus77]).
The trivial representation of W, corresponds to ((n),?) while the sign representation
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corresponds to (), (1")) and the representation afforded by the character sgngp = sgnep ,
corresponds to (0, (n)).

Let A¢,, be the product of A¢ (in the variables z1, 23, ..., 22), A, (in the variables z2_,,
x2,,, ..., 22) and the monomial zy %o - - x,. The W,-submodule of Clzy, o, ..., z,]
generated by Ag, is isomorphic to the irreducible representation corresponding to (&,7).

We denote it by p(¢ ). It occurs in the degree

2n(§) + 2n(n) + |n|. (7)
As in the previous case, this is the lowest degree in which (an isomorphic module to) p(e .,
occurs in Clzy,xs, ..., 2, and it occurs in this degree with multiplicity one (see [Lus77]
or [GP00, § 5.5.3]).
Notice the following formulas
max. deg,, Ax(z) = ht(\) — 1, (8)
nax deg, A¢,(x) =max{2ht(§) —1,2ht(n)} — 1.
<j<n T
For later use, we will now introduce some more notation. If A = [A; > Ay > -+ > \{]

is a partition of n and p = [ > pe > -+ > ] is a partition of m, by adding zero parts
if necessary we can assume that [ = k, and we define the partition A & p of n +m as

AND )= N+, forl<i<k.

For a partition A and for any integer ¢, let n;(\) be the numbers of j > 1 such that \; = i.
Then we will define the partition A U p as the unique partition of n + m such that

n;(AU p) =n;(A) +n;(p), for each i > 1.

We observe that ‘(A @ p) = ‘AU and ‘(AU p) = ‘AP 'u. Also, for L = 0,1,2, ...,
(L)Up=[p>..>2L>..>w|(or [L>p >..>wlor g >..>u>L)).

HX=[M>X > >XN|and g = [ > po > -+ > pp) are any partitions, we
write p C A if the followings holds: ht(x) < ht(A\) and p; < A; for all 1 < i < ht(u).
If we identify A and p with their Young diagrams, this means that the diagram of pu is
contained in those of A. Removing the boxes of A which belong to p, we obtain a skew
diagram which we denote by A — p. Then a generalized tableau of shape A — p is a filling of
the boxes of A — o with positive integers such that the entries are weakly increasing from
the left to the right along each row and strictly increasing down each column. Tableaux
of shape A are examples of generalized tableaux. Let T" be a generalized tableau. Let
n; = n;(T) denote the number of occurrences of the integer ¢ in 7. The weight of T is
defined as the sequence (ny,ns,...). The word w(T) of T is the sequence obtained by
reading the entries of T" from right to left in successive rows, starting with the top row.
On the other hand, any sequence a = (ay,as,...,ay) with a; € {1,2,...,n} is called a
lattice permutation if, for 1 < j < N and 1 < i < n — 1, the number of occurrences of ¢
in (a1, az,...,a;) is not less than the number of occurrences of i + 1.
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Let A, p, v be partitions such that |\| = |u|+|v|. The Littlewood-Richardson coefficient

CZ‘W is defined as the number of generalized tableaux T" of shape A — u and weight v such
that w(T') is a lattice permutation.

The Littlewood-Richardson rule (cf. for instance [GP00, 6.1.1, 6.1.6]) says that

IndSeXSnzp/‘(gp” ch“/p)"

where the sum runs over all partitions A of n.

A similar rule occurs in the group W,, = W(B,,) (¢f. [GP00, 6.1.3]):

Wh
Indean,e (/)51,771 ® pizm) = Z Ce, 6 021,772 Pens (9)

where the sum runs over all pairs of partitions (£, ) with || = |&1|+]&| and || = |nu]+|n9].
The next Lemma will be used in section 9.

Lemma 3. We have
Ind%;xw ) p§1ﬂ71 ® 1 Z’% no (10)

where the sum is over all partitions & of n — |m| = n — €+ |&| whose Young diagram is
obtained from that of & by adding n — ¢ boxes, with no two boxes in the same column. In
particular pa—pue, , occurs in (10).

In a similar way, we have:

Ind%Zan,e (pﬁlﬂh ® SgnCD) - Z Pérm; (11)
n

where the sum is over all partition n of n — || = n — € + || whose Young diagram is
obtained from that of n, by adding n — £ boxes, with no two boxes in the same column. .
In particular pe, (n—tyuy, occurs in (11).

Proof. As already mentioned, the trivial character of W,,_, corresponds to the pair of
partitions ((n —¢),0). Hence we have to consider certain generalized tableaux T" of shape
¢ —¢&; and weight (n—/¢). The integer 1 occurs ny(7T') = n—/¢ times in T'. It follows that all
the entries of T" are equal to 1 and so the condition of w(7') is empty. On the other hand,
the fact that the entries of T have to be strictly increasing down each column implies
that there is at most one box in each column of T". The first equality follows. The second
equality is proved in an analogous way, using the fact that sgncp,, » = po,(n—0)- 0

The following examples will be used in Section 9 in the proof of Proposition 25 and
Theorem 26.

Example 1. Assume n = 2 and ¢ = 1. Then we have (§&1,m) € {(1,0),(0,1)}, that is,
Perm € {LSgHCD} We get

Indyy? oy, (po,y ® 1) = Indy? , (p(1)0 ® S8hep) = Py ),

Indy?, w, (p).0 ® 1) = p2)0 © pa)e,
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Indy?, vy, (P0,1) © sghep) = o) © Po,12).
Example 2. Assume ¢ =1 and n > 2. As a generalization of example 1, we obtain
Indyy s, -, (P1)0 ® 1) = payo @ P10,
Indy? ., (Po,01) @ 1) = pin1),1);
Indy?y,, _, (P ® 880cp) = 1), (n-1);
Indy? o, , (P0,1) ® 881cp) = P00y B Po,(n-1,1)-
Example 3. Assume ¢ =2 and n > 3. We obtain
Indy?, ., (P20 @ 1) = p)0 @ Pn-1,1)0 D P(n—2,2).0;
Indy? (P20 @ 1) = pin-1,10 D P(n-212)0,
Indyz, o, , (P),0) @ 1) = pa-1),0) S Pa—2.),0);
Ind%an,z (Po.2) ® 1) = pn-2),(2),
Indy? g, (00,02 @ 1) = p-2),02),
IdyyZ ., (P20 ® S80cD) = P(2),0-2);
Ind%;an,g(p(ﬁ),@ ® sghep) = P(12),(n—2);
Ind%xwﬂ,g@(l),(l) ® sghep) = P(1),(n-1) D P1),(1-2,1)5
Indy? w, , (P0.2) ® 881p) = P0,(n) D P0.(n—1.1) D Po,(n—2.2);
Ind%;ban,Q(Pw,(12) ® sghep) = Po,(n—1,1) D Po,(n—2,12)-

Symbols and u-symbols We will recall part of the formalism of symbols due to Lusztig.
(See [Lus84] and references there.)

é of finite subsets (including the empty set @) of
{0,1,2,...}. The rank of A is defined to be

rank(A) == a+ Y b— K%)QJ :

a€A beB

Asymbol is an ordered pair A =

where for any real number r we denote by |r] the largest integer not greater than r. The
defect of A, to be denoted by def(A), is defined to be the absolute value of |A| — |B].
There is an equivalence relation on such pairs generated by the shift

(3)~(B1oaty):

We shall identify a symbol with its equivalence class. The functions rank(A) and def(A)
are invariant under the shift operation, hence are well-defined on the set of symbol classes.
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is said to be degenerate if A = B, and non-degenerate otherwise.

B
The entries appearing in exactly one row of A are called singles.
There is also a notion of u-symbols due to Lusztig related to unipotent classes.

A symbol A = (A

Let (£,m) be a pair of partitions of n (that is, £ and 7 are two partitions with ||+ |n| =

We ensure that £ has exactly one more part than n by adding zeros as parts where
necessary. Let m denote the number of parts of n. We then attach to (£,7), where
=G 26228 2&n) and = (m 2n = -+ = 10n), a symbol A = A, of
defect 1 and two u-symbols A" and Ag)" to be defined by

A ': €m+1 €m+1 ém71+2 £1+m
&n Nim 77m—1+1 7]m—2+2 Th—i-m—l ,
pvr o ((Eme m +2 Enr 4 & +2m
&n Nm + 1 Nm—1+3 o+ 2(m—1)+1

Au,or — gm—l—l €m+2 gm—1+4 §1+2m

&n Nhm+1 77m+2 nm—1+4 771‘*’2771 ’

where in the orthogonal case we arranged for the two partitions to have the same length
m + 1. The symbol A¢,, is called special if

Ent1 S <&n+1<npa+1<&a+2<---<m+m—-1<&+m.
Similarly, AP is called distinguished if
Ent1 <M +1<&n+2< N1 +3< - <m+2m—1)+1<& +2m,
and A" is called distinguished if
Emt1 St S +2<5m +2< - <&+ 2m <y + 2m.

We observe that the fact that A¢, is special implies the distinguishness of A;7P.

The set of all the symbols (resp. u-symbols) which contain the same entries with the
same multiplicities as a given symbol (resp. u-symbol) is called the similarity class of the
latter. If A, A’ belong to the same similarity class, we will write A~g,,A’. Each similarity
class of symbols (resp. wu-symbols) contains exactly one special (resp. distinguished)
element.

Definition 4. A partition X\ is called symplectic (resp. orthogonal) if each odd (resp.
even) row occurs with even multiplicity.

For N a given integer, let P?(N) (resp. P°*(N)) denote the set of symplectic (resp.
orthogonal) partitions of N.

Let K be an algebraically closed field of characteristic p > 0, with p # 2. For each group
G = GL,(K), Spy,(K), Ogp11(K) or Oy, (K) we have the defining module K», K>» K?"+1,
K2" respectively. The nilpotent orbits in the corresponding Lie algebra are parameterized

)
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by partitions A of the dimension of the defining module, as in [CM93]. The partition A is
symplectic (resp. orthogonal) if G = Sp,,(K) (resp. Os,(K) or O, 1(K)).

We will now recall the algorithm described in [Car93, §13.3]. To each partition A =
(A > Xy > -+ > \) we attach the sequence of B-numbers

A= (A] <Ay <+ <Ay, defined by \j := A\p_jy1 +j— 1, for 1 <j < k. (12)
For instance, we have
n)*=mn), m—-1,1)"=(1,n), n—-22"=2,n—-1), (n—2,1,1)"=(1,2,n).

(In the proof of Proposition 8 below it will be simpler to work with partitions with
increasing terms, A = (A, < Ay < --- < \) where \; i= A\e_ij1.)

Consider a symplectic or orthogonal partition A and the corresponding group G. We
ensure that the number of parts of A has same parity as the defining module of G, by calling
the last part 0 if necessary. Thus A\y > Ay > -+ > Agg (resp. Ay > Ay > -+ > Agpyq) if
G = Sp,,(K) or Os,(K) (resp. G = Og,,4+1(K)). We then divide \* into its odd and even
parts. Let the odd parts and the even parts of \* be

200 +1 <28 +1<--- <26 +1 (vesp. 265, +1) and 277 <25 <--- < 2n;,
respectively. Then we have
0<& <& < <& (resp. &yy) and 0<mp <y <+ <7

Next we define & :=¢&;_,,; — (k —14) and »; := n;_, ., — (k — i) for each i. We then have
& 2 &m 20,1 21041 >0, and [£] + |n] = n.
Thus we obtain a map

A (§m) (13)

from P (2n) or P°(2n) (resp. P (2n + 1)) to the set of pairs of partitions of n, which
is injective.

A pair of partitions (£, 179) of n is in the image of the map (13) of a symplectic partition,
(resp. an orthogonal partition, say Ag ) if and only if the u-symbol Az(fgo (resp.

A% ) is distinguished, see [Car93, page 420].

Definition 5. If (§,7) is not in the image of the map ¢ defined by (13), we put N, = A&

€o:10
(resp. A, = A&, ), where AP (resp. NS ) is the distinguished u-symbol in the

esp. 0/ 6061;0 £0,M0
similarity class of A&’np (resp. A, )-

Example 4. Letn > 2 and 1 < h < 2. We have

u,8 h n—nh+2 u,or h n—h-+2
A(nfh,h)ﬁ) = ( 1 ) and A(nfh,h),@ = (0 92 ) :

. A?jfl 1y,¢ 18 distinguished. Because (n —1,1)* = (1,n) and 0* = (0,1), we obtain
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° Al(lnslo2 9 1S ot distinguished. The distinguished u-symbol in its similarity class is

1 u,
( 2 ) A(nsp21(10)'

Because (n —2,1)* = (1,n — 1) and (1,0)" = (0,2), we obtain X", ) 1 =
(0,3,4,2n — 1), that gives )\ 220 = )\Sn 2.y = (2n—4, 22).
e For h=1,2, the distinguished u-symbol in the similarity class of A?izo—rh,h),@ 8

0 2 u,or
Gin—h+2) Aoy

Because (02)* = (0,1) and (n — h,h)* = (h,n — h + 1), we obtain
\or {uﬂﬁgm ifh=1,

(02),(n=hh) =) (1,3,4,2n —2) if h =2,
that s,
or __yor _ (27’L - 37 13) th = 1’
)\(n—h,h),(l) - (02)7(n_h’h) o (27’], — 5 22 ]-) th - 2
Example 5.

u,S 1 3 n + 2 u or 1 3 n + 2
A?HSPQ . is distinguished. Because (n — 2, 12)* = (1,2,n) and (03)* = (0, 1,2), we

obtain )\ 2 129 = (0,2,3,4,5,2n 4+ 1), that gives )\ o2y = (2n —4,1%).
A?nOTQ 120 is not distinguished. Ifn > 3, the distingiiished u- symbol in its similarity

class is
O 2 4 u,or
(35 .12) =M
We have Aor*

(no212) = =(1,2,3,4,5,2n), that gives )\‘();_2712)7@ = (2n —5,1°).

0 2 n 0 n
u,sp . u,or _
An2(12)—( 9 4 ) and An2(12)_(1 3>'
o APy 12y 8 distinguished if n > 4, (n —2,0)* = (0,n — 1), (12)* = (1,2). Hence

ﬁ$2() (1,2,4,2n — 1) and A} 5 12y = (20— 4,2,17).
A?norz) (12) B8 not distinguished if n > 4. The distinguished u-symbol in its similarity

class is
0 3 u,or
(1 n> A (1),(n—2,1)"

(1,0)* = (0,2), (n—2,1)* = (1,n — 1). Hence N}, 5, = (1,2,5,2n — 2), and
)\?2_2)7(12) - (2n - 57 3, 12).

Example 6.
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Example 7.
0 n n—2
u,Sp _ u,or o
A(n 2) ()_( 3 ) and A(n—2),(2)_( 2 )
* )‘Zggz),(z) = (4,2n = 3), and A} 5 o) = (2n —4,4), when n > 3.
° >\(n772),(2) = (5a 2n — 4); and >\(n72),(2) = (2n — 5, 5)

Example 8.

X 0 n-+1 n—1
u,sp . u,or o
Aoty = ( 9 ) and A"y ) = ( 1 ) :

° A 1) (1) is distinguished, )\(n na = (2,2n—1), and )\Sp =(2n —2,2).
Au Orl) (1) 18 not distinguished. The distinguished u- symbol m zts similarity class s
Aul())r(n 1. We have X(’;’:Ml) =(3,2n —2), and Ao = (2n — 3,3).

0 4 2
u,sp _ u, or
A(2),(n—2) = < — > and A (n—2) = <n B 2> )

. Augp(n gy U5 not distinguished if n > 6. Then the distinguished u-symbol in its

simalarity class is
0 n—1 1,5p
( 4 ) A (n—3),(3)"

Example 9.

We have gg 3,0)* = (O n— 2) and (3,0)* = (0,4). Hence N3, o = (0,1,8,2n—
3), and A@),(n-2) = = (2n - 6,6).
® A n_gy = (5,2n —4), cmd Aoy (n_gy = (2n —5,5), n > 5.
Example 10.

u,s 1 n u,or 1 n
A(np21)(1):( 9 ) and An 21(1):(0 3)'

o Aoy ts distinguished if n > 2, (n —2,1)" = (1,n — 1) and (1,0)" = (0,2).
Hence )\ W = (0,3,4,2n — 1), and )‘?2—2 by = (2n—4, 22).
Aunor2 1),(1) B8 not distinguished ifn > 4. The distinguished u-symbol in its similarity

class 18
0 3 u,0r
(1 n) - A(l)v(nfll)‘

Hence /\(()IST(TL—M) =(1,2,5,2n —2), and Ay (n—a1) = (2n=5,3, 1%).

Example 11.
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1s not distinguished if n > 5. The distinguished u-symbol in its similarity class is

0 2 n+1
u,sp _
A=sen = < 2 5 ) '
We have Xp™3) o1y = (1,2,6,2n — 3), and hence X(j) , 5,y = (2n — 6,4, 1%).
Example 12.

0 2 4
u,sp
Aon22) = ( 3 n+1 )

s not distinguished if n > 4. The distinguished u-symbol in its similarity class is

0 3 n+1
u,sp _
A(n 31()—( 9 4 )

=(2,3,4,2n — 3), and )\Spn 22 = (2n — 6,23).

0o 2 4 6
u,sp _
Ay n212>—< 2 4  n+3 )

is not distinguished if n > 3. The distinguished u-symbol in its similarity class is

Au ,Sp - 0 2 4 n 4+ 3
(n—=3),(1%) 2 4 6 '

Hence )\S a2y = =(1,2,3,4,6,2n — 1), and )\%p(n = (2n — 6,2, 1%).

We have )\Sp * 1.02)

Example 13.

_2712)

1 3
e _
Ai2),(n-2) = ( n—1 >

is mot distinguished if n > 5. The distinguished u- symbol i its similarity class is

AunSp3 1.(2)- We have A 2*3 D@ = = (0,3,6,2n — 3). Hence \?" = (2n —6,4,2).

Example 14.

(12),(n—2) —

The following lemma and corollary concern the partitions only and have nothing to do
with the symbols. We are going to use them in the proof of Theorem 21.

Lemma 6. Let A be either a symplectic or an orthogonal partition and let (&,m) be the
corresponding pair of partitions. Then

ht()\) = max{2ht(£) — 1,2ht(n)} if |A] is even,
)= max{2ht(§) — 1,2ht(n) + 1} if || is odd.

Proof. Let \ be a symplectic partition.

Suppose ht(\) = 2k. If Ay is even then n; # 0. Thus ht(\) = 2ht(n). Since ht(§) < k,
(14) follows. If Mgy is odd then Agp_; = Mgy is odd. Hence, A5 > 2 is even. This is the
smallest even part of A*. Therefore ht(n) = k and (14) follows.

Suppose ht(\) = 2k — 1. Since Ao, = 0, ht(n) < k. If Ayg_1 is even then A is odd
and greater or equal to 3. Therefore ht({) = k and (14) follows. If Ay_; is odd then
Aok—2 = Agk—1 and therefore A\ = Agp_o + 2 > 3 is odd. This is the smallest odd part of
A*. Thus ht(§) = k and (14) follows.

(14)
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Let A be an orthogonal partition with |[A| even. Then ht()\) = 2k.

If Aok is even then ht(n) = k and (14) follows. If Ay is odd and greater than 1 then
A7 > 1. Hence the smallest even part of A\* is positive. Thus ht(n) = k, which implies
(14). If Agx = 1, then A5 > 1, which implies ht(n) = k. Again (14) follows.

Let A be an orthogonal partition with |[A| odd. Then ht(\) = 2k + 1.

If Agg11 is even, then ht(§) = k+1 and ht(n) = k. Thus (14) follows. If Agx1 > 11is odd,
then ht(§) = k + 1 and ht(n) < k, which implies (14). If Aoy = 1, then ht(§) = ht(n) = k,
which implies (14). O

By combining (8) with Lemma 6 we deduce the following Corollary.

Corollary 7. For any partition \,
max deg, Aj(z)=ht(\) — 1. (15)

1<j<n
For a symplectic or orthogonal partition A\ and the corresponding pair of partitions (&, n)

max deg, Ag,(x) = ht(A) — 1, (16)

1<j<n

unless A is orthogonal with |\| odd and 2ht(§) —1 < 2ht(n)+1. (Equivalently the smallest
part of X is 1.) In this case

max deg, Ag,(z) = ht(A) —2. (17)

1<j<n

4. SPRINGER, CORRESPONDENCE

For an irreducible complex dual pair (G,G’), let 7, 7" be the corresponding moment
maps. We assume that the rank of G’ is smaller than the rank of G. Let O()\) denote
the nilpotent orbit in the Lie algebra of G parameterized by the partition A and let O(\)
denote the closure of O(\).

Given a nilpotent orbit O()') there is a unique partition A such that

(7 O(N))) = O(N), (18)
see [DKP97]. Let V be the defining module for G and V’ for G'. If
r:=dim V — dim V' > ht()\), (19)

then [DKP97, Theorems 5.2, 5.6] show that A is obtained from X by adding a column of
length r on the very left. (The condition (19) implies, that in the notation of [DKP97,
Definitions 5.1, 5.5], we are in the case where ig = r + 1 and r;, = 0.) In other words,

A=1") @ N, (20)
that is, if X' = (M, > X, > --- > A\, (here & = ht(V)) then A = (A, > Ao > -+ > \,),
where \; = X, + 1 for 1 <1 < k, with the convention that \; =0 for &' +1 <i <r. It is
clear that the partition A defined by (20) has the right type. Indeed, if X" is symplectic,

the condition that each odd row of X' occurs with even multiplicity implies that each even
row of A has the same property. Hence A is orthogonal. If X is orthogonal, each odd \;
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with 1 <7 < k' occurs with even multiplicity. In particular, it implies that the hight of A
has same parity as r, that is, r — &’ is even. Hence A is symplectic.

Springer constructed irreducible representations of the Weyl group in cohomology groups
of varieties associated to nilpotent orbits, [Spr78]. This is known as Springer correspon-
dence. We shall use a combinatorial description of this correspondence, which may be
found in [Car93], section 13.3. (The description in [CM93] for the group Sp,, (C) is incor-
rect and for the group Os,(C) is very sketchy.) Since the orthogonal group O,, (C) occurs
as a member of dual pair, we need a “Springer correspondence” in this case, which seems
not to be available in the literature. In order to include this case we provide an extension
of Rossmann’s approach to Springer Correspondence, [Ros91], in Appendix A.

If G = GL,(K) then the Weyl group coincides with S,, and Springer correspondence
associates to an orbit O(\) the representation p,.

In all remaining cases the Weyl group is the semidirect product of S,, acting on (Z/27Z)".
For the groups Sp,, (K) and Og,41(K), we associate the representation p¢, to the orbit
O(A), where (£,7n) := ¢(A), with ¢ defined by (13).

Consider the group Os,(K). In this case the nilpotent orbits are parameterized by
partitions A of 2n where the even rows occur with even multiplicities. We attach to such
a partition A\ the ordered pair of partitions (£,n) defined by (£,n) := ¢(A). Then we
associate to O(\) the representation p, .

Thus in any case we have a “combinatorial Springer correspondence”

CSC: O v p, (21)

which is compatible with our extension of Rossmann’s work, [Ros91], as explained in A.2.
The following Proposition shows what happens to the Weyl group representations if we

map a nilpotent orbit from one Lie algebra to a nilpotent orbit in the other Lie algebra via

the moment maps, as in (18), and apply our “combinatorial Springer correspondence”.

Proposition 8. Let (G, G’) be a reductive dual pair over K, and O(N') be a nilpotent orbit
in the Lie algebra of G’ satisfying the condition (19).

Let O()\) be the corresponding orbit in the Lie algebra of G, as in (18), or equivalently
in (20). Let CSC(O(XN)) = pery and CSC(O(N)) = peyn. Set £ be the difference of the

rank of G and G'. Then
(1)@ €.1) if G' = Spy(K) and G = 03,(K)
& n) = (& (1) @) Zf G = Oy (K) and G = Sp,,(K) (22)
’ (1) &7,€) if G' = $py,(K) and G = Ogpir (K)
(1) @& n) if G' = Oz 41(K) and G = Sp,, (K).
Proof. We proceed via a case by case analysis and write the partitions in the increasing
order (A; < Ay < ---) as in [Car93].
Case G’ = Sp,,,(K) and G = 0,,(K).
Here X} < X, <--- <\, and A = (12"2") @ \. Therefore,

N j if 1 <j<2n-—2n -2k,
I T T Nangawea +J i 20— 20— 2k < j < 20— 20,
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where X o oiop 7 = N opionwaor +2n — 21" — 2k + 1. Therefore,

2t = 2u if 2 <2v <2n-—2n' — 2k,
2 =2 +1+2n—2n"-2k+1 fv=n—-n"—k+1v, 1<V <k

Thus,
m,=v if1<v<n-n -k,
=& +n—-n'"—k+1 ifv=n—-n"—-k+v, 1</ <k

fl1<v<n—n—kthenn, =n—v+l=1Hrv=n—n'"—k+v and 1 <V <k then
m=n-v+1=&+n—-n"—k+1l—-n4+n'+k—1V+1=¢ —-v+1+1=¢,.

Thus n = (1) @ &'
Similarly,

260 +1=2v—1 if1<2v—1<2n-2n —2k—1,
200+ 1=2n"%+2n—-2n"-2k+1 fv=n—n"—k+v, 1<V <k

If1<v<n-n"—k, then

=6 ~vtl=v—-1-v+1=0.
Ifv=n—-—n"—k+1v and 1 <V <k then
&= —v+l=n%+n—-n'—k—v+1l=9%+n—-n'"—k—n+n'+k—v+1=1,.

Hence, £ = 7'. Recall that in this case we associate to A the pair (n, &), which (as we just
computed) is equal to ((1°) & &, 7).

Case G’ = Oyy(K) and G = Sp,, (K).

Here, N, A\, £ and 7 are exactly as in the previous case except that we associate to A the
pair (§,m) = (', (1Y) & ¢').

Case G’ = Sp,,,(K) and G = Oy,41(K).

Here, N} <\, < ... <\, and A = (12°72"+1) @ X', Therefore,

vl if1<j<2n—2n/+1—2k,
T Ngnan—1gor T4 i 2n—20"+1 -2k <j <2n—2n"+1,

where A o yon 1ok +7 = AT onpow 14op T20 =20 +1 =2k +1
Therefore,

2 +1=2v—-1 ifl<v<n-—-n'+1-k,
260 4+1=2"+14+2n—-2n"+1-2k+1 fv=n—-n"+1-k+v, 1<V <k

Thusfor 1 <v<n-n'"+1-—k,
& =6 —v+1=0
and for the remaining v,

&= —v+1=+n—-n"+1-k—v+1=¢, -1V +1=¢,.
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Hence, £ = &'. Also,

20 = 2v ifl<v<n-n—k,
2 =20 +2n—2n"+1-2k+1 fv=n—n"—k+v, 1 <V <k

Therefore n, =1,if 1 <v<n—-n'"—k. lfv=n—n"—k+v and 1 < <k, then
m=n—-v+l=n"4+n—-n"+1-k—-v+1=n,+1.

Hence, n = (1) @ n'". Thus (¢, 1) = (€', (1) &17).
Case G’ = Og,41(K) and G = Sp,,,(K).
Here, ] < X, < ... < A,,_, and A = (12"2"~1) @ X. Since the number of the parts
(rows) of A is odd, we introduce artificially A; = 0, as required by Lusztig’s algorithm
[Car93]. Then
AL = 0, A =1, A3 = L., >\2n—2n’—2k+l =1,
/\Zn—Qn’—Qk-‘rQ = )\,1 +1, /\Qn—Qn’—Qk-‘rB - )\,2 +1,..., )\Qn—Zn’ = )‘,Qk—l + 1.
Hence,
A =0, X3 =2, X5 =3,..., A5, o ops1 =2n—2n" — 2k + 1,

A;n—Q’ﬂ/—Qk}-‘rQ - )\/T + 2n - 2”’ - Zk + 2, A;’I’L—in—Qk‘-‘r?) — )\,; + 27’L - 271’ - 2k + 2, ceey

Therefore,
§=1,6=26=3,..,& ., .=n—n—k,
=& +n—-n"—-k v=n—-n—-k+v.
Thus,

51:17 5221, 63:17"'7 fn—n’—k:]w
&L= +n—n"—k—-v+1=¢&,+1.

Hence, £ = (1°) @ ¢
Also, Therefore,

=0 m=1n=2..,n0_, =n—-n"—k—1,

m=n54+n—-n'"—k v=n—n"—k+\.
Thus,

T :07 772:0> 7]3207"'7 nn—n’—kzoa
n=n%+n—-n"—k—-v+1=n,.

Hence, n =17/'. O
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5. W-HARMONIC POLYNOMIALS

For a Weyl group W, as before, let us define the type of W, [W], to be A if W = 5,
and B otherwise.

Let HVClxy, 2o, ..., 7,] € Clay, 7o, ..., 7,,] be the space of the W-harmonic polynomials.
Let

AB == A@7(1n) (24)
Then
HWC[l’l, T2, .- l’n] = (C[al, 827 ceey &JA[W} (1’1, T2, ..., l’n) (25)

Lemma 9. If f € Clzy, s, ..., x,] transforms under the sign representation of W then it
is divisible by A,

For both (25) and Lemma 9, see [Hel84].

Corollary 10. For any irreducible representation p of the Weyl group W, the corresponding
polynomial A, is W-harmonic. (In this notation we identify p with the corresponding
partition or a pair of partitions.)

Proof. Let D € C[0y, s, ..., 0,] be W-invariant of positive degree. Suppose W = S,,. Then
A, = Ay = Ap, where T is the standard tableau, as in section 3. Arp is skew-symmetric
with respect to the group C(T) C S,. Hence, so is DAr. Lemma 9 implies that it is
divisible by Ar. However the degree of DAr is smaller than the degree of Ay. Therefore,
DAr =0.

The case W # S,, is analogous. OJ

Let (G, G’) be a complex dual pair with the rank of G equal n and the rank of G’ equal
n' <n, and let £ =n —n’. In these terms define the following map.

Clx1,z2, ooy x| 2 P = Q € Clay, 29, ..., 2],

Q(x1, %, ooy Ty oy ) = P(x1, 22, o0, T ) A p(Trrs1, Trig2, oy Tn), (26)
where
(19 if (G,G") = (GL,(C), GLy(C)),
(14,0) if (G, G") = (02,(C), Spy, (C)),
p=1q (0,19 if (G,G") = (Spy,(C), Osw(C)),
(®7 16) if (Gv G/) (OQH-H( ) Sp2n (C))
(15,0) if (G,G") = (Sp2,(C), O2pr1:1(C)).

Lemma 11. The map (26) sends W’'-harmonic polynomials to W-harmonic polynomials.

Proof. We see from (25) that there is a differential operator D’ such that P = D'AW],
Notice that AMW(z, 2y, ooy Tt ) A (X1, Ty 42, oo, Ty) 18 W-harmonic (by the argument
used in the proof of Corollary 10). Hence, by (25), @ is W-harmonic. O

(Lemma 11 also follows from Corollary 16 below.) As an obvious consequence of Propo-
sition 8 we obtain the following Theorem.
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Theorem 12. Let (G,G’) be an irreducible complezx dual pair and let O(N') be a nilpotent
orbit in the Lie algebra of G' satisfying the condition (19). Let O(\) be the corresponding
orbit in the Lie algebra of G, as in (18). We identify CSC(O(X')) and CSC(O(N) with
their realizations in harmonic polynomials as in Section 5. Then the image of CSC(O(XN))
under the map (26) is equal to CSC(O(N)).

6. DIFFERENTIAL OPERATORS AND chc

Let G, G’ be a real reductive pair acting on the symplectic space W, with rk(G) >
rk(G’), as before. Let 7: W — g*, 7/ : W — ¢’* be the corresponding moment maps. Let
P(gz)¢ be the algebra of the G-invariant complex valued polynomials on the dual of the
complexification of g. There is an algebra homomorphism

c: Plgi)® = P(a'0)Y, (27)

determined by fo7 =c(f) o7, f € P(gc)”. (See the beginning of the proof of Lemma
13 below for an explanation.)

Similarly, if U(gc)® denotes the algebra of the G-invariants in the universal enveloping
algebra of g over C, then we have the Capelli Harish-Chandra homomorphism

C:U(gc)® = U(gr)?, (28)

which determines the relation between the infinitesimal characters for representations
which occur in Howe’s correspondence, [Prz96] or [Prz04]. (Specifically, if a representation
[T with the infinitesimal character vy : U(gc)® — C corresponds to a representation IT’
with the infinitesimal character v : U(ge)® — C, then g = 4w o C.) Recall the
symmetrization map, from the symmetric algebra S(gc) onto the universal enveloping
algebra U(gc)
s: S(gc) = Ulge), (29)

[Har57]. The action of C* on gc, gc 2 ¢ — tx € gc, extends to an action on S(gc),
denoted by

S(gc) 2 u — tu € S(ge). (30)
We shall identify the symmetric algebra S(gc) with the polynomial algebra on the dual
P(gg). Then tu(l) = u(tf), & € g&. Also, since the Lie algebra h is commutative,
U(hc) = S(bhc) = P(he).

The following Lemma points to a known fact that Cis a “smooth deformation/quantization”

of c.

Lemma 13. The following formula holds
lim t7hsTH(C(s(tw)) = c(u)  (u€ S(ge)).
—

Proof. The map (27) may be explained in more detail as follows. Let us view the sym-
plectic space W as the odd part of the Lie superalgebra corresponding to our dual pair.
Then we may talk about the semisimple elements in W. Every semisimple GG’-orbit in
W passes through a Cartan subspace h; C W, [Prz06]. Let us identify g with the dual
g" via a G-invariant bilinear symmetric non-degenerate form on g, and similarly for g'.
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Then the moment maps 7 and 7’ take values in g and g’ respectively. The linear span,
span(7’(h1)) C ¢/, is a Cartan subalgebra of g'. Also, the subset

{(r'(w), 7(w)); w € b1} € span(7'(h1)) x span(r(hs))

extends to a linear bijection

span(7’(h1)) — span(7(hy)). (31)
We shall use (31) to identify

span(7'(h1)) = span(7(hy)) (32)

and denote both by h’. Thus b’ is a Cartan subalgebra of g’ and a commutative subalgebra
of g, consisting of semisimple elements. In these terms, f € P(gc) and c(f) € P(gr) have
the same restriction to §’, and this determines the map c.

Next we recall the definition of the homomorphism (28), [Prz04, (5.5)]. Let 3 C g be
the centralizer of b’ and let 3” be the orthogonal complement of §’ in 3 so that 3 =’ ®3".
Denote by Z,Z" C G the corresponding subgroups. Let

Yorn : Uge)® — UH)" (33)
be the Harish-Chandra isomorphism and let
€ Z/{(aéé)z — C (34)

be the augmentation homomorphism, if G’ is not an orthogonal group of type B, i.e.

G’ # Opgq. If G’ is an orthogonal group of type B, then 3” is a symplectic Lie algebra

and we denote by €, the infinitesimal character of the oscillator representation of 3".

(Unfortunately, this case is misrepresented in [Prz04], but the necessary correction is easy

(see http : //crystal.ou.edu/ tprzebin/chch_corrected.pdf. The corresponding statement

in [Prz96] is correct.)

Fix a Cartan subalgebra h C 3. Then h’ C b, b is a Cartan subalgebra of g and

C:U(gc)® = UMY = UGe)” — UMY — Ugr)?. (35)

Ya/b ’Yé/h 1®63// ’Ygl/h/

The isomorphism (33) is constructed as follows, [Wal88, sec. 3.2]. Fix a system of positive
roots of b in gc and let n™ denote the sum of the corresponding positive root subspaces
of gc. Similarly, n™ is the sum of the negative root subspaces so that gc =n~ ® hec Hn'.
Then

U(ge) =U(bc) ® (W U(ge) +U(ge)n ™). (36)
Denote by
Pypy : U(gc) — U(bc) (37)
the projection onto the first summand. Similarly we have
S(gc) = S(be) & (n”S(gc) + S(gc)n™). (38)
Let

Ry - S(gc) — S(he) (39)
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be the projection onto the first summand. If we identify the symmetric algebra with the
algebra of the polynomials, as above, then (39) coincides with the restriction from g¢ to

be-
Since b is commutative, U (hc) = S(hc). Therefore

Pyyos:S(ac) — S(be).

Furthermore,
lim ¢~ Py o s(t.u) = Ryp(u) (u e S(ge))- (40)

t—0

Indeed, if u € S(h¢) then
t L Pypos(tu) =t " Pyy(tu) =t"".(tu) =u

and (40) follows. Suppose u € (n"S(gc) + S(gc)n™) is homogeneous of degree d > 1.
Then Py os(u) C S(he) is a sum of terms of degrees smaller than d. Since t.u = tu, the
left hand side of (40) is zero. In this case the right hand side of (40) is also zero. Since a
general element of the symmetric algebra is the sum of the two elements just considered
(40) follows.
For p € b let

Tr,: P(bz) = P(bE) (41)
denote the translation by p, that is the linear map which transforms f(&) to f(& — p). If
we identify the polynomial algebra with the symmetric algebra then (41) coincides with
the unique linear map

Tr,: S(he) = S(he) (42)

which is obtained from the linear transformation
be > X = X — p(X) € S(he)
via the universal property of S. We see from the definition that
Tr)t =Tr_, and Tr,(t.u) = t.Try,(u). (43)
If p = pgy is equal to one half times the sum of all the positive roots, then the restriction

of Try0 Py to U(gc)® is the Harish-Chandra isomorphism ~,y. Notice that, by (43) and
(40),

t™to Tr,oPygposot. = t™to Trp,ot.o (t .o 3/ 0SOt.) (44)

= Tryo (t™t. o 4y 0SOt.) e Troo Ry = Ryyp.
Furthermore,
t.(S(gc)%) = S(gc)® and s(S(ge)?) = U(ge)®.
Therefore,
lim . 0 yyp 050 L (1) = Ryp(w)  (u € S(go)®), (45)

and by taking the inverse,
limt . osto 797; ot.(u) = R;/lb(u) (u € S(he)™). (46)

t—0
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Moreover, if €, is the augmentation map then clearly
. -1 . )
115)%(1‘: .O(1®€3//)Osot.) _Ré/h (47)

is the restriction from 3¢ to h. Suppose €~ is the infinitesimal character of the oscillator
representation of 3", or in fact any algebra homomorphism from U(3%:)% to C*. Let h” C 3"
be a Cartan subalgebra. Then there is an element A € hg* such that e (2) = vy /57 (2)(A)
for z € U(3¢)%. Hence, (46) shows that for any u € S(3¢)%,

(b)) = Ay (s(t0))(A) = (647 Ao (s(t))) (V)
= (¢ g (L)) (EA) =5 Ry (w)(0) = u(0).

Therefore the equation (47) still holds when both sides are applied to an element of
S(gc)”.

Furthermore,

tlostoCosot.

_ tfl

~—~

.osto 7;}6’ ot)o(t o(l®en)osot.
ot t.osto 73_/:) ot.)o(t ongmosot.).
Hence, (40), (45) and (47) show that

%i_{%tfl. os'oCosot. = R;}h, o Ry oR;/%) o Ry = c.

Let

A(x)h(y) = %wy +tr)li=o  (7,y € 9,9 € C™(g)).

The map O extends to an isomorphism from S(gc) onto the algebra of the constant
coefficient differential operators on g. Recall the Cauchy Harish-Chandra integral

che : C(g) — C=(g"0)C (48)
[Prz00], [BP06], where g™ is the set of the regular semisimple elements in g'.
Theorem 14. The following formula holds,
d(c(u)) o che = chco O((—1).u) (u € S(ge)®).
Proof. Let G’ be the preimage of G’ in the metaplectic group, G'™ is the set of the

regular semisimple elements in G’ and let L be the left regular representation. We shall
use analogous notation for G. Recall the Cauchy Harish-Chandra integral

Che : C2(G) — C=(Gre9) ¥, (49)

and the formula
L(C(u)) o Che = CheoL(@)  (u € U(ge)?), (50)
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where © — @ be the involution on the universal enveloping algebra, extending the map
gc O u — —u € g, [BP06, Theorem 3]. Furthermore, the following equation holds,

lim tm/Chc(—é(tx')é(tx))w(x) dx (51)

t—0+ g
_ o= / che(a! +2) b(x)dz (2 € g7 € C=(g)),
g

where ¢ : g 2 x — (x + 1)(z — 1)~! € G is the Cayley transform (defined where z — 1 is

invertible), ¢ : g — G is a lift of ¢, m is one half of the dimension of the symplectic space W

and ©(—1) € C is the value of the character © of the underlying oscillator representation
at the preimage of minus identity in the metaplectic group, [Prz00, Theorem 2.13]. Our
Theorem follows from (49) and (51), as explained below.

Let c_(z) = —c(x), so that ¢_(0) = 1. For y € g we have the differential operator L(y)
on the group and its pullback to the Lie algebra, ¢* (L(y)) defined by

¢ (Ly))(e) = (Ly)@ o ™)) o (@),

Recall the following formula

2 (L(y))y(z) = 5(%(:6 — Dy(z +1))i(x), (52)

[Prz04, (2.3)]. We also have

(L)) = A — Dyl + 1)) (53)

Indeed, by definition, the left hand side of (53) is equal to

li@/)(c(c_ (ty) ™ e(x))) li=o,

v o c)(exp(—ty)e(@)lmo = 57

.
because ¢ = ¢! and the derivative of c_ at zero is two times the identity. Notice that
c(g) = c¢(—g). Hence,

cle—(y)"e(x)) = c(—c(y) c(x)
= c(e-(=y)e-(x) =M (e-(y)”
Thus (53) follows from (52). Let

Sp(z) = Y(t ') (teR,xeg).

_ N—
Il
o
(|
—
—~
O
—~
<
SN~—
L
o
—~
8
N~—
SN~—
Il
o
(|
—
—~
O
—~
|
<
SN~—
O
—~
8
S~—
S~—

Then
(041" (L(=2ty)op )¢ (z) = O((1 — tz)y(tz + 1))Y(x) (54)
and

(01" (L(2ty)o) (x) = O((1 — L) (—y) (tz + 1))y (x). (55)
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Indeed, the left hand side of (54) is equal to
(2 (L(=2ty))o )b (tx) = ¢ (L(=2ty))(de9)) (tx)
= Ot — 1)(~2ty)(t + 1)) (00 (1)
= Ot~ ) (-29)(tw + 1),
which coincides with the right hand side. Similarly, the left hand side of (55) is equal to
(" (L(2ty))o) v (tr) = ¢ (L(2ty)) (6v) ()
= B3 (tr — )2yt + 1))

= O — 1))t + (),

which coincides with the right hand side.
In particular, (54) and (55) imply

lim oy 0 cZ (L(s((=2t).w))) 0 0y = I(u)  (u € S(gc)), (56)
and
lim 61 0 ¢*(L(s((2t).u))) 0 6, = 0((=1)w)  (u € S(gc)). (57)

Let 1, = t~4m854). In these terms, (51) shows that for ¢ > 0,

t" /~ Che(e(ta)g) (¢ 0 ¢2')(g) dg = t™ / Che(e(ta')e—(x))p(x)j(z) dz (58)
G

g

= tm/Chc(—é(ta:')é(tx))w(a:)j(tx) de — @(—1)j(0)/chc(m’ + z)(x) dx

=0
- g

where j(z) is the Jacobian of ¢_. On the other hand, since s(u) = s((—1).u) for u €
S(gc), (49) shows that

L(C(s((28)-u))) / Che('q) (o &=)(g) dg (50)
- /@Chc<g'g>L<s<<—2t>.u>><wt o) (g) dy.
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By (56) and (58),
o [ Cheteta ) gLis((=20)-0) (0571 9)
= o7 [ Ot ()LS((20) ) w0 1) E- () )
= 7 [ Cnelatta)e @) (Ls((-20) ) ()5 do
= 7 [ Chelatta (1) 02 (L2 10)3 ) () h)
. 6(-1)j(0) /g che(x' + 2)(0(w)e) (x) dz.
Moreover, if ¢ = &(ta’), then
L(Cls((20))e" [ Cheld)io ") (o) do
= (6 (L)) [ Cheleltaig) (v o) o) dy

We see from Lemma 13 and (57) that
t—1
t

(016" (L(C(s((2t)-1)))):)
(S (L(s((26).(20) s C(s((26)u))))B)
5, 0el(=1)w).
Therefore,
£m1(C / Che((ta')g) (W 0 &) (g) dg

—  0(=1)j(0)d(c((—1).u) /chcx—l—x
t—0+ g

The theorem follows from (59), (60) and (63).

27

(60)

(61)

(62)

(63)

O

A G-invariant distribution f on g is called an S(gc)%-eigendistribution if there is an

algebra homomorphism v: S(g¢)® — C such that
fodw)=~u)f  (ueS(ge)?).

(64)

By Harish-Chandra’s Regularity Theorem on a semisimple Lie algebra, [Har65, Theorem
1], any such distribution coincides with a locally integrable function which is real analytic

on g,
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For a G/-invariant, S(gi)% -eigendistribution f’ on g’ define a G-invariant distribution
che(f') on g by the formula

che(f)(W) = ‘W(lH,” - F(@)|mg py (2") Pehe(y) (2') da’, (65)

where ¢ € C2°(g), the summation is over a maximal family of mutually non-conjugate
Cartan subgroups H' € G', W(H') = W(H', G’) is the Weyl group of H' in G', 7y y is
the product of all the positive roots of i’ in g under some fixed order of roots, and we
assume that all the integrals in (65) are absolutely convergent. We shall quantify this
last assumption later, in (97), for the case when f” is the Fourier transform of a nilpotent
orbital integral.

Theorem 15. If f' is a G'-invariant S(gh)% -eigendistribution corresponding to a homo-
morphism ' : S(gp)¢ — C as in (64), then che(f') is a G-invariant S(gc)© -eigendistribution
corresponding to the homomorphism v : S(gc)® > u — + oc((—1).u) € C.

Proof. Let ¢p € C°(g). Fix a completely G'-invariant open set Y’ C ¢’ and a subset
K’ C U’ which is compact modulo the conjugation by G’. Assume that the closure of U’
is also compact modulo the conjugation by G’. Then, by [Bou94, Corollary 2.3..2] there
is a smooth G’-invariant function y supported in U" which has values between 0 and 1,
and is equal to 1 on K’. Theorem 1 in [BP06] says that the function che(v)) satisfies the
conditions Z;(g’), Zo(¢') and Z3(g') in [Bou94, page 171]. Hence the product y che(1))
satisfies Z,(g'), Zo(¢'), Z3(g') and Zy(g'). Therefore, by [Bou94, Theorem 4.1.1 (i)], there
is a function v, € C°(g’) whose orbital integrals are equal to x che(v):

L)) = [ alea) dl™) = X&) chel@)(@) (€5 (66)

(Here G'*' is the centralizer of 2’ in G'.)
If the sets K" C U’ increase to fill up g’, i.e. x — 1, then by Lebesgue’s Dominated
Convergence Theorem,

che(f)(¥) = }(ﬂzm f1(@) g (@) Px (2 che() (') da’ (67)

h/reg
. 1 . , .
= 13 i o £ @ @OP T @) do
- )lcl_)nif,(wx)

Furthermore, by (66) and Theorem 13, for u € S(g¢)®,
Z((O(w))y) = xche(O(u)) = x d(c((—1).u))che(v) = O(c((—1).u))(x che(¥))
= O(c((=1)-u))Z(¢y) = Z(I(c((—1).u))y).
Therefore,

F(@)e)y) = f(O(c((=1).u))¥y). (68)
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We see from (67) and (68) that
che(f)(0(uw)y) = Hmf((0(u)p)y) = Mmf(A(c((=1).u))iy)

x—1

= limy/ (D) ()
= Y(el(=D-u))ehel )W)
O

Harish-Chandra homomorphism (2), when restricted to 9(S(gc)®) is an isomorphism
of algebras

Go/p  0(S(gc)?) — (S (he)™) (69)
given explicitly by
So/p(0(u)) = O(Rypy(w))  (u € S(he)™). (70)

(Here W is the complex Weyl group.) Thus for a G-invariant S(gc)®-eigendistribution f
corresponding to a homomorphism « : S(gc)¢ — C,

O( Ry () (g flyres) = mgpp ((w) f)lyres (€ S(ge)®). (71)

By a theorem of Chevalley, [Wal88, sec. 3.1.2], the restriction map Ry is bijective.
Hence, mg/y flgres corresponds to the homomorphism v o R;/lh : S(he)V — C:

O(u) (7o flyres) = v © Ry (u) (o flyres) — (u € S(be)™). (72)

A G-invariant S(gc)®-eigendistribution f corresponding to a homomorphism v : S(g¢)¢ —
C is called S(gc)“%-harmonic if the homomorphism + annihilates all the elements of posi-
tive degree. In this case (72) shows that 7/ f|yres is S(hc)"-harmonic in the same sense.
Furthermore, an argument of Harish-Chandra, [Har56, pages 130-133] shows that the re-
striction of 7y fgres to any connected component C'(h) C h™ is a polynomial. Moreover,
by [Har65, Theorem 2, page 19], 7y flyres coincides with an analytic function on each
connected component C,.(h) in the complement of the union of the zeros of the real roots
for h. Thus for every such component, 7y flc, @) is a S(he)W-harmonic polynomial.

Corollary 16. For any nilpotent orbit O’ C g’ satisfying the condition (97) below,
che(fior) is S(ge)®-harmonic, (73)
and for each component C.,.(h),
To/6 che(fior) |,y is a S(he)Y-harmonic polynomial. (74)

Proof. The condition (97) ensures that the integrals in (65) are absolutely convergent,
so that che(fior) is well defined. As is well known, the Fourier transform of an invariant
measure supported on a nilpotent orbit is harmonic. Therefore Theorem 15 implies (73).
The statement (74) follows from (72). O
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7. A CLOSER LOOK AT CARTAN SUBALGEBRAS AND THE ORBIT CORRESPONDENCE

Fix a Cartan involution # on G and consider a #-stable Cartan subgroup H C G. Then
H = TA, where T is the compact part and A is the "vector part”, as in [Wal88, 2.3.6].
(Explicitly, A = H N exp(p), where p C g is the (—1) - eigenspace for 0.) Let V be
the defining module for G. (This is a finite dimensional left vector space over a division
algebra D = R, C or H.) Then V = V, @ V., where V. is the trivial component for the
action of A and both summands are preserved by H. It could very well happen that
V. = 0. In fact this is always the case if G is a general linear group or a complex group
other than O,44(C) or a group isomorphic to Oy ;.

Denote by Hy the restriction of H to V, and by H. the restriction of H to V.. Then
H = HH. is isomorphic to the direct product Hg x H.. As before, let W(H) = W(H, G) be
the Weyl group equal to the normalizer of H in G divided by H. Let h be the Lie algebra
of H. Then

b = hs S ha (75)
where b, h. are the Lie algebras of Hy, H,. respectively. Fix a positive root system

U = ¥(h) for the roots of h in gc and let 7y = [[,cy @, as before. Then we have the
Weyl integration formula

1 2
/g Vo) de = Y o /h (@ | o) digH) i (76)

where 1 is a test function and the summation is over a maximal family of mutually non-
conjugate Cartan subgroups H C G and, unlike in section 6, g.z denotes the adjoint action
of G on g.

The group H, is compact (and is contained in T'). Let

n(he)
Vo=V @ Y Ve (77)

j=1

ac¥

be the decomposition into H.-irreducibles over D. (Here V. = 0 unless G(V,) is isomorphic
to the real orthogonal group O,gg even, in Which case H. acts trivially on V.o and dim V, =
1.) There is an element J € b, such that the restriction of J to Z?S’OC) V.; is a complex
structure on that space (i.e. the square of it equals minus the identity). Let J; denote
the restriction of J to V.;. Then every element x € h, may be written uniquely as

(be)
r = Z :Ej‘]ju (78)
j=1

where z; € R. According to [Sch75], the Cartan subalgebras of g(V.) are parameterized
by certain equivalence classes [S] of sets S of positive non-compact roots of h. in g(V.)c.
Let us pick an S in each [S] and write h.(S) for the corresponding Cartan subalgebra.
Then there is a Cayley transform

c(S)  hee = he(S)c. (79)
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Furthermore, ¢(S) extends to

Ch.p(S) - h@ — h(S)C, (80)
where h(S) = b, @ h.(S5), the restriction of ¢ p(s) to b is the identity and the restriction
of ¢y p(s) to be(S) is equal ¢(S). As in (75) we have

() = b(S), @ b(S).. (81)
where h(S)S = hs S bc(S)s and h(S)c = bc(S)c

Once for all we shall select a representative h from each conjugacy class of the Cartan
subalgebras of g. For that selection (75) holds. Then we choose the strongly orthogonal
sets S so that (81) is consistent with (75). For two Cartan subalgebras hy # b in that
selection we have the Cayley transform

Chy b * D1c = bac, (82)

if and only if h1. D boo (and b5 C has). We shall also assume that our systems of positive
roots W(h) for each Cartan subalgebra b are chosen so that they coincide via the Cayley
transform (82):

W(ha) o ey, = ¥ (hy). (83)

If G is a general linear group or a complex group or a group isomorphic to Oy, then
h = b, for all h and we don’t need any Cayley transforms.

Consider a dual pair G, G’ with the defining modules V, V'. We shall always assume
that the rank of G is greater or equal to the rank of G’. The embedding

b’ C g, (84)

introduced in (32) may be realized as follows. As in the case of the group G we have
a selection of Cartan subgroups H' = H,H/ C G’ and the corresponding decompositions
V' = V. @& V.. Because of our assumption on the ranks, dim V. < dim V. Hence, we may
assume that

V=V, aUu, (85)
where U = V' in the type I case. This leads to an embedding
b, Ca(Vy) Ca (86)

If b = b’ then (75) is the embedding (84). Suppose b’ # 0. Then our pair is of type I.
Assume that G(U) is not isomorphic to any real orthogonal group of the form O,uq odd-
Then G(U) has a compact Cartan subgroup H(U). Let

n(U)
U=U® ) U, (87)
j=1

be the decomposition into H(U)-irreducibles over D. Similarly, we have
n(b?.)
V=V > V., (88)
j=1
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with respect to H.,.. We shall identify

Uj=Vy (1<) <n(h)), (89)
which is possible, again because of our assumption on the ranks. Hence,
h. Ch(U) Cg(U) Cg. (90)

The combination of (86) and (90) gives the embedding (84).

Suppose G(U) is isomorphic to Opggedq- Let H(U) be a fundamental Cartan subgroup
of G(U). Then again we have the decomposition (87) with U = 0 and the identifications
(89). We may assume that H(U)|y, is compact for 1 < j <n(U) — 1. If n(h,) < n(U) -1,
then again we have the embedding (90). If n(h.) = n(U), then there is no such embedding
and (84) doesn’t happen. However, in this case we shall encounter a inclusion

h, - dc, (91)
constructed as follows. Let §’ C g’ be another Cartan subalgebra defined by
blv, =0, =b, b v, = h/|V’Cj for 1 <j <n(h,) -1, and (92)

cn

6’]\/;"(%) is a split Cartan subalgebra of g'(V(,q))(= sl2(R)).
There is an R-linear injection

- (El‘V’ )(Ca (93)

en(hy)

b'lv:

en(he)

and (84) holds for §’. This leads to (91).

8. AN EXPLICIT FORMULA FOR chc(fior)

Let @' C ¢ be a nilpotent G’-orbit and let uo: be a positive G’-invariant measure
supported on O’ and viewed as a tempered distribution on g’. Recall that for any Cartan
subalgebra b’ C ¢/,

Ty (') = (=1)*my (') (2" €),
where a is the number of the positive imaginary roots. Therefore, as explained at the end
of section 6, the restriction of

o g @) (' € H)
to any connected component C,.(h") C b’ of the complement of the union of the kernels of
the real roots is a S(h)"V'-harmonic polynomial.

Recall that for a non-complex dual pair of type I there is a number p, [Prz00, (1.12)]
which plays a role in the estimates for the Cauchy Harish-Chandra integral. Explicitly,

Dual pair G, G’ H division algebra D ‘ p

Opg, Spon(R) R p+q—2n

Sp2n<R)7 Op7q R 2n — p—q + 1 (94)
Up,q7 Ur,s C p—l-q—T—S
Spp.e 03, H 2p+2q—2n+1
05,, Sp,, H 2n — 2p — 2q
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Let V(C) be the defining module for the complexification G¢ of G and let V/(C) be the
defining module for the complexification G.. (If D = R, then V(C) is the complexification
of V, if D = C, then V(C) = V and if D = H then V(C) is the space V considered as a
vector space over C.) We see from (94) that

[ dim V(C) — dim V'(C) if G = Sp,,,(C) or GL,(C),
2= dim V(C) —dim V/(C) +1 if GL = 0,(C).
Let p=pif D =Corif piseven. If D# C and pis odd, let p=p — 1. Then a simple
case by case verification shows that

[ dim V(C) —dim V/(C) — 1 if G’ = Sp,,(R) and G = O, with 7 + s odd,
~ | dim V(C) — dim V'(C) otherwise.

(95)

(96)

If G’ is not a general linear group or a complex group or a group isomorphic to Oy 1, then
we shall assume that for all the Cartan subalgebras h’ C ¢, in terms of (78),
x| deg,, fior (2 )y (') < p. (97)

Then, [BPa, Theorem 1] shows that the integrals (65), with f' = [/, are absolutely
convergent and therefore che(fio) is well defined. Furthermore, we know from (73) that
che(fier) is a G-invariant S(ge)©-harmonic distribution on g and from (74) that the restric-
tion of mypche(fior) to any connected component C; () is a S(hc)W-harmonic polynomial.
We shall give a formula for that polynomial below.

Given Cartan subalgebras ' C g’ and h C g such that b = b|v., let hoy C g% Nh.t be
a fundamental Cartan subalgebra containing b, (see (90)) and let

bo(h") = b + boo. (98)

This is a Cartan subalgebra of g and, as explained in (80), there is a Cayley transform

Cho()n: Do(h')c — be.

Furthermore, hy(h') = H’@ho(h’')Nb’L, so that any function defined on b may be extended
to a function defined on hy(h’)c by the composition with the projection h=@®ho(h')cNh’'* —
h. Moreover, the condition b, = by, implies that h = b, @ h N b+, Hence each real
root of b’ in g may be first restricted to b, and then extended to b via the composition
with the projection onto the first summand. We shall use these conventions in Theorem
17 below.

Let 3 = g% C g be the centralizer of i/, as in (35). Let ;5 denote the product of all
the positive roots of b in 3¢, as usual. If G’ is not isomorphic to Ogggeven, let T/ = ;5.
If G is isomorphic to Oggd,even; let ;5 be the product of the short roots only. (In this
case G is a symplectic group.) Similarly, for the purpose of the proof of the Theorem 17,
we define Tt pmo(tyy @0d @ character

sgn : W(Ho(b)c, G%) — C*, (99)
Tt (o) (5-2) = SB(S) Tyt jy iy (£) (2 € bo(h'))
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and notice that the group W(Hy(h')c, G(bc’s) may be identified with the stabilizer of b’ in
W(Ho(b')c, Ge) and, via the Cayley transform, with the stabilizer of b, in W(Hc, G¢).

Theorem 17. Under the assumption (97), for any Cartan subalgebras ' C ¢, h C g
and s € Stabwc,ce)(h}) there are (explicitly computed in the proof below) functions
Fyps b — C, constant on each connected component of the complement of the union of
the kernels of the real roots of b in gc and the kernels of the real roots of b’ in g, such
that, for any reqular element x € b,

(mepche(fio))(x) (100)
— Z Z (,&@/W)(cr;)l(b,ws_l.x)frz/h(s_l.x)Fh/,hvs(x).

b, h;:blv; sGSt&bW(HC,GC)(hls)

Here, the first sum is over all the Cartan subalgebras b C g such that b, = blv,. If
h' = b, then the summation over Stabwic,ce) i (100) is equal to one term

(frorg ) ()35 () Fy .1 (). (101)

Proof. We shall proceed via a case by case analysis, following [BPb, Theorems 3 and 7]
and [BPa, Theorem 7.3]. Also, since we already know that the distribution in question
coincides with a function, we may assume that the test function 1) we are going to use
is compactly supported in the set of the regular semisimple elements of g. Then all the
orbital integrals of 1) define smooth compactly supported functions on the corresponding
Cartan subalgebras.

Let G = GL(V), G’ = GL(V'), n = Hom(U,V’') C g and A = % Theorems 3
v/dimp
in [BPb]| says that

/chc(:v’ + x)(z) dz (102)

g

_ A/ / | det ad(z’ + y)a|tb(g.(z' + v)) dy d(g(H'G(U)))
G/H'G(U) Jg(U)

A /
= E | det ad(z" + y)a|| det ad(z" + y)geu)/pu)]
/G/H’G(U) o) IW(H(U), G(U))| Sy g(U)/b(V)

/ U(g.(2' + k.y)) d(k(H(U)) dy d(g(H'G(U)))
G(U)/H(U)
)\ / _1 '
) bZ(U:) IW(H(U), G(U))] /h(U) | detad (2’ +y)g |2 | det ad(2” + y)ow)/pw)|

N

| det ad(z’ + y)o/+o(uy|? / U(g.(2" +y)) d(g(HH(U)) dy.
G/H/H(U)
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Notice that in terms of (32)-(33), g(U) = 3”. Hence (102) may be rewritten as

|7T9’/h’(‘r/)| /ChC(ZE/ + l’ d:E = Z |W H// Z// / |7T3"/h" (103)
9 B
g/ (2 + 2] U(g-(2' +y)) d(g(H'H")) da”
G/H/H//
Therefore,

| @@ [ cheta’ + 2yt da (104)
= 2wz W, Z")] H” 7 /h /f, fior (@) |y gy (2) Iy pyr (2]

h//

|7+ (2 + 7)) / a U(g.(2" +y)) d(g(HH")) da" da’.

- Z IW( H// 7 |/'7’ /b” fior(x 779 /fJ )71-3”/5"( )

h//

(rwgfww |y s ()| [Tty (2 + x”)l)

T (@) Ty (2) gy (2 + 27)

Mo/ (y 4y (2 + ") / U(g.(a' +y)) d(g(H'H")) da” da’

G/H/H
The term in the large parenthesis is equal to a constant multiple of
det(z' + 2),
| det(x/ + "),
which is smooth, except for the zeros of some real roots. Also, b’ = h.. We see that with
Fy yyp1(2" + 2") equal to an appropriate constant multiple of (105), (100) follows from
(104).
From now on we consider dual pairs of type I. Let

V=X, +Y (106)

(105)

be a complete polarization. Define
n = Hom(X,V,)®Hom(X,Y)Ng Cg¢, (107)
n = Hom(X',U)® Hom(X,Y')NgCg.

(These are nilradicals of some parabolic subalgebras.) Recall the number ~v(V, V', X’),

[BPb, (0.5)].
Suppose V., =0 and U = 0. Then, according to [BPb, Theorem 7],

| det(ad z")y| /chc(a:/ + )Y (x) de = y(V, V', X)|det(ad 2"),| ¥(g.x") d(gH’). (108)
g G/H’
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Hence,

| o)) [ chetw’ + 0pio) do (109)
b g
= [ o) Pl detad e (V. V. X)
| det(ad z'),| (g-x") d(gH')
a/H

= AWV [ o @l @l @) [ viga)dlgi)

ﬂou%qm@qcﬁﬁﬁﬁﬂ%wwﬂ>

— (VLX) /
b’ Wg//h/(l’/) Wg/h/(l‘/)

Ty (2') o P(g.x") d(gH')

The term in the large parenthesis is equal to 1 unless (Gg, G¢) is isomorphic to (Oa,(C), Sps,,(C))
or (Spy,(C), 02,(C)). In these cases, it is equal to the product of the signs of the long real
roots for the symplectic Lie algebra. Thus this case gives the contribution to (100), with
h=b" =b, and Fyy p1(z) is equal to a constant multiple of the term in the parenthesis.
(There might be additional summands for this f coming from different b, see (65).)

Suppose b’ acts trivially on V/ and U # 0. Recall the symplectic space W, = Hom(V’, U).
Then, by [BPb, Theorem 7],

m]det(adﬂv’)n/|/chc(x’+x)w(x) dx (110)
Y g

- / /'|®MMW+ymquwwgmwy»@amwewm
G/H'G(U) Jg(U)

1 / ) ,
= det ad(x" + y)n|chew, (y)|m y
/G/H’G(U);U) IW(H(U), G(U))] h(U)| ( Julchew. (Y)]mgw)m0) (V)]

/“ $(g.(«/ + ky)) d(KH(U)) dy d(g(H'G(U)))
G(U)/H(U)

1 , o
-2 W(H(U) G(U))|/ | det ad(’ + y)ulchew. (1) 7ow) ) (W) T/t enup (2 + 1) ™!
) ) (V)

To/ (' +5(0)) (2 + Y) /(‘}/H’H(U) Y(g-(2' +y)) d(g(HH(U))) dy



HOWE CORRESPONDENCE AND SPRINGER CORRESPONDENCE 37

Therefore,
| @ mm ()P [ chele’ + 0)i(o) do (111)
b’ g

= [ fora (@ mg o) det(ad )]
h/

| det(ad 2 )| /chc(x’ + ) (x) dz da’

o ’7(V7V/7X/) e (2 V7 (2
= %IW(H(U),G(U))I/W/W)NO( Vg (2)

(g (2)| det(ad 2)w| ™| det(ad(a’ + y)a) lchew, (1) 7g) mw) (W) T r-+ny (2" + 1) )

o/ (y+h(u)) (' + 1) /G o Y(g-(2" +y)) d(g(HH(V))) dy dx’".

Here if V!, = 0 then W, = 0 and chew, = 1. If V. # 0, then G’ = Ogg.even and chew, (y)
is a constant multiple of det(y)\},lc, which is a constant multiple of the reciprocal of the

product of the long roots for the symplectic Lie algebra. Also,

Ty () det(ad 2') )" = T )y, (2)
and
det(ad(@’ + y)u)Tow)/mw) U)o/t +nu) (8 +Y) ™ = Tyl (@)
Therefore the term in the parenthesis is equal to a constant multiple of
sgn(det ad z')y - sgn(det ad(z’" + y)w) - Tgu) /) (Y)
and (100) follows, with Fiy gy 151 (2’ +¥) equal to a constant multiple of sgn(det ad a’), -
sgn(det ad(z' + y)w).
Now we consider the remaining case when b’ does not act trivially on W.. We assume
first that b’ = b/, is elliptic and begin with the following two well known lemmas, included
for reader’s convenience.

Lemma 18. For any non-zero y € R,
) B dx
lim :
R—oo J_pax —1y

=misgn(y).

Proof. By taking the complex conjugate we may assume that y > 0. Then, for R large

enough,
o /R de_ /“ Re®i df
T = —_—
_prx—1y Jo ReY —iy

s 20 ; s
lim M:/ idf =i,
R—co J, Re" — iy 0

and
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Lemma 19. As a generalized function of x € R, i.e. in terms of distributions,
R
1
lim ————di =en (e = +1).
R—oo | pa’ —x — el

Proof. Let In(z) = In(]z|) + 1 Arg(z), z € C\ 0, so that

In(x +10) = {

Thus for a test function ¢» € C*(R),

In(|z]) if x >0,
In(|z|) +ir  ifz<0.

/ ! —)(x) dr = —/Rln(x + zO)%@b(m) dr = —imp(0) — /Rln(|x|)%w(x) dz.

R T+ 7/0
Hence, with ¢/ (t) = 24)(t),

dt

/R Y(@)dr = (@) + / in(la|)¢/(«' - ) da. (112)

' —x — el

Furthermore, if ¢ is supported in the bounded interval [— A, A, with A+ Z > 1, then the
integral

/R In(2])|[¢/ (@’ — 2)|da

is dominated by

R A R 1
/ / |ln(|x’—x|)]d:cda:’§/ </ \ln(|x|)\dx+2Aln(A+R)> i,
~_RJ—-A -R -1

which is finite. Therefore,

/ /ln 2|’ (" — ) da da’ —// n(|z|)y' (2 — x) dx’ dx (113)

- / In(|]) (R — 2) — $(~R — z)) d = / (inlz — R)) — n(jz + R))(z) dz

_ /Rln (:i;g:) ¥(2) de.

We may assume that R is so large comparing to A that
2<R-A<|ztR|<R+A (lx] < A).

A
|z — R| R+ A

<24 )

/ ln(|az—|—R\ dz < 24in R—A Rjooo

Therefore (113) tends to zero if R — oo. Hence, by (112),

/ /x—x—ezo (x) dx da’ o 627r/¢

Then
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In order to formulate Corollary 20 below we need to recall some notation from [BPa].
Let h C g be an elliptic Cartan subalgebra. For a strongly orthogonal set S of no-compact
positive roots « of b in gc let hs = ¢(S)7'H(S) C he. Define the support of S, S to be the
set of the integers j between 1 and n = dim bh such that there is o € S with «a(J;) # 0.
(We shall denote the dimension of §’ by n’.) The Weyl group W(H¢) = W(Hc, Ge) is
isomorphic either to the permutation group on n letters >, or to the semidirect product
Y, X Z%, where Zs = {0,1}. We shall denote by o the elements of ¥, and by € the
elements of Z. Thus any element of the Weyl group may be written uniquely as oe. For
€ € Zy let € = (—1)°. Recall the embedding b’ C b induced by (89). Let WY C W be the
subspace of the elements which commute with b'.

As explained in [BPa, sec.3], the Weyl group W(H¢) acts on the symplectic space W,
In particular, for s € W(Hc), sWY is image of W" under this action. Furthermore, given
s = e € W(Hg) there is y; € h [BPa, Def. 3.4] a convex cone I's ¢ C h [BPa, Lemma 7.1]
and a positive definite symmetric bi-linear form % on sp(W) [BPb, page 1].

Corollary 20. For R >0 let Br = {z € b'; |[2j| < R, 1 < j < n'}. Then, as a generalized

function of x € bg,

1
lim lim / , dx’ 114
By, det( (114)

R—o00 yely 5, y—0 '+ x + 1Y) g

n/

= [[r.00%e) - T senlJig)(ws) - I1 sgn(a(iJy(j)) sgn(a(z)).

j=1 1<j<n’, o(5)¢S a€eS,1<5<n’,0(j)ea

Proof. Recall, that if we view W as Hom(V, V'), as we may, then [BPa, Apendix B]

det(z' + & + iyy) gy Hz i(@o(g) + Yo (h))-
7j=1

Hence, up to the constant multiple H;il R(Jj, Jj)%, coming from the normalization of all

the measures involved [BPb], the limit (114) is equal to

_ _ 1 da’
lim  lim H - — — . (115)
R—ocoyel's s, y—0 i1 v J_R {L'j — Ejl‘g(j) — Ejzya(j)
Notice that for « € S and k € a,
sgn(Imxy) = sgn(a(iJy)) sgn(a(z)). (116)

Indeed,
a=a(Jg)Jy +a(f)J, a(Jy) € iR, and a(z) € R,
and either a(J;) = 0 or a(J;) # 0. In the first case,
a(r) = a(Jp)Ji(r) = a(Jp)zr = a(idy)(—izy)
= Re(a(iJy)(—izg)) = a(iJy)Re(—izy) = a(iJy)Im xy.
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In the second case, a(J;) = —a(Jx) and
a(z) = a(Jy) (vr — ) = a(Jg)20 Im xy,

and (116) follows.
We see from (116) and Lemma 18 that

_ _ 1 [ dx’
dmm T o .

()esxlin)o()ca | I —R Ti T €i%al) ~ €Ya()
1 (B dx’
= lim n - / A
T (apesxim] oG)ea | IR LI T CGTel)

= H mé; sgn(Im xq ;).

(a,j)ESX [l’n/}’ O'(j)Gg

Also, Lemma 19 implies that

' ) 1 (e dz’
lim lim H - — - (118)
R—o0 y€l's 5,y—0 )¢S L J-RTj — €To(j) — €iWo(j)

1<j<n’, o(
= IT =& sen(Ji (vs)-
1<j<n’, 0 ()¢S

The corollary follows form (115), (117) nd (118). O

We shall need some more notation from [BPa]. Let Wgg denote the set of the positive
roots for b which are real on hg. For a set of roots A, let A(A) =[], c4 a1+ Given our test

function 1 define the pull-back of the Harish-Chandra orbital integral of ¢, from b(S) to
hs via ¢(S) by

Hsth(x) = A(Ts) () g () / g YOS AGH(S) @by (19

Let \AIVJSR = Wgp unless G’ = Opggeven- In this case we let \IIS,R be the product of the short
roots only. For S as above define

'Ll,\/idim W ] 1 if G/ 7é Oodd,even7
’W(H(S))‘ ‘W(H(D ZC)| 2n—n’ if G' = Oodd,even7

m[g] = (120)

where u = 1, —1,4, —i depends on our choice of the positive roots for b’ in gi and for b in
gc- Recall also the normalizing factor

n/

p(H) =T &5, J5)7 2m), (121)

j=1

which is used to pass from the un-normalized chc in [BPa] to the normalize che in [BPb]
and [BP06]. The function fio(2")Tg gy (2'), o' € ', is a polynomial, which we shall denote
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by P(z’) below. Then,

/ﬂ@/(x')m(x')wg//h/(x')/chc(z’+x)¢(az) dx dz’ (122)
b

g

= lim P(2") gy (2) /chc(m’ + 2)(x) dx dz’

R—o0 Br g

= hmz Z

GW(H(C

/B lim ( )y (5T) A(=Tsg)(z)Hst)(2) dr da’

V€l s,y=0 Jo o det (2! + 2 + 1y)

sgn

where the first equality holds because we have absolute convergence in (65) and the second
one follows from [BPa, Theorem 7.3]. Furthermore, since v is supported in the set of the
regular semisimple elements, Hgt is smooth and compactly supported, and therefore
Corollary 20 applies. Hence, (122) is equal to

> ml[{s,] sgn(s) /b P(s " 2)7y(s o) (123)

( (wi(J;, J7e) - T sen(Tig) () - II sgn(a(ido(;)) sgn(a(w))

j=1 1<i<n/, o(§) ¢S €S, 1<j<n’, o(j)€a

A(—Vgr)(z)Hs)(z) dx.
Furthermore, by [BPa, Definition 3.4],
sgn(J5 ;) (ys)) = sgn(J >s(H0m(Vj,Vj)J) (1<j<n),

where the right hand side is 1 if the symmetric form (J , )S( on the two-

Homyv; v;)7)
dimensional real vector space s(Hom(V;,V;)”) is positive definite and —1 if it is negative
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definite. The indefinite case doesn’t occur. Therefore,
/ fror (@' Vg (@ g o (@) / che(a’ + 2)b(a) do do’ (124)
Z |W 5] /(s (C(S>_18_1.$)ﬁ3/h(5)(8_1.1’)

SEW(H(S)c

n/

S@<5)|W(H(S>>’m[5’]27”, H(gj)' H sgn(J , >8(H0m(Vijj)J)

J=1 1<j<n/, o(4)¢S

11 sgn(a(idy(y)) sen(a(c(S) ™ 2)) A(=Usr)(c(S) ') A(Wsr) (e(S) ")

aes, 1<j<n’,o(j)ea

Toin(s)() / g Hlo) (S

where 7 /(5) (@) = 7y (c(S) ') and 75 (%) = 7q5(c(S)~'w). In this case Fiy ps) s(2)
is a constant multiple of the term in the parenthesis. This is the contribution to (100)
associated to the Cartan subalgebras h(S) C g and i’ C ¢'.

Suppose b’ = b’ + b, with both b/, # 0 and b, # 0. Then, by [BPb, Theorem 7],

|det(ad:1:’)n/|/chc(x’+x)w(a:) dx (125)
= V) [ et g lehew, (4006 ) dydlgHG(V)).

Let C" C b’ be a connected component in the complement of the union of the kernels of
the real roots. Then C" = C' N b, + b.. Hence, for a fixed 2/, € C" N b, the function

B 5 o, — fio (2!, + &) (@, + ) € C (126)

is a polynomial, which shall be denoted by P(z), + z.), (see [Var77, Theorem 3, page 93]).
We don’t include the C” in the notation, because this information is encoded in z’. For
a fixed z!, and g € G consider the integral

/ P(&!, + 2y vy o (21) / chew, (@ + )o@ +y) dydel,  (127)
hA g(U)

where o’ = 2/ + x. Notice that b, C ¢'(V.) is an elliptic Cartan subalgebra, that
(G'(V2),G(U)) is a dual pair in Sp(W.) and that the number p, [Prz00, (1.12)] for this
dual pair is the same as for the pair (G’,G). Hence, we may apply the argument leading
o (124). Let h(U) C g(U) be as in section 7 and let W% (U) denote the family of the
sets S of positive strongly orthogonal non-compact imaginary roots of h(U) in g(U)c. Let
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3(U) = g(U)%. Then (127) is equal to

2

[S1CP (V) |

1
W(H(U)(S), G(U)) /mw) (128)

SEW(H(U)(S)e.G(U)c)
P(, + ¢(S) " s~ L) Ty muys) (s ) sgn(s)

n/(U

)
WHU)S) g (W2 T @) T sentd s )y Hom, v ©
j=1 1<5<n/(U), o(j) ¢S

I1 sgn(a(i o)) sen(a(e(S) ') A(= Vs (U))(c(S) " 2) A(Tsr(U))(c(S) z)

a€S,1<j<n’(U), o (j)€a

To0)/5i0)(s) () / g VO D) AETO)S)

Notice that the function

be 2 2 — det ad(z, + 20) Homxo v € R

has no zeros. Furthermore,
sgn(det(ad ') Hom v yiyng)
is constant on C’. Therefore,
|det(ad )| = € (2') det(ad 2y (2" € p'), (129)
where €' (z') = +1 is constant on each C’. Similarly,
| det(ad( 2’ + y))a| = e() det(ad(2’ +y))n (2" € b,y € g(V)), (130)
where ¢(2’) = +1. Furthermore,
gy () = Ty (2) - det(ad 2w - myevy () (2" €1 (131)
and
T/t +5(U)(5) (£) = i) w (2) - det(ad z)n - Ty muys) () (2 € '+ HU)(S)). (132)
Moreover,

3=0" =h,+a(U)"% =n, +;(V). (133)
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By combining (125) - (133) we obtain the following formula,

/h fror (Vg a2 / che(a’ + 2)b(a) do do’ (134
S YV, v' / /
[S]C™, (V) W(HH(U G Jo, Joes) SEW( H(U 5)c,G(U)c)
fior (2, + c(S) "L shar)my (w0, + ¢(S) T s ™) Ty o (uys)) (2 + 871 )
n(U)
sgn(s)y(V, V', X)e(')e () [W(HH(U)(S), G) mys (V)27 [T (&)
j=1
H Sgl’l<J, >8(H0m(ch,ch)‘]) '
1< (U), o ()¢S
11 sgn(a(iy () sgn(a(c(S) ') A(=Tsr(U))(c(S) " 2) A(Tsr(U))(c(S)"z)

a€S,1<j<n/(U), o(j)ea

T/ (y+h(U)(5) (7) / U(g-(a; + 7)) d(g(HH(U)(S))) de de.
G/H'H(U)(S)
Here we see the contribution to (100) on the Cartan subalgebra h = b’ + h(U)(S). The
function Fy p s(x) is a constant multiple of the term in the parenthesis.
This ends the proof of Theorem 17. O

Here is our main result concerning the real reductive dual pairs.

Theorem 21. Suppose G,G’ is not a complex dual pair, so that the complexification
Ge, GG is an irreducible dual pair over C.

Let O C ¢ be a nilpotent G'-orbit. Let b’ C g be a Cartan subalgebra and let H C G’
be the Cartan subgroup with the Lie algebra b. Let C' C B be a connected component
of the complement of the union of the kernels of the real roots of §' in gr. Denote by
p' the irreducible representation of the Weyl group W(Hg, Gi:) generated by the harmonic
polynomial equal to fiormy py on C'. Let X' be the partition associated to the nilpotent G-
orbit in g attached to p' via Springer correspondence. Assume (19). Recall the number
p (96). If the pair G, G’ is of type I, assume that

ht(N) < p. (135)

Then the integrals defining che(fior) are absolutely convergent. Assume che(fior) # 0.

Let h C g be a Cartan subalgebra and let H C G be the Cartan subgroup with the
Lie algebra . Let C' C bh be a connected component of the complement of the union of
the kernels of the real roots of b in gc. Then (mgmche(fior))|c is W(He, Ge)-harmonic
and generates an irreducible representation p of this Weyl group. Let A\ be the partition
associated to the nilpotent Ge-orbit in gc attached to p via Springer correspondence. Then
A is obtained from N by adding a column of the appropriate length, as in (20).
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If the irreducible dual pair G, G’ is complez, then the complezification Ge, Gg is the
direct sum of two copies of G,G'. Assume che(fior) # 0. Let p) = p) @ ply denote the
irreducible representation of the Weyl group W(Hg, Gi.) = W(H', G') x W(H, G’) generated
by the harmonic polynomial jiormy sy on . Denote by N|, Ny the pair of partitions associ-
ated to the nilpotent G-orbit in g attached to p' = py ® phy via Springer correspondence.
Assume (19) for both Ny and Xy. Then mynche(fior) is W(He, Ge) = W(H, G) x W(H, G)-
harmonic and generates an irreducible representation p = p1 ® py of this Weyl group.
Let A1, Ay be the pair of partitions associated to the nilpotent Ge-orbit in ge attached to
p = p1 ® pa via Springer correspondence. Then \; is obtained from N, (i =1,2) by adding
the same column of the appropriate length, as in (20).

Proof. By Corollary 7, (135) implies (97). Therefore, according to [BPa, Theorem 1], the
integrals defining che(fio) are absolutely convergent. Also, the formulas (100) and (101)
of Theorem 17 holds.

Assume first that G, G’ is not a complex dual pair. The polynomial 7/ does not
depend on the real form G, G’ of the complexification G¢, Gi. If we choose the real form
to be compact and introduce the coordinates on the Cartan subalgebras as in (78), then
we obtain the following identifications

he = {z = (z1, 29, ..., x,); x; € C}, (136)

c={2" = (v1,22, ..., 2n); z; € C},

so that the complex Weyl groups act via the permutations of the coordinates if the dual
pair is of type II, and the permutations and all the sign changes if the dual pair is of type
I. Recall that we assume n’ < n. If n’ < n, then (for an appropriate choice of the positive
root system) 7 (), is equal to

[ (zi—2)if Ge = GL,(C), G = GL.(C) (137)

n/+1<i<j<n
(1‘22 - 1’3) if G¢ = OQn(C)7 GgC = SpZn’(C)>

n/+1<i<j<n

I[I @i-2) ][I 2vif Ge=5p,(C), Gt = Oaw(C),
n/+1<i<j<n n/+1<j<n

[T @I=2) ][I #if Ge=0211(C), Gt = Spyu(C),
n'+1<i<j<n n’+1<j<n

[I (22 —a?) if Ge = Sps,(C), Gk = Ogris(C).
n/+1<i<j<n

If n =n’, then 7, /(z) = 1.
Recall the Cartan subalgebra ho(h’) C g, (98). By the construction

bo(b') =" @ b Nho(h').
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Any function f : h — C may be extended to f : ho(h')c — C via the composition with
the projection ho(h')c — h. Then (137) implies that the map

P(h(c) 5 f— fﬁz/h € P(h(c) (138)

coincides with (26).
By assumption, (fio/Tyi7)(z) generates the irreducible representation p’ of the Weyl
group W(H, Gi.). Hence, every non-zero term

(o j57) (Cpoyy S ) Tsm(s @) (s € W(He, Ge),

in Theorem 17, generates the representation p of W(Hc, G¢), constructed in Theorem 12.
In particular the statement about the partitions follows.

If G, G’ is a complex dual pair, then (138) coincides with (26) on each of the two copies
of hin he = h ® h. Hence, the term (101) in Theorem 17 generates the representation
p = p1 @ p2 of W(Hg, Ge), where each p; (i = 1,2) is constructed in Theorem 12 and the
statement about the pairs of the partitions follows.

O

9. DUAL PAIRS OVER FINITE FIELDS

In this section we assume that K is the algebraic closure of a finite field IF, with ¢
elements.

Let G be the group of F,-rational points of a connected algebraic reductive group G
over K, defined over F,, and let F': G — G be the corresponding Frobenius map so that
G = GI (fixed points by F).

To each G-conjugacy class of pairs (T,0) where T is an F-stable maximal torus in
G and 0 is an irreducible character of T' = T¥, Deligne and Lusztig attached a virtual
character RS (0) of G, [DL76]. Recall that the uniform class functions on G are, by
definition, the complex linear combinations of Deligne-Lusztig characters RS (#), [Sri79)].
Recall also that an irreducible representation of G is called unipotent if its character has
non-zero scalar product with RS (1) for some T, [DL76, Definition 7.8]. In general, the
uniform class functions do not span the space of all class functions on G. For instance, the
representation 6y of the symplectic group Sp,(FF,) defined by Srinivasan, is simultaneously
cuspidal (in the usual Harish-Chandra sense, [Har70]) and unipotent, but not uniform.

Because we will need to include the case of orthogonal groups, it is necessary to extend
the definition of R$(6) to the case when G is a disconnected reductive algebraic group.
In this case, we put RE(#) := IndS. (R$E (6)), where G° denotes the identity connected
component of G and G° := (G°)¥". We will call uniform functions class all the linear com-
binations of RS (#). An irreducible representation of G is called unipotent if its character
has non-zero scalar product with RS (1) for some T.

Since the cyclic group F,* is of even order, |F,*/F,*?| = 2. Therefore there are exactly
two non-equivalent non-degenerate symmetric bilinear forms on the vector space ]Fq2", see
[Jac74, Theorem 6.9], one is split and the other one is not split. Let O3, (q) = O3, (F,)



HOWE CORRESPONDENCE AND SPRINGER CORRESPONDENCE 47

(resp. O3,(¢) = O4,(F,)) denotes the corresponding split (resp. non-split) orthogonal
group. See [DMO1, sec. 15.3] for more details. Also, we shall write Sp,,(¢) := Spy, (Fy)-
We recall some results from [Lus80]. The group Sp,,(¢) has a unipotent cuspidal ir-
reducible representation if and only if n is a triangular number, that is, n = k? + k for
some k € N. The group Spyz2,4)(¢) has a unique unipotent cuspidal representation.
Similarly, the group SO3, (q), with € € {—, +}, has a unipotent cuspidal irreducible rep-
resentation if and only if n is a square, that is, n = k? for some & € N. The group
SO3,2(¢) has a unique unipotent cuspidal representation, say 1. It follows that O3, (q)
admits unipotent cuspidal representations if and only if n = k? for some k € N, and that
¢ .2(q) has exactly two unipotent cuspidal representations, II}, and II}!. (Indeed, we have

OE
Indségiiz)ﬂk =TI} +11. Both II} and IT}! have the same restriction to SO3;2(q) and thus

differ by tensoring with the determinant character of O3,,(q).) See [Lus77, Theorem 8.2]
or [AM93, Theorem 5.1] for the details.

Let M := Spy(244) X T (resp. M := 05, x T), where T is a split torus of G = Sp,,
(resp. G = 03,), and let IIM be a unipotent cuspidal irreducible representation of M.
The representation I is the tensor product of the unipotent cuspidal representation
of Spy(apy (vesp. I or IT}) with the trivial representation of T. On the other hand,
M is an F,-rational Levi subgroup of an F,-rational parabolic subgroup P of G and
the commuting algebra Endg(IndS (ITM)) (where the cuspidal representation IIM of M
is trivially extended to the unipotent radical of P, that is, Indg(HM), also denoted by
RS (M) is the usual Harish-Chandra induction) is an Iwahori-Hecke algebra of type By,
with 7 :=n — (k? + k) (resp. 7 := n — k?), see for instance [Lus80] or [AMR96, § 3.A].
Hence the irreducible representations of G which occur in Indg (ITM) are in bijection with

~

Wi, see for example [Car93, Chapter 10] or [Lus84, Corollary 8.7]. We will denote by
HgM ) the irreducible representation of G which corresponds to p € W; by this bijection.

We put

Sp :={Spy,,(¢) : n € N} and O°:={0;,(q) : n € N}.

We call Sp (resp. O°) a Witt tower of symplectic (resp. orthogonal) type. Let T, T’ be
two Witt towers, one is of symplectic type and the other one is of orthogonal type.

For a finite group H let R(H ) denote the free abelian group generated by the irreducible
characters of H. Thus the subset of the irreducible characters Irr(H) C R(H) is a based
of R(H) over Z. Let G/, be an element of 7' and let G,, be an element of 7. Denote
by Wy m the projection onto the space of the uniform class functions on G}, x G,, of
the pullback of the character of the oscillator representation (determined by one fixed
character of the field F,) via the map G/, X G,, 3 (¢',9) = 9’9 € Spaym(q). By Howe
correspondence for the dual pair (G/,,, G,,) we shall understand the map

oS - R(G! ) — R(Gp) (139)
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defined by
W =y T @6%(I). (140)
welrrc’ )
(See [AMRO96, (1.4)], where 0%~ (II') was denoted by O, (II').)
Let IT" be a cuspidal irreducible representation of an element G/, of 7’. Then there
exists G,, € T such that §%=(II') is a cuspidal irreducible representation of G,,, see

[AMRY96, Theorem 3.7]. Moreover (see loc. cit.), the image by Howe correspondence
for the dual pair (G}, ;, Gpi), with I',1 € N, of each component of the Harish-Chandra

G/ / / . . .
parabolic induced representation RGT”/?T, (II') (where T" is a split torus in G, /) belongs

to the Harish-Chandra parabolic induced representation RS:*XZT(HGT” (IT")) (where T is a
split torus in Gy,4y).

Using the description of the uniform part of the restriction of G,, x G/, of the Weil
representation obtained by Srinivasan in [Sri79], Adams and Moy proved that Howe cor-
respondence sends unipotent representations to unipotent representations, [AM93, Theo-
rem 3.5], and that the unique cuspidal unipotent representation of the group SPok2-+k) (q)
corresponds to the representation II}! of O5,.(g) if € is the sign of (—1)¥ and to the
representation IIj_, of O541)2(q), where € is the sign of (—1)*1 otherwise, [AM93,
Theorem 5.2]. (In fact this defines the representations IT} and IT}.)

Let (ny,ns) be a pair of positive integers. Let k be an integer such that 0 < k2 +k < my
and k? < ny, and let II}” denote the unipotent cuspidal representation of SPo(kz+r)- We
denote by ¢, the sign of (—1)*.

It follows that:

— Howe correspondence for the dual pair (Sp,, (¢)
Sp2n1
Sp2(k2+k) xT

€k

, 055 (¢q)) induces a correspon-

dence between irreducible components of R (I? ® 1) and irreducible
Oan I
components of RO;iijﬂ_[k ® 1),

€k+1

oo (q)) induces a correspon-

— Howe correspondence for the dual pair (Sp,,,(¢),0O

. . Span . .
dence between irreducible components of of Rg " +(II}’ ® 1) and irreducible
Po(k2+k)
k41
components of R 22, (I, ® 1).
2(k+1)2 xT

All these irreducible components are unipotent, see [Lus84, (8.5.1)].
Let ko € {k,k+ 1}. We set

0 e
A iy =, (141)
M, ifky=k+1,
’Fll(l{?) =Ny — (k2 + ]{?), ’Flg(l{ig) = N9 — (k2)2. (142)
Then Howe correspondence for the dual pair (G, G’) = (Spy,, (¢), O;I;fz(q)) induces a cor-

respondence, @S’G,, between Wﬁl(k) and VT/,:LQ(;Q), defined as follows.
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Definition 22. We will say that the representations p € \/AV,:bl(k) and p' € VAV;LQ(;Q) correspond
by @SvG/ if the character of Hg?@,p ® H%;;@Lp/ has a non-zero scalar product with wy, n,.

In particular, taking £ = ky = 0, we obtain a correspondence between VAan and VAVnQ.
We put

N’ :=min(ny(k), n2(ko)) N := max(n(k),na(k2)), and L:=N— N’ (143)

A conjectural description of the correspondence @kG’G/ was stated in [AMRO96]. It can
be formulated as follows:

Conjecture 1. The representations p € V/Vm(k) and p' € Wﬁ2(k2) correspond by @S’G, if
and only if p® p' has a non-zero scalar product with

Wiy (k) Wiy (ko)
E , E ,In dWern -~ (o ®@sgnep) @ Indy, S0 o(kg)— (0 ®@sgnep)
0<r<N’
="= pEWT

(resp. Z Z In dwawnl(m_ (c®1)®In dwji(]&;) S (k) (o ®@sgnep)),

0<r<nN’ O’EWT

where ko = k (resp. ke =k +1).

In Conjecture 1, G stands for a symplectic group and G’ for an orthogonal group. How-
ever we would like to consider Howe’s correspondence (139) in any of the two directions.
Therefore we will consider the following cases and keep in mind that Conjecture 1 applies
to any of them:

Case 1:
(a) G' = O;’zk2+N,)(q) and G = Sp, (k4N (@)
(Here we have N’ = nia(k) and N = ny(k).)
(b) G" = Spyp2srinn(q) and G = Oak (q)
(Here we have N’ = n4(k) and N (k) )

Case 2: G' = Spy2 44 n1)(g) and G = OEHklﬂ)erN)(Q)
(Here we have N' = 7y (k) and N = na(k +1).)
Case 3: G, = OEkELlirl)erN/)( ) and G = SpQ(k2+k+N) (Q)

(Here we have N' = ng(k+ 1), N = ny(k).)
Definition 23. We define 0"V : Wy — Wy by

HN’,N(p/ ) = peyuy i Cases 1 and 2,
B B pyvey in Case 8.

Theorem 24. If Conjecture 1 holds, then the representations pes ,y € WN/ and QN,’N(pﬁ,m/)
correspond by @S’G/.
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Proof. This follows easily from the description given in Conjecture 1, combined with
Lemma 3. [

In the case when N’ = 2 we will describe Conjecture 1 in a more explicit manner. For
j€{1,2,3}, and N > 2, let Hi’N: Wy — ZWy be the maps defined by (where in each
case, the underlined representation pe,, is equal to 8™ (per,)):

P20 P20 P20 " P@0 D P D P
PO)(1) P, D Py, P, PO, D P D P2
07°: pane — P(12),0 o057 pang = Pa2e ® Py
Po2 P D 20,2 D o2 po2) Pu,(2)
Po,2) = po2) D ppaz) D opea2) Po,(12) Po,(12)
P P(2),0
PO P D P D paze
63%: pazno Pa2)0 ,
Po,2) P20 D pa)a) D P
Po,(12) = P@).(1) D Po,a2)
P P(2),(N—-2)
py,(1) 2p1),(N=1) D p1),(N=2,1)
Of’N: P20 P(12),(N-2) , if N >3,
po2 > 3poNy D 2p0,v-11) D Po(N-2.2)

Po,12) > poN)y D 2ppN-1,1) D po,(N-2,12)

PE0 Po, Ny D pe),Nv-2) D pa),(N-1)
Py, Pa),(N-1) D pa),N-21) D po,n) D po(N-1,1)
OS’N: Pa2e Pa2),(N-2) D Pa),(N-1) , if N >3,
Po2) Po,N)y D po(N-11) D Po(N-22)
Po,(12) Po,(N-1,1) D Pp,(N-2,12)
P20 PN, D P(N-1,1)0 D P(N-2,2),0
Pa),1) PN D pv-1,1)0 D pv-1),1) D P(N-2,1),1)
0§’N: P20 P(N-1,1),0 D P(N-2,12)0 , if N> 3.
Po,2) PO D pv—1),1) D P(N-2),2)
Po,12) PN-1),(1) B P(v-2),(12)
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Proposition 25. We assume that N' = 2, N > 2 and that Conjecture 1 holds. Then
Howe correspondence for the dual pair (G', G) is given by the map

9%,N if G = Oskk2+2 (q) and G = Sp2(k2+k+ﬁ1(k))(Q)’

07N if G’ = Sp, hekt2) (@) and G = Ogpa 50 (9),
9§’N if G = Sp, (k2+k+2) (q) and G = Oak+kl+1)2+ﬁ2(k+1))(Q)7

N
0§ Zf G = 5k6§1+1) )( ) and G = Spg(k2+k+ﬁ1(k))(q>-

Proof. We will consider the three cases listed after Conjecture 1 separately.

Case 1:
The combination of Conjecture 1 and Example 1 gives

P Ind%foN,z (P(2),0 ® sgnep)

%%
pay,a) Indy ™, . (1@ sgnep) @ Indy ™, (pa),) @ sgnep)
pPa2e — Indy, ., (P20 ® sgnep)

Po2) 7 poN) D IndwleN (sgnep @ sgnep) @ IndmeN ,(Po,(2) ® sgnep)
po,(12) > Ind%foN_l(sgnCD ® sghep) @ Ind%;VXwN_Q(p@,(lz) ® sghep)-

Using the computations done in Examples 2, 3, we obtain the map Qf’N

Case 2:
The combination of Conjecture 1 and Example 1 gives

P)p ‘> Sghcp © IndwleN (I ®sgnep) @ IndwszN ,(1®sgnep)
Py,1) Ind%foN_l (sgnep ® sgnep) @ Indvvl[;ivaN_Q(P(l)v(l) ® sghcp)
Pz IndmwfllvaN (1 ®sgnep) @ IndwszN ,(paz)p ®sgnep)
Po.2) Iy, (P0.02) @ sgnep)

Po,(12) Ind%ngN_Q(Pm,(P) ® Sglep)-

Using the computations done in Examples 2, 3, we obtain

Case 3:

2,N
o2V
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0?4) o Ay
0(2%) < {AFR,, D}
0(2|, 12) ¢ A2
O(|14) © Ap12)

TABLE 1. Unipotent classes and the corresponding similarity classes of
the u-symbols for Sp,(IF,)

The combination of Conjecture 1 and Example 1 gives

P20 Indyy Y, (P20 ® 1)

> Ind¥~ (1®1) @ Indj/™ ( ® 1)
p(l)v(l) W1 XWN_1 WQXWN_Q p(l),(l)
paze = Indyy gy, (pazye ® 1)

po  — pane © IndyX . (senep ® 1) @ Indy . (poe) © 1)

po12) Indy, . (s8ncp ® 1) @ Indy oy (poaz) ® 1)
Using the computations done in Examples 2, 3, we get 9§’N. U

To the representation pe, of Wy we shall associate the u-symbol A, 7P (resp. A;)") of

the group G = Spyy(F,) (resp. G = O2(F,)).

If G = Spyy(K), then we let O¢,, = O, = O(\{)) denote the unipotent class cor-
responding to the distinguished u-symbol in the similarity class of A", as in Definition
5.

If G = Oan(K), then in order to be consistent with (21), we let O¢,, = O, = O(N)
denote the unipotent class corresponding to the distinguished u-symbol in the similarity
class of A", as in Definition 5.
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O0B.1) < {Agedo}

02" < Adya
|

Or) o (K Al

TABLE 2. Unipotent classes and and the corresponding similarity classes

of the u-symbols for O4(F,)

Let N(G) denote the set of unipotent classes of G. This set is partially ordered by
the relation O; < O, meaning that O; is contained in Oj, the closure of O,. Let S(G)
denote the set of u-symbols attached to G. Let

Ira: S(0(F,)) = N (Spa(F,)) and  9735: S(Spy(Fy)) — N (O4(Fy))

be defined by (where in each case, if the input symbol is indexed by &', 7/, then the
underlined orbit in the output corresponds to the representation 6> (peray))

Aoy O4) Aoy {0(53,1),0(2%)}
Ay 0(2?) Ay = {0(3,1),0(2%),0(1%)}

072 ARy 02,1%) | 07 Ay = {0(2%),0(1*)}
Ay — {029,001} Ay~ 0(3,1)
Apey — {029,001} Ajitey = O(1h

Let

Apiy + {0(3,1),0(2),0(3,1)} Ay = {0(4),0(2)}

Ay = {0(2%),0(3,1),0(1%)} AGT P {0(4),0(2%),0(2,12)}
% ALy {00,009 9t AL, — o {0(29), 001}

Apioy = 06,1 Agoy = O4)

Ay — o(1%) Aptey 0(2,12)

= O(2N —6,6)
= {O@N —1.4),00N - 6,4,1%)}
19?353 Alof’?zr) —  {O@2N —2,2),002N —4,2,1%),0(2N —6,2%)} .
|_>
—

{O@2N —2,2),0(2N —4,2,12), 02N — 6,2,1%)}
O(2N —6,4,2)
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If N >3, let 95 : S(Sps(Fy)) — N (O2n(F,)) be defined by

Aty O@N —5,5)
AR {O(2N —3,3),0(2N —5,3,1%)}

ﬁiév: Aa;l;’@ s O(2N —5,3,1?%) .
Aty + {O@N —1,1),002N —3,1%), 02N —5,2* 1)}
Ay = {O@N = 1,1),02N = 3,1°), O(N - 5,1%)}

{O(2N = 1,1),0(2N —5,5), 0(2N — 3,3)}

@0
AR, = {O@2N —3,3), 002N —5,3,1%), 02N — 1,1), 02N — 3,1%)}
3N AL, = {O(2N —5,3,12),0(2N — 3,3)}
Ay = {O(2N —1,1),0(2N — 3,1%), 02N — 5,22, 1)}
Agazy = O(2N —3,1%),0(2N —5,1°)}
If N >3, let 937 : S(O4(F,)) = N (Spyy(F,)) be defined by
Ay {O@2N), 02N —2,2), 02N — 4,4)}
Aoy = {O(@2N), 002N —2,1%),0(2N —2,2), 02N —4,2%)}
9N Ay {O@2N —2,2),02N — 4,2,1%)}
Agoy {O@2N), 02N —2,1%),0(2N — 4,2%)}
Mgy {O(2N), 02N —4,1")}

Notice that in each case, for N > 3, the underlined orbit is in the closure of any orbit
in the set.

Howe correspondence over finite fields is not bijective on the level of the irreducible
characters. Nevertheless, Theorem 26 below shows that it should be possible to extract
from @S’G/ a bijective correspondence at least when N’ = 2, given by the map >V
introduced in Definition 23.

Theorem 26. We assume that N' =2, N > 2 and that Conjecture 1 holds. Then Howe
correspondence for the dual pair (G', G) induces the map

19%5 in Case 1 (a),
19?2\] in Case 1 (b),

2N .
vy i Case 2,

192’N i Case 3.

Moreover, if N > 3, then the followmg holds:
Let peray € Wg, and let pe,ny = 0% (pg w)- Then every irreducible representation pe
of Wy which corresponds to per .y by @ ¢ satisfies

Ogo.m < Ogp- (144)
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Proof. We will use the examples studied in Section 3 and we will also need the following
additional computations:

u,s N u,s
* Ao = ( ) We have Ay = (2NV).

ws 0 2 0 N+1 ws . ws
* Ay = ( N+ 1 ) ~sim < 9 > = AN 1y 1) Example 8 gives ARy =
(2N —2,2).
ws 0 1 0 N-1 s ,
® A(2)I,D(N72) = ( N1 ) ~sim ( 4 ) = A(N32)7(2). Example 9 gives
Aig),(N—% = (2N —6,6).
s 0 2 4 0 2 N+2\. ...
* A(Z):(]Iif—l,l) = ( 9 N +2 ) ~sim ( 9 4 ) is distinguished if

N > 2. Example 6 gives A = (2N —4,2,1%).

N-1,1)
d A?iif)(N_n = (O N 3) ~sim (O 3 N) = AE‘]’\?EQMQ). Example 7 gives )‘?1’?,)( No1) =
(2N —4,4).
e Ay = (](\)[) ~gim (](37) Hence Ay ;= (2N —1,1).
.« AP = ( JOV) Hence Ag"y = (2N — 1,1).
* Az = <N 2— 2) ~simA(N_g) (2 Example 7 gives Ay y_5) = (2N —5,5).
e AiVivoy = (Nl_ 1) ~simA(N_1) 1y- Example 8 gives Afy v_;) = (2N —3,3).

u,or 0 3 . or

L A(1)7(N_2,1) = (1 N)' Example 10 gives )\(1)7(N_271) = (2N —5,3,1?%).
u,or 0 2 . or

* Aginory) = 1 N4+ 1)- Example 4 gives Af v, ;) = (2N —3,13).
u,or 0 2 . or

o A@,(N72 2 = (9 N)' Example 4 gives )\wﬁ(N_m) = (2N —5,2%1).

) = A?;LTQ)’(IQ). Example 6 gives A‘(){Q)’(N_Q) = (2N -5,3,1?).

). Example 5 gives Ajly 52 = (2N = 5,1°).

We will consider the four above cases separately.
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Case 1 (a): The map Hf’N induces the following correspondence between u-symbols:

Agyp Arv-2)

Ay = Ay Advan )

Ay = AL (w9 . if N> 3. (145)
Mooy = AN Ao v Moo b

Mgz = ARy Agv- 1y Aov—a) )

Here and in the rest of this proof the underlined symbols correspond to the representations

Peomo = Q2’N(p€'ﬂ7’)'

Combining the above computations with Example 11, Example 12, Example 13, and

Example 14, we obtain the following closure order on the unipotent classes of Spyy (Fy)

occurring in the above correspondence:

[

O(2y,(n—2) = O(2N - 6,6)

02y (v—2) = ON —6,4,2)

Op,(ny = O@2N —2,2)
O(2N —4,4)

Ow),(n-1) =

Op,(n—1,1) = O(2N —4,2,1?)

\

Oy, (N—2,1) = O(2N —6,4,12)

Op,(N—2,2) = O(2N —6,23)

Op,(N—2,12) = O(2N —6,2,1%)

Hence (145) induces 19?2\7 and the second assertion of the Theorem follows in the case 1 (a).

Case 1 (b): The map 67" induces the following correspondence between u-symbols (keep-
ing in mind that (21) induces the permutation (£,7) — (n,&) of the pairs of partitions for
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the orthogonal group):

A‘LSP — Au,or (2)

A(uls)p(1 = {AF’Or Auj\(f)r 2,1), (1)}

A?f%p = A](ljx(f)r 2),(12) , if N > 3. (146)
A; ?5) = {Au]\(f)iﬂ’Au]\(f)r 1 1)@7Au’0r22 @}

A,(lp) = {AN,(/J’AN AN 2,12) (2)}

We obtain the following closure order on the unipotent classes of Ogn(F,) occurring in
the above correspondence:

Op,(ny = O(2N —1,1)

O),(n—1) = O(2N —3,3)

Op,(n-1,1) = O(2N —3,1%) O(2),(N—2) = O(2N - 5,5)

0(1)7(1\[,2,1) = O<12)v<N*2) = O(2N - 5, 3, 12)

O@,(N—Q,Q) = O(2N -5, 227 1)

O(I),(N—Q,lg) = O(QN — 5, 15)

Hence (146) induces 19?{,\] and the second assertion of the Theorem follows in the case 1 (b).

Case 2: The map 9§’N induces the following correspondence between u-symbols (keeping

in mind that (21) induces the permutation (§,7) — (n,&) of the pairs of partitions for the
orthogonal group):

AT o e A0 A )

Au,sp = {Al(lj\(f)r 1),(1)’ Auzsr 2,1), Al(ll\?;@’ Au]\(;r 1,1) 0}

A“;‘)’ 0 {AN2),a2): A“ N1, ) , i N >3, (147)
Au Sp = {Au N) Au]\(;r 1,1),0° Au]\(;r (N-2,2),0 @}

AE ??2 = Au]\?r 1,1),0° A?J\?r 2,12) 0}

We obtain the following closure order on the unipotent classes of Ogn(IF,) occurring in
the above correspondence:
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Op,(ny = O2N —1,1)

Oy, (N—1) = O2N —3,3)

/ \

Og (n-1,1) = O@2N - 3,1%) O(2),(nv—2) = O(2N —5,5)

— P

O12),(N—2) = O(1),(N—2,1) = O(2N —5,3,1%)

O@,(N—2,2) = O(2N - 57 227 1)

(9(07(]\/_2’12) = O(2N — 5, 15)

Hence (147) induces 19§’N and the second assertion of the Theorem follows in the case 2.

Case 3: The map H§’N induces the following correspondence between u-symbols:

Agye — {A N 0 AN 1100 AN 2200

Aum = {A?;\ng),@’AuJ\sf 1,1) WA](lJ\S/ 1) (1)7AUJ\S/ 2,1), (1)}

A“;;;@ — {AN )0 AN 202y 00 , if N> 3. (148)
AUOI‘ H {AUSP@)AUS AuS (2)}

Ay, ?13 = (AR ) A?zs—m,(ﬂ)}

We obtain the following closure order on the unipotent classes of Sp,y(F,) occurring in
the correspondence above.
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Ovy,0 = O(2N)

O(n-1),1) = O(2N —2,2)

/ \

O(n-11),0 = O@2N —2,1?) O(n—2),(2) = O@2N —4,4)

— —

On=2,2),0 = O(n—2,1),(1) = O(2N —4,2?)

O(N—2),(12) = O(2N - 4,27 12)

O(n_2,12y,p = O(2N —4,1%)

Hence (148) induces 92" and the second assertion of the Theorem follows in the case 3.
O

Property (144) shows that the map %" plays a special role in Howe correspondence.
We will now restrict our attention to it and see how it relates to (22).

Let sgn := sgn ®sgncp denote the product of the sign character sgn = py vy of the
group Wy by the character sgnep = pp,(n), i.€., :

ng\fl ® pfﬂ? = pté',tn.

(This is consistent with the notation used in (99).) Then, when ky = k, let 8%~ be the
map defined by

PN 8/331 OQQ;ijo S%E ?f G: symplectic, (149)
sgn o 7 o sgn if G’ orthogonal.
We obtain
7 pa2yae . if G’ symplectic,
O per) = {57 (150)
per(12)ey if G’ orthogonal.

In the case where k = 0 and ¢ = +, we have ny(k) = ny, na(k) = ng, N = max(ny, ng)
and N’ = min(n, ny). Hence Howe correspondence between the irreducible components of
the unipotent principal series of the groups G and G’ (where (G, G") = (Sp,(q), O3 ,(q))
or (G,G') = (03,,(¢), Span(q)) is given by the correspondence @8} &' hetween irreducible
characters of the groups Wy and Wi», and (150) coincides with (22).

On the other hand, recall (see [Lus92], [GM99], [AA07]) that for every irreducible
character xy of the F,-points G = G of a split connected reductive group G defined
over [F, (assuming that the characteristic p of F, is “good for G”: for instance, if G a
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symplectic group or a split special orthogonal group, then p must be odd) there is a unique
rational unipotent class Oy in G which has the property that there exists u € On(q) such
that xr(u) # 0 and Oy has maximal dimension among classes with that property. The
class Or is called the unipotent support of xp. It coincides with the class defined in
[Lus84, §13.3].

More precisely, suppose II is unipotent. Then there exists an irreducible representation
p of the Weyl group W of G such that the scalar product between yp and the almost
character R, (which is defined as a certain linear combination of Deligne-Lusztig gener-
alized characters in [Lus84, page 347 and (4.24.1)]) is non-zero. Moreover, if p’ is another
irreducible representation of W such that yp has non-scalar product with R, then p and
p" belong to the same family of characters of W (see [Lus84, Theorems 5.25 and 6.17]).
Thus, we can associate with y; a unique family of characters of W, or equivalently, a
unique two-sided cell in W. Let pspe be the unique special character in this family (for G
of classical type a family of characters of W corresponds to a similarity class of u-symbols,
and the symbol corresponding to pspe is the unique distinguished u-symbol in that family,
[Lus84, (4.5.6)]). Then the class Op coincides with the unipotent class corresponding to
Pspe Dy the Springer correspondence for the group W. In particular the unipotent class
On is always special.

Moreover, every rational unipotent class O on which xp does not vanish (i.e., such that
there exists u € O(q) with ym(u) # 0) satisfies

O < Oy, (151)
see [AA07, Theorem 6.1].

Suppose II is an irreducible unipotent representation of a split group G, such as O3y (q)
or Spyy(q), which belongs to the principal series. The algebra of the endomorphisms of
the principal series which commute with the action of G is the Iwahori-Hecke algebra,
whose irreducible representations coincide with the irreducible representations of the Weyl
group W. Hence, as we remarked previously, there is a one to one correspondence between
the irreducible representations of W and the irreducible representations of G which occur
in the principal series. Given an irreducible representation p of W we denoted by II, the
corresponding representation of G. Furthermore, the almost character I, has a non-zero
scalar product with the character of II,. (This follows from [Lus84, Theorem 4.23]. For
an explicit argument see pages 297 and 298 in [Lus84].)

If the group G is disconnected and II be an irreducible representation of G = G, we
define the unipotent support of II, denoted Oy, to be the union of the rational unipotent
classes O C G of maximal dimension, such that O NG has a non-empty intersection with
the support of the character xiy.

Let IT =TI, = be an irreducible unipotent representation of O3y (q) which belongs to the
principal serles where (£, n) of partitions of N. Two cases can occur: the restriction Igg
of TT to SO5 (¢ ) is either irreducible, or is the direct sum of two nonequivalent irreducible
representations ITL, and ITIY,. The latter case arises if and only if the restriction of the
representation pg, to the Weyl group of the special orthogonal group splits into the sum
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of two inequivalent representations, i.e. the partition (&, 7n) is such that £ = 7, see [Car93,
Prop. 11.4.4].

(%) We recall (see for instance [Spa82]) that any rational unipotent class O in OF is
either a rational unipotent class in SO or is the disjoint union of a rational unipotent
class O(u) in SOJy and a rational unipotent class O(sus™!) in SO3y, with u € SO (q)
unipotent and some s € Oaxn(q) \ SOan(g). Both these classes have the same dimension.

Lemma 27. IfIlso s irreducible then
On = O, - (152)
[f HSO = HISO ©® HISIO, then
On = OHIso U OHISIO. (153)
In both cases, On is a single unipotent class in OF.

Proof. Let us assume first that Ilgg is irreducible. Then the restrictions of the two char-
acters 1 and xqg, to SOax(q) are equal. In particular, g, (9) = xu(9) = xu(sgs™!) =
XTiso (89571 for any g € SOan(q) and s as in (). Let O(u) be a rational unipotent
class in OFy, as in (*). We see that, with the notation of (x), the restriction of xy to
O(u) NSOy (q) is non-zero if and only if the restriction of yi to O(sus™1) N SO;y(q) is
non-zero. But the classes O(sus™') and O(u) have the same dimension. Therefore, if that
dimension is maximal among the unipotent classes which have a non-empty intersection
with the support of xp,, we get a contradiction. Thus the unipotent support of Ilgo is
the unipotent class in OF, which is also a single unipotent class in SO3,. Hence, (152)
follows.

Assume now that [Igo = I, @ II{,. In this case the representations II§, and II§,
are permuted via the action of the group element s, as in (%), and so are their unipotent
supports. More precisely, xqu (u) = XHISO(S'U/S_l), Ony, = O(u), O, = O(sus™') and
the right hand side of (153) is a single unipotent rational class in Oqy. (Since, as we
noticed before, & = 7, these classes have the same set of elementary divisors and hence
the same dimension, see [Car93, page 399]. They are described explicitly in [Car93, § 13.3,
Type Dy)).

Let u € SOZy(q) N On be such that y(u) # 0. Since x(u) = X, (@) + X (u), we
see that that xpy_(u) # 0 or xyy_ (u) # 0. Hence, On = Opy U Oy . -

Since (151) holds for the representations of SOsn(g), we see from Lemma 27 that it
also holds for the representations of O3y (q).
Corollary 28. Let H:)&’,n’ be an irreducible unipotent representation of G' = Sp,(q) (resp.
G’ = O (q)) which belongs to the principal series of G'. Let N > 3, and let (£y,m0) :=
(&, (N =2) Un).

Assume that Conjecture 1 holds. Then every representation of G = OFy(q) (resp.
G’ = Spyn(q)) which occurs in the image of II' by Howe correspondence for the dual
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pair (G', G) is such that the closure of its unipotent support contains the closure of the
unipotent support of g, -

Proof. This follows directly from (144) and from the fact that, for the map 92" with
N > 3, the underlined orbit in the output set is contained in the closure of each orbit in
that set.

O

Recall Alvis-Curtis duality D: R(G) — R(G), ([Alv79], [Cur80], [Aub92]), which is
defined for representations of G = G, when G is connected. Let II be an irreducible
unipotent representation of Oy (q), as in Lemma 27. If Tlgo is irreducible, define D(IT)
to be the the only irreducible representation IT of O (q) such that Igo = D(Ilgo). If
Mso = I, @ T4, let D(TI) to be the only irreducible representation I of O3y (¢) such
that Ilso = D(Il,) @ D(II{5). Then in both cases, D(IL,,,) = I, .- In other words,
D(I1,) = Hpgsgn, see [Lus84, (6.8.6)]. Hence, On = O, if and only if Opay = Ore .
Also, tensoring with the sign representation of the Weyl group translates via Springer
correspondence to an order reversing involution on the special unipotent orbits, see [Car93,
pages 389, 390]. By combining this with Corollary 28, (150), (149) and Proposition 8, we
deduce the following theorem.

Theorem 29. Consider the dual pair (G’ = Sp,(q),G = 03, (q)) with n > 4. (This is
a dual pair in the stable range with G’ the smaller member.) Assume that Conjecture 1
holds.

Let II' be an irreducible representation of G’ such that D(IT") is unipotent and belongs to
the principal series of G'. Then there is a unique irreducible representation Il of G such
that D(II) corresponds to D(II') via Howe correspondence for the pair (G',G) and the
unipotent support Oy of 11 contains in its closure the unipotent support of any irreducible
representation 11 of G such that D(IT) corresponds to D(IT').

Let X' be the partition describing the rational unipotent class O and let \ be the
partition describing the rational unipotent class On. Then X is obtained from N by adding
a column of length 2N — 4 to X, as in (20).

10. APPENDIX A

We begin by recalling Rossmann’s construction of Springer’s correspondence, [Ros91].
At this point it seems fair to mention that the first construction of Springer correspon-
dence independent of étale cohomology, [Spr78], was done in [KL80]. In fact on the level
cohomology (see below) Rossmann’s construction coincides with that of [KL80], as ex-
plained in [Ros91, Appendix]. We prefer to use [Ros91] mainly because of the connection
with the Weyl group action on harmonic polynomials on a Cartan subalgebra described
explicitly in [Ros91].

Rossmann considers the adjoint group, but everything he does is valid for any connected
semisimple complex group. For our applications G = Sp,,(C), SOs,+1(C) or SO,,(C).
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Also, in these cases the adjoint group and G have the same Weyl group and the same
nilpotent orbits.

Let g be the Lie algebra of G and let B be the flag manifold realized as the variety
of the Borel subalgebras b C g. Denote by B* the cotangent bundle of B. Explicitly,
B* = {(b,v); b € B, v € bt C g*}. When convenient we shall identify g* with g via a
Killing form. Then the v belongs to the nilradical of b.

Let us fix a Borel subalgebra b; C g and let h C by be a Cartan subalgebra of g. Denote
by W the Weyl group, equal to the normalizer of  in G divided by the centralizer of h in
G.

Fix a regular element A € h* and let €2\, C g* be the G-orbit through A. Let U C G be
a maximal compact subgroup. The U acts transitively on B and we have a bijection

pa: B 3 u.(by,v) = u.(A+v) € Qy (ue U, veby). (A.1)
Since for any w € W, Q,, = 2, the following formula defines a transformation of B*:
ax(w) = py\ opx: B — B* (weW). (A.2)
Then
a)(wiwy) = @y (wy)ay(ws) (wy,wy € W). (A.3)
Let NV C g be the nilpotent cone. Fix an element v € N. Define
B*(v) ={(b,v) € B*} = {(b,V) € B*, V' =v}. (A.4)
Let | | denote an Euclidean norm on g. For e > 0 let U, = {¢/ € N; |[v/ — v| < €} and let
B*(U.) ={(b,v") e B, V' e U} ={(b,V)) € B*, |V —v| < e} (A.5)

According to Rossmann, for any sufficiently small €, the inclusion ¢: B*(v) — B*(U,) has
a proper homotopy inverse p: B*(U.) — B*(v):

poir~1lon B*(v)and top~1on B*(U,). (A.6)
Rossmann shows that for all A small enough,
ax(w)(B*(v)) € B*(Us)  (weW). (A7)
The the transformations
al(w) =poay(w)or: B (v) = B*(v) (w e W) (A.8)

are well defined for all regular A € h* in a small ball about zero. Since these A form a
connected set, the proper homotopy class of a”(w) of a¥(w) is independent of A and the
equation (A.3) implies

a’(wywe) = a”(wy)a” (wsy) (wr,wy € W). (A.9)
This way a” gives a proper homotopy action of W on B*(v). As a consequence, we have
a representation of W on the relative homology

H.(B*(v)) := H.(B*(v),0B*(v); C). (A.10)
The group U acts on B* by
B* 5 u.(by,v) — vu.(by,v) € B* (u,v € U, v e by) (A.11)



64 A.-M. AUBERT, W. KRASKIEWICZ, T. PRZEBINDA

Since the maps py, (A.1), are U-equivariant, the operators ay(w) = p_} o py, (A.2),
commute with the action of U. Let A(r) denote the component group of the stabilizer
of v in G. This group acts on H,(B*(v)) via (A.11). Hence, the actions of A(r) and W
on H,(B*(v)) commute. Denote by H,(B*(v))A*) the subspace of the A(v)-invariants in
H.(B*(v)). Let e(v) = dim¢ H.(B*(v)). Rossmann proved (a theorem of Springer) that

ng(,,)(B*(l/))A(V) is an irreducible W module. (A.12)

Let O(v) € N be the G-orbit through v. Since G is connected, this representation
does not depend on the choice of v in the orbit. Thus each nilpotent orbit provides an
irreducible representation of W. This is known as Springer correspondence for G.

Let B = {b € B; v € b'}. Obviously the projection B* — B restricts to a bijection

B*(v) > (b,v) = be B (A.13)

and e(v) = dimc BY. We may use (A.13) to transfer the actions of the groups W and
A(v) from Hoe)(B*(v)) to Hoey(B”). In these terms, Springer correspondence attaches
the orbit O(r) the irreducible representation of W on Ha(,) (BY)A®).

The Weyl group acts on the flag manifold B by

B> u.by - uw.b, € B (ue U, weW). (A.14)

(Here, for any w € W, we choose a representative of w in U.) Rossmann showed that the
inclusion B” C B induces a W-equivariant injection

ng(y) (BV)A(V) — ng(l,) (B) (A15)

(On the left W acts via (A.8) and on the right by (A.14).) Furthermore, we have Borel’s
isomorphism
H.(B) — H(b"), (A.16)

where H(h*) is the space of the W-harmonic polynomials on h*. The map (A.16) is W-
equivariant. (For the obvious action of W on the polynomials.) By composing (A.15)
and (A.16) we obtain a realization of the Springer representation in a subspace H(h*), C
H(h*) of the harmonics, which is contained in H.(,)(h*) - the subspace of the harmonic
polynomials homogeneous of degree e(v).

The groups SOs,11(C) and O, 11 (C) have the same Weyl group and the same co-adjoint
orbits. Hence, we have (the obvious) Springer correspondence for the group Og,41(C).

From now on let G = SO,,(C) and let G” = O,,(C). Then G C G”. Let W” be the
normalizer of h in G” divided by the centralizer of h in G” (which is equal to the centralizer
of hin G). Then W is a subgroup of W” of index 2. Fix an element s € W’ \ W. When
convenient we’ll think of s as of an element of G” \ G.

As before, we have a fixed nilpotent v € N and the G-orbit O(v) through v. Let O”(v)
be the G”-orbit through v. There are two possibilities: either

O"(v) = O(v) i.e. there is g € G such that g.v = s.v, (A.17)

or

O"(v) = O(v) U O(s.v) (disjoint union). (A.18)
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Lemma A.1. The representation of W on the subspace of He)(b*) generated by Hew)(h*),+
Hew)(b*)s is irreducible.

We shall refer to this representation as to the Springer representation attached to the
orbit O (v).
Proof. We may assume that s.b; = by. Recall, [Ros91] the following U-invariant two-form
on B:

Ta(xby,yb1) = Mlz,y])  (z,y €w).
Then
Te-1 (b1, yb1) = A([sz, sy]) (x,y €u).
Hence, the map
B>ub, — sus~'.by € B (A.19)

intertwines the action of s on H,(B) with the action of s on H(h*) via Borel isomorphism
A.16).
( We)need to construct an action of s on H,(B") compatible with (A.15). Notice that

B* 3 u.(by, V) = u.( A+ V) = su.(A+ 1) = sus" . (sA + sv/') € Qun (A.20)
Px s

and

B* 3 u.(by,v) = u.(sA+ 1) € Q.
DPsx

Set ax(s) = p,,' o px. Then
ax(s): B* 2 u.(by, V) — sus™'.(by, sv) = su.(by, V) € B*. (A.21)

In particular ay(s) = a(s) does not depend on A. Furthermore, the action of s on B*
defined by (A.21) coincides with the action induced by the adjoint action on the Borel
subalgebras b C g.
Notice that for any w € W and any regular A € h*,
a(s)ay(w)a(s) ™t = ag(sws™). (A.22)

Indeed, suppose

a(s)ax(w)a(s)  (u.(by,v)) = u".(by,").
Then

paa(s) M (u.(by, 1) = pura(s) " (u”.(by,v")).
Equivalently,
pa(stus.(by,s71) = pua(s~tu”s.(by, s71")),

which means that

sus. A+ s = s s (wh + s,
Hence,

W(5A ) = (50571 (5) + 1) = s ony (8- (1, 7))
Therefore,
u”.(by, V") = p;js_l(s)\) o pa(u.(by, ")),

which verifies (A.22).
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Clearly, a(s): B*(v) — B*(sv) and the resulting map
a(s): Hy(B*(v)) — H.(B*(sv)) (A.23)
intertwines the action of A(v) with the action of A(sv) = sA(v)s™ .

Suppose O(v) = O(sv) as in (A.17). Since G is connected, there is a homotopy equiv-
alence B*(v) ~ B*(sv). Hence, (A.23) gives
s

: Ho(B*(v)) — Hi(B*(v)). (A.24)
Also, the action (A.24) commutes with the action of A(v). Thus
S: ng(,,) (B*(V))A(V) — ng(,,) (B* (V))A(V). (A25)

This way, Hoe)(B*(1))A®) = Ha,)(BY)*® becomes a representation of W” which re-
stricts to an irreducible representation of W.

Suppose O(v) # O(sv) as in (A.18). Then Hae()(B)AY) and Hye(s) (B)AE) are two
non-isomorphic W-modules. As representations of W, the second one is isomorphic to
the first one transformed via the composition with the automorphism of W equal to the
conjugation by s. Furthermore, e(sv) = e(v). Thus

Hoe@) (B)A) g Hoe(w) (B*)Al) (A.26)

is a representation of W” which restricts to the sum of the two inequivalent representa-
tions of W corresponding to O(v) and O(sv) via Springer. The representation (A.26) is
irreducible, because (as is easy to check) the only endomorphism which commutes with
the action of W” is a constant multiple of the identity. O

We still need to explain the combinatorial description of the representation described
in Lemma A.1.

Let A be the partition of 2n associated to the orbit O”(v). Suppose O"(v) = O(v) U
O(sv) as in (A.18). Then all the parts of A are even and Lusztig’s algorithm associates to A
a pair of identical partitions (£, 7), £ = n. The corresponding representation of W”, p(¢ .,
has the property that it restriction to W splits into the direct sum of two inequivalent
representations. These representations occur in the harmonics of degree e(v) and not in
any lower degree. Thus this is the representation constructed in Lemma A.1.

Suppose O"(v) = O(v) as in (A.17). Then there are two representations of W” which
restrict to the same irreducible representation of W and we have to make the correct choice
in our combinatorial description, (21). We’ll show that one of these representations occurs
in the correct degree e(r) among the harmonics and the other one does not.

Lemma A.2. Let A be the partition of 2n corresponding to the orbit O"(v) and let (&, 1)
be the ordered pair of partitions obtained from A\ wvia the modified Lusztig algorithm, as
described in Proposition 8. Then

deg A¢,, = e(v) (A.27)
and

deg A, ¢ = e(v) if and only if € = . (A.28)
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Proof. We shall transfer the problem from the orthogonal group Os,(C) to the symplectic
group Sp,,,(C), m > n, using Proposition 8 which is purely combinatorial in nature.

In order to use this proposition we change the notation. Let X be the orthogonal
partition of 2n’ and let (¢, 7') be the ordered pair of partitions obtained from X" via the
modified Lusztig algorithm. Let A\ = (1%) @ X be the symplectic partition obtained from
X by adding a column of hight 2¢. Denote by (£, n) the ordered pair of partitions obtained
from A via Lusztig’s algorithm [Car93, §13.3]. Let G’ = Og,/(C) and let G = Spy,, ) (C).
Denote by v/ € ¢’ a nilpotent element in the G’-orbit described by A\ and let v € g a
nilpotent element in the G-orbit corresponding to A. Let C(v') C G’ be the centralizer of
v and let C(v) C G be the centralizer of v. Then, [Car93, Theorem 5.10.2(a)],

2e(V') + rank G' = dim C(v/') (A.29)

and
2e(v) + rank G = dim C(v). (A.30)

We would like to compare deg A¢,, and deg A, ¢ to e(/). Since Lusztig’s algorithm does
describe Springer correspondence for the symplectic group, (A.30) translates to

2 deg A¢, +rank G = dim C(v). (A.31)
We see from (A.29) that in order to verify (A.27) we need to show
2 deg Agr ,y + rank G' = dim C(v/'). (A.32)

Proposition 8 shows that (£,1) = (¢/,(1%) @ 7). Notice that rankG = rank G’ + ¢ and
that

deg A,y = 2n(8) +2n(n) + |n| =2n(&) +2n(n') +L(L = 1) + L+ |7/|
= deg Af’ﬂ]' —|— EQ,

Also, in terms of the notation in [CM93, page 89|

dim C(v) = % (Zs?—k Z Tz-) = % ((2@2 +ZS? + Z Ti)

i>1 i odd 1>2 i odd
= 20> +dim C(V/) + (ZT +ZT’>
i odd i odd
— 2% +dim C(v (ZT+Z7’+2€—h‘c ))
i odd i even

= 20> +dim C(V/) + L.

Hence, (A.32) follows. This completes the proof of (A.27).
In order to verify (A.28) we choose ¢ > ht(¢), greater than the number of parts in
¢ = &. Then, as in [Car93, page 420] we extend ¢ to ¢ by adding zeros so that & has
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¢+ 1 parts, which is one more than the number of parts in 7. Then & = 0. As shown by
Lusztig [Car93, page 420], the pair (£,n) satisfies the following inequalities:

Ei<m+1<&E+2<m+3<&EHA4<m+5<E+6< ...
<2041 < €y + 2042,

Since, n; = 1. + 1, we have
< +2<EA2< N +H4<EGEHA<N, +6<E+6< ...
<+ 2042 < Eq +20+2.

Therefore
m <&, mh<&,om < & (A.33)
Since & = 0, we have |£| = |¢| = |¢/|. Thus (A.33) implies
| < 1€ (A.34)
Also, equality in (A.34) implies equalities in (A.33). Thus
In'| <|¢'| if and only if o' = ¢ (A.35)
Since, deg Ag,y — deg A¢,, = 1| — €|, (A.35) implies (A.28). O

The aim of the last part this section is to extend the above results to the case of
an orthogonal group O,,(K) where K is the algebraic closure of a finite field F, of odd
characteristic.

Let Te C SO9,(C) and T C SO,,(K) be maximal tori such that the root data of
SO2,(C) and SOy, (K) with respect to T¢ and T, respectively, are isomorphic. We also
fix a Borel subgroup B C SOy, (K) containing T. Let W be the Weyl group of SO,, (K)
with respect to T and let S C W denote the set of simple reflections determined by B.
Then the pair (W, .S) can be canonically identified with the corresponding pair in SO, (C)
defined with respect to T¢ C Be.

Let M(SOg,(C)), N(SO2,(K)) denote the set of unipotent classes of SOg,(C), SO,,(K),
respectively. Let Z: N (SOg,(C)) — N(SO2,(K)) be Spaltenstein’s map, see [Spa82,
Théoreme 111 5.2]. This map is uniquely characterized by the following three properties:

(1) Tt preserves the usual partial orderings < on N(SO,,(C)) and on N (SO4,(K));
(2) it preserves the dimensions of classes;
(3) it satisfies certain compatibility conditions with respect to parabolic subgroups in
SO,,(C) and SO,,(K) containing B¢ and B, respectively.
Moreover, since ¢ is assumed to be odd, Z is an isomorphism of partially ordered sets.
We can also canonically identify the component group

A(u) := m0(Cs0,, () (1))
of the centralizer of u in SO, (K) with the component group 7(Cso,, (c)(u)) where u € O
for some O € N(SO2,(K)) and v’ € Z(O). Then it follows from its explicit description
that the Springer correspondence coincides for SO, (K) and for SOy, (C) (see [Sho87] and
the references there).
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Let u be a unipotent element in SO,, (K), let O(u) € N(SO,,(K)) denote the conjugacy
class of u in SOs,(K), and let O”(u) denote the conjugacy class of u in Oy, (K). As before,
there are two possibilities: either O”(u) = O(u), or O"(u) = O(u) U O(sus™') (disjoint
union), where we think of s € W/\W as an element of Oy, (K)\SO,, (K).

We assume first that O”(u) = O(u) U O(sus™!) (disjoint union). Then the inverse
images by = of O(u) and O(sus™!) are also disjoint, and similarly for O(v) and O(sv),
with u = exprv. It follows from the above discussion that

Hoeq) (B)A™) @ Hoe(w) (B*)A) (A.36)

is an irreducible representation of W’ which restricts to the sum of two inequivalent
representations of W corresponding to O(u) and O(sus™!) by the Springer correspondence
for the group SO»,(K). Let A be the partition of 2n associated to O”(u). All the parts
of A are even and Lusztig’s algorithm associates to A\ a pair of identical partitions (£, ),
¢ = 1. The restriction to W of the corresponding representation of W”, pe ,,, splits into the
direct sum of two inequivalent representations. The b-invariant of these representations
(as defined in (7)) equals

1
e(v) = 3 dim B,,

where B, is the Springer fiber of all the Borel subgroups of SO,,(K) which contain w.
Thus pe,, is the representation given in (A.36).

We suppose now that O”(u) = O(u). As previously, we have then two representations
of W” which restrict to the same irreducible representation of W and we have make the
correct choice. Formulas (A.29) and (A.30) are still valid with K instead of C. Then the
same proof as that of Lemma A.2 gives the result.
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