ON CUSPIDAL REPRESENTATIONS OF GENERAL LINEAR GROUPS
OVER DICRETE VALUATION RINGS

ANNE-MARIE AUBERT, URI ONN *, AMRITANSHU PRASAD,
AND WITH AN APPENDIX BY ALEXANDER STASINSKI

ABSTRACT. We define a new notion of cuspidality for representations of GL,, over a finite
quotient o of the ring of integers o of a non-Archimedean local field F' using geometric
and infinitesimal induction functors, which involve automorphism groups G, of torsion
o-modules. When n is a prime, we show that this notion of cuspidality is equivalent to strong
cuspidality, which arises in the construction of supercuspidal representations of GL,,(F'). We
show that strongly cuspidal representations share many features of cuspidal representations
of finite general linear groups. In the function field case, we show that the construction of
the representations theory of GL,(0x) for k > 2 for all n is equivalent to the construction
of the representations of all the groups G. A functional equation for zeta functions for
representations of GLy(0y) is established for representations which are not contained in
an infinitesimally induced representation. In the appendix, all cuspidal representations for
GLy4(02) are constructed. Not all these representations are strongly cuspidal.

1. INTRODUCTION

The irreducible characters of GL,(F,) were computed by J. A. Green in 1955 [Greb3.
In Green’s work, parabolic induction was used to construct many irreducible characters of
GL,(F,) from irreducible characters of smaller general linear groups over F,. The repre-
sentations which could not be obtained in this way, known as cuspidal representations, were
shown to be in canonical bijective correspondence with Galois orbits of norm-primitive char-
acters of Fy. (these are characters which do not factor through the norm map Fj. — qud
for any d|n).

Let F' be a non-Archimedean local field with ring of integers 0. Let p be the maximal ideal
in 0, and oy = o/p” for k > 1. Thus o, is a finite field, the residue field of F', which we take
to be F,. In contrast with GL,(01), not much is known in general about the representation
theory of GL, (o). Unlike general linear groups over fields, for which conjugacy classes are
parameterized by Jordan canonical forms, the classification of conjugacy classes in GL,, (o)
for all n and any k& > 2 contains the matrix pair problem [Nag78, Section 4], which is a wild
classification problem.

The representations of GL,(0) received considerable attention after supercuspidal repre-
sentations of GL,,(F') were constructed by induction from a compact subgroup modulo its
center [Shi68| How77, Kut78]. A class of representations (représentations trés cuspidales) of
the maximal compact subgroups modulo center which give rise to irreducible supercuspidal
representations of GL, (F') were identified by Carayol [Car84]. When the maximal compact

2000 Mathematics Subject Classification. 22E50, 11S37.
* Supported by the Israel Science Foundation, ISF grant no. 555104, by the Edmund Landau Minerva
Center for Research in Mathematical Analysis and Related Areas, sponsored by the Minerva Foundation

(Germany).
1



subgroup modulo center in question is F*GL,(0), the restrictions of these representations
to GL,(0) correspond to what we call strongly cuspidal representations of GL,, (o) for some
k (Definition . Carayol used these representations to construct all the supercuspidal
representations of GL,,(F') when n is prime. A remarkable body of work towards the classifi-
cation of supercuspidal representations of GL,,(F') continues up to the present time, to which
we have not done justice in this introduction. With respect to GL,(0), this body of work
considers only those very special representations that are needed to understand the repre-
sentations of the p-adic group itself, since the general representation theory is unmanageably
complicated.

In this article, we take the point of view that the representation theory of GL,(0) is inter-
esting in its own right, and while extremely complicated, does display a certain structure.
To this end, a new definition of cuspidality is introduced for representations of GL, (o).
This definition is closer in spirit to the characterization in [Greb5|] of cuspidal representa-
tions as those which do not occur in representations obtained by parabolic induction. More
specifically, for any o-module o) = @], 0,, of type A = (A1,..., A\) let Gy = G\  stand for
its automorphism group. Thus, for example, Ggn = GL,(0). Say that A < u if 0, can be
embedded in o0,. We call an irreducible representation of Gy cuspidal (see Definition if
it cannot be constructed from lower building blocks. By lower building blocks we mean the
representations of GGy, where A < k™. These automorphism groups play the role of Levi com-
ponents of proper parabolic subgroups of GL,(01). Representations of Gy» are constructed
from those of G using infinitesimal and geometric induction (Section . Our first result,
which is proved in Section compares cuspidality with strong cuspidality.

Theorem A. Every strongly cuspidal representation is cuspidal. When n is prime every
cuspidal representation is strongly cuspidal.

The construction of strongly cuspidal representations is well-known [Shi68|, (Gér75l How77].
When n is prime, then by Theorem A, all cuspidal representations are obtained in this
manner. Moreover, for all n, these representations have properties analogous to cuspidal
representations of GL,(01). Firstly, they can be parameterized in an analogous fashion.
Suppose that E is an unramified extension of F' of degree n, and O is the integral closure
of o in E. Let B denote the maximal ideal in © and Oy denote the finite quotient ring
O/Pk. For k > 1, a character O; — C* is said to be strongly primitive if its restriction
to ker(9; — Oj_1) = O; does not factor through any proper subfield via the trace map.
A character of OF is said to be strongly primitive if it is norm-primitive. In Section we
prove

Theorem B. There is a canonical bijective correspondence between strongly cuspidal repre-
sentations of Gygn and Gal(E/F')-orbits of strongly primitive characters of O} .

The units group O; is embedded in Gy since Oy =~ o} as og-modules. An element of Gjn
is said to be cuspidal if it is conjugate to an element of O, whose image in O lies in no
proper subfield. In section [5.2] we establish another property that strongly cuspidal repre-
sentations share with cuspidal representations of GL,(01), which is that the correspondence

of Theorem B is well-behaved with respect to character values on strongly cuspidal elements.
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Theorem C. Let w be a strongly primitive character of O and let ©,, be the corresponding
strongly cuspidal character of Gin. Then for all cuspidal elements u € O} C Gjyn

Ou(u) = (=1 w(Tu),

vEGal(E/F)
Moreover, ©,, vanishes on conjugacy classes which do not intersect O -Ker{G» — G/o1n}.

Remark. Theorems B and C are due to Green when k = 1. For k > 1, the ideas used in the
proofs can be found in the existing literature on supercuspidal representations of G L, (F),
the detailed account in Section |5 gives the complete picture, working entirely inside G L,,(0).
In particular, Theorem C is deduced from [Gér75, Theorem 1]. It is closely related to the
result obtained by Henniart in [Hen93l Section 3.7].

There already is evidence that the representation theory of a group such as G, can be
studied by breaking up the problem into two parts. The first is to correctly define and under-
stand the cuspidal representations. The second is to construct the remaining representations
from cuspidal representations of G, with ;o < A. This approach has been implemented suc-
cessfully in [Onn07] for automorphism groups of modules of rank two. Theorems A, B and
C provide further evidence of the validity of this approach when A = k™ and n is a prime.

The inevitability of the family of groups G, in the representation theory of Gg» or even
Glan can be seen from another perspective. In Section [6, we prove

Theorem D. Let F' be a local function field. Constructing the irreducible representations of
the family of groups {Gan p = GL,(02) | n € N} is equivalent to constructing the irreducible
representations of the family {Gyg | A € A, E/F unramified extension}.

Finally, we point out a suggestive connection to the Macdonald correspondence which
might admit a higher level incarnation as well. Macdonald has established a correspondence
between irreducible representations of GG1» and equivalence classes of n-dimensional tamely
ramified representations of the Weil-Deligne group W} [Mac80]. One ingredient in this
correspondence is a functional equation for the zeta function associated to Gi». It admits
a straightforward generalization to Gi» for £ > 1. Let f denote a properly normalized
additive Fourier transform of f € C (M, (0x)) with respect to ¢ (tr(-)), where ¢ : 0, — C is
an additive character which does not factor through oy,_;. Let Z(f,p) =>_ ..., f(9)p(9) €
Endc (V) where f € C (M, (o)) and (p,V) is an irreducible representation of Gg». Denote
by p the contragredient representation of p. In Section [7] we prove

Theorem E. If p is not contained in an infinitesimally induced representation (in particular
if p is cuspidal), there exist e(p, ) such that

LZ2(f,p) = c(p, ) Z(f.p).
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2. NOTATIONS AND PRELIMINARIES

2.1. Automorphism groups. Let A denote the set of partitions. Any A € A can be written
in the form (A{',..., \/'), where Ay > --- > \; and 74, ..., 7 are positive integers. The sum
r1 + - - -+ r; will be called the length of the partition, and A; will be called the height of the
partition.

Every finitely generated torsion o-module is of the form o) = o} &- - -EBof\ll for some \ € A.
Consider the group G = Aut,(0,). In particular, taking A = (k™), we have Gj» = GL, (o).
When it is necessary to specify the underlying non-Archimedean local field F', the notation
G r will be used for G).

Let N, denote the kernel of the natural map Ggn — G.n. Then, if r > k/2, the map
M, (0x—,) — N, defined by A +— I+ w"A, is an isomorphism of groups (it is a bijection of
sets for all 7 < k). The result is a short exact sequence

(21) 0— Mn<0k77') — Gkn — Grn — 1,
for every r > k/2.

2.2. Similarity classes associated to representations. Assume that » > k/2. The
action of Gy» on its normal subgroup M, (0j_,) factors through G ;—,)». In fact, this is just
the usual action by similarity transformations

g- A= gAgila g e G(k—r)"v A€ Mn<0k77")-

It results in an action of Gx—» on the set of all characters of M, (0k_).

Now suppose that p is an irreducible representation of Gjy» on a vector space V. The
restriction of p to M, (0,_,) gives rise to a decomposition V' = @V,, where x ranges over the
set of characters of M, (0y_,). Clifford theory then tells us that the set of characters x for
which V, is non-trivial consists of a single orbit for the action of G;_,y» on the characters
of Mn<0k77n).

The group M, (0x—,) can be identified with its Pontryagin dual (as a G(;_,)n-space). For
this, pick an additive character ¢ of FF — C* whose restriction to o is trivial, but whose
restriction to p~! is non-trivial. For each A € M, (05_,), define a character 1 ,: M, (0x_,) —
C* by Y4(B) = (" *tr(AB)). The map A +— 14 identifies M, (0;_,) with its Pontryagin
dual, and preserves the action of G(_yyn.

Thus we associate, for each r > k/2, to each irreducible representation p of Gy, a similarity
class Qx_(p) C Mp(0k_).

3. INDUCTION AND RESTRICTION FUNCTORS

This section introduces the functors that will play the role of parabolic induction and
restriction in the context of GL, (o). They were introduced in [Onn07, Section 2]. Geometric
induction is an obvious analog of parabolic induction in the case of a field. Infinitesimal
induction has no analog in that setting.

3.1. Geometric induction and restriction functors. Given a direct sum decomposition

op = 0,' @ 0,?, define P, ,, to be the subgroup of Gy~ which preserves o;'. There is a

natural surjection ¢: P, ,, — Gpm X Gina. Denote the kernel by U, ,,. Define the functor

inyns Rep(Grr1) X Rep(Ggna) — Rep(Gyn) taking representations oy and oy of Gy and

G tespectively to the induction to Gy» of the pull-back under ¢ of ;3 X oy. The functor
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Tnymy: Rep(Ggn) — Rep(Gini) X Rep(Gynz) is defined by restricting a representation p of
Gyn to P, n, and then taking the invariants under U,, ,,. By Frobenius reciprocity, these
functors form an adjoint pair:

HomGkn (p> immz (017 02)) = Homka X Gpna (Tnl,nz (p)a o X 02)'

Following [Onn07], the functors i,, », and 7y, ,, are called geometric induction and geometric
restriction functors, respectively. Furthermore

Definition 3.1. An irreducible representation of G» will be said to lie in the geometrically
induced series if it is isomorphic to a subrepresentation of iy, ,, (01, 02) for some decompo-
sition n = ny + ny with n; and ny strictly positive, and some representations o and oy of
Gjini and Gyno respectively.

3.2. Infinitesimal induction and restriction functors. For two partitions A and p, say
that A < p if there exists an embedding of 0y in 0, as an o-module. This is equivalent to
the existence of a surjective o-module morphism o, — o). If A\ < k", then the pair (A, k")
has the unique embedding and unique quotient properties, i.e., all embeddings of 0, in o»
and all surjections of ox» onto o0, lie in the same Gyn-orbit. As a consequence the functors
that are defined below will, up to isomorphism, not depend on the choices of embeddings
and surjections involved (in the language of [BOOT, Section 2|, k™ is a symmetric type).

Given A < k", take the obvious embedding of 0y in 0} given on standard basis vectors by
f; s M@ e;, where (i) is such that r{ + -+ + Thiy—1 <@ <11+ -+ rpe). Define

Pregn = {9 € Gin | g~ 05 = 00},

Restriction to 0, gives rise to a homomorphism Py_,» — G, which, due to the unique
embedding property, is surjective. Let Uy » be the kernel. One may now define an induction
functor iy : Rep(Gy) — Rep(Gin) as follows: given a representation of G, pull it back
to a representation of Py via the homomorphism Py~ — G, and then induce to Gyn. Its
adjoint functor ry_xn: Rep(Gyn) — Rep(G,) is obtained by taking a representation of Gyn,
restricting to Pyx», and taking the vectors invariant under Uy_,;». The adjointness is a
version of Frobenius reciprocity: there is a natural isomorphism

Homg,,, (p,ir—in(0)) = Homg, (raein(p), o)

for representations p and o of Gy» and Gy respectively. In terms of matrices, the groups
Py» and Uy_in are

Py = {(aij) € Gin | ay; € wm{0R0)=h(D}g, 1
Uneopn = {(aij) € Prepn | ayj € 055 + 7"9ay}.
Dually, fix the surjection of 0} onto oy given by e; — f; and define
Pin_ox ={g € Ggn | g - ker(o} — 0)) = ker(o, — 0,)}.

Taking the induced map on the quotient gives rise to a homomorphism Pjn_,, — G which,
by the unique quotient property, is surjective. Let Ugn_,\ denote the kernel. An adjoint pair of
functors ign_,n: Rep(Gy) — Rep(Gyr) and rgn_,x: Rep(Ggn) — Rep(G)) are defined exactly
as before. Pyn_,y is conjugate to Py and Ugn_,y is conjugate to Uy pn, where X is the
partition that is complementary to A in k™, i.e., the partition for which ker(o} — 0)) = oy.
Therefore, the collection of irreducible representations obtained as summands after applying

either of the functors iy gn oOr ixn_,y is the same. Following [Onn07], the functors iy and
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ign_y are called infinitesimal induction functors. The functors ry_p» and rga_,) are called
infinitesimal restriction functors.

Definition 3.2. An irreducible representation of Gy» will be said to lie in the infinitesimally
induced series if it is isomorphic to a subrepresentation of ¢y zno for some partition A < k"
and some representation o of G,.

4. CUSPIDALITY AND STRONG CUSPIDALITY

4.1. The definitions of cuspidality. Recall from Section that to every irreducible
representation p of Gyn is associated a similarity class Q(p) C M,(01). The following
definition was introduced in [Kut80] for n = 2 and in [Car84| for general n.

Definition 4.1 (Strong cuspidality). An irreducible representation p of Gy is said to be
strongly cuspidal if either k = 1 and p is cuspidal, or k£ > 1 and €;(p) is an irreducible orbit
in Mn(ol)'

In the above definition, one says that an orbit is irreducible if the matrices in it are ir-
reducible, i.e., they do not leave any non-trivial proper subspaces of of invariant. This is
equivalent to saying that the characteristic polynomial of any matrix in the orbit is irre-
ducible.

Another notion of cuspidality (which applies for any G, however, we shall focus on A\ = k")
picks out those irreducible representations which can not be constructed from the represen-
tations of G\, A < k™ by using the functors defined in Section

Definition 4.2 (Cuspidality). An irreducible representation p of G is said to be cuspidal
if no twist of it by a linear character lies in the geometrically or infinitesimally induced series.

4.2. Comparison between the definitions.

Theorem 4.3. Every strongly cuspidal representation is cuspidal. When n is a prime, every
cuspidal representation is strongly cuspidal.

Proof. Let p be an irreducible non-cuspidal representation of Gyn». The linear characters
of Gyn are of the form detoy for some character x: o, — C*. Using the identification of
Ni—1 ~ M,(0y) with its dual from Section , the restriction of detoyx to Nj_; is easily
seen to be a scalar matrix. Thus p is strongly cuspidal if and only if p(y) = p ® detoy is,
since adding a scalar matrix does not effect the irreducibility of the orbit 2;(p). Since p is
non-cuspidal, there exist a character x such that p(x)Y is nonzero for some U = U,, ,, or
U = Uy gn. In either case this implies that the orbit € (p()) is reducible which in turn
implies that p(x) and hence p are not strongly cuspidal.

For the converse the following interesting result plays an important role. Call a similarity
class in M, (01) primary if its characteristic polynomial has a unique irreducible factor.

Proposition 4.4. Let p be an irreducible representation of Gyn. If Qq(p) is not primary
then p lies in the geometrically induced series.
Proof. If Q1(p) is not primary then it contains an element ¢ = (%1 £2) with w; € M, (01)
and n = ny + ng, such that the characteristic polynomials of @w; and wy have no common
factor. It will be shown that 7, ,,(p) # 0.
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In what follows, matrices will be partitioned into blocks according to n = nq + ny. Let

Py = Pymi (k—iyn2yspn for @ = 0,... k. Then P; consists of matrices in G» with blocks
of the form ( e Z). Let U; be the normal subgroup of P; consisting of block matrices of

the form ( ; wk{ u) The P;’s form a decreasing sequence of subgroups, while the U;’s form
increasing sequences. Given a representation p; of P;/U; define r;(p;) to be the representation
of P,11/U;41 obtained by taking the vectors in the restriction of p; to P,y that are invariant
under U;,1. That is,

ri: Rep(P;/U;) — Rep(Piy1/Usta), ri(pi) = Invy,,, o, © Resgﬁj}m(pi)'

In particular, P, = P, ,, and Uy = U,, »,. Therefore, (see [Onn07, Lemma 7.1]) we have
that 7, n, = rk—10---0rg. We argue by induction that r;0---org(p) # 0 foralli =0, ..., k.
If i = 0, then since ¢ € Q4(p), we get that pjy, contains the trivial character of Uy, hence,
ro(p) # 0. Denote p; = r;_1 0 --- ory(p) and assume that p; # 0. In order to show that
ri(p;) # 0, consider the normal subgroup L; of P, which consists of block matrices of the
form I+ (i,:f’;l le:;;:) It is easily verified that L;/U; ~ M, (0y), the isomorphism given
by
k-1 k—i—1
n:I—l—(wklwl “ u) mod U; <w1 u)’

w () wk’lwg vV Wa
where w1y, wy, u and v are appropriate block matrices over 0;. It follows that we can identify
the dual of L;/U; with M, (01): &+ 1z on, for & € M,(01).

The action of P; on the dual of L;/U; is given by & +— g2 where 94:(n(1)) = ¢z (n(g1g)).
We shall not need the general action of elements of P;, but rather of a small subgroup which
is much easier to handle. If

2) ’

gec = WZC I ) 77 - v Wa ’ - ,a

then unraveling definitions gives

(4.5) s god = ( i v > .

S> (&3

U+ C’UAfl — UAJQC /LZJQ
As we have identifications Ly/U; = --- = L;/U;;1 we infer that the restriction of p; to
L;/U;y contains a character

Vi = (PiLo/vy, @)1 Lif/Uipr X Uiy JU; = L;JU; — C*,
that is, ¥z corresponds to & = (wl 0 ) We claim that there exist g. such that

U w2

o (i1 0
gc - 0 'UAJQ )

therefore p;y,, /v, contains the trivial character of U, /U; and hence r;(p;) # 0.

Indeed, using it is enough to show that the map ¢ — cw; — wqc is surjective, hence u
can be eliminated and the entry (1,2) contains the trivial character. This map is surjective
if and only if it is injective. So we show that its kernel is null. A matrix c¢ is in the kernel if
and only if

(46) C?I)l = UAJQC.
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Let p; (i = 1,2) be the characteristic polynomials of w;. Our assumption on the orbits is
that p; and py have disjoint set of roots. Using (4.6) we deduce that

CP1 (@D1) = p1<7j}2)c~

By the Cayley-Hamilton theorem the left hand side of the above equation vanishes. Over an
algebraic closure of 01, p1(t) = [[(t —«a;), where the «; are the roots of p;. The hypothesis on
wy and W, implies that none of these is an eigenvalue of ws. Therefore, Wy — «; is invertible
for each j. It follows that p; (9) = [[(2—«;) is also invertible, hence ¢ = 0. This completes
the proof of the proposition.

O

Returning now to the proof of Theorem assume that p is not strongly cuspidal. There
are two possibilities:

(a) Any element @ € €Q(p) has eigenvalue in 0;. In such case, by twisting with a
one-dimensional character x, we get a row of zeros in the Jordan canonical form
of ©. Therefore, p(x) is contained in a representation infinitesimally induced from
G (kn—1 -1

(b) Elements in (p) have no eigenvalue in 0;. Since n is prime and since Qy(p) is
reducible, the latter cannot be primary, and Proposition implies that p lies in the
geometrically induced series.

Thus, p is non-cuspidal.

5. CONSTRUCTION OF STRONGLY CUSPIDAL REPRESENTATIONS

The construction of strongly cuspidal representations of GL,(0x) when k£ > 1 can be found,
for example, in [Shi68, [Gér7hl, [How77, [Car84l, BK93, [Hil95al. In this section, we recall this
construction in a way that Theorems B and C are seen to follow from it.

5.1. Primitive characters. Let F denote an unramified extension of F' of degree n. Let O
be the integral closure of 0 in E. The maximal ideal of O is 8 = wO. Let O, = O/PB*. As
an oi-module, Oy, is free of rank n. Therefore, Gyn» can be identified with Aut,, (). Left
multiplication by elements of 9, gives rise to o0,-module endomorphisms of 9. Therefore,
O} can be thought of as a subgroup of Gy». Similarly, for each r > k/2, Oj_, will be thought
of as a subring of M, (0x_,).

Strongly cuspidal representations of Gy~ will be associated to certain characters of O
which we will call strongly primitive. In order to define a strongly primitive character of O}
it is first necessary to define a primitive character of ;.

Definition 5.1 (Primitive character of 91). A primitive character of O is a homomorphism
¢: D1 — C* which does not factor through any proper subfield via the trace map.

The map Oy — O} given by a — 14w"a induces an isomorphism Oy_, = ker(O; — O)),
foreach 1 <7r < k.

Definition 5.2 (Strongly primitive character of O; ). When k& > 1, a strongly primitive
character of O} is a homomorphism w: O} — C* whose restriction to ker(9; — O} ;) is

a primitive character when thought of as a character of 9, under the above identification.
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The above definition does not depend on the choice of uniformizing element w € p.
Suppose that r > k/2. An identification A — 14 of M,(0x_,) with its Pontryagin dual
was constructed in Section . Given a € Oj_,, view it as an element of M, (0x_,). Let
¢, denote the restriction of ¥, to D;_,. Then a — ¢, is an isomorphism of Oy_, with its
Pontryagin dual.

5.2. Construction of strongly cuspidal representations from strongly primitive
characters. The reader may find it helpful to refer to while navigating the construc-
tion. Let [ = [k/2] be the smallest integer not less than k/2 and I’ = |k/2] be the largest
integer not greater than k/2. Let w be a strongly primitive character of O;. Let a € Oy,
be such that the restriction of w to N; N O} (when identified with Oj_;) is of the form ¢,.
The strong primitivity of w implies that the image of a in 97 does not lie in any proper
subfield. The formula

(5.3) To(zu) = o (x)w(u) for all x € N; and u € OF,

defines a homomorphism 7,,: NjO; — C*. Let L denote the kernel of the natural map
OF — Of and let o, denote the restriction of 7, to N;L. Let ¢ denote the order and p
denote the characteristic of o;.

Lemma 5.4. There ezists a unique irreducible representation o', of Ny L whose restriction
to N|L s o, isotypic. This representation has dimension q(l*l')(”Q*”)/z. Its character is given
by

g2 (1) if 2 € NL,

0 otherwise.

Proof. If k is even, then [ = I’ and therefore, o/, = 0,,. Now, assume that £k is odd. In this
case IV;L is a normal subgroup of NyO;’ (note that N;O; is not normal in NpyO;’). Moreover,

(5.5) ou(yry ') = o, (x) for all y € NyO and x € N,L.

The quotient V' = Ny L/N,L is naturally isomorphic to M, (0;)/9; which} being an abelian
group where every non-trivial element has order p, can be viewed as a vector space over F,
of dimension (n? —n) log, q. Let 1, denote the complex p'" roots of unity. Then

B(xN,L,yN,L) = o,,([x,y]) for all x,y € Ny L,

defines a non-degenerate alternating bilinear form 5: V x V' — p, [Hil95b| Corollary 4.3].
The existence and uniqueness of ¢/, now follows from standard results on the representation
theory of finite Heisenberg groups (see e.g., [Gér7h, Proposition 3]). O

Recall from [Ser68|, I1.4, Proposition 8], that there is a unique multiplicative section
s: O7 — ;. This allows us to realize NyO; as a semidirect product of NyL by Of.
Recall also, that x € O} is called cuspidal if its image in O is not contained in any proper
subfield.

'Here M, (0;) is identified with End,, (O;).



Lemma 5.6. When k is odd, there exists an irreducible representation 7/, of NyOy, which
18 unique up to isomorphism, whose restriction to NiL is o,-isotypic, and such that for any
T e Nl/D;,

w

(7' () 0 when x is not conjugate to an element of N;O;
r(7,(z)) =
(=1)"'w(x) when x € O is cuspidal.

Proof. The lemma is easily deduced from [Gér75, Theorem 1] as follows: the algebraic torus
T defined over F, such that T'(F,) = O7 splits over the extension F;» of F,. The Galois
group of this extension acts on the weights of T'(Fyn) on V ® Fn, which simply correspond
to roots of GL,,. The Frobenius automorphism which generates this group acts as a Coxeter
element on this root system. One may see that, in the language of [Gér7h, 1.4.9(b)], this
action has a unique symmetric orbit and (n — 2)/2 non-symmetric orbits if n is even, and
no symmetric orbits and (n — 1)/2 non-symmetric orbits if n is odd. The symmetric orbits
contribute a factor of (—1) to the character values. The hypothesis that u is not an element
of any proper subfield of O, implies that u is regular semisimple, and that no weight vanishes
on it. U

When £ is even, define the representation 7/, of NyO to be just 7, (see (5.3)). Then, for
any k > 1, if u € O] is an element whose image in D7 is a generates O7, we have

(5.7) tr(7) (u)) = (=1)F " Vu(u).

Finally, define

Gkn

/
T, .
Nl/Dlj w

po = Ind

This will be the strongly cuspidal representation associated to the strongly primitive char-
acter w of O;. The representation p,, is irreducible because NyO;’ is the centralizer of o,
in Gkn

The steps in the construction of p, are described schematically below for the convenience
of the reader. The diagram on the left describes the relation between the various groups
involved. The position occupied by a group in the diagram on the left is occupied by the

corresponding representation that appears in the construction in the diagram on the right.
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Theorem 5.9. For each strongly primitive character w of D;, Po 18 an irreducible repre-
sentation such that

(1) tr(p,(g)) = 0 if g is not conjugate to an element of N;O .
(2) if u € OF is such that its image in OF is not contained in any proper subfield, then

tr(po(w) = (DY 0 w(w)).

veGal(E/F)
for every u € O}, whose image in O lies in no proper subfield.

Proof. The first assertion follows from Lemma The second follows from the fact that
the intersection of the conjugacy class of u in Gy with O] consists only of the elements 7u,
for v € Gal(E/F). O

5.3. The parameterization of strongly cuspidal representations of Gy~». The follow-
ing is a detailed version of Theorem B.

Theorem 5.10.

(1) For each strongly primitive character w of O}, the representation p, of Gyn is irre-
ducible and strongly cuspidal.

(2) Ewvery strongly cuspidal representation of Gy is isomorphic to p, for some strongly
primitive character w of O}

(3) If W' is another strongly primitive character of O}, then p,, is isomorphic to p, if
and only if w' = w oy for some v € Gal(E/F).

Proof of (1). The irreducibility of p, follows from standard results on induced representa-

tions. To see that p,, is strongly cuspidal, observe that the restriction of p, to N; contains v,,.

This means that its restriction to N,_; contains vz, where @ is the image of a in ;. Since

this image does not lie in any proper subfield, its minimal polynomial is irreducible of degree

n. Therefore, as an element of M, (07), its characteristic polynomial must be irreducible. [
11



Proof of (2). Suppose that p is an irreducible strongly cuspidal representation of Gyn. Un-
winding the definitions, one see that 21(p) is just the image of €;_;(p) under the natural
map M, (0x—;) — M, (01). Let p(t) € o,_[t] be the characteristic polynomial of the matrices
in Q_;(p). Denote its image in 04[t] by p(t). The hypothesis on p implies that p(t) is irre-
ducible. Let p(t) be any polynomial in o[¢] whose image in 0x_,[t] is p(¢). By Hensel’s lemma,
there is a bijection between the roots of p(t) in £ and the roots of p(t) in O;. Consequently,

Hormy (F[t]/p(t), E) = Homg, (0[t]/p(t), O1).

But we know that O, is isomorphic to 01[t]/p(t). In fact there are exactly n such isomor-
phisms. Each one of these gives an embedding of F'[t]/p(t) in E. Since both F[t]/p(t) and E
have degree n, these embeddings must be isomorphisms. Any root a of p(t) in E also lies in
9. It is conjugate to the companion matrix of p(¢) in GL,(0). Therefore, its image a € Oy,
lies in €_i(p). It follows that py, contains a 1, isotypic vector.

By applying the little groups method of Wigner and Mackey to the normal subgroup N; of
G, we see that every representation of p, whose restriction to /V; has a v, isotypic vector
is induced from an irreducible representation of NyO; whose restriction to N is 1, isotypic.
It is not difficult then to verify (by counting extensions at each stage) that the construction
of 7/ in Section gives all such representations. O

Proof of (3). It follows from the proof of (2) that 7/, and 7/, are isomorphic if and only if
w1 = we. The Galois group Gal(E/F) acts by inner automorphisms of Gy» (since we have
identified it with Aut,, (Oy)) preserving Ny©O; . Therefore, the restriction of p,, to NyO)
also contains 7,,, whenever wy is in the Gal(E/F)-orbit of wy, hence p,, is isomorphic to p,,.
If wy; and wy do not lie in the same Gal(E/F)-orbit then Theorem [5.9 implies that that p,,
can not be isomorphic to p,,. 0J

5.4. Connection with supercuspidal representations of GL,(F). In [BK93, Theo-
rem 8.4.1], Bushnell and Kutzko proved that all the irreducible supercuspidal representa-
tions of GL,(F") can be obtained by compact induction from a compact subgroup modulo
the center. One such subgroup is F*GL,(0). This group is a product of GL,(0) with the
infinite cyclic group Z; generated by wl. Thus every irreducible representation of this group
is a product of a character of Z; with an irreducible representation of GL,(0). An irreducible
representation of GL,(0) is said to be of level k — 1 if it factors through GL, (o), but not
through GL,(0x—1). When n is prime, the representations of GL,(0) which give rise to su-
percuspidal representations are precisely those which are of level k — 1, for some for k > 1,
and, when viewed as representations of GL, (o), are strongly cuspidal. For k£ = 1, they are
just the cuspidal representations of GL,(01). The corresponding representations of ZGL,(0)
are called tres cuspidale de type k by Carayol in [Car84l Section 4.1]. The construction that
Carayol gives for these representations is the same as the one given here, except that the
construction here is made canonical by using Gérardin’s results.

Let x be any character of Z;. Set

Ty 1= C'Indgizg))w (P ® X).
These are the supercuspidal representations of GL,, (F') associated to p,,.

Let r: GL,(0) — GL,(0x) denote the homomorphism obtained by reduction modulo
p*. In the notation of [BK93|, we have r~1(N;L) = HY(B,21), r1(NyL) = J*(3,2) and
rHY(NpOJ) = J(B,2), where A = M,(0) and 3 € M,(F) is minimal (see [BK93, (1.4.14)]).
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These groups are very special cases of the groups defined in [BK93| (3.1.14)]. The inflation
n of o, to JY(B3,2) is a special case of the Heisenberg representation defined in [BK93,
Prop. 5.1.1].

We will say that a supercuspidal representation 7 of GL,(F') belongs to the unramified
series if the field extension F[5] of F' is unramified (by [BK93|, (1.2.4), (6.2.3) (i)], this is
equivalent to say that the o-order 2 occurring in the construction of 7 is maximal). When n
is a prime number, Carayol has proved (see [Car84, Theorem 8.1 (i)]) that the representations
Twy give all the supercuspidal representations of GL,(F') which belong to the unramified
series. However, when n is composite, the strongly cuspidal representations are not sufficient
in order to build all the supercuspidal representations in the unramified series of GL,(F)
(see for instance Howe’s construction in [How77]). The analogy with Theorem A suggests
that one should try to construct supercuspidal representations of GL,(F') from cuspidal
representations of GL,(0) in the sense of Definition instead only the strongly cuspidal
ones, one would be able to produce other (and perhaps all the) supercuspidal representations
of GL,,(F) which belong to the unramified series.

6. COMPLEXITY OF THE CLASSIFICATION PROBLEM

In this section it will be shown that the representation theory of the family of groups Gy
actually involves the much larger family, G, g (A € A, E/F unramified), which was defined
in Section even when k = 2.

Theorem 6.1. Let F = F,((w)) be a local function field. Then the problems of constructing
all the irreducible representations of the following groups are equivalent:

(1) Gon g for alln € N.
(2) Ggn p for all k,n € N.
(3) Ga g for all partitions X and all unramified extensions E of F.

Proof. Obviously (3) implies (2), which implies (1). That (1) implies (3) follows from the
somewhat more precise formulation in Theorem [6.2 0

Theorem 6.2. Let F be a local function field. Then the problem of constructing all the
irreducible representations of Gan g 15 equivalent to the problem of constructing all the irre-
ducible representations of all the groups Gy g, where £/ ranges over all unramified extensions
of F' of degree d and \ ranges over all partitions such that d(Ary + -+ + \1y) < n.

Proof. When F' is a local function field, Ga» is isomorphic to the semidirect product of
GL,(01) by M,(01). The little groups method of Wigner and Mackey (see e.g., [Ser77,
Prop. 25]) shows that constructing the irreducible representations of Gan is equivalent to
constructing the irreducible representations of the centralizers in GL,(01) of all the multi-
plicative characters of M, (01). Pick any x for which the space V, of x-isotypic vectors is
non-zero. By the discussion in Section 2.2} these subgroups of GL,(0;) are the same as the
centralizer groups of matrices. We will see below that these centralizer groups are products
of groups of the form G g that appear in the statement of Theorem [6.2}

Let A € M,(01). Then, o} can be thought of as a 0;[w]|-module where w acts through A.
The centralizer of A is the automorphism group of this 0;[w]-module. For each irreducible

monic polynomial f(w) € 01[w]| of degree d which divides the characteristic polynomial of
13



A, the f-primary part of this module is isomorphic to

(0[] /f(@)")" @ - @ (ou[w] /f (@) )",
for some partition \.

Lemma 6.3. Let O = 0,[@|/f(w). The rings oi[w]/f(@)* and O[u]/u* are isomorphic
for every k > 0.

Proof. It will be shown by induction that there exists a sequence {qx(w@)}, in 01[w] such that
(1) ¢(w) ==,
(2) gri1(@) = qu(w) mod f(w)k for all k > 0, and,
(3) flgu(w)) € f(w)* for all k > 0.

For k = 1 the result is obvious. Suppose that gy(w) has been constructed. Since 0; is a
perfect field and f(w) is irreducible, f/(w) is not identically 0. It follows that f’(w) does
not divide f(w). Since ¢x(w) = w mod f(w), f'(qr(w)) does not divide f(w). Therefore,
the congruence

F(ae(@)) + F(@)h(@) [ (gh(=) =0 mod ()"

can be solved for h(w). Let ho(ww) be a solution. Take qxy1(w) = qu(w) + f(@)*ho(ww). The
sequence {qx(w)} constructed in this manner has the required properties.
Now note that O [u]/u* = o[, u]/(f(w@),u”). One may define a ring homomorphism

orf, ul/ (f (@), u*) — o1[w]/ f(=)*

by @ +— qx(w) and u — f(w). Since ¢x(w) = w mod f(w), w lies in the image of this
map, so it is surjective. As vector spaces over 0; both rings have dimension kd. Therefore,
it is an isomorphism. O

It follows from Lemma that the automorphism group of the f-primary part of o}
is G\ g, where E' is an unramified extension of I’ of degree d. The automorphism group
of the o0[w]-module o} is the product of the automorphism groups of its f-primary parts.
Therefore, the centralizer of A in G» is a product of groups of the form G . Considerations
of dimension show that d(Ajry + -+ + A\iry) < n for each G g that occurs.

Conversely given A and d satisfying the above inequality, take an irreducible polynomial
f(w) € o01[w]| of degree d. Define

cC;/ 0 0 -~ 0 0

I,b, ¢4 0 -~ 0 0

0 I, C; -+ 0 0
Jk(f): . : : .. : : ?

0 0 0 -+ Cf 0

o o0 0 - I Cf rds b

where C is any matrix with characteristic polynomial f. Let
A= JAl (f)GBTI ©---D sz(fﬁ%l ® Jk(w - a),

where a € 0y is chosen so that w —a # f(w) and k = n—d(Ar1+- - -+ \jry). The centralizer
of A contains G g as a factor. O
14



7. THE ZETA FUNCTION ASSOCIATED TO Ggn

In [Spr75], Springer attaches a zeta function to irreducible representations of GL,(01), and
proves that for cuspidal representations it satisfies a functional equation. Later on, Mac-
donald [Mac80] shows that a functional equation holds for any irreducible representation,
provided that it has no 1-component, namely, it is not contained in 7,1 1(p, 1) for any repre-
sentation p of GL,_1(01). Moreover, Macdonald establishes a bijection between irreducible
representations of GL,(01), and equivalence classes of tamely ramified representations of the
Weil-Deligne group W, which preserves certain L and e factors.

In this section we attach a zeta function to any irreducible representation of Gy» and
show that it satisfies a functional equation, provided that p does not lie in the infinitesimally
induced series. We follow closely [Mac80] and make the necessary adaptations.

Let ¢: 0, — C* be an additive character which does not factor through o0,_;. Denote
G = Gyn and M = Myn = M, (o), and let C(M) denote complex valued functions on M.
For f € C(M) define its Fourier transform by

fla) = M7y fy) (te(zy))

yeM

so that f(x) = f(—x). Let (p,V) be a finite dimensional representation of Gi. For each
f € C(M) define the zeta-function

Z(f,p)=>_ f(9)p(g) € Endc(V).

geG
Also, for x € M let
Wip,bix) = M7 " (tr(gz))plg).
geG
The following lemma is straightforward.

Lemma 7.1.
(&) Z(f,p) = D pers J(=2)W(p, ;).
(b) W(p, ¥;2g) = p(g)" Wi(p, ¥ x).
(c) W(p, 15 92) = Wip, i )p(g) ™"

In particular, setting = 1 in parts (b)-(c) of Lemma[7.1]shows that W(p, ;1) commutes
with p(g) for all g € G. Therefore, if p is irreducible, then W(p, 1; 1) is a scalar multiple of
p(1). Following [Mac80] we write €(p, 1)p(1) = W(p,1; 1), where p is the contragredient of
p,ie. plg) ="'p(g™).

Proposition 7.2. Let p be an irreducible representation of G which does not lie in the
infinitesimally induced series. Then W(p,v;x) =0 for allz € M \ G.

Proof. Let H, = {9 € G | gv = x}. For g € H, we have

Wi(p, ;) = Wip,b; g) = W(p,vh;2)p(g7") = W(p, s 2)p(en, ),
where p(en,) = |Ho| ™' Y ,cp, p(g). Hence, it is suffices to show that p(eq,) = 0 for z €
M ~ G. Since p(ey,) is the idempotent projecting V onto Ve it is enough to to show
that the latter subspace is null. Let p = (p1,...,tn) be the divisor type of xz. Namely,

0 < pu < -+ < p, < k, such that acting with G on the right and on the left gives:
15



gzh = d, = diag(w™,...,w""). Then H, = gHy,g~". Now for any p we have Hy, D H,,,
where v = (0,0,...,0,1). Therefore, it is enough to show that V4 = (0). The subgroup
H,, is given explicitly by

In—l wk_l* .
Hy = 0 1+ohlx| = Utkn—1 j—1)—kn (s€€ Section .

It follows that V4 = (0) if and only if p does not lie in the infinitesimally induced series. [

Theorem 7.3. For all f € C(M) and all irreducible representations p of G that do not lie
in the infinitesimally induced series, we have

‘Z2(f,p) =<c(p, ) 2(f.p).

Proof. If p does not lie in the infinitesimally induced series then nor dies p, and hence
W(p,;x) =0 for all x € M ~ G. We get

2(1.5) =3 f(—9)W(p, s ) (by Lemma [7.1{(a))

geG

=W(p, ¢ 1) Y f(9)nlg) = (p, ) Z(f, p) (by Lemma [7.1{c)).

geG

O

The possibility of relating representations of Gy» with some equivalence classes of rep-
resentations of the Weil-Deligne group Wy, and consequently extending Macdonald corre-
spondence to higher level, seems very appealing. However, such correspondence, if exists, is
expected to be much more involved in view of the complexity of the representation theory
of Gkn.

8. APPENDIX: CUSPIDAL REPRESENTATIONS WHICH ARE NOT STRONGLY CUSPIDAL

(by Alexander Stasinski)

In this appendix, we give a description of all the cuspidal representations of GL4(02) in the
sense of Definition [4.2] This shows in particular the existence of representations which are
cuspidal, yet are not strongly cuspidal.

Let n = 4 and k = 2, and put G := G = GLy4(02), where 0, = o/p®. If 7 is a cuspidal
representation of G, then by Proposition , it is primary, that is, its orbit in M, (F,)
consists of matrices whose characteristic polynomial is of the form f(X)", where f(X) is
an irreducible polynomial. If n = 1, then 7 is strongly cuspidal (by definition), and such
representations were described in Section[f] On the other hand, f(X) cannot have degree 1,
because then it would be infinitesimally induced from G513, up to 1-dimensional twist (cf.
the end of the proof of Theorem 4.3. We are thus reduced to considering representations
whose characteristic polynomial is a reducible power of a non-linear irreducible polynomial.
In the situation we are considering, there is only one such possibility, namely the case where
f(X) is quadratic, and n = 2. Let ) denote an element which generates the extension F 2 /F,,.
We consider M, (F2) as embedded in My (F,) via the embedding F 2 — M,(F,), by choosing

the basis {1, n} for F 2 over F,. Rational canonical form implies that in M,(F,) there are two
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conjugation orbits with two irreducible 2 x 2 blocks, one regular, and one which is not regular
(we shall call the latter irregular), represented by the following elements, respectively:

_(n 1 _(n O
ae(1h). a-(3).

Therefore, any irreducible cuspidal non-strongly cuspidal representation of G has exactly
one of the elements (3, or (35 in its orbit.

Denote by N;j the kernel of the reduction map G = G — Gia. In the following we
will let ¢ be a fixed non-trivial additive character on o with conductor p?. Then for each
B € My(F,) we have a character 15 : N — C* defined by

Yp(x) = P(Tr(B(z - 1))).

The group G acts on its normal subgroup N; via conjugation, and thus on the set of characters
of N; via the “coadjoint action”. For any character 13 of Ny, we write

G(Q/Jg) = Stabg(ﬁbg)‘

By Proposition 2.3 in [Hil95b], the stabilizer G(¢) is the preimage of the centralizer Cg , (),
under the reduction mod p map.

By definition, an irreducible representation 7 of G is cuspidal if and only if none of its
1-dimensional twists m ® x o det has any non-zero vectors fixed under any group U;; or
Uj21, or equivalently (by Frobenius reciprocity), if 7 ® x o det does not contain the trivial
representation 1 when restricted to U; ; or Uy—,01. The groups U; ; are analogs of unipotent
radicals of (proper) maximal parabolic subgroups of G, and U1 are the infinitesimal
analogs of unipotent radicals (cf. Section. Note that since Indgi’j 1= Ind&yj(l@xodet) =

(Indgij 1) ® x o det, for any character x : 05 — C*, a representation is a subrepresentation
of a géometrically induced representation if and only if all its one-dimensional twists are.

In our situation, that is, for n = 4 and k = 2, there are three distinct geometric stabilizers,
Py 3, Py, and P33 with “unipotent radicals” U3, Uss, and Us;, respectively. Thus a
representation is a subrepresentation of a geometrically induced representation if and only if
it is a component of Ind&_’j 1, for some (7,7) € {(1,3),(2,2),(3,1)}. Furthermore, there are
three partitions, written in descending order, which embed in 2* and give rise to non-trivial
infinitesimal induction functors, namely

(2,1%), (22,1%), (2%,1).

Thus a representation is a subrepresentation of an infinitesimally induced representation if
and only if it is a component of IndgA b for some partition A\ as above. Because of the
inclusions

Uiz13y2t C Uggz12)01 C Upos 1)t

an irreducible representation of GG is a component of an infinitesimally induced representation

. ip ey a
if and only if it is a component of IndUm?))H2 .

Lemma 8.1. Suppose that 7 is an irreducible representation of G whose orbit contains either
(1 or By. Then 7 is not an irreducible component of any representation geometrically induced
from Py 3 or Ps;. Moreover, no 1-dimensional twist of m is an irreducible component of an
infinitesimally induced representation.
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Proof. 1f m were a component of Indlc}vly3 1, then (7|, ,, 1) # 0, so in particular (7|y,nv, 5, 1) 7#
0, which implies that 7|y, contains a character i, where b = (b;;) is a matrix such that
bi1 = 0 for ¢ = 2, 3,4. This means that the characteristic polynomial of b would have a linear
factor, which contradicts the hypothesis. The case of Us ; is treated in exactly the same way,
except that the matrix b will have by; = 0 for j = 1,2, 3. The case of infinitesimal induction
is treated using the same kind of argument. Namely, if 7 were a component of Indg
then U324 C Ny and <7T|U(2713)H24,
Yy, where b = (b;;) is a matrix such that by; = 0 for j = 1,...,4. A 1-dimensional twist
of m would then contain a character ¢,;;, where a is a scalar and [ is the identity matrix.

The matrix al + b has a linear factor in its characteristic polynomial, which contradicts the
hypothesis. U

(2,13)s24

1) # 0, which implies that 7|y, contains a character

We now consider in order representations whose orbits contain [3; or (3, respectively. In
the following we will write P, and U, for the images mod p of the groups P 5 and Us,
respectively.

8.1. The regular cuspidal representations. Assume that 7 is an irreducible representa-
tion of G whose orbit contains ;. Since (3; is a regular element, the representation 7w can be
constructed explicitly as an induced representation (cf. [Hil95b]). In particular, it is shown
in [Hil95b] that there exists a 1-dimensional representation p of G(13,) (uniquely determined
by 7) such that p|n, = 1g,, and such that

T = Indg(wﬁl) p-

Proposition 8.1. The representation 7 is cuspidal if and only if p does not contain the
trivial representation of G(vg,) N Uszs.

Proof. Lemma shows that 7 is cuspidal if and only if it is not a component of Indg’;y2 1.
By Mackey’s intertwining number theorem (cf. [I], 44.5), we have

(mr, Ind%2 1) = (Indgwﬁl) 0, Indgl2 1) = Z (PlG s, )02, 1),
2€G (s, )\G/Uz,2

so this number is zero if and only if (p[c(ys )n=v,,, 1) = 0 for each x € G. Assume that 7 is
cuspidal. Then in particular, taking z = 1, we have (p|a(y, )nv.,1) = 0.

Conversely, assume that 7 is not cuspidal. Then (p|g (s )ne0s,,1) # 0, for some z € G,
and in particular, (p|y,nevy,.1) = (Vg |Nne,,1) # 0. Write T for  modulo p. Now
Qﬁﬁ1|1\7109”U2,2 = 77Z)ﬁ1|m(1\71ﬁU2,2)7 and ¢ﬂl(mg) = @Di*lﬁﬂ(g)a for any g € NiN U2,2- Let jﬁlﬁli’ be

represented by the matrix
A Ap
Agy An )’

where each A;; is a 2 x 2-block. Then from the definition of ¥z-15; and the condition
Yz-152z(9) =1, for all g € Ny N Uy, it follows that Ay = 0; thus

i‘_lﬁlf € PQ,Q.

Since 77137 is a block upper-triangular matrix with the same characteristic polynomial as

B1, we must have Ay, = BBy, Ay, = BonBy !, for some By, By € GLy(F,). Then there
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exists p € ]5272 such that

(zp) ™' Bu(zp) = (g 5) :
Br' o

0 B!

(zp) =131 (Zp) implies that the semisimple parts (Zp)~! (g 2) (Zp) and (g 2) are equal, that
is, Ip € C’G14((82)) = GLy(F,2). Now, in GLy(F2), the equation (zp)~'fi(zp) = (gfj)
implies that Zp € (§i) C P2, S0 T € Py5, and hence © € N1 Py5. The facts that Us is
normal in P, and that (p|g(y, )n*,,, 1) only depends on the right coset of x modulo N,
then imply that

for some B € My(F,) (in fact, we can take p = ( >) Levi decomposition of 3; and

0 # (plaws, a0 1) = (Plaws nts s 1)
]

The preceding proposition shows that we can construct all the cuspidal representations
of G with orbit containing (; by constructing the corresponding p on G(t)g, ). Since g,
is trivial on Ny N Usa, we can extend g, to a character of (G(g,) N Usz)Ny, trivial on
G(15,) N Usg. Then 15, can be extended to a character 1, on the whole of G(13,), such
that v, is trivial on G(ts,) N Uso (this incidentally shows that there exist irreducible
non-cuspidal representations of G whose orbit contains ;). Now let 6 be a representation
of G(1p,) obtained by pulling back a representation of G(ts,)/N; that is non-trivial on
(G(1g,) N Us2)N1/Ny. Then p := 0 ® tps, is non-trivial on G(tbs,) N Usy, and all such
representations are obtained for some 6 as above.

Proposition [8.1] shows that there is a canonical 1-1 correspondence between irreducible
representations of G(1g, ) which contain g, and are non-trivial on G(tg,)NUs 2, and cuspidal
representations of G with (3, in their respective orbits. We shall now extend this result to
cuspidal representations which have 35 in their respective orbits, and thus cover all cuspidal
representations of G.

8.2. The irregular cuspidal representations. Assume now that 7 is an irreducible repre-
sentation of G whose orbit contains (3,. Although [, is not regular, it is strongly semisimple
in the sense of [Hil95a], Definition 3.1, and thus 7 can be constructed explicitly in a way
similar to the regular case. More precisely, Proposition 3.3 in [Hil95a] implies that there ex-
ists an irreducible representation 13, of G(tg,), such that g, |y, = 1bs,, and any extension

of 93, to G(1g,) is of the form p := 0 ® 1)g,, for some irreducible representation 6 pulled
back from a representation of G(¢3,)/Ny. Then

™ = IndG,,) P

is an irreducible representation, any representation of G with (35 in its orbit is of this form,
and as in the regular case, p is uniquely determined by m. We then have a result completely
analogous to the previous proposition:

Proposition 8.2. The representation 7 is cuspidal if and only if p does not contain the
trivial representation of G(vg,) N Us.

Proof. The proof of Proposition with [; replaced by s, goes through up to the point
where (under the assumption that 7 is not cuspidal) we get zp € Cq, (¢ 2)) = G(1s,)/Ny.
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It then follows that x € G(g,) P2, and since Uy is normal in Py 5, and <p|G(¢ﬁ2)sz2,2, 1)
only depends on the right coset of x modulo G(vg,), we get

[BK93]

[BOO7]

[Cars4]
[1]

[GérT5]

[Gre55)
[Hen93]
[Hil95a)]
[Hil95b]
[How77]

[Kut78]
[Kut80]

[Mac80]

[Nag78]

[Onn07]
[Ser68]

[Ser77]
[Shi6g]

[Spr75]

0 7£ <p‘G(¢32)ﬂxU2,27 ]‘> = <p‘G(¢52)ﬂU2,27 1>

REFERENCES

Colin J. Bushnell and Philip C. Kutzko. The admissible dual of GL(N) via compact open subgroups,
volume 129 of Annals of Mathematics Studies. Princeton University Press, Princeton, NJ, 1993.
Uri Bader and Uri Onn. Geometric representations of GL(n, R), cellular Hecke algebras and the
embedding problem. J. Pure Appl. Algebra, 208(3):905-922, 2007.
H. Carayol. Représentations cuspidales du groupe linéaire. Ann. Sci. Ecole Norm. Sup. (4),
17(2):191-225, 1984.
C. W. Curtis and I. Reiner, Representation Theory of Finite Groups and Associative Algebras, Pure
and Applied Mathematics, Vol. XI, Interscience Publishers, New York-London, 1962.
Paul Gérardin. Construction de séries discrétes p-adiques. Springer-Verlag, Berlin, 1975. Sur les
séries discrétes non ramifiées des groupes réductifs déployés p-adiques, Lecture Notes in Mathemat-
ics, Vol. 462.
J. A. Green. The characters of the finite general linear groups. Trans. Amer. Math. Soc., 80:402-447,
1955.
Guy Henniart. Correspondance de Jacquet-Langlands explicite. I. Le cas modéré de degré premier.
In Séminaire de Théorie des Nombres, Paris, 1990-91, volume 108 of Progr. Math., pages 85-114.
Birkh&user Boston, Boston, MA, 1993.
Gregory Hill. Semisimple and cuspidal characters of GL,,(O). Comm. Algebra, 23(1):7-25, 1995.
Gregory Hill. Regular elements and regular characters of GL,(O). J. Algebra, 174(2): 610-635,
1995.
Roger E. Howe. Tamely ramified supercuspidal representations of Gl,,. Pacific J. Math., 73(2):437—
460, 1977.
P. C. Kutzko. On the supercuspidal representations of Gly. Amer. J. Math., 100(1):43-60, 1978.
Philip Kutzko. The Langlands conjecture for Gl of a local field. Ann. of Math. (2), 112(2):381-412,
1980.
I. G. Macdonald. Zeta functions attached to finite general linear groups. Math. Ann., 249(1):1-15,
1980.
Nagornyi, S. V. Complex representations of the general linear group of degree three modulo a
power of a prime. (Russian) Rings and linear groups. Zap. Naucén. Sem. Leningrad. Otdel. Mat.
Inst. Steklov. (LOMI), 75, 143-150, 1978.
Uri Onn. Representations of automorphism groups of rank two finite O-modules. math.RT/0611383,
2007.
Jean-Pierre Serre. Corps locaur. Hermann, Paris, 1968. Deuxiéme édition, Publications de
I’Université de Nancago, No. VIII.
Jean-Pierre Serre. Linear Representations of finite groups. Springer-Verlag, 1977.
Takuro Shintani. On certain square-integrable irreducible unitary representations of some p-adic
linear groups. J. Math. Soc. Japan, 20:522-565, 1968.
T. A. Springer. The zeta function of a cuspidal representation of a finite group GL,, (k). In Lie groups
and their representations (Proc. Summer School, Bolyai Jinos Math. Soc., Budapest, 1971), pages
645-648. Halsted, New York, 1975.

20



INSTITUT DE MATHEMATIQUES DE JUSSIEU, 175 RUE DU CHEVALERET, 75013 PARIS, FRANCE.

DEPARTMENT OF MATHEMATICS, BEN GURION UNIVERSITY OF THE NEGEV, BE'ER SHEVA 84105,
ISRAEL.

THE INSTITUTE OF MATHEMATICAL SCIENCES, CIT cAMPUS, TARAMANI, CHENNAI 600 113, INDIA.

DPMMS, UNIVERSITY OF CAMBRIDGE, WILBERFORCE ROAD, CAMBRIDGE, CB3 OWB, U. K.

21



	1. Introduction
	1.1. Acknowledgments

	2. Notations and preliminaries
	2.1. Automorphism groups
	2.2. Similarity classes associated to representations

	3. Induction and restriction functors
	3.1. Geometric induction and restriction functors
	3.2. Infinitesimal induction and restriction functors

	4. Cuspidality and strong cuspidality
	4.1. The definitions of cuspidality
	4.2. Comparison between the definitions

	5. Construction of strongly cuspidal representations
	5.1. Primitive characters
	5.2. Construction of strongly cuspidal representations from strongly primitive characters
	5.3. The parameterization of strongly cuspidal representations of Gkn
	5.4. Connection with supercuspidal representations of GLn(F)

	6. Complexity of the classification problem
	7. The zeta function associated to Gkn
	8. Appendix: Cuspidal representations which are not strongly cuspidal
	8.1. The regular cuspidal representations
	8.2. The irregular cuspidal representations

	References

