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Abstract

We present a result of C. C. Squier relating two topics:

e the canonical rewriting systems, which have been widely studied by computer
scientists as a tool for solving word problems,

e the homology of groups (more generally of monoids), which belongs to the core
of pure mathematics, on the borders of algebra and topology.

It is natural to ask whether finite canonical systems are the only way to solve word
problems in the case of finitely presented monoids [Jantzen 1985]. Squier proved that,
if a monoid M is presented by a finite canonical rewriting system, then the homology
group H3(M) is finitely generated [Squier 1987]. Therefore, he could exhibit a finitely
presented monoid with a decidable word problem, but which cannot be presented by a
finite canonical system, because its Hs is too big. So he answered negatively to Jantzen’s
question.

Our aim is to make this result accessible to computer scientists who may be unfamiliar
with homological algebra. In particular we manage to be self-contained, assuming only
some elementary algebra, we simplify Squier’s original proof and we stress the underlying
geometrical intuition.
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2 1 REWRITING

1 Rewriting

Here we introduce some terminology about rewriting systems.

1.1 Presentations of monoids
A presentation of a monoid M consists of

e a set X of generators,
e a set R of relations r = s where r and s are words in the free monoid >*
such that M is (isomorphic to) the quotient of ¥* by the congruence associated with R.

If ¥ is finite, we say that M is finitely generated, and if R is finite, M is finitely related.
Finally, if both ¥ and R are finite, we say that M is finitely presented.

Multiplication in ¥* is concatenation of words, with unit 1 (the empty word). If w is a
word, we write w for its congruence class in M.

A monoid M can always be presented by means of its standard presentation:

e Y contains one generator c, for each u € M — {1},

e R contains all relations o, «, ~ a,, (if wv =w # 1) and o, , =~ 1 (if uv = 1).

But of course, only finite monoids have a finite standard presentation.

1.2 Rewriting systems

A rewriting system is a presentation (3, R) where each relation is explicitly oriented and
considered as a rewrite rule. We shall give names A, B,C, ... to those rules and write
A:r — s. We assume that the left member r is never empty.

A word w is called reducible if it is of the form urv where u,v are (possibly empty) words
and r is the left member of some rule A : r — s. Then, we say that urv reduces in one

. uwAv . .
step to usv and we write v Av : urv — usv or urv — usv. The expression uAv is called
an elementary reduction, and can be pictured as follows:

U r v
1A

S

If no rule applies, w is called irreducible. For example, the empty word is irreducible, since
left members of rules are nonempty.

A reduction path is a finite sequence W of elementary reductions:

Fy Fy F,
Ug — Uy — = — Upy.

In this case, we say that uy reduces to u,, and we write W : ug — u,,. The concatenation of
two reduction paths U and V is written U x V. In particular, the above path is F *- - -x F},.
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If W is a reduction path and w,v are words, uWwv is defined in the obvious way:

w(Fy® - x F)v =uFv%-- - xuF,v.

1.3 Noetherianity

(X,R) is a noetherian system if there is no infinite sequence

u0_>u1_)..._)un_)...

In that case, it is possible to reason by noetherian induction: a property ® on words is
proved by checking that for any u, if ® holds for any v such that u reduces in at least one
step to v, then ® holds on wu.

A strategy consists in choosing an elementary reduction I'(w) : w — w’ for each reducible
word w. If the system is noetherian, then by iterating a strategy we get a reduction path

A(w):wrg)w’r(—ué)---ﬁzﬁ

where the word @ is irreducible. In general w depends on the strategy, but it is in the
same congruence class as w.

1.4 Confluence

Let F':t — u and G : t — v be elementary reductions of a same word. We say that the
pair {F,G} is confluent if it is possible to pursue F and G with residual paths' G\F and
F\G ending up in a same word:

F t_ @G
u‘/ \v
G\]& A\G
w
In particular, {F, F'} is always confluent: take the empty path for F'\F'.

We say that two elementary reductions F' and G of a same word are orthogonal and
we write F' 1 G if they reduce disjoint subwords, namely F' is of the form uAyzv with
A:x — s and G is of the form uzryBv with B : z — ¢ (or vice versa):

S
U T4 4 Y z v
B
t

In particular F' does not modify z, which can still be reduced, and similarly for G and z.
So {F,G} is confluent:

!This notion comes from [Huet-Levy 1979].
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ULY 2V

uAy'zy \{gin v

USYzv uzytv

usyBk\ A‘lytv

usytv

Here the residual paths happen to be elementary:

G\F = usyBw, F\G = uAytv.

1.5 Critical pairs

Otherwise, when F' and G are distinct and reduce nondisjoint subwords, the following
configurations are possible (up to exchange of A and B):

s S
U x T4 Y z v U x T4 Y z v
|B |B
t t
S s
U x T4 Y v U x T4 Y v
1B i |B
t U TA.%' v t
B
t

In all those cases, we write F' = uPv and G = uQuv where u and v are maximal. For
example, in the first case P = Az and Q) = zB:

————————————————

| P |
| s |
u z 14 ] z i v
T
| t |
| Q |

________________

The pair {P, Q} consists of elementary reductions of the same word, and is called critical
pair. Note that if R is finite, there is only a finite number of critical pairs, which are
obtained by a simple pattern matching algorithm. Furthermore, if {P, @} is confluent, so
is {F, G} with

G\F = u(Q\P)v, F\G = u(P\Q)v.

The residual paths Q\P and P\@ need not be unique, but we assume that some choice
is made once for all. Therefore, in all cases where F'\G is defined, we have the following
identity:

uFv\uGv = u(F\G)v.
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1.6 Canonical systems

Theorem 0 (Knuth-Bendix)

Let (X,R) be a noetherian system and assume that some strategy has been fixed. The
following statements are equivalent:

i) all critical pairs are confluent,

i1) all pairs of elementary reductions of the same word are confluent (local confluence),
1) if uw — v, then u =0,

) if u =17 then u =1,

v) if @ =T then there is w such that u — w and v — w (Church-Rosser property).

Proof: We just showed that (i) = (i) and it is easy to check that (iii) = (iv) = (v) =
(7). Finally, we assume (i7) and we prove (iii) by noetherian induction on w.

Let F': u — v be an elementary reduction. Since u is a reducible word, the strategy gives
I'(u) : w — v/, and by definition @ = u’ . By (i7) we get a confluence diagram

/u\
v u’
,U/
Therefore, we have a reduction sequence v = vg — v; — --- — v, = v’, and the induction

n
hypothesis on vy, vy,...,v,_1 gives U = 0y = 0; = -+ = v, = v'. Similarly, we see that
uw =v,sothat u =v =v' =0. Q.e.d.Q.e.d.

A noetherian system which satisfies the Church-Rosser property is called a canonical
system. By (iv), the canonical form @ does not depend on the strategy: it is the only
irreducible word in the class of u. In case of a finite canonical system, it is always possible
to compute canonical forms. So, given u and v, we can decide whether @ = ¥ (the word
problem for the finitely presented monoid M) by comparing the canonical forms @ and v.
By the way, we can also decide if a finite noetherian system is canonical by testing the
confluence of all critical pairs.

1.7 Minimal systems

A canonical system is minimal if for each rule A : r — s, the left member r is only
reducible by A. Otherwise we can always remove A from R: we get exactly the same
irreducible words, the same congruence classes, and the system is still canonical. So, from
a finite canonical system, we extract a minimal system presenting the same monoid M by
successively eliminating superfluous rules.

In a minimal system, critical pairs are necessarily of the following form:
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14

|B
?

So we have a clear notion of the leftmost reduction of a reducible word, and a leftmost
strategy which is characterised by the following property:

Aluv) = A(u)v * A(uw).

In other words, reducing uwv to its canonical form by the leftmost strategy amounts to first
reducing the prefix © without changing v and then reducing uwv.

1.8 Critical triples

We shall need the ternary analogue of critical pairs. In the case of a minimal system, a
critical triple consists of three elementary reductions Pv, uBv and u@ such that {P,uB}
and {Bv, @} are critical pairs. The following configurations are possible:

A /¢ A /C
u lB (% u lB (%
A /¢
u lB v

For example the standard presentation of a monoid defines a minimal canonical system,
with a lot of generators, rules, critical pairs and critical triples. Those critical triples are
of the third kind:

2 Discussion

Knuth-Bendix theorem suggests the following method for solving the word problem of a
monoid given by a finite presentation (X, R):
1. Try to orient the relations so that (X,R) becomes a noetherian system.

2. Let {P:t—u, Q:t— v} bea critical pair: if & = v then it is confluent, and if all
critical pairs are confluent the system is canonical.



3. If some critical pair is not confluent, it means that u # v. But since © = t = 7,
the relation ¥ ~ v can be added without changing the monoid. Try to orient this
relation so that (X, R) remains noetherian and keep on with the others nonconfluent
critical pairs, if any.

Two difficulties arise. Firstly, it is not possible to decide in general if a system is noetherian,
although there are good heuristics. Secondly, this completion algorithm may loop.
Consider the following example:

¥ ={a,b,c,d}, R={A:ab— a, B:da— ac}.

This system is noetherian because the total number of occurrences of b and d decreases at
each step, but there is one critical pair

ac

a 1B 4 b
1A

a

which is not confluent. Indeed, acb is irreducible, whereas da reduces only to ac which is
irreducible. Therefore we add the rule

A :ach — ac,

so that the critical pair becomes confluent. The system is still noetherian but we get a
new critical pair

ac

d 1B a cb
1A

ac

which is not confluent. Again we add a rule
Ay acehb — ace,

which creates a new critical pair, and so on. By iterating this process we get in fact an
infinite canonical system:

¥ ={a,b,cd}, R ={A,:ac"b— ac"; n € N}U{B:da — ac},

Here, the set R is given in such a way that canonical forms are obviously computable, and
the word problem is decidable. But maybe it is possible to find a finite canonical system
for the same monoid.

Kapur and Narendran considered the presentation consisting of two generators a,b and
one relation aba = bab. Since aba and bab have the same length, the congruence class of a
given word is computed in finite time, so that the word problem is decidable. By a simple
combinatorial argument [Kapur-Narendran 1985], there is no finite equivalent canonical
system with the same generators a, b. Therefore the process of completion will inevitably
loop, whatever choice you make when you orient the relations. But introducing an extra
generator ¢ as an abbreviation for ab, you get an equivalent system

¥ ={a,b,c}, R = {ab— ¢, ca — bc}
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for which the completion succeeds (if you make the good choices) producing a finite canon-
ical system with only two extra rules:

beb — cce, cch — acc.

So it may be useful to enrich a given presentation with new (definable) generators to get
a terminating completion. But is it enough?

From a universal Turing machine, it is easy to build a (rather complicated) finite presenta-
tion (3, R) for which the word problem is undecidable. Of course, it is useless to look for a
finite canonical system in that case! But in fact, there are also finitely presented monoids
which cannot be presented by a finite canonical system although they have a decidable
word problem: we shall exhibit a simple one in the next section.? The hard point consists
in proving a negative result, namely that there is no finite canonical system for a certain
monoid. This is the place where homological algebra is needed.

3 Homology of rewriting

Here we define the homological invariants of a minimal canonical system and we use them
to build counterexamples.

3.1 Z-modules

If I is a set, we write Z[I] for the free Z-module (= abelian group) generated by I. It can
be described as the set of formal sum Y, ; n;[i] where the coefficients n; are in Z and only
a finite number of them are # 0. The [i] form a basis of Z[I]. Addition and opposite are
defined in the obvious way:

sz[l] + ZQZ[Z] = Z(pz + a1l - an[l] = Z(—”z)[l]

iel iel iel iel iel
In particular, if I is finite with cardinality n, then Z[I] is (isomorphic to) Z™.

A Z-module is finitely generated if it is of the form Z"/R for some submodule R C Z".
It is clear that Z[I] is finitely generated if and only if I is finite. We shall also use the
following result (see for example [Lang 1984]):

Theorem 1

Every sub-Z-module of Z™ is isomorphic to ZP for some p such that p < n.

3.2 Basic construction

Now, given a minimal canonical system (X, R), one constructs a sequence
a o a a
Cy, — C3 == Cy, = C; — C)

where the C; are free Z-modules and the 0; are Z-linear maps satisfying 9;0;,1 = 0. More
precisely,

C4:Z[T], CgZZ[p], CQZZ[R], 01:Z[2]7 COZZ7

20ur counterexample is a simplification of the one proposed in [Squier 1987].
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where P (resp. 7)) is the set of critical pairs (resp. critical triples). Note that if the system
is finite, those Z-modules are finitely generated.

We extend the bracket notation to words and paths:
e ifw=ua,...q,is aword, let [w] =[a;]+ -+ [a,] € Z[X], in particular [1] = 0,

e if F'=uAv is an elementary reduction, let [F| = [A] € Z[R],

o if W=F,«---xF, is a reduction path, let [W] = [Fi]+--- + [F,] € Z[R].

If you prefer, [w] = 3,5, wq[a] where w, is the number of occurrences of the letter a in w,
and [W] =3 4,cxr Wa[A] where W, is the number of occurrences of the rule A in W.

The 0; are given by their values on the basis:
e J;[a] =0 (and so 9, = 0),
o hlA:r—s|=[r]—]s],

o 0[P, Q] = [P]+[Q\P] - [Q] — [P\Q].

The latter expression is obtained by orienting the confluence diagram

P t_Q
u/ \v
\x /
Q\P N 4 P\
w
and counting each path positively or negatively, according to this orientation. As for d,,

it is not so simple to describe: anyways, we shall not use its explicit definition, but only
the fact that 059, = 0.

Note that if W : u — v is a reduction path, then 0,[W] = [u] — [v] (by induction on W).
Applying this identity to our confluence diagram, we get

0,05 P, Q] = [t] — [u] + [u] — [w] = [t] + [v] = [v] + [w] =0,

and so 0,03 = 0 as promised. We have also 9,0, = 0 because 0; = 0.

3.3 Homological invariants

Since 9;0;,1 = 0, i.e. im9;,1 C ker 9;, we can introduce the Z-modules
HZ(E, R) = ker az/lm (9”1,

for ¢ = 1,2,3. Their interest is all in the following fact:

H;(X,R) does not depend on the presentation, but only on the monoid M.
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H;(3,R) is in fact the homology H;(M) of the monoid M, which is defined in section 4
for all ¢ € N, without using any canonical system for M.

If (X,R) is a finite system, the H;(X,R) are finitely generated by theorem 1. For i = 1
and 2, this is not astounding, since it follows from a classical theorem of homological
algebra (which does not use canonical systems):

Theorem 2

i) If M 1is finitely generated (as a monoid) then Hy(M) is finitely generated.

i1) If M is finitely related then Ho(M) is finitely generated.

But the interesting case is ¢ = 3:

Theorem 3 (Squier)

If M is presented by a finite canonical system, then H3(M) is finitely generated.

All those results are proved in section 5.

3.4 Preliminary counterexample

Here we construct a finitely generated monoid which cannot be finitely presented.

For that purpose it is enough to find a canonical system with a finite X, an infinite R and
an empty P. Indeed, the sequence associated with such a canonical system is of the form

02 0

0-20-% Z[R] -2 Z[8] - Z.

But the dimensions of Z[R] and Z[X] are respectively infinite and finite. So the dimension
of Hy(M) = ker 0, is infinite, and by theorem 2 the monoid M cannot be finitely presented.

Take for example
¥ ={a,b,c}, R={A,:ac"b— 1, ne N}.

The role of a and b on each side of ¢ is to prevent the creation of critical pairs. This
system is obviously noetherian, and furthermore R is given in such a way that the word
problem is clearly decidable. By definition

0[An] = [ac™b] — [1] = [a] + n[c] + [b].

So we have H, (M) = Z[X]/im 0, ~ Z and Hy(M) = ker 0, is the free Z-module generated
by the infinite basis

§n = [An] = n[A] + (n = D[A],  n=>2.

We invite the reader to build a similar example with two generators instead of three,
and to prove that, on the other hand, any monoid with a single generator has a finite
presentation.
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3.5 Main counterexample

Here we construct a finitely presented monoid which cannot be presented by a finite canon-
ical system. By theorem 3, it is enough to find a finitely presented M such that Hs(M)
has infinite dimension.

Consider the example of section 2 with the following two relations:
ab =~ a, da ~ ac.
We have seen that M can be presented by an infinite canonical system, namely
¥ ={a,b,cd}, R={A,:ac"b—ac"; ne€ N}U{B :da — ac},
with an infinity of confluent critical pairs:

dac™b

/X“‘

ac™t1p

Au\, '/Bc

n+1

This system has no critical triple, so C; = 0 and the sequence is of the form
0-% z[p) -2 Z[R] 2 z[5] % 7.

where

0[A,] = [ac"t] — [ac") = b, 8u[B] = [da] — [ac] = [d] - [d],
Oo[Beb, dA,] = [Be"B] + [Apia] — [dA,] — [Be™] = [Auia] — [Al).

So we get Hy(M) = Z[X]/im 0y ~ Z?, Hy(M) = ker 05 /im 95 ~ 0, H3(M) = ker 93 ~ 0
.. and we have lost!

In fact, our infinity of critical pairs is “compensated” by an infinity of rules. Moreover,
looking back to our initial presentation, we discover that the second equation could have
been oriented in the opposite way, yielding a finite canonical system for M, namely

Y ={a,b,c,d}, R={A:ab— a, B:ac— da},

with no critical pair!

3.6 Dénouement

But wait a moment: if we add a generator d’ and a relation d’'a ~ ac, we obtain a new
monoid M’ which can be presented by an infinite canonical system

¥ ={a,b,c,d,d}, R ' ={A,:ac"b—ac"; n e N}U{B:da — ac, B': d'a — ac},
with “two infinities” of confluent critical pairs:

dac™b d'ac™b

wy N ey N

ac™t1b ac™tb

WA e A e

n+1 n+1
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The sequence is similar to the previous case, but now Hs(M') = ker 05 is the free Z-module
generated by the infinite basis

&, = [Bc"b,dA,] — [B'c"b,d'A,], n € N.

By Squier’s theorem, M’ cannot be presented by a finite canonical system. Yet it has
a decidable word problem (canonical forms are computable) and a finite presentation
consisting of the five generators a, b, ¢, d,d’ and the following three relations:

ab ~ a, da ~ ac, d'a =~ ac.

Of course, the trick which consisted in reversing B does not work here: it would create
nasty critical pairs.

4 Homology of monoids

Here we introduce the notions of homological algebra needed in this article. For a larger
panorama we refer to [MacLane 1963, Spanier 1966, Brown 1982].

4.1 ZM-modules

Let M be an arbitrary monoid. We write ZM for the ring® of M, that is the free Z-module
Z[M] with a bilinear multiplication extending the multiplication of M:

(Z puu)(z quv) = Z My W where n,, = Z DPulo

ueM veM weM Uv=w

(we omit square brackets here) and with the same unit as M. For example, if M is N
with its additive structure, ZM is the ring of polynomials with coefficients in Z.

A left linear action of the monoid M on a Z-module C is a map u,x — uz from M x C
to C' satisfying:

w=0  ulx+y) =uxr+uy lz =x (uwv)z = u(ve)

This action extends uniquely to a bilinear multiplication ZM x C' — C so that C is a
left Z M -module and conversely, any structure of left ZM-module restricts to a left linear
action of M on C. For example, the trivial left action ux = x defines a structure of left
Z M-module on any Z-module.

If I is a set, the free left ZM-module ZM]|I] is defined in the same way as Z[I], but with
coefficients in ZM instead of Z. Clearly, it can be seen as the set of formal sums

(u,i)eMxI

where the coefficients n,,; are in Z and only a finite number of them are # 0. Note that:

e the [i] form a basis of ZM|I] considered as ZM-module,

e the u[i] form a basis of ZM|I] considered as Z-module.

3In [Lang 1984], ZM is called the “monoid algebra” of M over Z.
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If C is a ZM-module, we consider the Z-module C obtained by trivialising the action
of M, i.e. C quotiented by all relations ux ~ x for u € M and = € C.* This trivialisation
defines a functor: if ¢ : ¢ — C" is a ZM-linear map, then ¢ : C — C' is the unique
Z-linear map sending the class of x to the class of ¢(x).

In fact we shall only use this construction in the case of free ZM-modules: if C' = ZM|I]
then C' is (isomorphic to) Z[I], and the class of u[i] € ZM][I] is simply [i] € Z[I].

4.2 Free resolutions
We call free resolution of Z by left ZM-modules an infinite sequence
.%Cni)...&q&coi)z_m’

where

e the C, (n € N) are free left ZM-modules,

e 7 is seen as a trivial left ZM-module, i.e. un =n for all u € M and n € Z,

the 9,, and ¢ are ZM-linear maps,

they form an exact sequence, i.e. the image of each arrow is the kernel of the following
one:

im 0,1 = ker 0,,, im0, = kere, ime = 0 (i.e. € is surjective),

in particular 0,0,,1 = 0 and €9, = 0.

Such a free resolution exists anyway. Take indeed Cy = ZM and let € : ZM — Z be
the unique ZM-linear map sending the unit of ZM to the unit of Z. This map is clearly
surjective and is given by the following formula:

6(2 n,u) = Z Ny

ueM ueM

Take then for C; the free left ZM-module generated by the elements of kere and for
0, : C7 — (y the associated canonical map. You can now take for C, the free left
Z M-module generated by the elements of ker 9;, and so on. Of course this resolution is
monstrous, and in particular, useless for calculation.®

By the same argument, a partial free resolution
Ok 01 €
Cp,— - —Cy— 2 —0

can always be extended to a full one. Furthermore, in the case where 0 is injective, it
can be extended with zeros:

-—>0—>---—>0—>Cki>---i>COL>Z—>O.

1C s usually defined as the tensor product Z® ,,,C where Z is considered as a trivial right ZM-module.
But there is no need for a tensor product here.

5 A better solution is the bar resolution (appendix B) which in many cases is still too big for calculation,
but at least is functorial.
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4.3 A fundamental lemma

Consider two free resolutions of Z by left ZM-modules:

9 On o 3
--"—“>Cn—>---—2>Cl—l>COL>Z—>O,

a/ 6/ 6/ 6/ /
"LH’C;L)"'—Z’C{;)06L>Z—>O-

A morphism of resolutions (from the first one to the second one) is a family of ZM-linear
maps f, making the following diagram commutative:

871 an a 8 g
—c, =0 Z 0
fn fi fo id
o o o, &, ¢
P 2 O C} Z 0

Now, if f and g are two such morphisms, we say that f is homotopic to g if there is a
family of ZM-linear maps h,, pictured in the following diagram

an an a 8 g
=, L — Z 0

hy ho .
ho/ gn| | fn oo gl |h go | | fo id
o o o} o e

- O — C Z 0

such that fo — go = 01hg and f, — g, = 0,

1P + D10, for n > 1.
Lemma 0 Between two free resolutions, there is always a morphism, and two such mor-
phisms are homotopic.

Proof: We construct f using the fact that &’ is surjective and Cj is a free ZM-module.
Then, assuming that f,, is constructed, we must check that for every x in the basis of C,, 1,
the element f,(0,4+1(2)) is in im 9], ,; = ker 9),. But this follows immediately from the fact
that 0,0,.1 = 0 and 0, f,, = f._10,. The construction of a homotopy between two given
morphisms is similar. Q.e.d.

4.4 Homology

Let us now truncate a resolution by removing what follows Cj and trivialise it:

NP A AP
--—“>Cn6—>---£>01i>00.

This new sequence consists of free Z-modules (the structure of ZM-module has been killed
by trivialisation) and is no more an exact sequence, but just a chain complex, which means
that the image of each arrow is only included in the kernel of the following one. Indeed,
from 0,,0,,1 = 0 we deduce 9,0,,1 = 0. So it makes sense to consider the sequence of
Z-modules

H,(M) = ker 8, /im .41,
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which is called the homology of M. This appellation and this notation is justified by the
following fact:

Theorem 0

H,(M) does not depend on a particular choice of a free resolution, but only on M.

Proof: First notice that a morphism of resolutions induces a diagram

1 — O 9 - 0
= P O, ———C,
fn fi fo
y a r a
n+1 C,:L n . 2 C{ 1 C(/)

which itself defines a family of Z-linear maps from ker B, /im (9;:1 to ker (/97’1 /im 6:’;1. Fur-
thermore, if f and g are homotopic, this property of purely equational nature is preserved
by trivialisation, so that f and g induce the same morphism on the homology. This comes
from the fact that if 2 € ker 8, then f,(z) — gn(x) = 0,1 (hn(z)) € iM &, ,.

Now, consider two free resolutions of Z by ZM-modules. By the previous lemma, there is
a morphism f from the first resolution to the second one, and g in the opposite direction.
By the lemma again, g o f and f o g are homotopic to the respective identities of the
resolutions, and so we get an isomorphism on the homology. Since any two morphisms
are homotopic, this isomorphism does not depend on a particular choice of f, so that the
homology is well defined, not only its class of isomorphism. Q.e.d.Q.e.d.

An element of ker 5; is called an n-cycle and an element of im 8:1 is called an n-boundary,
so that homology is “cycles modulo boundaries”.

4.5 Contracting homotopies

In practice, in order to calculate the homology of M, one looks for a free resolution with
reasonably small C,,. In most cases, it is easy to establish that such a sequence is a chain
complex (i.e. 8,0,+1 = 0 and €9; = 0) but exactness may be more problematic. For
that purpose, one exhibits a contracting homotopy which consists of a sequence of Z-linear
maps

Sn—
LS nLl...ﬁ_lle_OCOLZ’

satisfying the following equations:
Ont1Sn + Sn_10, =idc, , 0150 + ne = idg,, en =idy.

It is clear that a chain complex with such a homotopy is an exact sequence, because each
n-cycle is then an n-boundary. Conversely, in the case where the C,, are free as Z-modules,
exactness implies the existence of a contracting homotopy, which can be constructed by
induction (as in the proof of the lemma).

A contracting homotopy is like a homotopy between id¢ and 0, except that it has an extra
component n, and the s,, as well as 7, are not supposed to be ZM-linear, but only Z-
linear: otherwise, they would induce a contracting homotopy on the trivialised complex,

6H, (M) is defined for all n € N, with the convention that 9o = 0, but in fact Ho(M) is always Z.
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and the homology would be trivial. For example, if e : ZM — Z is the map defined above,
one can start by defining

n:Z—ZM

as the unique Z-linear map sending the unit of Z to the unit of ZM, so that en = idy.
But unless M is the trivial monoid, n is not ZM-linear.

5 A free resolution

Here we investigate the homology of a monoid M presented by a minimal canonical sys-
tem (X, R). For that purpose we construct a partial free resolution

c, 20,20 20572 —0,

where C3 = ZM[P], Cy = ZM[R], C; = ZM[%] and Cy = ZM.

5.1 Filling up 0-cycles

We start with the map ¢ introduced in section 4.2. By definition, ¢(w) = 1 for all w € M.
Since € is surjective, we have an exact sequence:

ZM = 7 — 0.

Now we must find a free ZM-module, as small as possible, which can be mapped onto the
kernel of . Since the latter is clearly the sub-Z-module of ZM generated by the w — 1 for
w € M — {1}, we could define C as the free ZM-module on M — {1}. The normalised
bar resolution (appendix B) starts precisely in this way.

However, we know here a system of generators for M, namely the alphabet ¥. As a ZM-
module, ker ¢ happens to be generated by the @ — 1 for @ € ¥. This is easily proved by
induction on the length of words, using the identity

wa—1=w@—-1)+w-1.

So we can take for C; the free ZM-module ZM[X] which in general is much smaller (and
may have finite dimension even when the other one has infinite dimension) and define the
Z M-linear map

N
=
M

)

> ZM
a

9
[a]

so that the following sequence is exact:
ZM[3] 2% ZM - Z — 0.

In particular, if ¥ is finite, the dimension of C; = Z[¥] is finite, so that H,(M) is finitely
generated: we just proved the first point of theorem 2.

Note also that évl = 0 since @ and 1 become identical through the process of trivialisation.
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5.2 The contracting homotopy

As we have seen, it is quite easy to construct the resolution up to dimension 1. But things
become more and more complicated in higher dimensions. So we shall use the technique
of the contracting homotopy introduced in section 4.5. This means that we shall construct
a diagram

83 62 61 €
ZM[P) — ZM[R] — ZM[X] —ZM — Z,

S2 S1 S0 n
such that
e the 0, and ¢ are ZM-linear,
e the s, and 7 are only Z-linear,

e the following equations are satisfied:

en = idy (0)
e, = 0 (1) Oiso+nme = idgu (2)
0,0, = 0 (3) 0281 + 800, = idZM[Z] (4)
0:0; = 0 (5) 0389 + 810y = idZM[’R] (6)

The maps ¢ and 7 satisfying (0) have been introduced in sections 4.2 and 4.5. Now we
have also defined 0; satisfying (1).

5.3 Geometrical interpretation

Before going on, we shall explain the underlying geometry, and for that purpose, assume
that M is a group.” From a geometric viewpoint, we are constructing a contractible
space X on which M acts freely on the left (see appendix A). It is reasonable to start
with one point, since a contractible space is nonempty. Of course, unless M is trivial, it
cannot act freely on a single point: we must add at least one point for each element of M
distinct from 1, so that our space is in one-to-one correspondence with M. Unfortunately,
we have lost contractibility, because the resulting space is no more connected.

To make it connected, we must add edges between points, and those edges must be added
is such a way that M acts freely on them. It is enough to connect each generator to 1
by an edge. By making M act on those edges, we get the other ones. For example, if a
generator @ is connected to 1 by the edge [a], the element W will be connected to wa by
the edge wlal:

Y g
7 "l g

The boundary of an edge is the formal difference of its vertices:

Oila) =a—1, 01 (wla]) = wa — w = w(d, [a]).

"This extra assumption is only required for a perfect adequacy between topology and algebra, but we
shall not use it in the proof, which is of purely algebraic nature.
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This gives a geometric interpretation of the ZM-module ZM Y] together with the ZM-
linear map ;. Furthermore, if for example a, b, ¢, d are generators, abcd is connected to 1
by a chain of edges

[a] alb]

b abld e abeldl gpeg

o
[ 3s]|

and X is now connected.

5.4 Contracting 0-cells

It is therefore natural to extend the bracket notation to words by
[1]=0,  [wa] = [w] +wla],

so that for example, [abed] = [a] + @[b] + ablc] + abcld]. This extended bracket must not
be confused with the one of section 3.2, which is obtained by trivialising this one: here we
have an extra coefficient w. Note also that for any words u and v

[wv] = [u] + @lv].

Geometrically, [w] is a path connecting w to 1. This corresponds to the following identity
ofw] =w -1,

which is easily proved by induction on the length of w.

Now, assuming that (X, R) is a minimal canonical system, we define:

ZM % ZMI[Y]

w o— [w],

so that 9,sy(w) = 0,[W] = w — 1 = W — ne(w) and (2) holds. This means that for each
point W € X, the operator s, chooses a path connecting w to 1. Remember indeed that
the family s,, must be a homotopy between the identity of X and a constant map. At
the level of 0-cells (points of X), it must give a path connecting each point to a fixed one
(here 1).

We have
so01(Wla]) = so(wa —w) = [wa] — [@)].

In particular, if there is no rule, @ = w and wa = wa so that 5,0, (wla]) = [wa]—[w] = W[a].
This means that if M is a free monoid, 0; is injective and H;(M) = ker0; = Z[¥] is a
free Z-module.®

5.5 Filling up 1-cycles

Now, assume there is some rule A : r — sin R. Then 7 = 3, but since r and s are distinct
words, there are two distinct paths connecting 1 to 7 in X:

8Both facts hold when M is a free group too. In fact, there is a (highly nontrivial) reciprocal for this
result [Swan 1969].
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=
=
I
|

U

U

We have added edges to X in order to make it connected. The picture above shows that,
doing this, we have lost simple connectedness. So we must now add 2-cells to X in order to
take a step further towards contractibility. In our case, the 2-cell must have as boundary
the cycle consisting of the two paths, namely [r] — [s] (the sign takes the orientation into
account).

It is therefore natural to define

ZM[R] & ZMIy]

[A:r—s] — [r]—][s],

so that 9,0,[A] = 0,([r] — [s]) =7 —1—5+41 =0 and (3) holds, which was already clear
from the picture.

We must now construct a map s; satisfying (4), namely 0;51(§) = £ — 500, () for all £ €
ZM[¥Y]. Let £ = wla], i.e. any element of the canonical Z-base of ZM[X]. Geometrically,
¢ is an edge connecting W to wa. We have already seen that s,0;(wla]) = [wa] — [@]. So
we have the following picture:

B
gl

In other words, £ — sq0;(§) is precisely the cycle above (note that backward arrows occur
negatively) and s;(§) has to be a 2-chain whose boundary is this 1-cycle. When wa is
irreducible, i.e. wa = wa, the two paths above are identical and there is no hole to fill up.
But in general there is a nontrivial cycle.

5.6 An example

In order to make the next definitions understandable, we shall first consider a concrete
example. Assume we have two rules

A:cd— ef, B :be — g,

and consider ¢ = abc[d] where abc is irreducible. Starting with the word abed, two succes-
sive reductions give:

abed % abef oBf agf,

and we get the following picture
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i [a] a alb) 7 ablc] The
a|B] ab[A]
alg] able] abcld]
aglf]

ag = abe agf = abef = abcd

where the square and the triangle can be filled up with the 2-cells ab[A] and @[B]. If agf
is irreducible, the bottom path is so(abcd) and we can define:

s1(abeld]) = ab[A] + a[B].

5.7 Contracting 1-cells

Our example shows that the cycle Wla] — so0;(W[a]) can be filled up by using a reduction
path from the word wa to its canonical form. So we shall first extend the bracket notation
to reduction paths, and s; will be definable in terms of a particular path, namely the
leftmost reduction of wa.

Bracket is extended to elementary reductions, and then to reduction paths by
[uAv] = ulA], [Fy - x F,|=[Fi]|+ -+ [F.].

Once again, there is an extra coefficient @ which is killed by trivialisation in the extended
bracket of section 3.2. Note also the following obvious identities:

[uWo] =uW],  [UxV]=[U]+[V].

Our definitions have been devised in order to get the identity:
R [W i u — 0] = [u] — [v].
Indeed, for an elementary reduction uwAv : urv — usv, we have the following picture

S ¥ url_wrguws Tl umv S usv
\ u[A] /
and Oy[udv] = 0y(u[A]) = wu([r] — [s]) = [urv] — [usv], because ur = ws. The case of a

composed reduction is straightforward.

Now, using the leftmost strategy, we can introduce
ZM[Y] 2 ZM[R]
wla] — [A(Wa): Wa = wal,
so that Oysq(w[a]) = Ox[A(Wwa)] = [Wa] — [wa] = [@] + W[a] — [wa] = W[a] — s40:(W[a]) and
(4) holds. This means that

02

ZM[R] 2 ZzM[2] 25 ZM = Z

is a partial resolution. In particular, we just proved the second point of theorem 2 in the
case where the relations are the rules of a canonical system.
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5.8 Finitely related monoids

Up to now, the condition of (X,R) being canonical was not essential. What is indeed
required to construct sy and s;7

e For any congruence class @ in M, we must be able to choose a representative (we
took the canonical form ).

e For any word w, we must be able to choose a reduction path from w to the repre-
sentative of W (we took the leftmost reduction path A(w)).

In general, it is always possible to choose a representative, but the fact that w = v does
not mean that there is a reduction path from u to v. Even so, s; can be defined if we
allow backward reductions by adding an inverse A=! : s — r for each rule A : r — s, with
the convention that [A~!] = —[A]. So theorem 2 can be proved without extra assumption.

5.9 Contracting words

Let us now return to the case of a canonical system. First notice that for any word w

This is proved by induction on the length of w:

o s1[1] = 0= [A(1)],
o si|wa] = s1([w] + wla]) = [A(w)] + [A(wa)] = [A(w)a * A(wa)] = [A(wa)], assuming
that s;[w] = [A(w)] and using the fact that A(wa) = A(w)a * A(@wa) (section 1.7).

Therefore we get
510:(W[A : 7 — s]) = s1(W([r] = [s])) = s1([wr] = [@s]) = [A(@r)] — [A(@s)].
In particular, if there is no critical pair, WA is obviously the leftmost elementary reduction

of wr so that A(wr) = WA * A(ws) and s,0,(w[A]) = [WA] = W[A], which means that 0,

is injective.

5.10 Filling up 2-cycles
The space X is now connected and simply connected, but in general, critical pairs may

introduce 2-cycles, so that 0, is not injective. Indeed, if there are rules A : xy — s and
B :yz — t with y # 1, we get a confluence diagram:

Az x\xB‘

rB\Az Az\zB

We have in X the following picture of the 1-cycle [xyz] — [w]
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B =

8|
I C 3|
S

= g g

= .

which can be filled up in two different ways:
: B
i xB| i
W=zt =

The formal difference of those 2-chains is a 2-cycle (topologically, a sphere) which has to
be filled up with a 3-cell.

[zB\Az]

Therefore it is natural to introduce
ZM[P] % ZM][R]
[P,Q] — [Pl+[Q\P]—[Q] - [P\Q]
Note that 03[P, Q] is precisely the 2-cycle described above, so that (5) is clearly satisfied.

5.11 Contracting 2-cells

We extend bracket to pairs of elementary reductions of the same word:
[F,F] =0, [F,G] =0 when F L G, [uPv,uQu] = —[uQu,uPv] = u[P, Q].
It is clear from this definition that
[uFv,uGv| = u[F,G|.
Furthermore, we have the following identity:
Os[F, G] = [F] + [G\F] = [G] = [F\G].

Indeed, in the case where F' L G, this follows from the fact that [F'\G] = [F'], which can be
seen from the definition of F\G, and symmetrically [G\F] = [G]. In other words, ZM[R]
“does not see” the relative order of orthogonal reductions. The other cases are obvious.

Since 3-dimensional pictures are quite hard to grasp, we shall rather use diagrams whose
vertices are words, corresponding to 1-cells in X, and whose edges are reductions, corre-
sponding to 2-cells in X. Thus we gain one dimension. For example, the latter identity
expresses that the 2-cycle
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F _t_G
u‘/ \v
G\A A\G
w
can be filled up with the 3-cell [F,G].

For any path W : u — v we shall define, by noetherian induction on u, a 3-chain (W)
filling up the following 2-cycle:

v * w u
A(v) \ ﬂu)

This (W) may be seen as a “path between reduction paths”, or “second order reduction”,
since the target path A(u) is “canonical” in the sense that it is given by the strategy. The
construction is directly inspired by our proof of the Church-Rosser property in section 1.6.

e In the case of an elementary reduction F' : u — v, the word wu is reducible, so that
A(u) is of the form G * A(u') where G = I'(u) : v — «’ and we have the following
diagram:

Since both v and u' are obtained from u by one step of reduction, it is licit to define:
(F) = [F,G] = (G\F) + (F\G).

As usual, the sign takes the orientation into account. Note already that if F is
leftmost, then G = F' and (F) = 0.

e In the case of a composed reduction, we apply the previous definition to each com-
ponent:
(Fy s % F)) = (F)) 4 -+ (F,).

It is easy to check that (W) fills up the wanted 2-cycle, namely:

O s u — v) = [W] + [A(v)] - [A(u).

We can now introduce
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so that 0382 (W[A : r — s]) = 03(WA) = [WA] + [A(Ws)] — [A(wr)] = W[A] — s105(wW[A]) and
(6) holds. This means that

ZM[P] -2 ZM[R] -2 ZM[5] -2 ZzM = 7

is a partial resolution. Theorem 3 follows easily, but we shall go a step further in order to
show that J; is injective if there is no critical triple.

5.12 Contracting paths

Lemma 0 (wF) = (WF) and (Fw) = (F) for any word w and for any elementary reduc-
tion F :u — v.

Proof: The first identity is proved by noetherian induction on w. It is true when w is
irreducible, i.e. w = @. Otherwise, if G = I'(w) : w — w’, then I'(wu) = Gu and we get

the following confluence diagram:
/ \Cju
G\ /

So (wF) = [wF, Gu] — (Gv) + (w'F) = (WF) by induction hypothesis, since wF 1 Gu and
G is leftmost.

The second identity is proved by noetherian induction on u. The leftmost elementary
reduction of uw is Gw, where G = I'(u). We get the following confluence diagram

Fw \
(F\G)

(G\F)w G)w

and (Fw) = [Fw, Guw] — ((G\F)w) + ((F\G)w). But G\F' is of the form F - --* F,, where
(Fyw) = (F;) by induction hypothesis. So ((G\F)w) = (G\F) and similarly ((F\G)w) =
(F\G). Therefore (Fw) = [F,G] — (G\F) + (F'\G) = (F'). Q.e.d.Q.e.d.

As a consequence, we get that for any reduction path W
s2[W] = (W).
Indeed, for an elementary reduction, we have s;[udv] = sy[uA] = (A) = (uAv) and the

general case follows easily.

Therefore we get

5:05(W[P, Q) = so([0P] + [W(Q\P)] — [0Q] — [w(P\Q)])
= (@P) + (0(Q\P)) — (0Q) — ((P\Q)

)-
In particular, if there is no critical triple, then WP is leftmost, so that (WP) = 0 and by

definition (9Q) = [4Q, BF] — (FP\DQ) + (0Q\GP) = W(Q, P] — (8(P\Q)) + (#(Q\P)),
hence s205(w[P, Q]) = w[P, Q] and 05 is injective.
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5.13 Going further

The reader can check that the sequence of section 3.2 is obtained by trivialising the one
given here. We could pursue with C; = ZM|[7] where 7 is the set of critical triples. Since
in section 3, we did not need the fact that C; is Z[7], but only that it is 0 when 7 = (),
we can stop here. However, we point out the following generalisation of Squier’s theorem:

Theorem 0 (Kobayashi)

If M is presented by a finite canonical system, then H, (M) is finitely generated for all
neN.

The proof [Kobayashi 1990] is based on a generalisation of the bar resolution (see ap-
pendix B).

Conclusion

We hope the reader is now convinced of the relevance of a geometrical viewpoint in this
area. It is not straightforward to extend those methods to term rewriting, because the
geometry is partly hidden in the handling of variables (copying, garbage collection and
exchange). The most promising approach seems to be the one of [Burroni 1991] who
proposes a unified framework for higher-dimensional rewriting, including term rewriting
as a special case.
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Appendices

A Topology and homology

This appendix is not essential to the proof of Squier’s theorem. The terminology of
algebraic topology can be found in [Greenberg 1967] or [Spanier 1966].

A.1 Homotopy and homology

Let X and Y be topological spaces, and let f,g be continuous maps from X to Y. A
homotopy between f and g is a continuous transformation from f to g, i.e. a continuous
map h:[0,1] x X — Y such that

h(07x) - f(.%'), h(lvw) = g(.%')

In that case, we say that f and g are homotopic. There is a strong connection between
the algebraic and the topological notions of homotopy, as we shall see in appendix B.

A homotopy equivalence between X and Y is a pair of continuous maps f : X — Y and
g :Y — X which are inverse up to homotopy, i.e. g o f is homotopic to the identity of X
and f o g is homotopic to the identity of Y. In that case, we say that X and Y have the
same homotopy type. In particular X is contractible when it has the homotopy type of
the (space consisting of a single) point. This means that there is a point x, € X and a
continuous map h : [0,1] x X — X called contracting homotopy such that

h(0, z) = xo, h(l,z) = x.
This explains the presence of € and 7 in the algebraic resolutions. Indeed the free resolution

On -
--—“>C’n6—>---£>01i>COL>Z—>O
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may better be seen as a morphism of complexes in the following way:

O, O o) 0
. 0, ——C, 0
6 l

0 0 Z 0

The top complex represents a space X, and the bottom complex represents the one point
space. Now ¢ (completed by a family of null maps) represents a continuous map from X
to the one point space and 7 (also completed by null maps) is the homotopy inverse of €.
Saying that we have a homotopy equivalence is just saying that the original “augmented”
complex has a contracting homotopy.

This also explains the reason why we drop the module Z by truncating the complex
before trivialising. This is just because we do not need the one point space to compute
the homology of X.

For any topological space X, one defines a complex of (very big) free Z-modules

O,

where Cy(X) is generated by all the points of X, C;(X) by all the continuous arcs in X,
Cy(X) by all the singular triangles in X (i.e. the continuous maps from some fixed triangle
towards X) and so on. This complex of singular chains is used to define the singular
homology of X which depends only on its homotopy type.

A.2 Homology of groups

The homology of a group G is also the (singular) homology of the quotient of any con-
tractible space by some free (and sufficiently regular) action of G.

Assume that we managed to construct a contractible topological space X on which G
acts freely (on the left) and properly (i.e. the canonical map X — G\ X is a covering
projection). Then the augmented complex of singular chains

O (X) P 2 (X)) 2 Cy(X) < Z —0

is a resolution of Z by ZG-modules which happen to be free since the action of G on X is
free. Furthermore, by elementary properties of covering spaces, trivialisation corresponds
to the geometric operation of quotienting X by the action of G. In other words, the
complex

D o X) P2 00X 2 (X))

is isomorphic to the complex of singular chains of the quotient G \ X. So the homology
of the group G is the singular homology of G \ X.

Finally, the homology of a monoid M is also the singular homology of a topological space,
which is called the classifying space of M. Conversely any reasonable topological space
(i.e. a CW-complex) has the homotopy type of the classifying space of some monoid M
[McDuff 1979], and so it has the same homology as M.
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B Bar resolution

Let M be a monoid and let C,, be the free ZM-module over the set M™. An element
of the basis of C,, is written [a4|...|a,]|, where a;,...,a, € M. In particular, the basis
of Cy ~ ZM consists of a single element []. As a Z-module, C, is generated by the
aglai|...|a,] where (ag,ai,...,a,) € M".

B.1 Definition

The bar resolution is
Ont1 Fé) s

-—>Cn—n>---—>01i>COL>Z—>O,
where ¢ is the map introduced in section 4.2, and 9, is the unique Z M-linear map defined
by:
n—1 )
Oplar]. .. |an] = aifas|. .. |a,] + Z(—l)l[al\ coaai] - an] (=D ag] - lan—]-
i=1

Geometrically, we have a space X with a vertex a[] for each a € M, an edge a[b] for
each (a,b) € M?, a triangle a[b|c] for each (a,b,c) € M?, a tetrahedron a[b|c|d] for each
(a,b,c,d) € M*, an so on. Of course, M acts on X by left multiplication. The formula
defining 0,, becomes clear if we look at the low dimensional cases:

e the boundary of the edge [a] is a[] — [],

[a]
[1® ® af]

e the boundary of the triangle [a|b] is a[b] — [ab] + [a],

[a]0]

® ab[]

[ad]

e the boundary of the tetrahedron [a|b|c] is a[b|c] — [ab|c] + [a]be] — [alb].
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In the latter picture, the back face [ab|c] and the tetrahedron [a|b|c] itself are not indicated.
As usual, signs keep track of the orientation.

B.2 The contracting homotopy

It is easy to check that we have indeed a chain complex. To prove exactness, we consider
the contracting homotopy consisting of the map 7 of section 4.5 and the Z-linear maps s,
defined by

sn(aglar] ... la,]) = [aolai| ... |an].

The reader may check that the equations of a contracting homotopy are indeed satisfied.
In fact this corresponds to a contracting homotopy in the topological sense (appendix A.1).
Indeed, if A is a n-dimensional cell, and = € A, then s, (A) is a convex n + 1-dimensional
polyhedron, so that it makes sense to define

h(t,z) =t + (1 —1)[].

In particular, s,,(A) is the trajectory h([0, 1] x A). For example, if A is the triangle a[b|c],
then s,(A) is the tetrahedron [a|b|c] and you get the following picture:

B.3 Normalised bar resolution

It is possible to restrict the construction to the [a;]...]|a,] such that ay,...,a, # 1. The
same formulae hold, with the convention that [a|...[1|...|a,] = 0. It is clear that, up
to dimension 3, this normalised bar resolution coincides with the one of section 5, in the
case of the canonical system defined by the standard presentation.

The reader can use this resolution to prove that, if G is a group, H;(G) is (isomorphic to)
the abelianisation G /|G, G|, where [G, ] is the subgroup of G generated by the commu-
tators [z,y] = zyz~ty~ "' for z,y € G.

(Hint: use the miraculous identity (1 —z)(1 —y)=(1—-2z)+ (1 —y) — (1 — zy).)



